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Abstract. In asimplecooperatie MAS modelwherea collectionof “querying
agents”can sendqueriesto a collectionof “information agents”,we formalize
the problemof designingstratgies so thatthe expectedcompletiontime of the
gueriesis minimized,whenevery queryingagentusesthe samestratey. We de-
vise a provably optimal stratey for the static casewith no queryarrivals, and
shaw via simulationsthat the samestrategly performswell whenqueriesarrive
with a certainprobability We alsoconsidelissuessuchaswhetheror notthe ex-
pectedcompletiontime canbereducedy sendingmultiple copiesof queriesor
by abortingcopiesof answeredjueries.

1 Intr oduction

As the internetgrows relentlesslyand multi-agentsystemgMAS) proliferate,it be-
comesincreasinglyimportantto designalgorithmsfor agentsto uselimited resources
(suchastime, memory bandwidth etc) efficiently. A badly designedschemecaneas-
ily leadto congestiorandpoor responsegimes.A first steptowardthe designof good
strat@iesis to considersimple modelsof agentinteractions Eventhoughthesemod-
els may be abstractthey canhelp identify importantissueshatwill arisein realistic
models.Morever, stratgiesdevisedundersimplemodelscanperformwell in realistic
settings.

With this viewpoint,in this papemwe introducea simpleMAS modelwherethereis
a collectionof queryingagentyQA) anda collectionof informationagentg1A). The
gueryingagentsreceve queries(from humansor otheragents)which they mustsend
to IAs to obtainananswerWe wantto designa stratgy for a QA to sendqueriedo IAs
sothatthe expectedcompletiontime of the queriess minimized.To seewhatkinds of
issuesarisein designingsuchstratgies,supposeaheloadsof thelAs wereobsenrable,
andthatall IAs arecapableof answeringarny query Shouldthe QA sendits queryto the
least-loadeihformationagentdf thisweretheonly QA in thesystemthisis obviously
agoodstratgy. Howeverin an MAS therearea large numberof QAs, possiblymuch
largerthanthe numberof IAs. If every QA usegheabove stratgy, thenit is nolonger
clearthatthis is the bestone. For instanceif the loadsof the informationagentsare
roughlythe samethiswould be abadstratgy, sincetheleast-loadedhformationagent
wouldtendto receve adisproportioratelylargenumberof queriesandall thesequeries
would takelongerto complete,on the average .However if onelA hasa muchlower
loadthanevery otherlA, this couldbeagoodstratey.

In this paperwe examinethefollowing type of question:

If every QA wereto usethe samequeryingstratey, which stratgy minimizes
theexpectedcompletiontime of thequeries?



Sinceevery QA useghe samestratgy, we referto it asasymmetricstratgy. A natural
symmetricstratey is the following randomizedne:every queryagentsendsts query
to aninformationagentchoseruniformly at random.This would be a goodstrateyy if
theinformationagentsaremoreor lessequallyloaded,but whatif they arent? In this
paperwe examinethis problemanddesignanoptimalrandomizedsymmetricstrategy
for this caseof arbitraryloads,andassuminga staticsituationwhereeachQA hasone
gueryandno new queriesarrive. Our stratgy hasthe appealingeaturethat 1As with
higherload arelesslikely to receve queries We alsoshawv by simulationghatevenin
adynamicmodelwith new queryarrivals,oursis a goodstratey to follow.
Anotherimportantissuewe examineis:

If QAs sendmultiple copiesof their queriesto differentlAs, doesthis reduce
theexpectedcompletiontime?Is thereanoptimalnumberof copiesto send?

Thereis a tradeof herebetweentwo opposingeffects on the querycompletiontime.
Thefirstis theload effect multiple copiesincreaseheloadonthelAs, andevery indi-
vidualquerycopytakedongeronaverageio beansweredTheseconds themultiplicity
effect: sinceeachqueryhasmultiple copiesat differentlAs, it hasa greaterchanceof
being answeredsooner It seemsdntuitive that as more copiesare sent,the benefitof
multiplicity will be outweighedby the load effect. In this paperwe shov simulations
thatshaw the optimalnumberof querycopiesto send for specificsituations.

1.1 Relatedwork

Problemgelatedto ourshave beenstudiedextensiely in theareaof stohasticsthedul-
ing of parallelsystemgfor agoodintroduction se€[2, 5, 6] andthereferencesherein).
In all suchwork, thegoalhasbeento designa centalizedschedulingalgorithmsothat
job completiontimes are reduced By contrastin our MAS model,we emphatically
wantto designdecentalizedalgorithmsthatdifferentqueryingagentsanuse,with as
little communicatioraspossiblebetweereachother Decentralizedlgorithmsareeasy
to implement,morerobustin the faceof failures,andscaleup betterthancentralized
ones.Suchalgorithmsare thereforelikely to play an importantrole in a MAS con-
text. Despitethis importantdifference someof thetechniquesn stochasticscheduling
researchare usefulfor our purposesFor instancewe have usedthe conceptf ma-
jorization andScur corvexity [1, 3, 9] to designour optimalrandomizedalgorithmin
Sectiord.

Severalresearchertn MAS have approachedhe problemof designingdecentral-
ized stratgiesfrom aneconomic¥iewpoint. For instanceHubermarandLukose[11]
have obsenedthatsincemostpeoplewho accessheinternetarenotchagedin propor
tion to their use,this hasleadto the well-known tragedyof the commong8], whichis
a speciakind of socialdilemma eachindividualtendsto greedilyconsumeébandwith,
leadingto a degradationof performancdor everyone.This conflict betweenan indi-
vidual’'s myopic stratgy andglobal performancas similar to the onediscusse@bove
in the introduction:whenevery QA sendsa queryto the least-loadedA, everyones
performancesuffers. Researchertaking the economicviewpoint have proposedhat
pricing internetaccessanleadto a resolutionof this dilemma[12, 14,17, 18]. Some



researcherglQ, 15, 19, 20] are pursuingthe designof decentralizedstratgies using
modelsbasedon marketequilibrium[7]. In this paperwe areformulatingthe decen-
tralized stratgy-designproblempurely from a performanceviewpoint: if eachagent
usesastrat@y thatleadsto degradedperformancdor every agentthenthatstratey is
perhapsiotanoptimalone.

Queryingstratgiesfor individual agentshave beenconsideredy, amongothers,
Chalasanet.al. [4] Etzioniet. al. [16], andLukoseandHubermar{13]. Theseauthors
have not consideredhe effect of severalagentausingthe samestratgies.

1.2 Organization of the paper

In Section2 we introducethe basicmodel assumedhroughoutthe paper In Section
3 we considerthe casewherethe IAs initially have zeroload. For this casewe shawv
alower boundon the expectedcompletiontime of any stratgy. We alsodesigna ran-
domizedalgorithmthatcomescloseto the lower bound.In Section4 we considerthe
casewherelAs have arbitraryinitial loadsanddesignan optimal symmetricrandom-
izedqueryingstrategy. We alsoshaw via simulations(subsectiort.1) thatthis stratgy
performsbetterthantwo othernaturalones.Section5 examinesthe effect of sending
multiple query-copiedo differentlAs. We shav analyticalresultsfor somecasesand
simulationdor others.Section6 concludesvith a discussiorof futurework.

2 The model

We assuméherearem querying agents(QA) A;, As, ..., A, andn information
agents(lA) Iy, I, ..., I,. Initially, eachlA [; hasaload ¢;, thatis, it has¢; queries
pending and,withoutlossof generality

<l < ... <l

Timeis measuredhn cycles andtheinitial cycle representtime 0. In generalthe QAs
receve queriesthat they needto sendto 1As for an answer Every IA is capableof
answeringavery query In the static versionof the model,eachQA hasjust onequery
attime 0. In thedynamic version,queriesarrive ateachQA in eachcycle with acertain
arrival probability o. EachQA cansendupto k copies(or instancespf the queryto
differentlAs. The queryis saidto be completedassoonasary copy of the queryis
answeredyy an IA. Queriesnever fail, i.e., whenan IA choosedo answera certain
query it successfullydoesso. Eachquerytakesexactly onecycle to answerEachlA

useghefollowing randomizedschedulingpolicy: Amongthequerieghatarepending,
it picks one uniformly at randomand answerst, anddeletesit from its pendinglist.

Note that underthis policy, if the numberof pendingqueriesat an IA is large, then
every queryat this IA experiencesa longer expectedcompletiontime. Whena QA's
gueryhasbeenansweredthe QA may chooseto abort all (unansweredgopiesof its
guery We ignoreall communicatiorcostsandassumehatqueriesandansweraresent
instantaneously

Ourgoalis to designa goodsymmetric stratgy for the QAs to sendquerieg(with
possiblymultiple copies)to the IAs. By a symmetricstratgly we meanthatevery QA



usesexactly the samestratgy. In additionto beingeasyto analyze suchstratgiesare
alsoeasyto implemenin acooperatie multi-agenisystem/MAS) setting.In thispaper
we will only considerthe designof stratgiesfor the staticmodel,andexperimentally
studythebehaior of thedynamicmodelwheneachQA useghis staticstratey in each
cycle.

Considetthenthe staticmodel,whereeachQA hasjust onequeryattime 0, thatit
wantsto obtainananswerfor. For brevity we referto QA A;’squerysimply as“query
i". For ary (possiblyrandomizedyymmetricstratgy, we definethefollowing random
variablesWe let X;; betherandomvariabledefinedas

X 1 if acopyof query: is sentto IA 1;,
" 0 otherwise.

If A; sendsatotal of k copiesof its query thenclearly

Zn:XU = k.
j=1

Y;; is the time at which a copy of query: is answeredy IA [, if it receved sucha
copy, andis co otherwise.The completiontime of queryi is therandomvariable 7;
definedas

Zy = min{ X;1 Y1, XioVio, ..., XinYin }.

In caseonly k£ = 1 copyof queryis ¢ is sent,to /;, thenof courseZ; = Y;;.

3 Singlequery-copy, unloadedcase

We consideffirst the simplestcaseof the staticmodelwheretheinitial loads?; of the
IAs areall 0, andeachQA sendsexactly one copy of its queryto someinformation
agent(sok = 1). Whatsymmetricstratgy shouldthe QAsusein orderto minimizethe
expectedcompletiontime of their query?We first shov alower boundon the expected
completiontime, for any strategy (Ssymmetricor not).

Lemmal. For thestaticmodelwhee eathy QA sendsexactly onecopyof its queryto
an A, regardlessof the strategy used there is somequerywhoseexpectedcompletion
timeis at least m n m

(151 1) (1= 5 L50)
If m is a multiple of n, this simplifiesto

1 m

~(1+2).

2 ( + n
Proof: Following the notationintroducedabore, we write 7Z; for the completiontime
of thequerysentby A;. Consideithe sumof thecompletiortimesof them queries”Z =
Z1+Zy+ ...+ Z,,. Thissumdepend®ntheactualallocationof them queriesamong

the n IAs. Whatis the smallestpossiblevalue of this sum?Clearly Z is minimized
if, for asmary cyclesaspossiblegvery IA is busyansweringsomequery If m is an



integermultiple of n, thisis easilyachieed by allocatingexactly m/n of thequeriego
eachlA. In generalthe minimum Z is achieved by allocating|m/n | queriesto each
IA, andallocatingeachof theremainingm — n|m/n | queriego distinctlAs. With this
allocation,in cycles1 to | m/n ], n differentqueriesareansweredn eachcycle, andin
lastcycle number| m/n| + 1, theremainingm — n|m/n| queriesareansweredThus
for ary queryingstratgy

3
3|3

J m

(ni) + (m = Z]) (1

n

1]
N
v

J+1)
%l% (L1 1) + (L)) (11 + 1)
= (L1 1) (m=51500)-

By linearity of expectations) """, EZ; is alsolower boundedby the last expression
above. By thepigeonholerinciple,thisimpliesthereis some: suchthatE Z; is atleast
1/m timesthatexpressionwhichis thedesiredower bound. ]

A simpleandnaturalstratgy thatcomesto mind is thefollowing randomizedne:
EachQA sendsits queryto anlA chosenuniformly at random.lt is clearthat every
gueryhasthe sameexpectedcompletiontime, andwe shaw thatthis comesvery close
to theabove lower bound.

Lemma?2. If ead QAsendsts queryto a uniformlyrandomlychosenlA, theexpected
completiortimefor ead queryis

1+ (m—1)/(2n).

Proof: Sinceevery queryhasthe sameexpectedcompletiontime, withoutlossof gen-
eralitywe canfocuson A;’squery Welet VV betherandonvariabledenotingtheindex
of theinformationagentto which A, sendsts query Thecompletiontime Z; of A;’s
gueryat Iyy depend®nthe numberof otherqueriesly receves,whichwe denoteby
Ny . In particular the querycould be answeredttimes1, 2,... , Ny + 1, eachbeing
equallylikely. Thereforethe conditionalexpectationof Z; givenV' is

Ny +1
> i=(Nv +2)/2=1+ Ny /2,
i=1

1

BV = 55

Note that, regardlessof the valueof theindex V, ENy = (m — 1)/n sinceeachof
them — 1 otherQAs independenthsendsa queryto I, with probability 1 /n. Sothe
expectationof 7, is

E(Z1) = E[E(Z1|V) ]
=1+ %E(NV)
=14 (m—1)/(2n).



Example. Supposé¢herearem = 17 QAsandn = 4 IAs. With theabove uniform-
randomstrat@y, the expectedcompletiontime of ary queryis, from Lemma2,

1+ (m—-1)/2n=1+16/8 = 3.
Thelower boundon theexpectedcompletiontime is, from Lemmal,
(I+4)(1—4x4/34) = 2.64,

soour stratgly comescloseto thetheoreticalower bound.In fact we conjecturethat
thereis no symmetricstratgy thatcando betterthanthe above uniform-randonstrat-

egy.

4 Singlequery-copy, pre-loadedcase

We continueto assumeeachQA sendsa singlecopyof its queryto somelA, but drop
the assumptiorthat the currentloads¢; of the lAs are0. For this casewe desighan
optimalrandomizedymmetricqueryingstrat@y thathasanintuitivefeature:1As with
alargerload arelesslikely to receve a query Specifically we wantto designthefol-
lowing type of stratgy for the QAs: The QA sendsts queryto an /; with probability
p;. Ourgoalis to specifythe p; valuesin suchaway thatthe expectedcompletiontime
of ary queryis minimized.

We first derive anexpressiorfor theexpectedcompletiontime of aquery in terms
of the probabilitiesp;. Sinceevery querywill have the sameexpectedcompletiontime,
it suficesto considerthe completiontime of QA A;’s query However, unlike the un-
loadedsituation,the expectedcompletionof this querydoesdependon which IA it is
sentto. As beforewe let therandomvariablel” denotehelA index to which A;’squery
is sent,sothat V' takesvaluesin {1,2,...,n}. We alsolet Ny denotethe numberof
otherqueriesj.e.,from 4., ..., A,,, thatland at I,. Giventhat A;’s querylandsat
Iy, the completiontime of A;’s queryis oneof 1,2,... ¢y + Ny + 1, eachbeing
equallylikely, andthe expectedcompletiontime is

1 Ly +Nyv+1

E(Z = =1 ¥4 Nyv)/2
(Z1]V) [y — ; + (bv + Nv)/2,



Thereforethe expectedcompletiontime of A;’squeryis
E(Z1) = E[E(41|V)] 1)

1
:1+—E(ﬁv+Nv)

—14l (Z;pzﬁ +E(Nv))
(ZM + E[E NV|V)])

(Zm +E[(m - 1)PV])
- % (szﬁ + Zpl )

=1+ (sz 4+ (m — 1)Pi]) : (2)

Fromthis expressiorit followsthat:

l\DI»—-

Il
—
l\?l»—k

Lemma3. Theoptimalchoiceof probabilitiesp; satisfies

P1>p2> ... 2> pn, 3)
andin particular there is somek sud thatp; > 0 forall i < k andp; = 0 forall i > k.

Proof: The proofis by contradiction.Supposeps, .. . , p, iS an optimal assignment
of probabilities.If p; < p;41 for some: < n, we caninterchangep; andp;4; in the
expression(2) andthe expectatiorwould decreasésincet; < ¢;41), whichcontradicts
ourassumptionthatthe probabilitieswereoptimal. ]

How do we find the numberk of positive probabilitiesin the optimalassignment?
This turnsout to be a non-trivial problem.We have the following result,whoseproof
appearsn theappendixFirstwe introducethe symbols

(k) = nga
Ak) = (L(k)/24+ m—1) /k. (4)

Theorem4. Thenumberof positiveprobabilitiesin theoptimalassignmenits thesmall-
estvalueof k£ < n for which A(k) < £41/2 if sud a k exists,andequalsn otherwise
For this k, the optimalprobabilitiesp; are sud thatfor all i < k,

/24 (m —1)pi = A(k),

sothat




Note that the optimal probabilitieshave a nice intuitive feature:1As with larger
loadshavea lower probability of receivinga query

Example. We illustrate the computationf this sectionwith a simple example.
Supposeherearem = 20 QAs,andn = 9 IAs, with initial loads?; asfollows:

{1,8s,... Lo} =4{1,3,4,7,11,12,16, 24, 32}.
Thevaluesof A(k), k =1,2,...,9 are,from (4),
{19.5,10.5,7.67,6.63,6.4,6.33,6.57,7.25, 8.22},

andwe seethat the smallestk for which Ay < f41/2 is k = 6. Thereforein the
optimalsolution,probabilitiesp; throughps arepositive,and?; /2 + (m — 1)p; hashas
thesamevaluefor ¢ = 1,2, ... ,6. Thecorrespondingptimal probabilitiesare,from
(5),

{p1,p2,---,ps} = {0.307,0.254,0.228,0.149,0.0438,0.0175},

andthe expectedcompletiontime E(7; ) is 5.096cycles.By contrast,f we hadused
the uniform-randonstrat@y of the previoussection(all p; = 1/n), theexpectedcom-
pletiontimewouldbe8.167.

4.1 Simulation in the dynamic model

Sofar we have workedin the staticmodel,i.e., eachQA hasjust onequerythatneeds
to beansweredNow we considethedynamicmodel,wherein eachcycle, ateachQA,
anew queryarriveswith probability . To berealisticwe alsoassume boundM on
thebuffer ateachQA, thatis, eachQA mayhave nomorethan M unansweredueries
atary time.

For this modelwe considemwhathappensf eachQA follows a specificstaticstrat-
egy in eachcycle. In particularwe considetthefollowing threestratgies:

— OPT: EachQA sendsdts queryaccordingthe optimal static stratgy of section4,
with theloads/; equalto the currentloadsof thelAs. Notethatwe

— MIN: EachQA sendsdts queryto theleast-loadedA.

— UNIF: EachQA sendsts queryto anlA choseruniformly atrandom.

Notethatthe first two stratgiesassumehatthe lA loadscanbe obseredby the QAs,
whereaghe UNIF stratgly doesnot requirethis capability Figure1 is a plot shaving
how thesestratgiescomparewith eachother Wefind thatfor themostpart,our strategy
OPTdominategheothers.

5 Multiple query copies,unloadedcase

Returningto the staticmodel,let us examinestratgieswhereeachQA sendst copies
of its queryto a setof £ distinctlAs, wherethe k-subsets choseruniformly atrandom
over all possiblek-subsetsNote thatsincewe areonly consideringsymmetricstrate-
gies,theparametef is the samefor all QAs. Theanalyticcomputatiorof theexpected
guerycompletiontime in this caseis somavhatcomplicatedandwe will only consider



7 Avg Query Delay

* m = 30 Query Agents .
o =8 Info Ag)éntg

S n .
o Query Agent Queue = 2 queries

IQuery Arri\I/aI Probabillity

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 1. Expectedompletiortimeof a queryin thedynamicmodelunderthreedifferentstrategies,
asa functionof the queryarrival probability «. Themodelhasm = 30 QueryAgents,, = 8
InformationAgents,andthe buffer at each QA s limited to 2 unansweedqueries.Theaverage
completiortimeis computedverall queriesthathavecompletedy 5000runs.

thespecialcasek = n, i.e., aninstanceof ead queryis sentto everyIA. For otherk,
wewill only presensimulationresults.

For k = n, we considentwo casesFirstwe will considerthe casewherecopiesof
answeed queriesare not aborted.We shav thefollowing:

Theoremb5. In thestaticmodel,if ead ofthem QAssendsa copyof its queryto eath
of the n IAs, and copiesof answeed queriesare not aborted,the expectedcompletion
time of anyqueryapproades(for largem andn)

1—e™"
1 —e—n/m’
Proof: Asbeforewefocusonqueryl (i.e. QA A;’squery)andconsidelits completion

time.We let Y; denotethetime atwhich thecopyof queryl sentto IA I; is answered.
Thenclearlythecompletiontime of query1 is

Z1 = min{Yl,YQ, . ,Yn}



Thereforethe expectedcompletiontime of querylis

:i(l_i;l) )
|

~ > e~ li=hr/m (for largem, n)

- L ™
|

Now let us considerthe casewhereall copiesof answeed queriesare aborted.
This caseis more complicatedo analyzebecauseave have to carefully keeptrack of
how mary distinctqueriesareansweredn eachcycle. We assume syntironousmode
of operation,.e., in eachcycle, first eachlA answersa randomlychosenqueryfrom
its pendinglist, andthenall copiesof answeredjueriesareremoved from thelists. We
thenhave thefollowing result,whoseproofis in theappendix.

Theorem®6. In the staticmodel,if eat of them QAssendsa copyof its queryto eadh
of then IAs, andcopiesof answeed queriesare aborted the expecteccompletiortime
E,, of anyqueryis givenby therecursion:£; = 1 for j = 1, andfor j > 1,

min{j—1,n} 3

Ej=1-(1—1/k)" + ; ;(—1)’(]:1)@ (i_.r)n(Ej_i—i—l).

J

Simulations.In Fig. 2 we shav how theaveragequerydelaychangessthenumber
of query-copies: is increasedinterestingly for mary casest is foundthatthe query
first decreasessk is increasedandthenincreasesindicatingthatthereis a certain
optimumnumberk of query-copiesAs notedin the introduction therearetwo oppos-
ing effectson the expectedquerycompletiontime: the multiplicity effect,andtheload
effect. Clearlytheinitial decreasé expectedcompletiontime canbe explainedby the
factthatthe multiplicity effect dominatesandthe subsequenihcreasenccursbecause
theload effect startsto dominate.



1.2 T T T T T
Avg Query Delay
1.18

1.16

1.14

1.12

m =5 Query Agents
n =10 Info Agents

1.08

1.06

Number of Instances/Query
1 1

1 2 3 4 5 6

Fig. 2. Expecteccompletiontime of a query, asa functionof the numberk of copiesof the query
that are sent.Theplot is basedon a simulationof the static modelwith m = 5 QueryAgents,
n = 10 InformationAgentsandthe averagecompletionis computecver5000runs.

6 Conclusion

In this paperwe introduceda simplecooperatie MAS modelwherethereis a collec-
tion of informationagentqIA) anda collectionof queryingagentgQA) thatcansend
gueriego thelAs. We designed provably optimalrandomizedsymmetricstratey for
the staticcasewhereeachQA hasonequeryandeachlA hasanarbitraryinitial load.
We consideredhe issueof whenit helpsto sendmultiple query copiesto different
IAs. This paperonly representan initial stepin a potentiallyfruitful andimportant

researctarea,namelythe designof decentralizedlgorithmsfor multi-agentsystems.

In thefuturewe planto studythe useof economics-basegpproacheandalsoexplore
connectionsvith the areaof stochastischeduling.
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Proof of Theorem4

Let usfirst introducethe variables

an

ei=4;/24+(m—1)p;, i=1,2,...,n,
drewrite theexpression(2) for E(Z,) as

1

=7 D (e +b/2)(ei = 4if2)

n

= 3 (e - £2/4). ®)

m—1

E(Z1)

m

i=1



Sincethep; areprobabilitiesthataddupto 1, we musthave

Gi/2<ei<t/24+(m—1), i=1,2,...,n 9)
Zei =L(n)/24m—-1 (10)

i=1

Thusour original problemof choosingthe optimal probabilitiescanbe recastas one choosing
the{e;} sothattheexpectation(8) is minimizedsubjectto the constraint{9) and(10). Suppose
therearetwo distinctindicess, 3 suchthat(a) p; andp; > 0 arestrictly positive in the optimal
solution,and(b) e; < e;. Clearlythismeans:; ande; lie strictly within therangedefinedby (9).
Thereforethereis somesufiiciently smalle > 0 suchthatif we increase:; by e anddecrease;
by ¢, we still satisfythe constraintg9) and(10). Howeverthe valueof ¢? + ef is smaller since,
in generafor ary positve z, y,

Whenz + y is fixed,z? + y? is smallerwhens andy are“closer” to eachother i.e.,
when|z — y| is smaller

(This type of agumentis a specialcaseof a majorizationargumentfor Scur-convex functions
(see,for example[1, 9]).) This meanghe expectation(8) is smaller a contradiction.Therefore
we concludethatfor all positive p; in the optimal solution,the valueof ¢; mustbethe same A
similar agumentshowsthatif : < 7 andp; = 0 in the optimal solution,thenp; = 0 aswell.
Thereforef & is the numberof positive probabilitiesin the optimal solution,for each: < & the
valueof e; isthesameandfori > k, e; = £;/2. Sincer=1 e; = L(k)/2 +m — 1, it follows
thatfor i < k, e; = A(k).

Suppose: is the numberof positive probabilitiesin the optimalsolution.Clearlyif A(k) >
£rt+1/2, thismeans, > exy1 = £r4+1/2. As beforethis meanswe candecrease by asmall
¢ > 0 andincreasesy+1 by e andreducethesume? + e}iH while still satisfyingthe constraints
(9) and(10). Thisis acontradictionso Ax < £x+1/2. Now we claim thatif

Ay <ty /2
for somey, thenthis continuedo hold for all larger 5. To seethis, notethat

L(j+1) m-—1
2(j+1) M
- ]}r—l (3 (L(5)/(29) + (m = 1)/5) + £;41/2)

= 7 GAG) + 41 /2)

AG+1) =

1 .
m(]fj+1/2+41+1/2)
={j11/2
< Lig2/2.

IA

Thereforethe numberk of positive probabilitiesin the optimal solutionis the smallestt < n
suchthat A(k) < {£x4+1/2 is suchak exists,or equalsn otherwise. ]



B Proof of Theorem6

Againwe fix our attentionon the completiontime of query1. Let E; denotethe expectedcom-
pletiontime of query1 whentherearej distinctqueriesremaining.Initially, we of coursehave
7 = m. Clearlyif j = 1 wehave E; = 1. For 5 > 1, we have thefollowing mutuallyexclusive
and exhaustie events:Event Aq: Queryl is answeredn the currentcycle, in which casethe
expectedtime is 1,aandthe probability of event A is oneminusthe probabilitythatnoneof the
IAs answemueryl,i.e.,

P(Ay=1-(1—-1/k)".

Theremainingeventsare A; for i = 1,2, min{j — 1, n}, whereA; is the eventthatexactly :
distinctqueriesareansweredn the currentcycle, all differentfrom query1. If event E; occurs,
all copiesof the: answeredjuerieswill beremoved, sowe areleft with 5 — 1 distinctqueries.
Thusthe expectatiorgiventhatevent A; occursis (1 + E;_;). Sowe canwrite, for j > 1,

min{j—1,n}

By =P(A)+ Y PA)(1+E,).

i=1
We only needto shov haw to computethe probabilitiesP( A;). We canwrite thisas

P(A;) = (Numberof waysof choosing specialqueriesoutof 5 — 1)
x P(eachlA picksonly amongthe: specialquerie$
x P(eachof the: specialqueriess pickedby somelA), (11)

P(Ai) = (j . 1) <3)n P;
? J

whereP; is the lastprobabilityin (11). We computethis probability by consideringhe comple-
mentaryevent: the eventthat at leastone of the : specialqueriesis not pickedby ary IA. For
r < 1 theprobabilitythata particularr-subsebf the: specialqueriesarenot pickedby ary IA is
(1 —r/i)™. By inclusion-eclusion,we thenhave

p=Y -1y C) (1—r/i)".

r=0

whichis

Thusfinally the recursve formulafor our expectationE; is: if j = 1 thenE; = 1, andif

7>1,
R SN
_ n J - L . .
Ey=1-(1-1/k)"+ Y ( . )(;) Pi(1+ E;_s),

i=1

which simplifiesto

min{j=1,n} , N2 n
L _ n Y 7—1 ) 1 —r ‘
E,=1—(1-1/k)" + Z:; ;( 1)( z, )<T)< - ) (Ej_i +1).
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