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onsider the sequen
e de�ned by : a0 = pn where n is a naturalnumber and not a perfe
t square and ak+1 = 1fakg for all k � 0 (fxg is thefra
tional part of the real number x): We want to �nd n so that the sequen
eis 
onvergent.We shall prove some properties of the given sequen
e that will help us a
hieveour goal. The following Lemma was proved in ([1℄).LEMMA1 If n is a natural number and not a perfe
t square, then, for everynatural number k, there exist uk; zk natural numbers, zk 6= 0, so that ak =uk+pnzk . Moreover, zkzk+1 + u2k+1 = n:Proof. In order to prove this lemma we shall use the indu
tion on k.For k = 0 we have a0 = pn = 0+pn1 > 1;with u0 = 0; z0 = 1. Moreover,z0j(n� u20); u0 � [pn℄ .Let bk be the integer part of ak(i.e. bk = [ak℄).Assuming ak = uk+pnzk > 1; where uk; zk 2 N; zk 6= 0 and moreoverzkj(n � u2k); uk � [pn℄ for a spe
i�ed k � 0, we get: ak 6= bk(be
ause pn isnot an integer) andak+1 = 1ak � bk = 1pn+uk�bkzkzk = pn+ bkzk � ukn�(uk�bkzk)2zk :From the de�nition of bk we get 0 < ak�bk < 1 whi
h is equivalent to ak+1 > 1.On the other hand we have bk = [ak℄ = huk+[pn℄zk i : Then uk+[pn℄ = bk �zk+t,where 0 � t < zk; t 2 N: From the indu
tion hypothesis uk � [pn℄ and thenwe get 2[pn℄ � bkzk+ t > t(bk+1). From ak > 1 we have bk = [ak℄ � 1. Thenwe obtain 2[pn℄ > 2t or [pn℄� t > 0:(1)Using the above results, we haveuk+1 = bk � zk � uk = [pn℄� tzk+1 = n�(uk�bkzk)2zk = n� (t� [pn℄)2zk = n� u2k+1zk :(2) 1



From (1) and (2) we have uk+1 > 0 and uk+1 2 N: Moreover, zk+1 = n�u2kzk +2ukbk � b2kzk: From the indu
tion hypothesis zkj(n � u2k), and then we havethat zk+1 2 Z: On the other hand zk+1 = n�u2k+1zk > 0 (0 � [pn℄ � t � [pn℄),so zk+1 2 N: From zk+1 2 N and zk+1 = n�u2k+1zk we get that zk+1j(n� u2k+1)and zkzk+1 + u2k+1 = n. The proof by indu
tion is now 
omplete. 2LEMMA2 The sequen
e (ak)k�0) is periodi
al and the length of the period isless than 2n.Proof. Let uk; zk be the numbers de�ned in Lemma1. From Lemma1 we haveak = uk+pnzk with uk; zk natural numbers, zk 6= 0 and zk+1zk + u2k+1 = n: It iseasy to see that uk+1 � pn for all k � 0 . From the de�nition of (ak)k�0 wehave ak > 1 for all k � 0 whi
h is equivalent to zk < uk +pn. That meanszk < 2pn for all k > 0. For k = 0 we have u0 = 0 < pn and z0 = 1 < 2pn.Be
ause both uk and zk are natural numbers, the number of possible pairs(uk; zk)k�0 is less than 2n. From Diri
hlet's prin
iple, there exist s; l naturalnumbers, l > s > 0 with l�s < 2n and (us; zs) = (ul; zl). This is equivalent toas = al. Thus, the sequen
e (ak)k�0 is periodi
al and the length of the periodis l � s < 2n. 2Next we prove the main result of this paper.THEOREM The sequen
e (ak)k�0 is 
onvergent if and only if n � 1 is aperfe
t square and n > 1:Prof. First, let us suppose that n � 1 is a perfe
t square and n > 1. Thenthere exists x natural number so that n = x2 + 1 and x > 0: We have a0 =px2 + 1, [a0℄ = x, a1 = 1px2+1�x = px2 + 1+x; [a1℄ = 2x; a2 = 1px2+1+x�2x =px2 + 1+x = a1: That means the sequen
e (ak)k�0 is 
onstant, begining witha1. So, the sequen
e is 
onvergent.Now, let us suppose that the sequen
e is 
onvergent. We have n > 1 be
ause nis not a perfe
t square. From lemma2 we have that our sequen
e is periodi
al.So, (ak)k�0 is 
onvergent if and only if there exists k so that the sequen
eis 
onstant begining with ak: That means ak+1 = ak whi
h is equivalent tofakg = 1ak whi
h is equivalent to ak � 1ak = [ak℄ = bk. From lemma1 ak =uk+pnzk : This implies bk = �ukzk + ukzkn�u2k� +pn� 1zk � zkn�u2k�. Be
ause n is nota perfe
t square we have 1zk = zkn�u2k and ukzk + ukzkn�u2k = bk: It follows thatn = u2k + z2k and ukzk + ukzkz2k = bk.So, 2uk = zkbk:We prove that zk = 1: We shall prove by indu
tion on i that zkjzi and zkj2ui2



for all i 2 f0; 1; � � � ; k; k + 1g. We proved this was true for i = k and i =k+1(be
ause ak = ak+1). Let us suppose that the statement above is true fori; i + 1; � � � ; k; k + 1. We have from lemma1:zi�1 = n�u2izi = n�(bizi�ui+1)2zi = �b2i zi + 2biui+1 + n�u2i+1zi == �b2i zi + 2biui+1 + zi+1:This implies that zkjzi�1 be
ause zkjzi,zkjzi+1 and zkj2ui+1 (from the indu
tionstep.) From the proof of lemma1 we also have ui�1 = zi�1bi�1 � ui whi
his equivalent to 2ui�1 = 2zi�1bi�1 � 2ui. Thus zkj2ui�1 be
ause zkjzi�1 andzkj2ui (from the indu
tion step.)The proof of the statement is now 
omplete.So, we have zkjzi and zkj2ui forall i 2 f0; 1; � � � ; k; k + 1g. As a parti
ular 
ase, for i = 0 we have zkjz0 wherez0 = 1 be
ause pn = 0+pn1 . So, zk = 1 and n = u2k + 1. Thus, n � 1 is aperfe
t square. The theorem is now 
ompletely proved. 2Referen
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