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Abstract. In a simplecooperativeMAS modelwherea collectionof “querying
agents”cansendqueriesto a collectionof “information agents”,we formalize
theproblemof designingstrategiesso that the expectedcompletiontime of the
queriesis minimized,whenevery queryingagentusesthesamestrategy. We de-
vise a provably optimal strategy for the staticcasewith no queryarrivals, and
show via simulationsthat the samestrategy performswell whenqueriesarrive
with acertainprobability. We alsoconsiderissuessuchaswhetheror not theex-
pectedcompletiontimecanbereducedby sendingmultiplecopiesof queries,or
by abortingcopiesof answeredqueries.

1 Intr oduction

As the internetgrows relentlessly, andmulti-agentsystems(MAS) proliferate,it be-
comesincreasinglyimportantto designalgorithmsfor agentsto uselimited resources
(suchastime,memory, bandwidth,etc)efficiently. A badlydesignedschemecaneas-
ily leadto congestionandpoor responsetimes.A first steptowardthedesignof good
strategiesis to considersimplemodelsof agentinteractions.Even thoughthesemod-
elsmay beabstract,they canhelp identify importantissuesthat will arisein realistic
models.Morever, strategiesdevisedundersimplemodelscanperformwell in realistic
settings.

With thisviewpoint,in thispaperweintroduceasimpleMAS modelwherethereis
a collectionof queryingagents(QA) anda collectionof informationagents(IA). The
queryingagentsreceive queries(from humansor otheragents),which they mustsend
to IAs to obtainananswer. Wewantto designastrategy for aQA to sendqueriesto IAs
sothattheexpectedcompletiontime of thequeriesis minimized.To seewhatkindsof
issuesarisein designingsuchstrategies,supposetheloadsof theIAs wereobservable,
andthatall IAs arecapableof answeringany query. ShouldtheQA sendits queryto the
least-loadedinformationagent?If thisweretheonlyQA in thesystem,this is obviously
a goodstrategy. However in anMAS therearea largenumberof QAs,possiblymuch
largerthanthenumberof IAs. If everyQA usestheabove strategy, thenit is no longer
clear that this is the bestone.For instanceif the loadsof the informationagentsare
roughlythesame,thiswouldbeabadstrategy, sincetheleast-loadedinformationagent
wouldtendto receiveadisproportionatelylargenumberof queries,andall thesequeries
would takelongerto complete,on the average.However if oneIA hasa muchlower
loadthanevery otherIA, thiscouldbea goodstrategy.

In thispaperweexaminethefollowing typeof question:

If every QA wereto usethesamequeryingstrategy, whichstrategy minimizes
theexpectedcompletiontimeof thequeries?



Sinceevery QA usesthesamestrategy, we referto it asasymmetricstrategy. A natural
symmetricstrategy is thefollowing randomizedone:every queryagentsendsits query
to aninformationagentchosenuniformly at random.This would bea goodstrategy if
the informationagentsaremoreor lessequallyloaded,but what if they aren’t? In this
paperwe examinethis problemanddesignanoptimalrandomizedsymmetricstrategy
for this caseof arbitraryloads,andassuminga staticsituationwhereeachQA hasone
queryandno new queriesarrive. Our strategy hastheappealingfeaturethat IAs with
higherloadarelesslikely to receive queries.We alsoshow by simulationsthatevenin
a dynamicmodelwith new queryarrivals,oursis a goodstrategy to follow.

Anotherimportantissueweexamineis:

If QAs sendmultiple copiesof their queriesto differentIAs, doesthis reduce
theexpectedcompletiontime?Is thereanoptimalnumberof copiesto send?

Thereis a tradeoff herebetweentwo opposingeffectson the querycompletiontime.
Thefirst is the loadeffect: multiplecopiesincreasetheloadon theIAs, andevery indi-
vidualquerycopytakeslongeronaverageto beanswered.Thesecondis themultiplicity
effect: sinceeachqueryhasmultiple copiesat differentIAs, it hasa greaterchanceof
beingansweredsooner. It seemsintuitive that asmorecopiesaresent,the benefitof
multiplicity will beoutweighedby the loadeffect. In this paperwe show simulations
thatshow theoptimalnumberof querycopiesto send,for specificsituations.

1.1 Relatedwork

Problemsrelatedto ourshavebeenstudiedextensively in theareaof stochasticschedul-
ing of parallelsystems(for agoodintroduction,see[2, 5, 6] andthereferencestherein).
In all suchwork, thegoalhasbeento designa centralizedschedulingalgorithmsothat
job completiontimesare reduced.By contrastin our MAS model,we emphatically
wantto designdecentralizedalgorithmsthatdifferentqueryingagentscanuse,with as
little communicationaspossiblebetweeneachother. Decentralizedalgorithmsareeasy
to implement,morerobust in the faceof failures,andscaleup betterthancentralized
ones.Suchalgorithmsare thereforelikely to play an importantrole in a MAS con-
text. Despitethis importantdifference,someof thetechniquesin stochasticscheduling
researchareusefulfor our purposes.For instance,we have usedthe conceptsof ma-
jorization andSchur convexity [1, 3, 9] to designouroptimalrandomizedalgorithmin
Section4.

Several researchersin MAS have approachedthe problemof designingdecentral-
izedstrategiesfrom aneconomicsviewpoint.For instance,HubermanandLukose[11]
have observedthatsincemostpeoplewhoaccesstheinternetarenotchargedin propor-
tion to their use,this hasleadto thewell-known tragedyof thecommons[8], which is
a specialkind of socialdilemma: eachindividual tendsto greedilyconsumebandwith,
leadingto a degradationof performancefor everyone.This conflict betweenan indi-
vidual’smyopicstrategy andglobalperformanceis similar to theonediscussedabove
in the introduction:whenevery QA sendsa queryto the least-loadedIA, everyone’s
performancesuffers. Researcherstaking the economicviewpoint have proposedthat
pricing internetaccesscanleadto a resolutionof this dilemma[12, 14, 17, 18]. Some



researchers[10, 15, 19, 20] arepursuingthe designof decentralizedstrategiesusing
modelsbasedon marketequilibrium [7]. In this paperwe areformulatingthe decen-
tralizedstrategy-designproblempurely from a performanceviewpoint: if eachagent
usesa strategy thatleadsto degradedperformancefor every agent,thenthatstrategy is
perhapsnot anoptimalone.

Queryingstrategiesfor individual agentshave beenconsideredby, amongothers,
Chalasaniet.al. [4] Etzioni et.al. [16], andLukoseandHuberman[13]. Theseauthors
have notconsideredtheeffectof severalagentsusingthesamestrategies.

1.2 Organization of the paper

In Section2 we introducethe basicmodelassumedthroughoutthe paper. In Section
3 we considerthe casewherethe IAs initially have zeroload.For this casewe show
a lower boundon theexpectedcompletiontime of anystrategy. We alsodesigna ran-
domizedalgorithmthatcomescloseto the lower bound.In Section4 we considerthe
casewhereIAs have arbitraryinitial loadsanddesignanoptimal symmetricrandom-
izedqueryingstrategy. We alsoshow via simulations(subsection4.1)thatthis strategy
performsbetterthantwo othernaturalones.Section5 examinesthe effect of sending
multiple query-copiesto differentIAs. We show analyticalresultsfor somecases,and
simulationsfor others.Section6 concludeswith a discussionof futurework.

2 The model

We assumethereare � querying agents(QA)
�����������
	�	
	�����

, and � information
agents(IA) � � � � � ��	
	�	�� ��� . Initially, eachIA ��� hasa load ��� , that is, it has ��� queries
pending,and,without lossof generality,� ��� � ��� 	�	
	 � ��� 	
Timeis measuredin cycles, andtheinitial cycle representstime 0. In general,theQAs
receive queriesthat they needto sendto IAs for an answer. Every IA is capableof
answeringevery query. In thestatic versionof themodel,eachQA hasjust onequery
at time0. In thedynamic version,queriesarriveateachQA in eachcyclewith acertain
arrival probability � . EachQA cansendup to � copies(or instances)of thequeryto
differentIAs. Thequeryis saidto be completedassoonasany copy of the queryis
answeredby an IA. Queriesnever fail, i.e., whenan IA choosesto answera certain
query, it successfullydoesso.Eachquerytakesexactly onecycle to answer. EachIA
usesthefollowing randomizedschedulingpolicy: Amongthequeriesthatarepending,
it picks oneuniformly at randomandanswersit, anddeletesit from its pendinglist.
Note that underthis policy, if the numberof pendingqueriesat an IA is large, then
every queryat this IA experiencesa longerexpectedcompletiontime. Whena QA’s
queryhasbeenanswered,theQA maychooseto abort all (unanswered)copiesof its
query. Weignoreall communicationcostsandassumethatqueriesandanswersaresent
instantaneously.

Ourgoal is to designa goodsymmetric strategy for theQAs to sendqueries(with
possiblymultiple copies)to the IAs. By a symmetricstrategy we meanthatevery QA



usesexactly thesamestrategy. In additionto beingeasyto analyze,suchstrategiesare
alsoeasyto implementin acooperativemulti-agentsystem(MAS) setting.In thispaper
we will only considerthedesignof strategiesfor thestaticmodel,andexperimentally
studythebehavior of thedynamicmodelwheneachQA usesthisstaticstrategy in each
cycle.

Considerthenthestaticmodel,whereeachQA hasjust onequeryat time 0, thatit
wantsto obtainananswerfor. For brevity we referto QA

� � ’squerysimply as“query�
”. For any (possiblyrandomized)symmetricstrategy, wedefinethefollowing random

variables.We let ��� � betherandomvariabledefinedas� � �"! #�$
if acopyof query

�
is sentto IA �%� �&

otherwise.

If
� � sendsa totalof � copiesof its query, thenclearly�'��( � �)� � ! � 	* � � is the time at which a copy of query

�
is answeredby IA �%� , if it received sucha

copy, andis + otherwise.The completion time of query
�

is therandomvariable ,-�
definedas ,-� !/.103254 ��� � * � � � �)� � * � � ��	
	�	6� �)�3� * �3��7 	
In caseonly � ! $

copyof queryis
�

is sent,to � � , thenof course, �8! * � � .

3 Singlequery-copy, unloadedcase

We considerfirst thesimplestcaseof thestaticmodelwherethe initial loads � � of the
IAs areall 0, andeachQA sendsexactly onecopy of its queryto someinformation
agent(so � ! $

). Whatsymmetricstrategy shouldtheQAsusein orderto minimizethe
expectedcompletiontime of their query?We first show a lowerboundon theexpected
completiontime,for anystrategy (symmetricor not).

Lemma1. For thestaticmodelwhere each QA sendsexactlyonecopyof its queryto
an IA, regardlessof thestrategy used,there is somequerywhoseexpectedcompletion
timeis at least 95: � �1;=< $�> 9 $@? �A � : � �1; > 	
If � is a multipleof � , thissimplifiesto$A 9 $ < � � > 	
Proof: Following thenotationintroducedabove, we write ,-� for thecompletiontime
of thequerysentby

� � . Considerthesumof thecompletiontimesof the � queries, !, � < , � < 	�	
	 < , �
. Thissumdependsontheactualallocationof the � queriesamong

the � IAs. What is the smallestpossiblevalueof this sum?Clearly , is minimized
if, for asmany cyclesaspossible,every IA is busyansweringsomequery. If � is an



integermultipleof � , this is easilyachievedby allocatingexactly �CB � of thequeriesto
eachIA. In general,theminimum , is achievedby allocating

: �1B � ; queriesto each
IA, andallocatingeachof theremaining� ? � : �1B � ; queriesto distinctIAs. With this
allocation,in cycles

$
to

: �CB � ; , � differentqueriesareansweredin eachcycle,andin
lastcycle number

: �1B � ;=< $
, theremaining� ? � : �CB � ; queriesareanswered.Thus

for any queryingstrategy�' �D( � ,E�=F :�G H ;' �D( �8I � �KJ < 9 � ? � : � � ; > 9 : � � ;-< $ >
! � A : � � ; 9 : � � ;=< $ > < 9 � ? � : � � ; > 9 : � � ;=< $ >! 9 : � � ;=< $ > 9 � ? � A : � � ; > 	

By linearity of expectations,L ��D( � E ,-� is also lower boundedby the last expression
above.By thepigeonholeprinciple,this impliesthereis some

�
suchthatE ,-� is at least$ BM� timesthatexpression,whichis thedesiredlowerbound.

A simpleandnaturalstrategy thatcomesto mind is thefollowing randomizedone:
EachQA sendsits queryto an IA chosenuniformly at random.It is clear that every
queryhasthesameexpectedcompletiontime,andwe show that this comesvery close
to theabove lowerbound.

Lemma2. If each QAsendsits queryto a uniformlyrandomlychosenIA, theexpected
completiontimefor each queryis $ < I � ?N$ J B I A � J 	
Proof: Sinceeveryqueryhasthesameexpectedcompletiontime,without lossof gen-
eralitywecanfocuson

���
’squery. Welet O betherandomvariabledenotingtheindex

of theinformationagentto which
���

sendsits query. Thecompletiontime , �
of

�P�
’s

queryat �RQ dependson thenumberof otherqueries��Q receives,which we denotebyS Q . In particular, thequerycouldbeansweredat times
$ � A �
	�	
	5� S Q < $

, eachbeing
equallylikely. Thereforetheconditionalexpectationof , �

given O is

E I , �MT O J ! $S Q < $@U=VXW �' �D( � � ! I S Q < AYJ B A ! $ < S Q B A �
Note that, regardlessof the valueof the index O , E

S Q ! I � ?Z$ J B � sinceeachof
the � ?N$

otherQAs independentlysendsa queryto � Q with probability
$ B � . So the

expectationof , �
is

E I , � J ! E [ E I , � T O J]\! $ < $A E I S Q J! $ < I � ?^$ J B I A � J 	



Example.Supposethereare � ! $
_
QAsand � !N` IAs. With theabove uniform-

randomstrategy, theexpectedcompletiontimeof any queryis, from Lemma2,$ < I � ?N$ J B A � ! $ < $
a BMb !Nc 	
Thelowerboundon theexpectedcompletiontime is, from Lemma1,

I $ < ` J I $@? `edf` B c�` J ! A 	 a ` �
so our strategy comescloseto the theoreticallower bound.In fact we conjecturethat
thereis no symmetricstrategy thatcando betterthantheabove uniform-randomstrat-
egy.

4 Singlequery-copy, pre-loadedcase

We continueto assumeeachQA sendsa singlecopyof its queryto someIA, but drop
the assumptionthat the currentloads � � of the IAs are0. For this casewe designan
optimalrandomizedsymmetricqueryingstrategy thathasanintuitivefeature:IAs with
a larger loadarelesslikely to receive a query. Specifically, we want to designthefol-
lowing typeof strategy for theQAs: TheQA sendsits queryto an � � with probabilityg � . Ourgoalis to specifythe g � valuesin sucha waythattheexpectedcompletiontime
of any queryis minimized.

We first derive anexpressionfor theexpectedcompletiontime of a query, in terms
of theprobabilitiesg � . Sinceeveryquerywill have thesameexpectedcompletiontime,
it sufficesto considerthecompletiontime of QA

� �
’s query. However, unlike theun-

loadedsituation,theexpectedcompletionof this querydoesdependon which IA it is
sentto.Asbeforewelet therandomvariableO denotetheIA index to which

� �
’squery

is sent,so that O takesvaluesin 4 $ � A �
	
	�	h� �i7 . We alsolet
S Q denotethenumberof

other queries,i.e., from
���M�
	�	
	������

, that land at ��Q . Given that
���

’s querylandsat��Q , the completiontime of
�P�

’s queryis oneof
$ � A �
	
	�	5� ��Q < S Q < $

, eachbeing
equallylikely, andtheexpectedcompletiontime is

E I , � T O J ! $$ < ��Q < S Qkj V�W�UlV�W �'��( � ! $ < I � Q < S Q J B A �



Thereforetheexpectedcompletiontimeof
� �

’squeryis

E I , � J ! E [ E I , �mT O Jn\
(1)! $ < $A E I � Q < S Q J

! $ < $Apo �' �D( � g � � � < E I S Q J%q
! $ < $Apo �' �D( � g �r��� < E [ E I S Q T O Js\Dq
! $ < $A o �' �D( � g �r��� < E [ I � ?^$ J g Q \ q
! $ < $Apo �' �D( � g �r��� < �' �D( � g �� I � ?^$ J%q
! $ < $A o �' �D( � g ��[ �t� < I � ?N$ J g � \ q 	

(2)

Fromthisexpressionit followsthat:

Lemma3. Theoptimalchoiceof probabilitiesg � satisfiesg � F g � F 	
	�	 F g � �
(3)

andin particular there is some� such that g �-u &
for all

� � � and g � ! &
for all

� uN� .

Proof: The proof is by contradiction.Supposeg � �
	�	
	�� g � is an optimal assignment
of probabilities.If g ��v g � W �

for some
� vw� , we caninterchangeg � and g � W �

in the
expression(2) andtheexpectationwoulddecrease(since��� � ��� W �

), whichcontradicts
ourassumptionthattheprobabilitieswereoptimal.

How do we find thenumber� of positive probabilitiesin theoptimalassignment?
This turnsout to bea non-trivial problem.We have the following result,whoseproof
appearsin theappendix.Firstwe introducethesymbolsx I � J ! y' �z( � � y �� I � J ! I x I � J B A < � ?N$ J B � 	

(4)

Theorem4. Thenumberofpositiveprobabilitiesin theoptimalassignmentis thesmall-
estvalueof �{vN� for which

� I � J � � y W � B A
if such a � exists,andequals� otherwise.

For this � , theoptimalprobabilitiesg � are such that for all
� � � ,��� B A < I � ?|$ J g � ! � I � J �

sothat g �8! $I � ?N$ J I � I � J ? � � B AMJ 	
(5)



Note that the optimal probabilitieshave a nice intuitive feature:IAs with larger
loadshavea lowerprobabilityof receivinga query.

Example. We illustrate the computationsof this sectionwith a simpleexample.
Supposethereare � ! AY&

QAs,and � !~} IAs, with initial loads� � asfollows:4 � ��� � ���
	�	
	�� ���
7 !~4 $ � c � ` � _ � $M$ � $ A � $�a � A ` � c A 7 	
Thevaluesof

� I � J � � ! $ � A �
	�	
	h� } are,from (4),4 $ } 	 �5� $ & 	 �6� _ 	 aM_ � a 	 a c � a 	 ` � a 	 cMc � a 	 � _ � _ 	 A �h� b 	 AMA 7 �
andwe seethat the smallest� for which

� y � � y W � B A
is � ! a

. Thereforein the
optimalsolution,probabilitiesg �

throughg�� arepositive,and�t� B A < I � ?�$ J g � hashas
thesamevaluefor

� ! $ � A �
	�	
	5� a
. Thecorrespondingoptimalprobabilitiesare,from

(5), 4 g � � g � �
	
	�	5� g�� 7 !�4 & 	 c & _ � & 	 A � ` � & 	 AMA b � & 	 $ `h} � & 	 & `�c b � & 	 & $
_ � 7 �
andthe expectedcompletiontime E I , � J

is 5.096cycles.By contrast,if we hadused
theuniform-randomstrategy of theprevioussection(all g �8! $ B � ), theexpectedcom-
pletiontimewouldbe b 	 $�aY_

.

4.1 Simulation in the dynamic model

Sofar we have workedin thestaticmodel,i.e., eachQA hasjust onequerythatneeds
to beanswered.Now weconsiderthedynamicmodel,wherein eachcycle,ateachQA,
a new queryarriveswith probability � . To berealisticwe alsoassumea bound � on
thebuffer ateachQA, thatis, eachQA mayhave nomorethan � unansweredqueries
at any time.

For this modelweconsiderwhathappensif eachQA followsa specificstaticstrat-
egy in eachcycle. In particularweconsiderthefollowing threestrategies:

– OPT: EachQA sendsits queryaccordingthe optimal staticstrategy of section4,
with theloads�t� equalto thecurrentloadsof theIAs. Notethatwe

– MIN: EachQA sendsits queryto the least-loadedIA.
– UNIF: EachQA sendsits queryto anIA chosenuniformly at random.

Notethatthefirst two strategiesassumethattheIA loadscanbeobservedby theQAs,
whereastheUNIF strategy doesnot requirethis capability. Figure1 is a plot showing
how thesestrategiescomparewith eachother. Wefind thatfor themostpart,ourstrategy
OPTdominatestheothers.

5 Multiple query copies,unloadedcase

Returningto thestaticmodel,let usexaminestrategieswhereeachQA sends� copies
of its queryto a setof � distinctIAs, wherethe � -subsetis chosenuniformly at random
over all possible� -subsets.Note thatsincewe areonly consideringsymmetricstrate-
gies,theparameter� is thesamefor all QAs.Theanalyticcomputationof theexpected
querycompletiontime in thiscaseis somewhatcomplicated,andwewill only consider
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Fig. 1.Expectedcompletiontimeof aqueryin thedynamicmodelunderthreedifferentstrategies,
asa functionof thequeryarrival probability � . Themodelhas ���N�
� QueryAgents,�f�/�
InformationAgents,andthebuffer at each QA is limited to 2 unansweredqueries.Theaverage
completiontimeis computedoverall queriesthathavecompletedby 5000runs.

thespecialcase� ! � , i.e., an instanceof each queryis sentto every IA. For other � ,
wewill only presentsimulationresults.

For � ! � , we considertwo cases.First we will considerthecasewherecopiesof
answeredqueriesare not aborted.Weshow thefollowing:

Theorem5. In thestaticmodel,if each of the � QAssendsa copyof its queryto each
of the � IAs,andcopiesof answeredqueriesare not aborted,theexpectedcompletion
timeof anyqueryapproaches(for large � and � )$@?p��� �$@?�� � �h� � 	
Proof: As beforewefocusonquery1 (i.e.QA

� �
’squery)andconsiderits completion

time.We let
* � denotethetime atwhich thecopyof query1 sentto IA ��� is answered.

Thenclearlythecompletiontimeof query1 is, � !N.C0�264 * � � * � ��	
	
	�� * ��7 	



Thereforetheexpectedcompletiontimeof query1 is

E I , � J ! �' �D( ���eI , � F �sJ
! �' �D( � �eI * � F � � * � F � �
	�	
	�� * � F �KJ �

andsincetherandomvariables
* � areindependent,this is! �' �D( � �eI * � F �sJ �

! �' �D( ��� $@? � ?N$� � (6)

! �' �D( �e�h� $@? � ?�$� � � �R��� � ���r� ��� � ��� �h� �
� �' �D( � � � ��� � ��� �h� �

(for large � � � )! $@?p��� �$@?p� � ��� � 	
(7)

Now let us considerthe casewhereall copiesof answered queriesare aborted.
This caseis morecomplicatedto analyzebecausewe have to carefully keeptrack of
how many distinctqueriesareansweredin eachcycle.Weassumea synchronousmode
of operation,i.e., in eachcycle, first eachIA answersa randomlychosenqueryfrom
its pendinglist, andthenall copiesof answeredqueriesareremovedfrom thelists.We
thenhave thefollowingresult,whoseproof is in theappendix.

Theorem6. In thestaticmodel,if each of the � QAssendsa copyof its queryto each
of the � IAs,andcopiesof answeredqueriesare aborted,theexpectedcompletiontime  �

of anyqueryis givenby therecursion:
  � ! $

for ¡ ! $
, andfor ¡�u $

,  ��! $@? I $@?N$ B � J � <£¢-¤ ¥�¦ � � ��§ �h¨' �z( � �' © (Xª I ?�$ J © � ¡ ?�$� � � �«
� � � ? «¡ � � I   � � � < $ J 	
Simulations.In Fig.2 weshow how theaveragequerydelaychangesasthenumber

of query-copies� is increased.Interestingly, for many casesit is foundthat thequery
first decreasesas � is increased,and thenincreases,indicating that thereis a certain
optimumnumber� of query-copies.As notedin theintroduction,therearetwo oppos-
ing effectson theexpectedquerycompletiontime: themultiplicity effect,andtheload
effect.Clearlytheinitial decreasein expectedcompletiontimecanbeexplainedby the
fact that themultiplicity effect dominates,andthesubsequentincreaseoccursbecause
theloadeffect startsto dominate.
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Fig. 2. Expectedcompletiontimeof a query, asa functionof thenumber¬ of copiesof thequery
that are sent.Theplot is basedon a simulationof thestatic modelwith ���® QueryAgents,����¯°� InformationAgents,andtheaveragecompletionis computedover5000runs.

6 Conclusion

In this paperwe introduceda simplecooperative MAS modelwherethereis a collec-
tion of informationagents(IA) anda collectionof queryingagents(QA) thatcansend
queriesto theIAs. We designeda provablyoptimalrandomizedsymmetricstrategy for
thestaticcasewhereeachQA hasonequeryandeachIA hasanarbitraryinitial load.
We consideredthe issueof when it helpsto sendmultiple querycopiesto different
IAs. This paperonly representsan initial stepin a potentially fruitful and important
researcharea,namelythedesignof decentralizedalgorithmsfor multi-agentsystems.
In thefutureweplanto studytheuseof economics-basedapproachesandalsoexplore
connectionswith theareaof stochasticscheduling.
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A Proof of Theorem4

Let usfirst introducethevariables±�² �k³ ²D´
µ=¶¸· �/¹¸¯tº¼» ²s½¿¾ �£¯ ½�µm½�À�À°À6½ � ½
andrewrite theexpression(2) for E ·KÁ-Â º as

E ·KÁEÂ ºi� ¯�~¹Ã¯ÅÄ' ²�Æ�Â ·D±�²h¶ ³ ²D´
µ º ·D±�² ¹C³ ²D´
µ º� ¯�~¹Ã¯ÅÄ' ²�Æ�Â ·D±�Ç ² ¹e³ Ç ² ´�È º À (8)



Sincethe » ² areprobabilitiesthataddupto 1, wemusthave³ ²D´
µ�É�±�²�É ³ ²D´
µ=¶¸· �Ê¹Ã¯tº ½¿¾ �|¯ ½�µm½�À�À°À�½ � (9)Ä' ²�Æ�Â ± ² �pË · �6º ´�µ=¶ �/¹Ã¯ (10)

Thusour original problemof choosingthe optimalprobabilitiescanbe recastasonechoosing
the Ì ±�²DÍ sothattheexpectation(8) is minimizedsubjectto theconstraints(9) and(10).Suppose
therearetwo distinct indices ¾s½sÎ suchthat (a) » ² and »YÏ�ÐÑ� arestrictly positive in theoptimal
solution,and(b) ± ²]Ò ± Ï . Clearlythismeans± ² and ± Ï lie strictly within therangedefinedby (9).
Thereforethereis somesufficiently small Ó@Ð�� suchthatif we increase±�² by Ó anddecrease± Ï
by Ó , westill satisfytheconstraints(9) and(10).However thevalueof ± Ç ² ¶Ô± ÇÏ is smaller, since,
in generalfor any positive Õ ½�Ö ,

When Õ ¶pÖ is fixed, Õ Ç ¶pÖ Ç is smallerwhen Õ and Ö are“closer” to eachother, i.e.,
when × Õ�¹ Ö × is smaller.

(This typeof argumentis a specialcaseof a majorizationargumentfor Schur-convex functions
(see,for example[1, 9]).) This meanstheexpectation(8) is smaller, a contradiction.Therefore
we concludethat for all positive » ² in theoptimalsolution,thevalueof ±�² mustbethesame.A
similar argumentshows that if ¾ Ò Î and » ² �/� in theoptimal solution,then » Ï �/� aswell.
Thereforeif ¬ is thenumberof positive probabilitiesin theoptimalsolution,for each¾iÉ ¬ the
valueof ±�² is thesame,andfor ¾ ÐÃ¬ , ±�² �Ô³ ²D´
µ . SinceLÙØ²¼Æ�Â ±�² �£Ë · ¬hº ´�µ-¶ �/¹Ã¯ ½ it follows
thatfor ¾]É ¬ , ± ² �¸Ú · ¬hº .

Suppose¬ is thenumberof positive probabilitiesin theoptimalsolution.Clearlyif Ú · ¬hºlÐ³ Ø°Û Â�´
µ , this means± Ø Ð ± Ø°Û Â �£³ Ø�Û Â�´
µ . As beforethis meanswe candecrease± Ø by a smallÓlÐÃ� andincrease± Ø�Û Â by Ó andreducethesum ± Ç Ø ¶f± Ç Ø�Û Â while still satisfyingtheconstraints
(9) and(10).This is acontradiction,so Ú Ø É ³ Ø°Û Â ´�µ . Now weclaimthatifÚlÏ É ³�Ï Û Â�´�µ
for someÎ , thenthiscontinuesto hold for all larger Î . To seethis,notethatÚ ·3ÎE¶ ¯�ºX� Ë ·3Î=¶ ¯�ºµm·3ÎÜ¶ ¯tº ¶ �/¹Ã¯ÎE¶ ¯� ¯ÎE¶ ¯ ·3Î-· Ë ·3Î º ´m·Kµ�Î º ¶¸· �/¹¸¯tº ´tÎ º ¶ ³ Ï Û Â ´
µ º� ¯ÎE¶ ¯ ·3Î Ú ·3Î º ¶ ³Ï Û Â°´�µ ºÉ ¯ÎE¶ ¯ ·3Î ³ Ï Û Â ´�µ=¶ ³ Ï Û Â ´
µ º�¸³�Ï Û Â�´
µÉ ³�Ï Û Ç ´
µ�À
Thereforethe number¬ of positive probabilitiesin theoptimal solutionis the smallest¬ Ò �
suchthat Ú · ¬�º É ³ Ø�Û Â�´
µ is sucha ¬ exists,or equals� otherwise.



B Proof of Theorem6

Again we fix our attentionon thecompletiontime of query1. Let Ý Ï denotetheexpectedcom-
pletion time of query1 whenthereare Î distinctqueriesremaining.Initially, we of coursehaveÎ �Ñ� . Clearlyif Î �/¯ wehave Ý Â �|¯ . For Î Ð|¯ , we have thefollowing mutuallyexclusive
andexhaustive events:Event ÚÜÞ : Query1 is answeredin the currentcycle, in which casethe
expectedtime is 1,aandtheprobabilityof event Ú is oneminustheprobabilitythatnoneof the
IAs answerquery1, i.e.,

P· Úßºi�£¯=¹ · ¯=¹Ô¯ ´ ¬�º Ä À
The remainingeventsare Ú ² for ¾ �à¯ ½�µm½%á�â ã Ì Î ¹p¯ ½ � Ím½ where Ú ² is theevent thatexactly ¾
distinctqueriesareansweredin thecurrentcycle,all differentfrom query1. If event Ý ² occurs,
all copiesof the ¾ answeredquerieswill beremoved,so we areleft with Î ¹ ¾ distinctqueries.
Thustheexpectationgiventhatevent Ú ² occursis · ¯ ¶ Ý Ï°ä ² º . Sowecanwrite, for Î Ðp¯ ,Ý Ï � P · Ú Þ º ¶Ãå]æ ç�è Ï°ä Â%é Ä�ê' ²¼Æ�Â P · Ú ² º · ¯ ¶ Ý Ï�ä ² º À
We only needto show how to computetheprobabilitiesP · Ú ² º . Wecanwrite thisas

P · Ú ² ºX� (Numberof waysof choosing¾ specialqueriesoutof Î ¹Ã¯ )ë P · eachIA picksonly amongthe ¾ specialqueriesºë P· eachof the ¾ specialqueriesis pickedby someIA º ½ (11)

which is

P · Ú ² º�� � Î ¹Ã¯¾ � � ¾Î � Älì ² ½
where ì ² is thelastprobabilityin (11).We computethis probabilityby consideringthecomple-
mentaryevent: the event that at leastoneof the ¾ specialqueriesis not pickedby any IA. ForíîÉk¾ theprobabilitythataparticularí -subsetof the ¾ specialqueriesarenotpickedby any IA is· ¯=¹ íR´�¾ º Ä . By inclusion-exclusion,we thenhaveì ² � ²' ï Æ Þ · ¹ð¯tº ï � ¾í � · ¯=¹ í�´
¾ º Ä À

Thusfinally the recursive formulafor our expectationÝ Ï is: if Î �à¯ then Ý Ï �®¯ , andifÎ Ðp¯ , ÝiÏÜ�£¯=¹ · ¯8¹¸¯ ´ ¬hº Ä ¶fåXæ ç
è Ï°ä Â%é Ämê' ²�ÆñÂ � Î ¹Ã¯¾ � � ¾Î � Ä=ì ²n· ¯ ¶ ÝiÏ�ä ² º ½
whichsimplifiestoÝ Ï �£¯=¹ · ¯=¹Ã¯ ´ ¬hº Ä ¶ å]æ ç�è Ï°ä Â%é Ämê' ²�ÆñÂ ²' ï Æ Þ · ¹ð¯tº ï � Î ¹Ã¯¾ � � ¾í � � ¾ ¹ íÎ � Ä · Ý Ï�ä ² ¶ ¯�º À
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