Cooper ative goal-satisfaction without communication in
|ar ge-scale agent-systems

Onn Shehory and Sarit Kraus*

Abstract. A framework for cooperative goal-satisfaction in large-
scale environments is presented in this paper, focusing on a low
complexity physics-oriented approach. The multi-agent systemswith
which we deal are modeled by a physics-oriented model. According
to the model, agent-systems inherit physical properties, and therefore
the evolution of the computational systemsissimilar to the evolution
of physical systems. To enable implementation of the model, we
provide a detailed algorithm to be used by a single agent within the
system. The model and the algorithm are appropriate for large-scale
Distributed Problem Solver systems, in which agents try to increase
the benefits of the whole system. The complexity is very low, and
in some specific cases it has proven to be optimal. The analysis
and assessment of the algorithm are performed via the well-known
behavior and properties of the physical system which models the
computational system.

1 INTRODUCTION

Multi-agent systems are designed in order to satisfy goals. Goal-
satisfaction may require cooperation among the agents, but coopera-
tive goal -sati sfaction may be beneficial evenif the agentscan perform
goals by themselves. Traditional task-allocation methods[13] require
coordination via communication [3]. However, in very large agent-
communities there usually cannot be direct connection between all
of the agents, as such a connection istoo costly. Therefore, when the
number of agentsincreases, the complexity of most of the cooperation
methods becomes unbearable. To resolve the computational explo-
sion of cooperation mechanisms in large-scale agent-environments,
adifferent approach must be considered.

In this paper we apply methods from classical mechanicsto model
large-scale agent-systems. The physics-oriented methods are used to
construct a beneficial cooperative goal-satisfaction agorithm to be
used by the single agent within the system. Although there are many
differences between particles and computational systems, we will
show that using the physics-oriented approach resultsin amodel that
enablesfeasible cooperation and goal -satisfaction in very large agent-
systems. In addition, the presented approach reduces the complexity
of the cooperation mechanism and provides beneficia results.

This research discusses systems of agents that have goals which
they must fulfill and resources that they can use in order to fulfill
these goals. The fulfillment of goals is done either by single agents
or by groups of agents, via cooperation. We focus on cases where
autonomous agents work as a Distributed Problem Solvers (DPS)
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system and try to increase the common outcome of the system. A
variety of algorithms for agent-cooperation as a DPS system have
been presented [2]. Here we are concerned with very large systems
of agents where communication is limited [4] and negotiation pro-
cesses for establishing cooperation are too complex. The solution that
we provide for this problem is based on a physics-oriented approach
which enable cooperation without negotiation and without explicit
communication. We emphasize that our model provides agood solu-
tion for cases wherein many agents and many goals are present.

Example 1.1 A simple example is a system in which agents must
block holes of various sizes in a planar surface. Each hole to be
blocked is a goal, and thefilling for blocking holes is the resour ce of
the agents. The purpose of the systemis to block as much hole-area
as possible. Some holes cannot be blocked by a single agent and
cooperation is necessary.

1.1 Assumptions, notations and concepts

We assume that the agents with which we deal have the ability to
perceive the virtualdisplacement in the goal-space, and can perceive
the properties of other adjacent agents and goals. This may be done
by sensorsintegrated into the agents. We al so assume that each agent
knows about the types of resources that other agents may have, but
may be uncertain as to the particular resource-holdings of any other
individual. These two assumptions are necessary since the agents
are expected to propagate from state to state within the goal-space
according to the properties of the surrounding agents, goalsand obsta-
cles. In order to enable such propagation, some knowledge regarding
neighbours is necessary. We assume that each agent has a perfor-
mance capability that can be measured using standard measurement
units. The standard measurement will be used as a quantitative way
of measuring the agents' success in fulfilling goals. In addition, we
assume that there is a scaling method which is used to represent the
displacements of the agents in the goal-space and to evaluate the
mutual distances between goals and agents within this space. Thisas-
sumption is necessary since virtual distances (or physical distances)
are asignificant factor in the model we present. We assume that goal -
satisfaction can be achieved progressively. That is, a goa may be
partially satisfied at one instant, and its remaining non-satisfied part
may be complete at another point in time.

To present our model, we review concepts and notations from
physics. The displacement vector of a particle ¢ is denoted by 7.
¥; denotes the velocity, and @; denotes the acceleration. The kinetic
energy of a particle : is represented by k;, and the potential is rep-
resented by V. The potential is a spatial function and therefore is

2 Since the goal-space is not necessarily physical, we do not assume physical
distances and therefore call them virtual.



sometimes called afield of potential or a potential-well. Forces can
be derived from the potential. Each particle :'s mass is denoted by
m;, its displacement is denoted by the displacement vector 7, its
momentum by 5; and the force that acts on it is denoted by F.

1.2 Adapting physicsto DAI

DAI Physics

identifying the environments locating particle models
where physics-oriented models and their properties

are appropriate; matching
particle properties to agents/goals
selecting the matter-states

that can be used to model
automated-agents’ systems.
developing agorithms for

agents' goal-satisfaction;
adjusting to the physics system
for validity of the algorithm
analysis of the complexity

and properties of the

agorithm

identifying states of matter and
the particle behavior within

using mathematical formulation to
predict and describe the properties
and evolution of the selected
particle model

theoretical and simulation-based
analysis of physical particle
systems behavior

Table1l. Distributed Al and Physics for DPS environments

In the DAI environments that we consider, there is a large set
of agents and a large set of goals they need to satisfy. Each agent
has capabilities and should move toward satisfying goals. We use a
physics model that consistsof particleswhich represent the agents and
the goals, and to develop a distributed cooperative goa satisfaction
mechanism. The first step in applying the physics model to DAI
is the match between particles and their properties, agents and their
capabilities, and goalsand their properties (seetable 1). The next step
isto identify the state of matter for modeling a community of agents
and goals. The mathematical formulation that is used by physicists
either to describe or to predict the properties and evol ution of particles
in these states of matter, will serve as the basis for the development
of algorithms for the agents. However, several modifications of the
physics model are necessary to provide an efficient agorithm for
automated agents.

In our model, agents and goals are modeled by dynamic particles
and static particles, respectively. The match between particle prop-
erties and agent/goal properties is described in table 2. We model
goal-satisfaction by a collision of dynamic particleswith static parti-
cles. However, the properties of particle-collisions are different from
the properties of goal-satisfaction and several adjustments are needed
in order to provide the agents with efficient algorithms. These modi-
fications are described in detail in this paper.

1.3 Redated work

The path-planning and robot-navigation (PPRN) research*have used
potential fields as a means for planning the path, e.g., in [16, 8, 7].
This approach appearsto be closely related to our research. However,
there are severa significant differences between the path-planning
and robot-navigation problem and our task-allocation and agent-
coordination problem, and the techniques that are used for solving
these problems. The differences are as follows:

1. In PPRN research, the main objective is planning an optimal path
for therobotsto navigate from an initial location to the destination.

Automated Agents Physics Model
community of agents satisfying goals non-ionic liquid system
agent dynamic particle

goa static particle

agent’s capabilities particle’s mass

agent’s (virtual) location in agents-goals space | location of particle

goal satisfaction static-dynamic collision

agorithm for goals allocation

Table2. The match between the physics model components and the
large-scal e automated agents environments

Our main objective however is to solve atask allocation problem
with aspects of agent-coordination in a multi-agent environment.

. Whilewediscuss themulti-agent case, with potentially hundreds of

agents, thetype of planning research that isinvol ved with potential
functions usually discusses the single robot case. In cases where
the more-than-one robot caseis discussed, the number of robotsis
considered very small as opposed to the agent-systems we discuss.

. In caseswhere the PPRN research addresses the multi-robot plan-

ning problem, e.g.in[5, 10, 1, 15], the potential field concept isnot
employed. In such casesthe behavior of groups and formations of
robots are discussed, given a set of specific strategies according to
which the robots act. Among these strategies you may find some
in which robots follow aleader or some predefined geometric pat-
terns. In our multi-agent model however the agents' strategy is
based on the physical potential-well concept.

. Although both the PPRN and our research use potential fields

for problem representation and resolution, the type of potential
functions and the way of using them is different, asfollows:

e The potentia functions employed for path-planning are artifi-
cial. The only expected result from such potentia functionsis
robot-motion according to the potential field gradient. In our
research, we employ physical potentia functions. This results
in a physical behavior of the agents that act with respect to
these functions. In particular, the use of the potentia functions
of particlesin anon-ionic fluid resultsin amodel that provides
the single agent with an algorithm for reaching and performing
goals within a large community of agents. In addition, the use
of such potential functions enables the prediction of the bulk
properties (i.e., the behavior) of the agent-system as awhole.

e In the PPRN research, an attractive potential field (usually
quadratic) isemployed to lead the robot to the goal, and various
shapes of repulsive potential fields are used to cause obstacle-
avoidance. In our work, al of the entities —agents as well as
goals- (and obstacles, if present) are modeled by the sametype
of potential function; i.e., by aphysical potential-well.

e The potential-wells in our model may change dynamically due
to thefulfillment of goalsand the expenditure of resources. This
leads to a dynamically aternating potential field which results
in a dynamic update of the agents' behavior. Dynamics of the
potential field in PPRN research, when present, refer only to
the change in the locations of robots and obstacles, and not to a
change in the specific function that models a specific entity.

. Another important difference of our research, as compared to the

path-planning research, is that we do not restrict the model to
physical trajectories — the model can be used for abstract motion?

3 A comprehensive overview of these can befound in [9]
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4 The concept of abstract motion shall be explained in the next section.
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In summary, the PPRN research with artificial potential functions
discusses cases where a single robot or a small number of robots
must navigate and locate their goals. Our approach is very different:
we discuss cases of large-scale agent-systems, with many agents
involved; cases where a specific agent does not have a specific goa
towardswhich it must navigate; cases of cooperativegoal satisfaction.
These are not the aim of the PPRN research and therefore are not
discussed in it.

Glance and Huberman [6] present a detailed physical formalism
of the dynamics of the collective action of a system of individuals. In
our work the main issueis the physical behavior of the single agent.
Shoham and Tennenholtz [12] presented results of simulations that
were performed in order to perceive the emergence of conventions
in multi-agent systems. In our research, we discuss emergent coop-
eration and determine the socia laws to be such — —physical laws—
— that they will cause the emergent cooperation of the system when
this cooperation is necessary. Mataric [10] proposes defining a set of
basic interactions that will allow the simplification of group behavior
analysis. In our work, we concentrate on the nature of the basic inter-
actions and adopt the physical interactions among particles to model
the interactions among agents and goals.

The issue of alocating agents to goals has widely been discussed
among DAI researchers. The Contract Net Protocol [13] uses ne-
gotiation based on task announcements, bids and contracts for task
allocation. While the CNP is based on the exchange of information,
the model we present minimizes the transmitted information and
thus enables large-scale systems to be efficient. A study of planning
in large-scale agent-systems has been presented in [17]. In that re-
search, the general-equilibrium approach from economics serves as
the theoretical basis for the planning mechanism. We also discuss
large-scale systems and apply an analytical model for designing the
distributed planning mechanism, however we use a physics-oriented
approach for DPS systems, not for competitive agents.

2 THEPHYSICS-ORIENTED APPROACH TO
MODELING AGENTS

Classical mechanics provides a formal method for calculating the
evolution of the displacement and the momentum of classical parti-
cles. For aparticle z, the equations of motion are:

Fz‘ = m;T; = mz‘c_l'i and ]7,‘ = mi?.:',‘ = mi‘l_fi (1)
The motion of a particle depends on the field of potential in which
it moves and the force F; = —m;V,, V(). The model we present
entails treating agents, goals and obstacles as particles. That is, each
agent will have its equations of motion and an initia state. Note that
an agent’s equations of motion do not necessarily entail real physical
motion. The potential field in which an agent actsrepresentsthe goals
and the other agentsin the environment. Subject to the potential field,
agents solve the equations of motion and, according to the results,
progress towards the solution of goals and either cooperate or avoid
conflicts with other agents. The cooperation and conflict-avoidance
are emergent properties of our physics-oriented model.

An appropriate physical system must consist of a potential that,
when adapted to the agent-model, will lead the agents to successful
and beneficia goal-satisfaction. The liquid model ismost appropriate
for our systems. As opposed to the solid state, a liquid system can
evolvefromitsinitial state into new, different states. However, unlike
the gas state, a liquid is dense enough to cause frequent interaction
among its particles. In non-ionic liquids the mutual potential among
each pair of particles is proportiona to »r—" for any n > 1. We
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have chosen a typical potential of a particle : in a non-ionic liquid
corresponding to its distance r;; from particle 3, the Lennard-Jones

potential:
- 1 1
V()L =4e (3 - T) 2

Tiy Tij
This potential diminishes after a short distance, thus implying that

the interaction between the particles in the system is limited to short
distances.

3 THEPHYSICS-AGENT-SYSTEM (PAS)
MODEL

The DPS system with which we deal is modeled by a set of particles
and a potential field. The agents in the DPS system are modeled
by dynamic particles and their potential-wells. The goals and the
obstacles are modeled by static particles which are represented by
fixed potential-wells. The superposition of the potential-wells of the
particles, either agents or goals and obstacles, constructs a potential
field. The particles move according to the field of potential and their
own properties.

In the PAS model, the agent’s capability of satisfying goals is
represented by the mass of the particle that models it, and therefore
by the potential-energy k = mv?/2, which is a product of the mass,
as well. Particles with a greater potential-energy model agents that
can satisfy larger or more difficult goals and sub-goals. This means
that a greater mass of a dynamic particle that models an agent (other
properties remaining constant, and thus causing a greater potential-
energy), entails alarger capability of goal-satisfaction by the agent.
The mass of a fixed particle (which models a goal or an obstacle)
represents the size of the goal or the obstacle. This means that in
order to satisfy a greater goal, which is modeled by a particle with a
greater mass, more efforts are necessary on the part of the agents.

The displacement vector of a particle 7; models the displacement
of the agent in the goal-space. According to the virtual displacement
of an agent, itsdistancesfrom other agents, goalsand obstacles can be
calculated. The potential is calculated according to these distances.
The momentum vector p; of particles representsits physical velocity
and isused for the cal culation of the kinetic energy. Inthe PASmodel,
the velocity of a dynamic particle represents the rate of movement
towards the satisfaction of agoal or a part of agoal.

Example 3.1 Recall of the examplein section 1. Accordingto PAS
each hole is modeled by a particle, represented by a potential-well.
The hole-size is represented by the mass. Due to the physical nature
of the potential-well, particles surrounding a well with a greater
mass will experience stronger attraction to the well. This property
is appropriate for our purposes. The agents in this system are also
modeled by particles, represented by potential-wells which are free
to move. The agents have a variety of masses which represent their
various abilities to block holes.

3.1 Virtual motion towards goal-satisfaction

In the physical world, the motion of particlesis caused by the mutual
attraction between them. In the agents' system, the agents calculate
the attraction and move according to the results of these calculations.
Thereaction of aparticleto thefield of potential will yieldachangein
its coordinates and energies. In our model, each agent will calculate
the effect of the potential field onitself by solving a set of differential
equations. According to the results of these calculations, it will move
to anew state in the goal-domain (section 3.3).

O. Shehory and S. Kraus



The steep decay of the potential function beyond a short distance
from the center of the potential-well results in derived weak forces
and negligibleinteraction. Physicists have shown that when the long-
distance interactions are neglected, the results of simulations till
agreewith theoretical statistical-mechanicsand thermodynamics[14,
11]. Therefore, it is common to cut off the range of interaction by
cutting off the potential function after it diminishesto from 1to 10%
of its maximal value. The radius of interaction (and of the cut-off) is
denoted by r;.

Agents will use numerical integration to solve the equations of
motion that they must solve, with respect totime. Theintegration must
be iterated frequently and performed with small time-steps dt. We
determinethe size of thetimedifferential d¢ relying on the experience
gathered in physics simulations[11]: wedemand that atypical particle
in the model will pass a distance of rg in ~ 10 time-steps d¢. This
requirement implies that the average velocity v of a particle (at its
initial displacement) directly affects dt by therelation dt = ro/7.

3.2 Collision and goal-satisfaction

The dynamicsof thephysical system which modelsthe computational
system leads to collisions between particles. Two types of collisions
are possible: a collision between two dynamic particles, which we
denote by DDC, and acollision between dynamic and static particles,
denoted by SDC. In our model, the DDC represents the interaction
between two agents. In order to prevent situationswhere agents over-
lap, the particles that model the agents have a mutual repulsion. The
decision on which agents shall perform a specific goal will emerge
from the repulsion. Dynamic particles that model agents shall have a
potential that consists of a dominant repul sive component.

The SDC represents agent-goal interaction. In such interactions
we would like the static particle that models the goal to attract the
dynamic particle that models the agent. Adopting physical concepts,
we usethe notion of typical radiusto specify the point from which the
particle starts the collision. A typical radius o of aparticleis usualy
taken to be the distance from its center to the point wherein the force
iszero. A smplecalculationyields o = 4e+/2. An SDC occurswhen
adynamic particle isin the vicinity of a static particle. Vicinity here
means that the distance between them is afew typical radii (ro).

The goal-satisfaction is performed during the collision. An agent
that reaches a goal may either completely or partialy satisfy it. In
both cases, the model requires a reduction in the magnitude of the
goa. This implies that the mass of the modeling particle shall be
reduced, but mass-reduction is not a physical property of such a
collision. Therefore, some modifications of the model shall be done,
as long as they do not affect the general evolution of the system.
Thiswill be possibleif the model consists of aschemefor atemporal
partition of the evolution of the system. This meansthat the evolution
of the system will be partitioned into several time segments (different
from dt, much longer), and in each tempora segment the physical
evolution of the system will not depend on the other segments.

Our model requiresthe adjustment of the physical collisiontimeto
the goal-satisfaction time. The central repulsive part of the potential -
well will cause a gradual relaxation of the particle that will have
reached the well, until the particle stops. Time is required for the
relaxation process, which will model the goal -satisfaction time.

3.3 A protocol for the single agent

In order to cause evolution of the system towards goal-satisfaction,
each agent usestheinformation that it can gather by observation (e.g.,
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via sensors) about its neighboring agents and goals and regarding its
previous state. According to thisinformation, the agent will construct
the local field of potential and solve the equations of motion. The
results of the equations of motion will enable the agent to decide
what itsnext step towards goal-satisfaction will be. The exact detailed
algorithm for the single agent : is as follows:

Loop and perform the goal-reaching and goal-satisfaction processes

until the resources necessary for satisfying goals have been depleted

or no goals within the interaction range r; have been observed for
severa time-segments.
Goal-reaching process

1. Advance the time counter ¢ by dt.

2. Locate all of the agents and goals within the range r;, the prede-
fined interaction distance. Denote the distance to any neighbouring
entity j by r;;.

3. Calculate the mutual Lennard-Jones potential (using equation 2)
with respect to each of the agents and goals within the range.

4. Sum over al of the pairwise potentials Vz s (r:;) and calculate the
gradient of the sum to derive the force F;.

5. Using F; and the previous state 7; (¢t — dt), p; (t — dt), solve the
equations of motion as described in section 2, in equations 1.

6. Theresultsof the equationsof motionwill beanew pair 7;(t), p; (¢).
Move to the new state that corresponds to the displacement 73 (¢).

7. At each time-step, after moving to a new state, calculate the new
kinetic energy and potential according to the new coordinates
7 (1), ().

8. If your distance from the center of a particle that models a goal
is greater than ro, return to step 1. Otherwise, start the goal-
satisfaction process.

The goal-satisfaction process

After reaching agoal, the agent must satisfy all or at least parts of it:

e Move into the potential-well that models the goa according to
the physical properties of the entities involved in the process and
perform the goal.

e Subtract the mass of the particle that models the agent from the
mass of the particle that models the goal. Return to step 1.

Theiterative method which we proposeleadsto agradual reduction
intheamount and size of thegoalsto be satisfied, and will lead finally,
to completion of the goals.

4 COMPLEXITY

The time that each agent consumes at each time-segment for calcu-
lating its propagation in the goal-domain is equal to the number of
time-steps dt that comprise the time-segment, multiplied by thetime
necessary for the calculations within the time-step. We denote the
number of agents by NV, the number of goals by G, the total area of
the goal-domain by S, the density by » and the average virtual dis-
tance between agents and goals by d. The average numbers of agents
and goals within the range of interaction are given by:

N 2 G 2
NI_N+Gn7r'rI and GI_—N—i—Gnﬂ-TI ©)]
When thesize S of the goal-domain isfixed, in can be shown that the
single-agent time-consumption C'; per time-segment is:

Cy ~ (N1 +Gp)ltr~+/N+ G (4

However, it may be that both the number of the agents and the size
of the system have simultaneously been increased. In such cases we
can derive

Cy ~ (N1 + Gp)ltr ~ const (5)
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The number of time-segments for satisfying al of the goals will
be, in the worst case, O(G). However, since al of the agents are
working simultaneously on goal-reaching, Itr usually decreases. This
reduction is bounded by % which is the optimal number of time-
segments for satisfying all of the goalswhen N < G. When an agent
has reached a goal, other agents have also progressed toward goals.
Therefore in the next time-segment they will have to move only the
remaining distance. The sum of the distances during the whole goal-
satisfaction process is proportional to & 3~ | L. This sum has a
constant upper bound equal to Z—il Resulting from this sum are
both the convergence of the algorithm to a solution and the expected
complexity of the general procedure of goal-reaching. In caseswhere
equation 4 holds, this complexity isO(G+v/ N + G) intheworst case
and O(£+/N + G) in the average case. In cases where equation 5
holds, the complexity is O(G) in the worst case and O(<) in the
average case. Inacasethat N > G, the complexity is O(v/N + G)
when equation 4 holds and O(1) when equation 5 holds.

We discuss hereby the effect of the time necessary for goal-
satisfaction on the performance of the agorithm. We shall differ-
entiate between cases subject to the following parameters: size of
goals; size of agents; time consumed for goal-reaching (denoted by
t,); time consumed for goal-satisfaction (denoted by t,). In cases
where dl of the goals are of the same size and al of the agents are
such that each agent satisfies a goal with the same efforts and time
consumption, the complexity of the algorithm for the single agent is
O(£) inthe average case and O(G) in the worst case. However, t,
and ¢, affect themultiplying constant. Thishas asignificant effect on
the complexity inthe case that t, > t,, where the multiplier is i—j

When we have goals of various sizes, we must modify theanalysis
above. We denote the goal size by S, and the agent size by S..

. Sg.
The number of goals per agent u is given by &y = Zg 93

s Ek Sy,
S,
py = % in the average and worst cases, respectively. The

ratio-bound in thiscaseis2/(1— 6)*, where x isthe number of goals
that an agent has approached during the goal -satisfaction process and
§ < 1. To summarize the case where t, < t., the complexity is
the number of goals per agent multiplied by the ratio-bound, i.e.,
2p/(1— 6)*. Thisanalysis holdsfor the case wheret, ~ t,., aswell.

In case that t, > t,, since the time consumption for goal-
satisfaction is much greater than the goal-reaching time, we shall
ignore the latter. The goal-satisfaction time of an agent is the sum of
the time-periods consumed for the satisfaction of goals by this agent.
This sum depends on the goal allocation, which depends on the size
of the agent and the sizes of the goals. Therefore, it will be i—j .

5 CONCLUSION

The problem of the behavior of agents in very large agent-societies
imposes difficulties that are hard to solve even when the proposed so-
lutions are of low-order polynomial complexity. The approach which
we present suggests a solution for this problem, since the complexity
on the side of the single agent is very low and may even be O(1).
Such results are possible since we use amodel whose behavior isal-
ready known. Therefore, we are not required to perform the numerous
explicit calculations that would have otherwise been necessary.

The model we have presented, and the algorithm that enables
the single agent to act according to the model, are methods with
which the agents allocate themselves to goals in order to satisfy the
goals. The agent-goal matching is an emergent result of the physics-
oriented behavior of the agents. In caseswheretoo many agentsfit the
reguirements of the samegoal, our model will disenable someof them

and
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from reaching the goal, viathe property of mutual rejection. As we
have shown, our algorithm leadsto agent-goal allocation, it converges
to a solution, its complexity is low and no explicit communication
is necessary. In addition to these properties, we have proven that
the algorithm we provide performs relatively close to the optimum.
Our method does not lead to the optimal allocation, but reaching an
optimal allocation requires complete on-line information about all
of the agents and goals comprising the system, and an exponential
computation-time.

While common DAL algorithms must be checked for their validity
either by a formal proof or by simulations, our model can rely on
theoretical and experimental results that are already known from
physics. According to these results, we can predict the evolution of
the modeled agent-system, since it will evolve in the same manner
as a corresponding physical system. The local interactions, which
enable one to derive the global behavior of the system, assure alow
computational complexity of the model. In very large-scale agent-
systems, this approach provides a model that promises emergent
cooperative goal-satisfaction activity. In addition, the properties of
the system as awhol e can be analyzed using concepts from statistical
mechanics. The employment of such concepts enables us to derive
the bulk properties of a system viathe properties of its components.
We leave this analysis for future work.
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