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Abstract.  We consider the problem of reconstructing near-perfect phy -
logenetic trees using binary character states (referred to as BNPP). A
perfect phylogeny assumes that every character mutates at most once in
the evolutionary tree, yielding an algorithm for binary cha racter states
that is computationally e cient but not robust to imperfect ions in real
data. A near-perfect phylogeny relaxes the perfect phylogeny assumption
by allowing at most a constant number q of additional mutations. In this
paper, we develop an algorithm for constructing optimal phy logenies and
provide empirical evidence of its performance. The algorit hm runs in time
O((72 )%nm + nm?) where n is the number of taxa, m is the number of
characters and is the number of characters that share four gametes with
some other character. This is xed parameter tractable when gand are
constants and signi cantly improves on the previous asympt otic bounds
by reducing the exponent to g. Furthermore, the complexity of the pre-
vious work makes it impractical and in fact no known implemen tation of
it exists. We implement our algorithm and demonstrate it on a selection
of real data sets, showing that it substantially outperform s its worst-
case bounds and yields far superior results to a commonly use heuristic
method in at least one case. Our results therefore describe he rst prac-
tical phylogenetic tree reconstruction algorithm that nd s guaranteed
optimal solutions while being easily implemented and compu tationally
feasible for data sets of biologically meaningful size and mmplexity.

1 Introduction

Reconstruction of evolutionary trees is a classical computional biology prob-
lem [9]. In the maximum parsimony (MP) model of this problem one seeks the
smallest tree to explain a set of observed organisms. Parsiomy is a particularly
appropriate metric for trees representing short time scals, which makes it a good
choice for inferring evolutionary relationships among indviduals within a single
species or a few closely related species. The intraspeci chglogeny problem has
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become especially important in studies of human genetics wo that large-scale

genotyping and the availability of complete human genome sguences have made
it possible to identify millions of single nucleotide polymorphisms (SNPs) [18],

sites at which a single DNA base takes on two common variants.

Minimizing the length of a phylogeny is the problem of nding the most
parsimonious tree, a well known NP-complete problem [7]. Reearchers have thus
focused on either sophisticated heuristics or solving optnally for special cases
(e.g. xed parameter variants [1, 3, 13]). Previous attempts at such solutions for
the general parsimony problem have only produced theoretial results, yielding
algorithms too complicated for practical implementation. A large number of
related work has been published but it is impossible to mentn all of them here.

Fernandez-Baca and Lagergren recently considered the prédm of recon-
structing optimal near-perfect phylogenies [6], which assme that the size of the
optimal phylogeny is at most g larger than that of a perfect phylogeny for the
same input size. They developed an algorithm to nd the most parsimonious
tree in time nm©(®20(a*s*)  where s is the number of states per character,n
is the number of taxa and m is the number of characters. This bound may be
impractical for sizes of m to be expected from SNP data, even for moderate.
Given the importance of SNP data, it would therefore be valudle to develop
methods able to handle largem for the special case of = 2, a problem we call
Binary Near Perfect Phylogenetic tree reconstruction (BNPP).

Our Work:  Here we present theoretical and practical results on the optnal
solution of the BNPP problem. We completely describe and anlyze an intuitive
algorithm for the BNPP problem that has running time O((72 )%nm + nm?),
where is the number of characters that violate the four gamete condition,
a test of perfectness of a data set explained below. Since  m this result
signi cantly improves the prior running time by removing th e big-oh from the
exponent. Furthermore, the complexity of the previous work would make prac-
tical implementation daunting; to our knowledge no implementation of it has
ever been attempted. Our results thus describe the rst pradical phylogenetic
tree reconstruction algorithm that nds guaranteed optima | solutions while be-
ing easily implemented and computationally feasible for d&a sets of biologically
meaningful size and complexity. We implement our algorithmand demonstrate
it on a selection of real mitochondrial, Y-chromosome and baterial data sets,
showing that it substantially outperforms its worst-case bounds and vyields far
superior results to a commonly used heuristic method in at last one case.

2 Preliminaries

A phylogenetic tree T is called perfect if for all states s and charactersc, all taxa

having state s at character c lie in a connected component of the phylogeny.
Since the problem of reconstructing a perfect phylogeny is R-complete [2,17],
Gus eld considered an important special case when the numbeof states is
bounded by 2, called the binary perfect phylogeny problem (B°P). He showed



that the BPP problem can be solved in linear time [8]. The prodem we consider
is an extension called the binarynear perfect phylogeny reconstruction (BNPP).

In de ning formal models for parsimony-based phylogeny costruction, we
borrow de nitions and notations from Fernandez-Baca and Lagergren [6]. The
input to the BNPP problem is an n  m matrix | where rowsR representtaxa
and are strings over states. The columngC are referred to ascharacters Thus,
every taxon r 2 f0;1g™. In a phylogenetic tree or phylogeny each vertexv
corresponds to a taxon and has an associated labglv) 2 f 0; 1g™.

De nition 1. A phylogeny for a set of n taxa R is a tree T(V;E) with the
following properties:

1. ifataxonr 2 R thenr 2 [(V(T))
2. for all (u;v) 2 E(T), H(lI(u);1(v)) =1 whereH is the Hamming distance

De nition 2. For a phylogenyT:

{ length(T) = JE(T)j
{ penalty(T) = length(T) m
{ vertexv of T is terminal if I(v) 2 R and Steiner otherwise.

The BNPP problem: Given an integerq and ann  m input matrix |,
where each row(taxon)r 2 f 0;1g™, nd a phylogeny T such that length(T)
is minimized or declareNIL if all phylogenies have penalty larger thang. The
problem is equivalent to nding the minimum Steiner tree on a hyper-cube if the
optimal tree is at most q larger than the number of dimensions or declaringNIL
otherwise. The problem is fundamental and therefore expea&d to have diverse
applications besides phylogenies.

De nition 3.  We de ne the following additional notations:

{ r[i] 2 f0; 1g: the state in characteri of taxar
{ (e): E(T)! C: the character corresponding to edges = (u;Vv) with the
property [(u)[ (€)] & I(V)[ (e)]

We say that an edgee mutates character c® if (e) = ¢ We will use the
following well known de nition and lemma on phylogenies:

De nition 4.  The set of gametesG;; for characters i;j is de ned as: Gj; =
f(k;Dj9r 2 R;r[i] = k;r[j] = lg. Two characters i;j 2 C contain (all) four
gametes wherjG;; j = 4.

Lemma 1. [8] The most parsimonious phylogeny for inputl is not perfect if
and only if | contains the four-gamete property.

Input Assumptions: If no pair of characters in input | contains the four-
gamete property, we can use Gus eld's elegant algorithm [8}o reconstruct a
perfect phylogeny. We assume that the all zeros taxa is pres¢ in the input.
If not, using our freedom of labeling, we convert the data so hat it contains



the same information with the all zeros taxa (see section 2.2f Eskin et al [4]
for details). We now remove any character that contains onlyone state. Such
characters do not mutate in the whole phylogeny and are theréore useless in any
phylogeny reconstruction. We now repeat the following prepocessing step. For
every pair of charactersc® c?if jGeocof = 2, we (arbitrarily) remove character
c%? After preprocessing, we have the following lemma:

Lemma 2. For every pair of characters ¢ c® jGeocoj 3.

We will assume that the above lemma holds on the input matrix for the
rest of the paper. Note that such charactersc® c®are identical (after possibly
relabeling one character) and are usually referred to as noemformative. It is
not hard to show that this preprocessing step does not changéhe correctness
or running time of our algorithm.

Conict Graph  G: The conict graph G, introduced by Gus eld et al. [11], is
used to represent the imperfectness of the input in a graph. Bch vertexv 2 V (G)
of the graph represents a charactec(v) 2 C. An edge (u; V) is added if and only
if all the four gametes are present inc(u) and c(v). Let V C be any minimum
vertex cover of G. Damaschke [3] showed that the minimum number of characters
that needs to be removed to support a perfect phylogeny is theninimum vertex
cover of the conict graph. Therefore jV Cj is a lower bound onpenalty (Topt)
and this is often useful in practice. We now introduce new denitions that will
be used to decompose a phylogeny:

De nition 5.  For any phylogenyT and set of charactersC® C:

{ a super nodeis a maximal connected subtreeT © of T s.t. for all edgese 2
T% (e)2CO

{ the skeletonof T, s(T;C9, is the tree that results when all super nodes are
contracted to a vertex. The vertex set ofs(T;C9 is the set of super nodes.
For all edgese2 s(T;C9, (e)2 CC

De nition 6. A tag t(u) 2 f 0; 1g™ of super nodeu in s(T;C9 has the property
that t(u)[c = 1(v)[c for all c°2 CO, vertices v 2 u; t[u][i]=0 for all i 2 C°.

Throughout this paper, w.l.0.g. we will deal with phylogenies and skeletons
that are rooted at the all zeros taxa and tag respectively. Futhermore, the
skeletons used in this work themselves form a perfect phylany in the sense
that no character mutates more than once in the skeleton. No¢ that in such
skeletons, tagt(u)[i] = 1 i.f.f. character i mutates exactly once in the path from
the root to u. Figure 3(a) shows an example of a skeleton of a phylogeny. We
will use the term sub-phylogenyto refer to a subtree of a phylogeny.

3 Algorithm Description

Throughout the analysis, we x an optimal phylogeny To and show that our
algorithm nds it. We assume that both To and its skeleton is rooted at the



function buildNPP ( binary matrix I, integer Q)

[En

. let G(V;E) be the conict graph of |

. let VsV be the set of non-isolated vertices

3. forall M 2 2¢(Vms ) iMj q
(a) construct rooted perfect phylogeny PRVpp ;Epp ) On characters C nM
(b) dene R 7! Vpp st. (r)=uiff.foral i 2CnM,r[i]= t(u)[i]
(c) Tt := linkTrees (PB
(d) if penalty (T:) qthenreturn T;

4. return NIL

N

Fig.1. Pseudo-code to nd the skeleton.

function linkTrees ( skeleton Sk(Vs;Es) )

1. let S := root (Sk)

. let Rs = fs2 Rj (s)= Sg

. for all children S; of S
(a) let Sk; be subtree of Sk rooted at S;
(b) (ri;c) P linkTrees (Sk;)

w N

4. letcost ;= G

5. foralli,letl; .= (S;aq)

6. forall i, dene pi 2f0;1g™ s.t. pi[li] 6 ri[liland for all j 6 Ii, pi[j]1= ri[j]
7.let =Rs[ ([ifpig)

8. let D C be the set of characters where taxa in dier

9. guess root taxa of S, rs 2f0;1g™ s.t. 8i2 CnD; 8u2 ; rs[i] = u[i]

10. let cs be the size of the optimal Steiner tree of [f rsg

11. return (rs;cost + cs)

Fig. 2. Pseudo-code to construct and link imperfect phylogenies

all zeros label and tag respectively. The high level idea of ur algorithm is to
rst guess the characters that mutate more than once in Tope. The algorithm
then nds a perfect phylogeny on the remaining characters. knally, it adds back
the imperfect components by solving a Steiner tree problemThe algorithm is
divided into two functions: buildNPP and linkTrees and the pseudo-code is
provided in Figures 1 and 2.

Function buildNPP starts by determining the set of charactersc(V,;s ) that
corresponds to the non-isolated vertices of the con ict grgh in Step 2. From set
c(Vhis ), the algorithm then selects by brute-force the set of charaters M that
mutate more than once in Top. Only characters corresponding to non-isolated
vertices can mutate more than once in any optimal phylogeny & simple proof
follows from Buneman graphs [16]). Since all characters € nM mutate exactly
once, the algorithm constructs a perfect phylogeny on this baracter set using
Gus eld's linear time algorithm [8]. The perfect phylogeny is unique because of
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(b)

Fig.3. (a) Phylogeny T and skeleton s(T;C%, C° = f3;4g. Edges are labeled with
characters that mutate and super nodes with tags t. (b) Transform to remove a
degree 2 Steiner root from a super node. Note: the size of the fylogeny is unchanged.

Lemma 2. Note that PP is the skeletons(Tqp; C nM). Since the tags of the
skeleton are unique, the algorithm can now determine the suer node where
every taxon resides as de ned by function in Step 3b. This rooted skeleton
PP is then passed into functionlinkTrees to complete the phylogeny.

Function linkTrees takes a rooted skeletonSk (sub-skeleton of PP) as
argument and returns a tuple (r; c). The goal of function linkTrees is to convert
skeletonSk into a phylogeny for the taxa that reside in Sk by adding edges that
mutate M. Notice that using function , we know the set of taxa that reside
in skeleton Sk. The phylogeny for Sk is built bottom-up by rst solving the
phylogenies on the sub-skeleton rooted at children super rdes of Sk. Tuple
(r;c) returned by function call to linkTrees (SKk) represents the costc of the
optimal phylogeny when the label of the root vertex in the roa super node of
Skisr. Let S = root (Sk) represent the root super node of skeletork. Rs is
the set of input taxa that map to super node S under function . Let its children
super nodes beS;; Sy;:::. Assume that recursive calls tolinkTrees (S;) return
(ri; ¢). Notice that the parents of the set of rootsr; all reside in super nodeS.
The parents ofr; are denoted byp; and are identical to r; except in the character
that mutates in the edge connectingS; to S. Set is the union of p; and Rs,
and forms the set of vertices inferred to be inS. Set D is the set of characters
on which the labels of dieri.e.forall i 2 D;9rq;r,2 ;r[i] 6 ryfi]. In Step
9, we guess the rootrs of super nodeS. This guess is “correct' if it is identical
to the label of the root vertex of S in Tqp . Notice that we are only guessingDj
bits of rs. Corollary 1 of Lemma 3 along with optimality requires that t he label
of the root vertex of Top is identical to in all the charactersC nD:

Lemma 3. There exists an optimal phylogenyT,y: that does not contain any
degree 2 Steiner roots in any super node.

Proof. Figure 3(b) shows how to transform a phylogeny that violatesthe prop-
erty into one that doesn't. Root 10 is degree 2 Steiner and is moved into parent
supernode ad1. Since10 was Steiner, the transformed tree contains all input.



Corollary 1. In Top, the LCA of the set is the root of super nodeS.

In step 10, the algorithm nds the cost of the optimum Steiner tree for the
terminal set of taxa [f rsg. We use Dreyfus-Wagner recursion [15] to compute
this minimum Steiner tree. The function now returns rs along with the cost of
the phylogeny rooted in S which is obtained by adding the cost of the optimum
Steiner tree in S to the cost of the phylogenies rooted afc;. The following Lemma
bounds the running time of our algorithm and completes the aralysis:

Lemma 4. The algorithm described above runs in timeO((18 )%nm + nm?)
and solves the BNPP problem with probability at leas® 29. The algorithm can
be easily derandomized to run in timeO((72 )4nm + nm?).

Proof. The probability of a correct guess at Step 9 in function linkTrees is
exactly 2/ Pi. Notice that the Steiner tree in super nodeS has at leastjDj
edges. Sincgpenalty (Top) g, we know that there are at most 2 edges that
can be added in all of the recursive calls tdinkTrees . Therefore, the probability
that all guesses at Step 9 are correct is at least 29. The time to construct
the optimum Steiner tree in step 10 isO(3! i2P}). Assuming that all guesses
are correct, the total time spent in Step 10 over all recursie calls isO(32929).
Therefore, the overall running time of the randomized algoithmis O((18 )%nm+
nm?). To implement the randomized algorithm, since we do not knav if the
guesses are correct, we can simply run the algorithm for thelzove time, and if
we do not have a solution, then we restart.Although presented as a randomized
algorithm for ease of exposition, it is not hard to see that tk algorithm can
be derandomized by exploring all possible roots at Step $he derandomized
algorithm has total running time O((72 )%nm + nm?).

4 Experiments and Conclusion

We tested the derandomized algorithm using non-recombinig DNA sequences.
In such sequences, the most likely explanation for a pair offtaracters exhibiting

all four gametes is recurrent mutations. The results are summarized in Figure 4.

Conclusion: We have presented an algorithm for inferring optimal near-perfect

binary phylogenies that improves the running time of the previous method. This

problem is of considerable practical interest for phylogeg reconstruction from

SNP data. In practice, we nd that the algorithm signi cantl y outperforms its

worst case running time. Our algorithm is easily implemental unlike previous

theoretical algorithms. At the same time, the algorithm returns guaranteed op-
timal solution unlike popular fast heuristics such aspars.

References

1. R. Agarwala and D. Fernandez-Baca. A Polynomial-Time Alg orithm for the Perfect
Phylogeny Problem when the Number of Character States is Fix ed. In: SIAM
Journal on Computing, 23 (1994).

2. H. Bodlaender, M. Fellows and T. Warnow. Two Strikes Again st Perfect Phylogeny.
In proc ICALP , (1992).



Input size Penalty |Parsimo-|{Remarks and total run-time of our algorithm
(Rows Cols) and Desc |of opt(q) |ny Score|intel P4 2.4Ghz, 1G RAM
24 1041 mtDNA genus|2 63 pars program of phylip [5](default parame-
Pan [19] ters) gives parsimony score 252; 0.59 secs
15 98 chr Y, genus Pan|1 99 identical to original paper which uses branch-
[19] and-bound; 0.33 secs
17 1510 Bacterial DNA |7 96 0.47 secs
sequence [14]
150 49, HapMap chr Y, |1 16 0.3 secs
4 ethnic groups [12]

Fig. 4.

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

P. Damaschke. Parameterized Enumeration, Transversals, and Imperfect Phy-
logeny Reconstruction. In proc IWPEC , (2004).

E. Eskin, E. Halperin and R. M. Karp. E cient Reconstructi on of Haplotype
Structure via Perfect Phylogeny. In JBCB 2003.

J. Felsenstein. PHYLIP version 3.6. Distributed by the au thor. Department of
Genome Sciences, University of Washington, Seattle. (2005.

D. Fernandez-Baca and J. Lagergren. A Polynomial-Time Al gorithm for Near-
Perfect Phylogeny. In: SIAM Journal on Computing , 32 (2003).

L. R. Foulds and R. L. Graham. The Steiner problem in Phylog eny is NP-complete.
In: Advances in Applied Mathematics (3), (1982).

D. Gus eld. E cient Algorithms for Inferring Evolutiona  ry Trees. In: Networks,
21 (1991).

D. Gus eld. Algorithms on Strings, Trees and Sequences. Cambridge University
Press, (1999).

D. Gus eld and V. Bansal. A Fundamental Decomposition Th eory for Phylogenetic
Networks and Incompatible Characters. In proc: RECOMB (2005).

D. Guseld, S. Eddhu and C. Langley. E cient Reconstruct ion of Phylogenetic
Networks with Constrained Recombination. In Proc IEEE CSB (2003).

The International HapMap Consortium. The Internationa | HapMap Project. Na-
ture 426 (2003).

S. Kannan and T. Warnow. A Fast Algorithm for the Computat ion and Enumer-
ation of Perfect Phylogenies. In SIAM Journal on Computing , 26 (1997).

M. Merimaa, M. Liivak, E. Heinaru, J. Truu and A. Heinaru.  Functional co-
adaption of phenol hydroxylase and catechol 2,3-dioxygenase genes in bacteria
possessing di erent phenol and p-cresol degradation pathways. unpublished

H. J. Promel and A. Steger. The Steiner Tree Problem: A Tou r Through Graphs
Algorithms and Complexity. Vieweg Verlag (2002).

C. Semple and M. Steel. Phylogenetics.Oxford University Press (2003).

M. A. Steel. The Complexity of Reconstructing Trees from Qualitative Characters
and Subtrees. In J. Classi cation , 9 (1992).

S. T. Sherry, M. H. Ward, M. Kholodov, J. Baker, L. Pham, E. Smigielski, and
K. Sirotkin. dbSNP: The NCBI Database of Genetic Variation. In Nucleic Acids
Research 29 (2001).

A. C. Stone, R. C. Griths, S. L. Zegura, and M. F. Hammer. H igh levels of Y-
chromosome nucleotide diversity in the genus Pan. In Proceedings of the National
Academy of Sciences(2002).



