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Definition1 We say that the pair (X,Y), where X # Y are two vertices of
a graph G, has the property P if G has a vertex Z (Z # X and Z #Y)
which is adjacent with both X and Y. We say that a graph G is a P-graph
if for every X and every Y (X # Y') vertices of G, the pair (X,Y) has the
property P.

Let a(n) be the minimum number of edges that a P-graph with n vertices
(n > 3) may have. We want to show that a(n) = n — 1+ [§], where [m] is
the greatest integer less than or equal to m.

Problems 8.9 and 8.20 from [2] are somehow related to this problem. Some
similar results are also proved in [1].

LEMMA a(n) <n — 1+ [5].
Proof We have two possibilities:
a) nis odd ;
b) n is even ;

a) n is of the form n = 2k+ 1 where k is a natural number. Let an A—graph
be a graph with the following configuration:

A— graph

It is easy to see that the A—graph is a P-graph. The number of edges of
an A—graph is 3k. (there are k figures A" with a commun vertex.)



We also have n—1+[5] = 2k+k = 3k .So,the number of edges of an A—graph
is n — 1+ [§]. We don’t know whether this is the minimum number of edges

or not. Thus we have
n
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b) n is of the form n = 2k where k is a natural number. Let a B—graph be
a graph with the following configuration:

a(n) <n—14]

B—graph

It is easy to notice that the B—graph is a P-graph. The number of edges
of a B—graph is 3(k — 2) +5 = 3k — 1 (there are k — 2 figures A" and one
figure

But we also have n — 1+ [§] = 2k — 1+ k = 3k — 1. So the number of edges
of a B—graph is n — 1 4 [§]. Thus we have:

a(n) Sn—l—i—[g].

From a) and b) we infer that a(n) <n — 1+ [%] for every n > 3. O

n
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Definition2 We say that a vertex of an A—graph or a B—graph is the
center of that graph if it is adjacent with all the remaining vertices.
Definition3 We denote the vertices of a graph G with n vertices by 1,2,-- -, n.
We denote by dg(X) the number of vertices of G which are adjacent with
the vertex X.

Observationl : In a P-graph G it is not possible to have a vertex X with
dg(X) = 1. If it were possible then let Y be the only vertex adjacent to X.



Then, (X,Y) doesn’t have the property P and this means that G is not a
P-graph.We cannot have a vertex X with dg(X) = 0.If it were possible then
let Y be a vertex different from X.Then, (X,Y) doesn’t have the property P.

THEOREM a(n) = n — 1+ [§] and every P-graph with n vertices and
a(n) edges is either an A-graph (if n is odd) or a B-graph(if n is even).
Proof First let us see what happens for n = 3 and n = 4.

n = 3. The only possible configuration is that of a triangle

Thus a(3) = 3 = 3 — 1+ [2] and the only P-graph with 3 vertices is an
A-graph.

n = 4. We will prove that four edges are not enough for the graph to have
the desired property ( obviously, if four edges are not enough, we cannot
have less than five). We have two possibilities:

1. two edges(from six possible) with no common endpoint are missing

Then (A,B) doesn’t have the property P.

2. two edges(from six possible) with one common endpoint are missing

Then (A,B) doesn’t have the property P.

We have proved that four edges are not enough for a P-graph with four
vertices. Here follows an example of a P-graph with four vertices and five
edges:

Thus a(4) = 5 = 4 — 1 + [3].The graph above is a B-graph. Because
all graphs with four vertices and five edges are isomorphic, we get that a
P-graph with four vertices and a(4) edges must be a B-graph.

We shall use induction from n to n+2. Let us suppose that a(t) =
t — 1+ [%] and that a P-graph with t vertices and a(t) edges is either an



A-graph or a B-graph for all ¢ < n. We shall prove that a(n+2) = a(n)+3 =

(n+2) — 14 [%£2]. We shall also prove that a P-graph with a(n + 2) edges

must be either an A-graph or a B-graph.

Let G be a minimal P-graph with n + 2 vertices (a P-graph having n + 2

n+2

vertices and a(n+2) edges). It is known that Z da(X) = 2a(n+2). From
X=1

Lemma, we have a(n +2) < n + 1 4 [%£2]. Thus, we obtain :

n+2
Y da(X)<2(n+1+]
X=1

n-+ 2 [n+2

o) =2n+2+2 ] <3n+4. (1)

From Observationl, dg(X) > 2, where X is a vertex of G. Then, for (1) to
take place, we must have at least two vertices X and Y with d(X) = 2 and
diy)=2.

Let X1, X5 be the vertices adjacent to X and Y7, Y5 be the vertices adjacent
to Y.

There are two possibilities:

1. X is adjacent to Y.

There exists one vertex Z adjacent to both X and Y. We get X =Y, Y =
Xy, Z = X1 = Y1. Let G; be the graph with n vertices obtained from G
by taking out the vertices X, Y and the edges XZ, YZ and XY. It is
easy to see that G is a P-graph with n vertices. Thus G has at least a(n)
edges. We obtain a(n +2) > a(n) +3 = (n+2) — 1+ [2$2]. From Lemma,
we get a(n +2) < (n+2) — 1+ [%2]. Thus, we must have a(n + 2) =
(n +2) — 1 + [%2].This also inplies that G; has a(n) edges. From the
induction hypothesis, G must be either an A-graph,or a B-graph. Let T
be a vertex of G (T' # X, T # Y,T # Z).The pair (T,X) has the property
P. Because dg(X) = dg(Y) =2 ,T # Z and T # Y, T must be adjacent
to Z.That means Z is the center of G;. Thus, G is either an A-graph or a
B-graph (because we add to G a triangle with one vertex in the center of

G).



2. X is not adjacent to Y .

a) {Xl,Xz} ﬂ{YhYQ} =0.
This is a contradiction because (X,Y) doesn’t have the property P.

b) \{Xl,XQ} N {Yl,YgH ~ 1.
Let Z denote the only vertex adjacent to both X and Y.We may consider
Z = X9 = Y5. Because (X,X1) and (Y,Y1) have the property P, we get that
Z X1 and ZY; are edges of G.

Let G> be the graph obtained from G by taking out the vertices X and
Y and the edges X X1, XZ,Y ZandYY; and add the edge XY if this edge
wasn’t from the beginning. It is easy to see that G is a P-graph with n ver-
tices. Thus G has at least a(n) edges. We obtain a(n+2) > a(n)+3if X1Y;
is not an edge in G or a(n+2) > a(n)+4 if X1Y] is an edge in G.Using the
induction hypothesis, in the second case, we get a(n+2) > (n+2)—1+[242]
which contradicts Lemma.
In the first case, using the induction hypothesis, we get a(n+2) > a(n)+3 =
(n+2) — 1+ [22]. From Lemma, we get a(n +2) < (n+2) — 1 + [22].
Thus, we must have a(n +2) = (n + 2) — 1 + [252].This also inplies that
G4 has a(n) edges. From the induction hypothesis, G2 must be either an
A-graph,or a B-graph.

Observation2 : X; is not adjacent to Y7 in G (as proved above) but X;Y;
is an edge in Ga (from the construction of G3).

Because G is either an A-graph or a B-graph and because X Y7, X172,
Y1Z are edges in G2, we get that one of X1,Y] and Z is the center of G (in
every A-graph and every B-graph,every ’triangle’ has a vertex which is the
center of that graph).

If X, is the center of G5 and n > 4, then in G5 there exists a vertex T
which is not adjacent to Z and is not adjacent to Y;. Then (Y,T) doesn’t



have the property P in G. If X is the center of G2 and n = 3 we get that
the only possible configuration for G is that of an A-graph. If Xj is the
center of G5 and n = 4 we get that the only possible configuration for G is
that of a B-graph. The case when Y7 is the center of G5 can be treated in
a similar way.

If Z is the center of G2 and dg,(X1) = dg, (Y1) = 2 then, because we
know from Observation2 that X; is adjacent to Y7 in Ga, we get that G is
either an A-graph or a B-graph (we remove from Gy the edge X1Y; that
doesn’t exist in G, as we know from Observation2, and we add the four
edges which have one endpoint in X or in Y). If Z is the center of G2 and
dg,(X1) = 3 or dg,(Y1) = 3 then G is a B-graph (we remove from G2 the
edge X1Y1 and we add the four edges which have one endpoint in X or in
Y) .

o ) )| =2

Let Z and T be the only two vertices adjacent to both X and Y. We may
consider Z = X1 =Y7,T = Xy =Y5. Let U be a vertex of G, different from
XY ZT.

Observation3 : U must be adjacent to either Z or T' (otherwise the pair
(X,U) does not have the propriety P).

Because of the simetry, we may consider that U is adjacent to T. Let G3
be the graph obtained from G by taking out the vertices X and Y and
the edges XT, XZ, ZY andYT and, eventualy, add the edge ZU if this edge
wasn’t from the beginning. It is easy to see that G3 is a P-graph with n
vertices.Thus, G3 has at least a(n) edges. We obtain a(n +2) > a(n) + 3
(if Z is not adjacent to U in G) or a(n + 2) > a(n) + 4 (if Z is adjacent to
U in G).We proved when we analized case b) that the second case was not
possible because, using the induction hypothesis, we reached a contradiction
to Lemma.

In the first case, using the induction hypothesis, we get a(n+2) > a(n)+3 =
(n+2) — 1+ [22]. From Lemma, we get a(n +2) < (n+2) — 1 + [2F2].
Thus, we must have a(n + 2) = (n +2) — 1 + [%2].This also inplies that
G3 has a(n) edges. From the induction hypothesis, G3 must be either an




A-graph,or a B-graph.

Observationd : (X,Z) has the property P. We infer that Z must be adja-
cent to T.

If the center of G is different from Z and T, and n > 4 then in G3 there exists
a vertex which is not adjacent to Z and is not adjacent to T.This contradicts
Observation3. If n = 3 then dg(U) = 1 and this is a contradiction to
Observationl. If n = 4 then Z or T must be a center for Gz(because Z is
adjacent to T and, in this case and only in this case, G'3 has two centers).
If Z (or T) is a center for Gs,then dg,(U) > 3. Indeed, if dg,(U) = 2, we get
de(U) = 1 and this is a contradiction to Observationl. Because Z (or T)
is a center for G3, the only possibility is dg,(U) = 3 and this happens only
when Gj3 is a B-graph. Let V be the third vertex adjacent to U in G3 (and
also in G). (U,V) has the property P in G. There exists a vertex in G which
is adjacent with both U and V. U is adjacent only to V and T in G (we
proved before that U is not adjacent to Z in G). Then, the only possibility
is to have V adjacent to T in G (and also in G5 from the construction of
G3). We obtain that dg(T") = dg4(T) > 3. Because a B-graph cannot have
more than two vertices (one is T and one is U) of degree greater than 2, we
infer that dg,(Z) = 2. That means Z cannot be a center for G5 (because
for n = 3 we reached a contradiction to Observationl). Thus, T is a center
for G3. Then G35 is a B-graph with the following configuration :

Removing the edge ZU from G3 and adding the vertices X, Y and the edges



XZ,YZ, XT, YT, we find that G is a B-graph of the following form :

Thus, in all cases we get a(n +2) = (n+ 2) — 1 + [%2].We also obtain
that a P-graph with n + 2 vertices and a(n + 2) edges must be either an
A-graph or a B-graph. The proof of the induction step is now complete.
We have a(n) =n — 1+ [§]. for every n >3
Because an A-graph has an odd number of vertices and a B-graph has an
even number of vertices, it can be infered that a P-graph with n vertices
and a(n) edges must be an A-graph if n is odd, or a B-graph if n is even.
Our theorem is completely proved. O

The following result, connected to the Theorem above, was proved in [1] :
"If G, is a graph with n vertices in which any two vertices are connected by
a path of length two and which does not contain any cycle of length four,
then n = 2k 41 and G, consists of k triangles which have one common ver-
tex.” This is equivalent to : ”A P-graph which does not contain any cycle
of length four must be an A-graph.”
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