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1. Appendix - Detailed Analysis and Proofs

This supplementary material contains the detailed proofs
and analysis of the theoretical results presented in the pa-

per.

Additional Notation: We first introduce additional nota-
tion not used in the paper that is useful in some proofs. In
particular, we define d’, . the distribution of states at time ¢
if we executed 7 from time step 1 to ¢ — 1, starting from dis-
tribution w at time 1, and dy, » = (1 —7) >0, 7' dl, .
the discounted distribution of states over the infinite hori-
zon if we follow 7, starting in w at time 1.

1.1. Relating Performance to Error in Model

This subsection presents a number of useful lemmas for
relating the performance (in terms of expected total cost)
of a policy in the real system to the predictive error in the
learned model from which the policy was computed.

Lemma 1.1. Suppose we learned an approximate model T
instead of the true model T" and let V'™ represent the value
function of ™ under T'. Then for any state distribution w:

Esnw[V™(s) = Vﬂ(s)} R
= LEs o~ Esnr, V()] = Ey oz, [VT(S)]

Proof.

Esnw[VT(s) = V7(s)]

= Esnwann[C(s,0) + 'YAEszsa V(s
—C(s,a) =7E 7, [V7(s)] )

A Baman, B V)] — By, [V7(")]
VEsww,anm, Byt [V ()] — Esnr, [V ()]
By, (V)] ~E, g, [77(')]

By [VH() — T(5)
FVE (s a)~py,, [Esnr, [V (5))]

By, V(]
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This gives us a recurence. Solving this recurence proves
the lemma. O

Corollary 1.1. Suppose for all s,a: C(s,a) €
[Crnin, Cimax)» or for all s: V(8) € [Vinin, Vinax), then:

Eonu[V™(s) = V7 (5)]
S WHE (s,a)~D,,, [Tsa - Tsa]”l
Chax—Cm i
< Wﬁz(s,a)me,7r [HT‘za - TsaHl]
Proof. Let AT = E(,aup, . [Tsa — Tsa). Note that

> o AT(s") = 0, so that for any constant ¢ € R,
> ¢ ¢AT(s") = 0. Then by the previous lemma we have
that for any constant ¢ € R:

w[ "(s) ~ V7 (9)
5 S AT(s ) V(s')
LY AT (Va(s

)=o)
2 |AT g sup, [V (s) —

<

Q\QI

-
In particular, if V. ( ) € [Vmin, Vmax] for all s, we can

choose ¢ = % to guarantee that sup, |Vﬂ(s) -

o < M. Thus Eeu[V7(s) — V7(s)] <
Vinax — Vinin

WHAT”l If C’(s,a) S [Cminycmax} for all

(s,a), then this implies Vﬂ(s) € [Vmin, Vmax] for all s for
‘/min = %‘; and ‘/Inax = %

e Plugin in those values
for Vi and Vinax, and the fact that | - |1 is convex with
Jensen’s inequality, proves the second result. The proof
also applies in the continuous case by replacing the sum
over s’ by an integral over the state space in the first and
second equality. O

Lemma 1.2. Suppose we learned an approximate model T
instead of the true model T and let V™ represent the value
function of ™ under T. Then for any state distribution w
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and policies 7, w':
Ju(m) — Jw(ﬂ/)

= Eou[V7(s) = V™ (s)]

+2 WIE(S @)~De e [Estnty, [V”( N=Ey s, [Vf(f')}
+ E(s a)~D,, [Eé NTSQ[V‘” ( )} - ]ES'NTsa [Vﬂ (
Proof.
Ju(m) = Ju(n)
= EaolV7(5) = V7 (5) A
= E [( ”() vr

(s)) + (V7(s) = V7(s))
V()]

Applying lemma 1.1 to E. ,[V7(s) — V7 (s)] and
—Esu[V™ (s) — V™ (s)] proves the lemma. O
Suppose that C(s,a) € [Chmin, Cmax] for all s,a and let
CVrng = Chmax — Cmin and H = (?_C.r‘:§2 .

Corollary 1.2. Suppose we learned an approximate model
T and solved it approximately to obtain . For any pol-
icy 7', let €7, = By [V™(s) — V™ (5)] denote how much
larger is the expected total cost of w in the learned model T
compared to 7' for start distribution w. Then for any policy

'

Jo(m) — Ju (') <
for D =

6(7;6’ + HE(s,a)NDsta - Tsa”ﬂ
1 1
EDw.jr + §Dw,7r’

Proof. Using lemma 1.2, we first note that the term

Eowu[V™(s) — V™ (s)] = €. The other two terms
can be bounded by $HE(, .~p,  [[[Tsa — Tsall1] and
HE(M ~D, [HTsa — TsaHl] respectively, following

51m11ar steps as in the proof of corollary 1.1. Combining
those two terms proves the corollary. O

This corollary forms the basis of much of our analysis
of the Batch and DAgger algorithms. In fact, this corol-
lary already provides a performance bound for Batch, al-
beit with a major caveat: it bounds test performance of
the learned policy 7 as a function of an error notion in
the learned model 7" that cannot be minimized or con-
trolled by the algorithm. That is, when collecting data
under exploration distribution v and fitting the model T
based on this data, Batch could be making the quantity
Es,a)~D[||Tsa — TAsa| |1] arbitrarily close to its maxima (i.e.
2) in order to achieve low expected error under the train-
ing distribution v. Even if there exists a model 7" € 7
where E(; o)p|||Tsa — Th,|l1] is small, Batch would not
pick this model if it has larger error under v compared to
other models in the class 7. As is, this bound only says
that: if by chance Batch ends up picking a model that has
low error under distribution D, then it must find a policy 7
not much worse than 7', Instead we would like to be able

to say something much stronger of the form: if there exists
a model with low error on training data, then we must find
a policy that performs well compared to other policies 7.
To do so, we must bound the term E, o). p||[Tsa — Tyall1]
by a training error term that the algorithm is minimizing.

first issue is bounding the L, distance by a loss we can
minimize from observed samples. We present several pos-
sibilities for this in the next section. Then the remaining
part will simply involve performing a change of distribu-
tion to bound the error under distribution D in terms of the
error under the training distribution.

1.2. Relating L distance to observable losses

This subsection presents a number of useful lemmas for
relating the predictive error in L; distance that we would
ideally need to minimize to other losses that are easier to
minimize when learning a model from sampled transitions.
These results prove Lemma 3.1 in the paper.

1.2.1. RELATION TO CLASSIFICATION LOSS

‘We first show how the L distance can be related to a classi-
fication loss when learning deterministic transition models
in MDPs with finitely many states. Namely, given a model
T which predicts next state §’, when doing action a in state
s, then we define the 0-1 classification loss of T when ob-
serving transition (s, a, ') as:

go—l(Ta S, @, Sl) = I(S/ # ‘§/sa)7
for I the indicator function. We show below that the I
distance is related to this classification loss by the follow-
ing:
E(Sva)NDH |TSG_TSGH1] =2E(s,0)~D 5~ 0 [gOfl(T» S, a, 5/)]
This is proven in the following lemma:

Lemma 1.3. Suppose T is a deterministic transition func-
tion (i.e. for any s,a, Tyo has probability 1 on a par-
ticular next state §.,), e.g. a multiclass classifier. Then
for any joint state-action distribution D, E(s oy~p!||Tsa —

Teall1] = QE(s,a)ND,s’NTw[gO—l(Ta s,a,s")].

Proof.

E(s,a)~D[HTsa - aa” }
= IE(s a)ND[Z ‘T a(
= IE(s a)wD[1 - sa(§
= 2E(3,G)ND[P3/~T a ((5

= 2E(s0)~D 5/~ Tl

Additionally, any surrogate loss ¢ that upper bounds the 0-1
loss that are often used when learning classifiers (e.g. hinge
loss when learning SVMs) could be used to upper bound
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the L, distance. In this case, we have E; ,)~p[|[Tsa —
Aéa|| ] < 2E(s,0)~D,s I~ [é(T, s, a, s')] from the fact that
E(T s,a,s') > lo_1(T, s,a,s'). This proves the statement

eby < 26le1 in Lemma 3.1 of the paper.

1.2.2. RELATION TO NEGATIVE LOG LIKELIHOOD

We now show that for arbitrary MDPs and set of models,
we can minimize the negative log likelihood to minimize a
bound on the L; distance. Namely, for any model T, define
the negative log likelihood loss on transition (s, a, s’) as:

enlh(j—‘v S, a, S/) = - IOg(TSO«(sI))'
Then this loss can be related to the L distance as follows:

]E(s,a)ND H |Tsa - T

saH1]

S \/Q]E(s,a)ND,s’NTsa [gnlh(Ta S, a, S/) — gnlh(Ta S, a, S')}.

This is shown in the lemma below:

Lemma 14. For any joint state-action  dis-
tribution D, E(s,a)~D[[|Tsa Tsall1] <

\/2E(s,a)~D,s/NTm [gnlh(j—‘v S, a, S/) - gnlh(Ta S, a, 5/)]

N Tsa”l = 2||Tsa _TsaHlv
Tsal|w the total variation distance between T,

and T,,. Additionally, Pinsker’s inequality tells us that

||Tsa - Tsa”tv < \/ w for KL(Tsa”Tsa) =

Egr,, [log(#gsi)] the Kullback-Leibler divergence.

Thus we have ||Tsq — Thall1 <

]E(s,a)ND H |Tsa

Proof. We know that ||Ts, —
for ||Tw —

2 KL(T4q||Tsa). Hence:

_TsaH ]

< E(s,a)ND[ 2KL( sa”Tsa)]
< \/2]E(s,a)~D[KL(Tsa||Tsa)]

= \/Q]E(s,a)ND,s’NTsa [Enlh(Ta S, a, S/) - Enlh(Ta S, a, S/)]

where the second inequality follows from the Jensen’s in-
equality since /- is concave. O

This proves the statement fprd < Qellfr]a in Lemma 3.1of

the paper.

1.2.3. RELATION TO SQUARED LOSS IN THE MEAN

Another interesting special case not discussed in the paper
is for continuous MDPs with additive gaussian noise and
known covariance matrix where we seek to learn to predict
the mean next state. In this case, we can relate the L dis-
tance to a squared loss in predicting the mean next state.
Namely, suppose that for all s, a, T, and T, are gaussian
distributions, both with covariance matrix X > 0. Let 4,
and fis, denote the mean of T, and Tsa respectively. We

define the squared loss of 7" on transition (s, a, s') as:
2
s'|[5-
1:his loss can be related to the L, distance between 7T, and
T, as follows:

IE(S,a)ND[”Tsa - TsaHl]
= C\/E(Sya)ND,SWTm [ZSQ(Ta s,a,5')

gsq(Tv S, a, S/) = ||,&sa -

—ly(T,s,a,s")],

2
TOmin (Z)

value of the noise covariance matrix . This is proven in
the two lemmas below:

for ¢ = and oy (X) the minimum singular

Lemma 1.5. Suppose X1 and X5 are 2 independent gaus-
sian random variables such that X1 ~ N(u1,%) and
Xo ~ N(uz2,X) and denote Gy and G4 the pdf of X1 and

Xo. Then ||Gy — Galli £ /gyl — pell2 for

Omin(A) the minimum singular value of matrix A.

Proof. We have that ||G; — G2||1 = 2[P(X; € A) —
P(Xy € A)] for A = {z|G1(z) > Ga(x)}. It can be
seen that G1(z) > Go(x) when 07 (x — py) < 7, for
oy —pi1) BT V2 (pa—p) |2 -
07 = i T = R and w2
denote the matrix square root of X ~! (which exists since
Y1 if symmetric positive definite). Thus A = {z]0 T (z —
p1) < 7}. Define random variables Z; = 67 (X1 — 1)
and Zo = 0" (X5 — p1). Then we have that Z; ~ N(0,1)
(i.e. a standard normal distribution) and Zy ~ N(27,1).
Thus:

|G1 — Gal|1
= 2[P(X1 EA)—P(XQGA)]
= 2[P(Z1 <7)—P(Zy <7)]
= 49(7) —

For ® the cdf of a standard normal variable. Because 7 > 0
and ®(x) is concave for z > 0, then we can upperbound
®(7) with a first-order taylor series expansion about O.
Let ¢ denote the pdf of a standard normal distribution and
Omax(A) the maximum singular value of a matrix A, then
we obtain:

49(7) — 2
< 4(2(0 )+T¢( ) —
= 47¢(0

\/7“E V2 (1 = p2) 2
V2 (Bl = il

— p2ll2

IN

m,min(z) || pa
O

Lemma 1.6. Suppose that for all s,a, Ts, and
Tsa are gaussian distributions, both with covari-
ance matrix ¥ > 0. Then for any joint state-
action distribution D, E(s)~p[||Tsa — Twlll] <
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\/#H(E)E(s,a)~D,s’~Tw [Esq(T7 S, a, 5/) - qu(Ta S, a, 8/)]v

Sor omin(2) the minimum singular value of matrix ¥.

Proof. From Lemma 1.5, we directly have that

E(s,a)wD[HTsa - Tsa”l] < \/ #@E(s,a)wD[HMsa -

fiall.  Using the fact that |[ — fisall3 =
Byt [llftsa = $'l13 — [lisa — '||3] and that /- is
concave with Jensen’s inequality proves the lemma. O

1.3. Analysis of the Batch Algorithm

We now present the detailed analysis of the Batch Algo-
rithm. As mentioned previously after corollary 1.2, this
corollary already provides a performance bound for Batch,
with the caveat that its performance is related to an error
notion in the model that is not minimized by the algori-
htm, and could be made arbitrarily large when Batch at-
temps to minimize error under the training distribution v.
As is, it only states that Batch gets good performance if by
chance it picks a model with low error under the distribu-
tion D = D, # + 3D, ». To bound performance with
respect to the model error Batch is minimizing, the proof
will simply involve using Cor. 1.2, applying a change of
distribution, as well as bounding the L; distance with al-
ternate loss Bafch can minimize from sample transitions
using the results from the previous section.

Let’s define €7, = B, [V7(s) — V™ (s)], for V7 and V™
the value functions of # and 7’ under learned model 7 re-
spectively. The term egc' measures how much better of a
solution 7’ is compared to 7 (in terms of expected total
cost) on the optimal control problem we solved (with the
learned model 7). For instance, if we found an e- optimal
policy 7 w1th1n some class of policies II for learned model
T then e” < e for all #’ € II. Define the predictive error
of T on training distribution v, measured in L, distance as
el = E(gaynl|Toa — Tuall1]. Similarly, define Xy =
E(s,a)~,snT0 [108(Tsa(s") — IOg(Tsa( "))] and 6;calrsd =
E(s,a)~v,s' ~Tha [E(T, s,a,s")] the training predictive error
of T' in terms of KL and classification loss respectively (£
is the 0-1 loss or any upper bound on the 0-1 loss such as
hinge loss). Additionally, let ¢ = supsya[[)ﬁj’(’;iy(j)a)] repre-
sent the mismatch between state-action distribution v, and
the state-action distribution induced by policy 7 starting in
M.

Theorem 3.1. The policy 7 is s.t. for any policy 7'

c + cl,

TH prd

Equivalently, using the relations in Section 1.2:

Ju(7) < Ju(7') + € +

EZ;C/—I—C o H ,/2ekE

Jl‘(’ﬁ-) é Jll(ﬂ-/) + 2 prd

Tu(®) < Ju(w') + e + (e + ¢ ) Hepyy

Proof.
Ju (1) — Ju(m')

< et %[E(s,a%Du,ﬁ[HTsa - TsaHl]
+E(‘; a)ND [||Tsa - saHlU
< 6(T)rc + [C IE(s a)NV[HTSa - TsaHl]

+C E(Sa N,/[HTsa - sa|| H
= Egcl + = + s HE(S a)Nl/[HTé(l -

— 7T ¢ +Cu
= + Heprd

TsaHl]

where the first inequality follows from corollary 1.2, and
the second inequality follows from the fact that for any non-
negative function f and distributions p, ¢, E,,[f(x)] <
bupﬁ[qgig |Ez~qlf(z)]. We now have proven the first state-
ment of the theorem. Applying lemma 1.4 proves that

el < from which the second statement follows.

prd = prd’
Similarly, lemma 1.3 proves that eprd < 2e;1rsd, from which

the third statement follows. O

This theorem relates performance of the learned policy 7
to the training error (under the exploration distribution v/)
the algorithm is minimizing in the model fitting procedure.
The factor cf H represents by how much the error in the
model 7" under training distribution v can scale to larger
errors in predicting total cost of the learned policy 7 in the
real system 7. Similarly c’,j/H represents by how much the
error in the model 7" under training distribution v can scale
to larger errors in predicting total cost of another policy 7’
in the real system 7". Together, with the error in solving the
optimal control problem under T, this bounds how much
worse 7 can be compared to 7.

More interestingly, we can use this result to provide a
strong guarantee of the form: if there exists a model in the
class which achieves small enough error under the train-
ing distribution v, Batch must find a policy with good
test performance. We can guarantee this if we use con-
sistent fitting procedures that converge to the best model
in the class asymptotically, as we collect more and more
data. This allows us to relate the predictive error to
the capacity of the model class to achieve low predic-
tive error under the training distribution v. We denote
the modeling error, measured in L; distance, as eﬁiﬂ =
infrrer B(s ayon ||| Tsa — Tloll1]. Similarly, define efy =
infer By aymvsnt,, 108(Tua(s))) — 10g(T/(s"))] and
€ = infrer E(s,a)~v,s'~T,, (T, 5,a,5")]. These are
all 0 in realizable settings, but generally non-zero in ag-
nostic settings. After observing m sampled transitions, the
generalization error egen (m, ) (or consistency rate) bounds

with high probability 1 — § the quantity €& Sim-

prd mdl

m, §) and egs, (m, §) denote the generalization

ilarly, ef-(
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error for the KL and classification loss respectively.

By definition, all these quantities are such that after ob-

servmg m samples, with probability at least 1 — §: Eprd <
LI KL KL KL 1s
mdl + 6gen(7n 5) prd < €mdl + 6gen(Tn 6) and €Cg <
e+ eggn(m d). If the procedure is consistent in min-
imizing the L; distance, this means ey, (m,5) — 0 as
m — oo for any § > 0. Similarly, gen(m 0) — 0 and
gfn(m §) — 0asm — oo for any § > 0 if the proce-
dure is consistent in minimizing the KL and classification
loss respectively. Combining with the previous result, this

proves the following:

Corollary 3.1. After observing m transitions, with proba-
bility at least 1 — 4, for any policy w':

Ju(R) < ) + e+ B

H[ Emdl + egen(m7 6)]
Equivalently, using the relations in Section 1.2:
JE) < )+ e

et H \2[ekE, + ekt (m, 6)].

Ju(7) < Ju(7") + e;rc

Additionally, if the fitting procedure is conszstent w.r.t. the
L1 distance, KL or classification loss then €-! (m, ) — 0
€pon(m, 8) = 0, or €5, (m, §) — 0 respectively as m — oo

forany 6 > 0.

+ (¢ + )€ + cgen(m, 6)].

gen (
cls
gen

This corollary can be used to prove sample complexity re-
sults for Batch. For example, with the classification loss,
one could immediately leverage existing generalization er-
ror results from the supervised learning literature to deter-
mine the quantity €5, (m, §) based on the particular class of
hypothesis 7. These results would, e.g., express e‘élesn(m7 J)
as a function of the VC dimension (or multi-class equiva-
lent) of 7. In many cases, Hoeffding’s inequality combined
with covering number arguments and a union bound can be

used to compute these generalization error terms.

1.3.1. THE BATCH ALGORITHM’S PERFORMANCE
BOUND 1S TIGHT

As mentioned in the paper, the previous performance
bound for Batch in Theorem 3.1 is tight, in that we can
construct examples where the bound is achieved to an ar-
bitrarily small additive constant. We here present such an
example.

Consider the real system to be a MDP with 3 states
(81,82, s3) and 2 actions (a1,az). The initial state is al-
ways s1 (i.e. p = [1;0;0]). Executing action a; in s and
So transits to s; with probability 1. Executing action a9 in
s1 transits to so with probability 1 and executing as in sg
transits to se with large probability 1 — ¢, and transits to
s3 with small probability e. Doing any action in s3 transits

back to s3 with probability 1. There is small cost 6 > 0 for
executing any action in s; and large cost of C' > (14 1,;—;’)
for doing any action in s3. Doing action as in ss has O cost,
and action a1 is s has cost §.

In this system, an optimal policy always executes aq in S
and can execute any action in s; and s3. So let’s consider
an optimal policy 7* that is uniform over (a1, as) in s and
s3. It achieves expected total cost of J,,(7*) = &.

Now consider that we learned a model 7" which is the same
as the real system, except that the learned model predicts
that when executing as in so it transits to so with prob-
ability 1. The optimal policy under the learned model is
to execute as in s; and ss, and to execute any action in
s3. So let’s consider the policy 7« which is uniform over
(a1,a2) in s3 and picks as in both s; and so. The dis-
tribution d,, » induced by this policy can be computed as
dpz = (1—7)(I —yT™) "1y where I is | S| x | S| the iden-
tity matrix, T7 is the transition matrix induced by 7 (ele-
ment (i,j) corresponds to probability of transitioning from
state j to state ¢ when executing 7 in state j), and p the vec-
tor containing the initial state distribution. It can be seen

that the distribution d,, » = [1 — ~; 1ZS(§ZL); 1_3(216_6)]

and the performance of the learned policy 7 in the real

system is .J,, (%) = § + % So we have that
~ * 2eC &
(@) = Julm™) = =m0 ~ T

Suppose the exploration distribution v is induced by exe-
cuting the policy my, which picks actions uniformly ran-
domly in s; and ss3, and picks ap with small probability
a > 01in s3 (a1 with large probability 1 «ain s2). It can be
seen that v = dl‘« T T (1—v)(1+~/2— 'ya(l €))+7? ae/2[(1 -
Y)(1=ya(1—¢)); v(1—7v)/2; v e /2]. Because the L dis-
tance between the real system and learned model is O for all
state-action pairs, except 2¢ for state-action pair (s2, az),
we obtain that the predictive error during training is
E(s.av 11 Tea ~ Teall] = At ataymaee:
which becomes arbitrarily small as &« — 0. Thus the
learned model could likely be picked by a model fitting
procedure in practice for small a. The learned model is
also an optimal model among deterministic models, so if
T contains only deterministic models, T would likely be
picked.

Now we have that ¢& = 20 for ¢ =

(177)(1+’Y/12:’;y(a1(_1;)e))+72a5/2. Similarly, we have
1 (A=),

d# . Ta7 1 — 755250 so that

o — A=) (A+y/2—ya(1= ) +y ae/2

v (1-a)(1-7(1+7/2)
For this problem we have Cax :AC and Cpyin = 0. Also
since ESNH [Vﬁ( )] =dand By, [V™ (s)] = 12 - we have

¥

oc

€f, = —=. So using these quantities, we obtaln that our
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bound says that:

Ju(®) = Ju(7*)
= (T)rc + : +Cu Heprd ( )
1—v)ae 9

= 2 1—v)2 (Cv ta )(1—'Y)(1+v/é—vg(1—6))+72ae/2 —15
_ FlaeC [ 2 + 1 ] 6
o201 v)za(l—w(l ) ' (1-a)(1-y)(1+~/2) 1—y
= 1+ a(l—y(1—¢)) ]7L5

(1- 7)(1 v(l €)) (I—a)(1—=7)(2+7) 1—vy

As mentioned previously, we know that J,, (&) — J,(7*) =
% — %. We observe that we can pick o
arbitrarily close to O in the example above so that in the
limit, as o becomes closer to 0, the bound becomes the
exact value of J,, () — J,,(7*). This shows that there exists
examples where our bound is tight to an arbitrarily small
additive constant.

1.4. Analysis of the DAgger Algorithm

We now present the detailed an, Ny51s of the DAgger Algo-
rithm. Let’s define €}, = + >_;_ LB nVi(s) — Vi (s)),
for V; and Vf/ the value functions of 7; and 7' under
learned model 7 respectively. The term Egcl measures
how much better of a solution 7’ is on average compared
to the policies 7.y (in terms of expected total cost) on
the optimal control problems we solved (with the learned
models 75N).  For instance, if at each iteration i we
found an ¢;-optimal policy m; within some class of poli-
cies IT on learned model 7%, then €. < % Zf\il €; for
all 7/ € II. Additionally, define the average predictive
error of TN over the training iterations, measured in

. . N

Ly distance, as ey = 7 Yimy E(s.a)mp, [ Tyall1]
for p; = Du ~ + 1/ the state-action distribution used
at iteration i to collect data. Similarly deﬁne ey =

N
% Zi:l E(s,a)wpi,s’NTsa ilog( SG(SA)) —10g( sa (S ))i and
Ef,lrsa = % Zfil E(s,a)~ps,s'~T,o (T, 5, a, s")] the average
training predictive error of TN measured in KL and clas-
sification loss respectively (£ is 0-1 loss or any upper bound
on the 0-1 loss such as hinge loss).

Lemma 4.1. The policies 71. 5 are s.t. for any policy ':
Tu(7) € Ju(T) < Ju(x') + & + ¢ Hepyy

Equivalently, using the results from Section 1.2:

( (ﬁ) S JM( )+€0c +C H\/ 2€prd

Ju() < Ju(w) + T + 2] HE,

) <
Ju(F) <

— Ju(n')

1 Ju(m) — Ju(7')]

2N Zi:liE(Sva)j‘pmwi T sa —
+E(sap, [ Tea = Tyl 1]

< G A B R DL Eaen, ., [T = Tl
+cj E(a a)NuiHTsa Tallnl]

Tsiaiili

< 7Z>Tc + N Zz 1iE(s a)~Dy r; iHTsa - TsiaHli
+[/E(s,a)f7l/i||T9(l N sa|| ii .
€ + cy H+ Zz‘:iiE(S,a)an i||Tsa - Ts,laHli

+ C Heprd

where the second inequality follows from applying corol-
lary 1.2 to each term J,,(7;) — J, (7). O

The last lemma relates the performance of DAgger to
the training loss of the sequence of models picked over
the iterations of training. However it is only an inter-
mediate step, and as is, it is unclear why it is mean-
ingful. In particular, it is unclear why the term eprd (or
nd» o) should be small as it corresponds to an aver-
age loss of the models on out-of-training samples. That
is, T is trained based on data seen so far from the dis-
tributions p1, p2, ..., p;—1, but then its loss is evaluated
under the distribution p; in the term E(; q)~p, [|[|[Tsa —

T;a”li (or ]E(s,a)Nm,s/NTm ilOg(Tsa(sl)) - log(Ti ( /))i

E (s a)mpi.simton LT 5,0, 8")]) contributing to ey (or
x> Eom)- SO as s, it could be that €y (or ey, eoy) is

large even if we achieve low error on the aggregate dataset
at each iteration when ﬁtting each 1. However we can ob-
serve that the quantity € Eprd (ore eprd, Ic)lr“d) can be interpreted
as the average loss of an online learner on a particular on-
line learning problem. This is where the no-regret property
is crucial and makes this result interesting: no-regret guar-
antees that ey (Or €y, €5y) must be small relative to the
error of the best model in hindsight. So the combination
of no-regret, and existence of a model with low error on
the aggregate dataset, implies that Eprd (or ell,frla, Tglrii) must
be small. This is emphasized in the following theorem that
constitutes our main result for DAgger.

We denote the modeling error under the
.. C . . — 1 N
overal training distribution p = N Die Pis
measured in  L;  distance as &l =
infrrer E(s0)~5(l|Tsa — Thyl|]. Similarly, denote ekg =
infrer Bis.a)np s~ [108(Tsa(s")) log(T¢,(s")]

and ﬂliiill = inleeTiE(sya)Nﬁyslem[E(TI,S,a,S/)] the

modeling error measured in terms of KL and classi-
fication loss. The modeling error represents the error
of the best model in hindsight after the NV iterations of
training. To relate the predictive error to this modeling
error when using no-regret algorithms, we first need
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to express the predictive error in terms of an online
learning loss on a particular online learning problem.
For each iteration i € 1 N, define the following
loss functions: LYN(T) = E(sa)mp;[[|Tsa — Tsalli],
LXT) = Boampiont. [ 10g(Tals))],  and
LflS(T) = Ea)mps,s o, (T, 5,a,8")]. Now it
can be seen that ei = +SN LH(TY), &l =
] N a
me’eT sz 1LL1(T/) {% = %Zi:1 LEL(T) -
LMT). aq = ifper 3 S5 LT -
—cls N cls (i —cls
LEH(T), €plr§d = Nl LT and ey =
infr g + ~ va L L$S(T"). DAgger uses a no- regret algo-
rithm on one of the sequence of loss function Lt!,, LXL or
LS5, If for instance we use the no-regret algorithm on the

sequence of loss LY, then this implies that ek — ek =

N
W Zi:1 LFL(Tl) — infrer N > ic LT
as N — oo. If we define efgt the average regret of
the online learning algorithm after N iterations when

using the KL loss, then we have egrh < e+ ergt
KL

for g — 0 as N — oo
the classification loss, a no-regret algorithm on the
—cls —cls

cls : : § _
sequence of loss L7’y implies that €y — € =

N - . N
3L LT — infrer & Y LES(TY) — 0 as
N — oo. If we define efé; the average regret of the
online learning algorithm after IV iterations when using

—cls %ls —cls
the classification loss, then we have € < € + €y

for f; — 0 as N — oo. While the L; distance cannot

be evaluated from samples, some statistical estimators
can be no-regret on the sequence of loss LY!y with
high probability without explicitly trying to minimize
this loss. This is the case in finite MDPs if we use the
empirical estimator of the transition matrix 7" based on
all data seen so far over the iterations (see section 1.5.1).
If we have a such sequence of models Tl N which is

Ll

no-regret on the sequence of loss L1 - then € eprd €Emdl =

NZizl L%I(Tz) — 1nfT/€T ~ ZZ LJLEN(T) — 0 as
N — oo. If we define erg the average regret of 1%,y
after N iterations on the L distance, then we have
€ < it + € fOr &y — 0 .as N — oo. Combining with
the previous lemma, this proves our main result:

— 0

Similarly, if we use

Theorem 4.1. The policies 71.y are s.t. for any policy 7':
Jﬂ(ﬁ) < J.U«(ﬁ) < J,U«( ) + € Eoc + C H[ Emal + 6rgt]

Equivalently, using the results from Section 1.2:

J#(’ﬁ—) S J#(ﬁ) S J,u( ) +e 6oc + C H\/ 2[ Emdl + 6rgt]

Tu(®) < Ju(@) < Ju(7') + G, + 2 Hlegy +

Addltlonally, if the fitting procedure is no-regret w.r.t. L1 N
LXL, or LSSy, then erglt — 0, eg — 0, or eﬁg — 0 respec-
tively, as N — 0.

In cases where the distributions D,, . converge to a small

region in the space of distributions as n — oo (which tend
to occur in practice), we can also guarantee good perfor-
mance if we pick the last policy 7, for N large enough:

Lemma 4.2. Suppose there exists a distribution D* and
some €, > s — D1 < €6 +

€ Jor some sequence {€l, } 2, that is o(1). Then the last
policy mn produced by DAgger is such that:

C 1Y
S (260, € T = D o)
2(1 _ ,7) v n N ; Ch

Ju(ﬂ'N) < Ju(ﬁ) +

Thus:

*
cny

limsup J,(7n) — J,(7) < Comg €

N—o0 1_7

Proof. We have that D, = = % Zf\il D, r,. By our as-
sumptions, HDHJFN _Dlh?| |1 < 2€§nv+€éﬁv+% Zf\;l 6(Z‘:rw'
Thus:

Ju (7mn)

1
T E(s,0)~D, ny [C(5,0))] .

1 E(s a)NDn?[O(S a’)] + 2(1"‘2/\/ ||DN77TN -D i
J ( ) + 2(1r 7) [2€cnv + 6cnv N Zi:l cnv]
where the first inequality follows from the fact that for any
function f, constant ¢, and distributions p, g, E,,[f(x)] <
Eyzqlf(z)] + sup, |f(z) — ¢||lp — ¢||li. Here since
C(s,a) € [Ciin, Cmax), choosing ¢ = C% minimizes the
term sup, , |C(s,a) —c|. O

<
<

1.5. Finite Sample Analysis for DAgger in Particular
Scenarios

This subsection presents sample complexity results to
achieve near-optimal performance with DAgger in two par-
ticular scenarios.

1.5.1. FINITE MDP WITH EMPIRICAL ESTIMATOR

Consider the real system to be an arbitrary finite MDP with
|S| states and | A| actions, and the model 7" used at itera-
tion 4 to be the empirical estimator of 7" from the observed
transitions in the first i — 1 iterations. That is let n’
be the number of times we observed transition (s, a,s’)
at iteration ¢ (1 e. when sampling s, a from distribution
pi = 3Dur, + 3v). Letnll, = Zk L nk . the total
number of trmes we observed state transition (s,a,s") in
the first i — 1 iterations, and n5! = o nsas, the number
of times we picked sampled transitions from state action
pair (s,a) in the first ¢ — 1 iterations. Then the empiri-
cal estimator at iteration 7 is such that 77 ( N = Li' If
Ti () = \SI We seek to

bound Eprd after NV iterations wrth high probability when
using this empirical estimator and sampling m transitions

= 0, then simply define T,
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at each iteration.

Let (sij,aij,5;;) denote the 4" transition sampled
at iteration i¢. For ¢ € {1,2,...,N} and j €

{1,2,...,m}, define the random variables Y(;_1)p,4; =
Es,a)mpillToa = Toalli] = [ Tsijas; — Tsl”a” l1. Then
ED/(Z',I)m+]‘|Y1, }/27 N a}/(ifl)erjfl} =0. Thus the ran-

dom variables X, = ZLY} for k € {1,2,...,Nm}
form a martingale. Since Y; € [—2, 2], then by the Azuma-

Hoeffding inequality we have % <2 21%(”11/5) with

probability at least 1 — §. Hence we must have that with
probability at least 1 — §:

N AL
~ 2ic1 Esaympil | Tea — Tsall
S 1 Zz 12] 1” s”a77 =T ‘1+2 Nm

SijQij
§
TsaHl‘i‘Z 210]%,(71/ )

= Nmzz 125(1 sa|

By applying a result from Wasserman (2003), we know
that if we have m samples from a distribution P over k
events and P denotes the empirical estimate of this distri-
bution, then with probability at least 1 — &', || P — P||; <

/ . .
M. Using an union bound, we conclude

that with probability at least 1 — ¢/, we must have that for
all state-action pair s, a and iteration i:

<i
Nsa

I — Tl < \/zlog<2>|s + 2log(|S] | 4|N/9)

It is also clear that ||T% — T.,||; < 2 always hold. Thus
we must have that with probability at least 1 — § — 4":

2log(1/6)

N ]

%ZizlE(s,a)NmHTm Tsa”l

< i D Bl min(2, /2RISR e ISIAINI)
19, /2la(1/0)

Nm

Z@[SEIBISIAN/T)) _ 9 when

nsl < mg formg = 210g(2)|s|+212g(‘5||A|N/6 ) Let kg, €
{1,2,..., N} be the largest iteration such that nSFss <
mg. Then we have that for all s, a:

The term min(2, \/

N i 21n(2)[S[+21n [S[[A[N/5
S i, min(2, ,/HISE2 I SIAINY
re N

= 230 ”§a+2\/m702i—km+1%
2(m0+m)+2\/721 ksat1 \/m +Z

IN

i= ksa+1 nia

Thus we obtain that with probability at least 1 — § — §”:

N 715
% Zi:l E(s,a)wpi[ |Tsa - Tsa”l]
<

2mo|SIIA] | 2IS]1A| [2108(1/5)
(J)Vm + N +2 O]%fm
2T '

i

Nsa

N
i=ksq+1 i—1 j
Vmot ik 1 na

To upper bound this term, we will seek to upper bound

i

¥ ZN "m
s,a i=ksq+1

m' \/m + Ji= ks‘a+1
choice of {nj,} an adversary might pick under the con-

straint that >, nJ, = m for all j. We have that:

with respect to any

J
nsa

n'i

maxgni, }ZsaZz ksa+1 \/ =

mo +E] Fsat1 ni,

MaX(n: 3> ., Zz 1 \/ﬁ
= maX{ni, }Zsazz 1 \/m

The inequality holds because for any assign-
ment of {n’,}, we can create a new assignment

{n%} such that

Nsa >
ZS(IZZ lm =

Zs a Zz ksa+1 \/ nsa (namely by set-

2 kaat1 Ma
ting nl, = nksetifori € {1,2,...,N —
arbitrarily for i > N — ks, for all s, a).

IA

1%
ksa} and nf,

1 N n;a
Now, it can be seen that >°_ > ", T
mized by sequentially setting the n’, equal to m to the pair
(s, a) with smallest ng; and n’,,, = 0 for all other (s', a’)
(and breaking ties arbltrarlly). ThlS implies that for itera-

tion 4 such that k| S||A| < < (k+1)|S||A for some non-

negative integer k, Zs’a 7 :n<1 < \/m:ikm.
0 sa

N, let us express N = k|S||A| + [ for some non-negative
integers k and [ < |S||A|, then we have:

1S maxi-

For any
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maxyn: 1 Zs a Zz 1 m0+nsa

|S|[AIm )20 T + It

k—1
= (IS1A] = )m ¥k omﬂm&:oﬁ

_ \SHAIm

= Vo + (ISI|A| = )m Zg 1 W
+lm2j:1\/m
S||Al» k—1 "

< \y%mk+(|f||A\—z)m 0 T
+lmf0 fm

= BIAE 4 o(1S]]A] = 1) y/mo + @ml; !
+2ly/mo + mzx|§
S||Alm

< B 4 o(18114] - 1) /&= Tjm + 20vkm

< B 4 oi5]| A Em

< B2 o /[STAINm

Putting all together, we conclude that with probability at
least1 — 6 — d":

%Zz 1E(5 a)Npq[H sa|| ]

< 4ISHA\ + log(2)\5\ \AI + ISHAHOg(\SHAIN/é)

Nm

+2\/2log 2)\3\2\A\+2|S||A|logusnA\N/a') 1 2,/2l80/0)

Nm

This is an interesting result in itself: it shows that using
the empirical estimator of 7" at each iteration based on ob-
served samples so far is a no-regret algorithm under this L,
distance penalty.

Combining with the result from Lemma 4.1, this implies
that for any € > 0, we can choose m = 1, N =

2 o o .
O(Cmg“S‘ ‘A‘HS!‘Z‘ ! 5)(41/6 )+ g(1/0)]) to ensure that with

probability at least 1 — & — &', for any policy 7’:

Tu(®) < Ju(@) < Ju(x') + & + O(c] €)

Thus if we solve each optimal control problem with high
enough accuracy, and we have access to a good state-action
exploration distribution, we can obtain an e-optimal pol-
icy with high probability with sample complexity that is

O(%) (ignoring log factors). This is an improve-
ment over other model-based RL methods that have been

analyzed in this particular scenario, such as R, .y, Which

has sample complexity of O(W) (Strehl et al.,

2009), and a recent improved version of R,,,x which has
CaglS HA\

mg

sample complexity of O(— =
2010).

5) (Szita & Szepesviri,

1.5.2. FINITE MDP wITH KERNEL SVM MODEL

Consider the true model to be an arbitrary finite MDP, and
the set of models 7 be a set of multiclass SVM in a Repro-

ducing Kernel Hilbert Space (RKHS) induced by some ker-
nel k. For any state-action pair s, a, and hypothesis / in the
RKHS, the associated transition model Th puts probability
1 on next state s' = argmax_, h(f%, ) for f2 the feature
vector associated with transition (s a,s') (e.g. in a grid
world domain, this might encode the relative location of s’
with respect to s, direction in which a is moving the robot,
and configuration of nearby obstacles or type of terrain
we’re on). Without loss of generality, we assume the kernel
k inducing the RKHS has RKHS norm ||k (-, £2.)|| < 1 for
any transition (s, a, s’) (we can scale any bounded kernel
over the feature space to satisfy this), and we restrict 7 to
only functions ~ with bounded RKHS norm ||h|| < K. In
the case of a linear SVM, this corresponds to assuming that
the features are scaled so that || f5 ||, < 1 and we restrict
ourselves to weight vector w, such that ||w|| < K.

To optimize the model, we consider proceeding by doing
online learning on the following multiclass hinge loss func-
tional L. Given any observed transition (s,a,s’) in our
dataset and SVM h, we define the loss as:

(b 5,0, ) = max(0, 1= h(f33) + max h(f5,)]

We note that the loss ¢(h, s,a,s’) upper bounds the O-
1 classification loss £y_1(h, s, a,s’) (as defined in lemma
1.3)

We will now seek to bound f)]rii with high probability as
a function of the regret and minimum loss in the class
on the sampled training data. Let (s;5,aqj,s;;) denote
the jt* sample transition at iteration i (i.e. sampled from
pi = Dy + 2v). Fori € {1,2...,N} and j €
{1,2,...,m}, define the random variables Y(;_1)n4; =
]E(S)a)wpi’slem [50_1(hi, S, a, 8/)] — go_l(hi, Sij, Clij, S;j .
Then ]E[Yr(i_l)m_;’_ﬂyl, }/2, ey }/(i—l)m-‘rj—l] = 0 and
thus the random variables X; = ZleYl for k €
{1,2,..., Nm} form a martingale.

Since £y_1(h, s,a,s’) € [0,1] for all h, s,a, s’ then |Y;| <
1 with probability 1. By Azuma-Hoeffding’s inequality,

we obtain that 3= < / 2101%,(;/ %) with probability at least
1—4. Thus, usmg lemma 1.3, we have that with probability

atleast 1 — §:

B |

— 2% Yot B(s,a)mpi o't [lo—1 (R, 5,0, 8")]

< 2 SN S oo (B i, g ) + ) 2R
[210g(1/6

S 2[N7 Zz 12] 1 (h S'LJ7aU7le)+ 01%/'(771/ )]

Now with these samples, the online algorithm is
run on the sequence of loss functionals L;(h) =
% Z;”Zl £(h, sij, aij, s;;). Because the L; are all convex
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in h, for any (s, a, s'), then an online algorithm such as gra-
dient descent, or follow-the-regularized-leader is no-regret.
In particular, suppose we run the projected subgradient de-
scent algorithm from Zinkevich (2003). Because for any
h, b’ in the RKHS, ||h — /|| < 2K and for any h, s, a, s,

the norm of the subgradient ||VL|| = |[k(, f5) —
kG, f2)Il < 2 (for s* = argmaxg, 2o h(fs, )), then
K

using learning rate N at iteration m we can guar-
1 N i . 1 N
antee that + > ;" Li(h') < ming > 2,24 Li(h) +

% from the result in Zinkevich (2003). Let éfﬁfﬂ =

min, = S0, SO U(h, sij, a5, 5;) the predictive er-
ror of the best model in hindsight on the training set. Then
combining with the previous equation, we obtain that with
probability at least 1 — §:

6K 2log(1/0
by < 2fey + O+ 2EUD)

VN Nm

Combining with the result from Lemma 4.1, this implies

that for any ¢ > 0, we can choose m = 1, N =
2 2
O(W) to ensure that with probability at least

1 — ¢, for any policy 7'

Ju(7t) < Ju(®) < Ju(n') + € + 28 Hedsy + O(cl'e)

Thus if we solve each optimal control problem with high

enough accuracy, there exist a SVM model in the RKHS

that achieves low enough loss on the training set, and we

have access to a good state-action exploration distribution,

we can obtain a e-optimal policy with high probability with
2 2

sample complexity that is O(ez)c(lgfﬁy)4
tors). Note that this has no dependency on |S| and |A4|,
only on the complexity of the class of models (i.e. K),

which could be constant as |S], |A] increases.

) (ignoring log fac-
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