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Motivation�� ��

�� ��
`1�xp =�xp�xe =�3xe�t = 1(xp � 68 _ xe � 75)
xp�70 ^ xe�80 //

�� ��

�� ��

`2�xp = 100� xp�xe = 2(150� xe)�t = 1(xp � 82 ^ xe � 120)xp�80 _ xe�115oo

� heater + internal engine� internal engine may overheat

� 
orre
tness property: xp 2 [65;82℄ Region Stability Proofs for Hybrid Systems � p. 2



Motivation
v>00�a�10 //�� ���� ��`1�v= a�a= 0�t = 1v�200�� 200<v ���� ���� ��`2�v= a�a=�2�t = 10� v� 200a��10 v�200 //

a=�10 �� v=0 ^ a:=0
��

�� ���� ��`3�v= a�a=�4�t = 1180� va��25v�180 ^ a>�10oo

v>180 ^ a=�25��v�180 ^ a��10^ a:=�10wwnnnnnnnnnnnnnnn
nnnnn�� ���� ��`4�v= a�a= 0�t = 10� v� 200a=�10 v=0 ^ a:=0 $$

�� ���� ��`5�v= a�a= 0�t = 1180� va=�25v�200 ^ a:=�10oo
�� ���� ��`6�v= a�a= 0

� speed v� two brakes� time delay between orderingbrake appli
ation andrea
hing brake effort

� 
orre
tness property: v� 0
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Outline1. Region stability� De�nition� Related notions2. Method for linear dynami
s� Sound and 
omplete 
ondition� Algorithm� Corre
tness of the algorithm3. Proof rule for arbitrary hybrid systems4. Extensions5. Ben
hmarks Region Stability Proofs for Hybrid Systems � p. 4



Stability w.r.t. Interval Regions

� DEFINITION:

A hybrid system A is stable w.r.t. a region j if forevery traje
tory t there exists a time point t0 su
hthat from then on the traje
tory is always in theregion j.
8 t 9 t0 8 t � t0 : t(t) 2 j

� interval region: j � x 2 [xmin;xmax℄
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Stability w.r.t. Equilibrium States� Asymptoti
 stability:�Ea
h traje
tory of the hybrid system that startswithin a small region around the equilibriumpoint will 
onverge to the equilibrium point.�

� Asymptoti
 stability w.r.t. x0 
orresponds toregion stability w.r.t. (x0� e;x0+ e).

� Region stability is not always expressible interms of asymptoti
 stability.
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Combination of the Methods

jA1 A2

Ainit
� A1 stable w.r.t. region j� A2 stable w.r.t. equilibrium x0! A asymptoti
ally stable

� Asymptoti
 stability for larger set of initial states� Can speed up region stability proof Region Stability Proofs for Hybrid Systems � p. 8



Region Stability for Linear Dynami
s

�x = ax+b ; a;b 2R
a=1.8, b=–18

a=1.3, b=3.9
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Region Stability for Linear Dynami
s

0

1

2

3

4

5

6

0.5 1 1.5 2 2.5 3 3.5

t

Region Stability Proofs for Hybrid Systems � p. 10



Region Stability for Linear Dynami
s
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Region Stability for Linear Dynami
s

SNAPSHOT SEQUENCE:

(a) 8 i : si 2 t(b) 8 i : ti+1� ti > d> 0(
) 8 i : si =2 j
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Region Stability for Linear Dynami
s

CONDITION:All snapshot sequen
es must be �nite.

) Region stability for linear dynami
al systems.
Region Stability Proofs for Hybrid Systems � p. 12



Implementation

Two issues:
1. Computation of all snapshot sequen
es

2. Finiteness test.

Region Stability Proofs for Hybrid Systems � p. 13



Computation of Snapshot Sequen
es

� Via rea
hability analysis:� Compute (an overapproximation of) the set of allstates on all traje
tories of the system
Region Stability Proofs for Hybrid Systems � p. 14



Computation of Snapshot Sequen
es
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Rea
h = fs0;s1;s2;s3;s4; : : :g

How to identify states on the same traje
tory???Unary rea
hability is not good enough!
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Computation of Snapshot Sequen
es

Binary rea
hability analysis:
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BinRea
h = f(s1;s2);(s2;s4);(s0;s3); : : :g
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Representation of Snapshot Sequen
es

REPRESENTATION of all snapshot sequen
es:� impli
it� by 
onstraints that denote binary relations

r : binary relations0;s1; : : : : snapshot seq.
9=; 8 i : (si;si+1) 2 r

Region Stability Proofs for Hybrid Systems � p. 17



Representation of Snapshot Sequen
es

The binary relation
x > 0 ; x� x0 = 1

would e.g. represent snapshot sequen
es of the system

//�� ���� ���x=�1 j � x � 0 :
Region Stability Proofs for Hybrid Systems � p. 18



Computation of Binary Relations

STEP 1: System transformation
A ! AT

su
h thatthe unary rea
hability relations of AT arethe binary rea
hability relations of Athat together represent all snapshot sequen
es.

STEP 2: Unary rea
hability analysis for AT .Region Stability Proofs for Hybrid Systems � p. 19



System Transformation

x>0 //�� ��
�� ��`1�x=�1 ; j � x � 1
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System Transformation

x>0x0=x //�� ��
�� ��

`1�x=�1�x0 =�1 //�� ��
�� ��

`2�x= 0�x0 =�1D t>d ���� ��
�� ��

`end�x= 0�x0 = 0
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System Transformation

x>0x0=x //�� ��
�� ��

`1�x=�1�x0 =�1 x>1 //�� ��
�� ��
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System Transformation

x>0x0=x //�� ��
�� ��

`1�x=�1�x0 =�1 x>1 //�� ��
�� ��

`2�x= 0�x0 =�1D t>d ^ x0>1���� ��
�� ��

`end�x= 0�x0 = 0
; j � x � 1

Output: x > 1 ^ x � x0 � d
Region Stability Proofs for Hybrid Systems � p. 20



Finiteness Test

Che
k whether all binary relations r are well-founded.

Well-foundedness:

There is no in�nite sequen
e of states s0;s1;s2; : : :su
h that ea
h pair of 
onse
utive states (si;si+1)satis�es the relation r.

Region Stability Proofs for Hybrid Systems � p. 21



Algorithm

Yes / Don’t know

Reachability Well−foundednessINPUT OUTPUT

− Region 
− Hybrid System Set of Binary

Reachability
Relations

AnalysisTransformation Tests

System

New System

� Rea
hability analysis: PHAVer� Well-foundedness test: RankFinder
Region Stability Proofs for Hybrid Systems � p. 22



Corre
tness of the Algorithm

(1) Region stability! �niteness test for snapshotsequen
es(2) Corre
tness of system transformation(3) Well-foundedness of ea
h relation in the output ofthe rea
hability tool) �niteness of all snapshot sequen
es.
Region Stability Proofs for Hybrid Systems � p. 23



Corre
tness of the Algorithm

Ea
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Corre
tness of the Algorithm

� Assume R = fr1;r2; : : : ;rng , all ri well-founded� But s0;s1;s2; : : : in�nite snapshot sequen
e
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Corre
tness of the Algorithm

� Assume R = fr1;r2; : : : ;rng , all ri well-founded� But s0;s1;s2; : : : in�nite snapshot sequen
e
r4
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r2 r2
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Corre
tness of the Algorithm

RAMSEY'S THEOREM: exists in�nite 
ompletesubgraph s.t. all edges have the same 
olor.

s0
s4 s3

r1
r1r1

r1r1
r1 Region Stability Proofs for Hybrid Systems � p. 25



Corre
tness of the Algorithm

RAMSEY'S THEOREM: exists in�nite 
ompletesubgraph s.t. all edges have the same 
olor.

s0
s4 s3

r1
r1r1

r1r1
r1

� subsequen
e s0;s3;s4; : : :in�nite� relation r1 not well-founded! CONTRADICTION
Region Stability Proofs for Hybrid Systems � p. 25



Proof Rule for Hybrid Systems

� So far: �x = ax+b ; a;b 2R� Condition 1: all snapshot sequen
es on themonotoni
 �ow must be �nite.! Region stability for linear dynami
al systems.� Now: hybrid systems with more that one lo
ation.
Region Stability Proofs for Hybrid Systems � p. 26



Systems with Several Lo
ations
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Systems with Several Lo
ations

0<x<1//�� ��
�� ��

`1�x= 1x� 1
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Condition 2

Condition 1: all snapshot sequen
es on allmonotoni
 �ows must be �nite.Condition 2: all snapshot sequen
es of entry-pointsmust be �nite.

! Region stability for hybrid systems withmore than one lo
ation and linear �ows.
Region Stability Proofs for Hybrid Systems � p. 28



Systems with non-monotoni
 �ows

Non-monotoni
 �ows, e.g.

�x = 
os(t) ; j � x 2 [�0:2 ; 0:8℄
Region Stability Proofs for Hybrid Systems � p. 29
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Systems with non-monotoni
 �ows

Non-monotoni
 �ows, e.g.

�x = 
os(t) ; j � x 2 [�0:2 ; 0:8℄
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Condition 3

Condition 1: all snapshot sequen
es on themonotoni
 �ow must be �nite.Condition 2: all snapshot sequen
es of entry-pointsmust be �nite.Condition 3: all snapshot sequen
es ofextremal-points must be �nite.

! Region stability for arbitrary hybrid systems.
Region Stability Proofs for Hybrid Systems � p. 30



Implementation

� very similar to implementation for lineardynami
al systems� 
ompute three kinds of snapshot sequen
es! three system transformations� �niteness test for ea
h kind separately
Region Stability Proofs for Hybrid Systems � p. 31



Extensions

1. Region stability for n-dimensional systems

x = (x1; : : : ;xn)T ; j � xi 2 [xmini ;xmaxi ℄

! monotoni
ity / extremal-points in respe
t of xi

2. Region stability w.r.t. box regions:

j � (x1; : : : ;xn) 2 [xmin1 ;xmax1 ℄� : : :� [xminn ;xmaxn ℄ji � xi 2 [xmini ;xmaxi ℄ ; i= 1 : : :n

! stability w.r.t. ea
h interval region ji separately
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Ben
hmarksSystem # Var's # Lo
's Run Time

Freezer 2 1 0.191sHeater 3 2 0.490sFragile heater 3 2 1.920sBoun
ing ball 3 2 4.209sPendulum 2 2 0.264sExothermi
 rea
tion 2 3 0.428sOne tank system 3 3 1.813sTwo tank system 3 4 16.545sDistan
e 
ontroller 3 4 1.186sTrain brake 3 6 2.589sRegion Stability Proofs for Hybrid Systems � p. 33



S
alability
� How does the method s
ale with the number oflo
ations?� How does it s
ale with the number of variables?

Region Stability Proofs for Hybrid Systems � p. 34



S
alability � # Lo
ations

v>00�a�10 //�� ���� ��`1�v= a�a= 0�t = 1v�200�� 200<v ���� ���� ��`2�v= a�a=�2�t = 10� v� 200a��10 v�200 //

a=�10 �� v=0 ^ a:=0
��

�� ���� ��`3�v= a�a=�4�t = 1180� va��25v�180 ^ a>�10oo

v>180 ^ a=�25��v�180 ^ a��10^ a:=�10wwnnnnnnnnnnnnnnn
nnnnn�� ���� ��`4�v= a�a= 0�t = 10� v� 200a=�10 v=0 ^ a:=0 $$

�� ���� ��`5�v= a�a= 0�t = 1180� va=�25v�200 ^ a:=�10oo
�� ���� ��`6�v= a�a= 0
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S
alability � # Lo
ations

v>00�a�10 //�� ���� ��`1�v= a�a= 0�t = 1v�200ww 200<v�400�� 400<v ##�� ���� ��`2�v= a�a=�2�t = 10� v� 200a��10 v�200 //

a=�10 �� v=0 ^ a:=0
��

�� ���� ��`3�v= a�a=�4�t = 1180 � va��25v�180 ^ a>�10oo

v>180 ^ a=�25��v�180 ^ a��10^ a:=�10wwnnnnnnnnnnnnnnn
nnnnn

v�400 //�� ���� ��`7�v= a�a=�6�t = 1360 � va��35v�360 ^ a>�25oo
v>360 ^ a=�35��v�360 ^ a��25^ a:=�25zzttttttttttt

t�� ���� ��`4�v= a�a= 0�t = 10� v� 200a=�10 v=0 ^ a:=0 $$
�� ���� ��`5�v= a�a= 0�t = 1180 � va=�25v�200 ^ a:=�10oo �� ���� ��`8�v= a�a= 0�t = 1360 � va=�35v�400 ^ a:=�25oo

�� ���� ��`6�v= a�a= 0

Region Stability Proofs for Hybrid Systems � p. 35



S
alability � # Lo
ations

# Var's # Lo
's Run Time3 6 2.589s3 8 4.652s3 10 6.646s3 12 9.783s3 14 12.739s

! linear in # lo
ations

Region Stability Proofs for Hybrid Systems � p. 36



S
alability � # Variables

# Var's # Lo
's Run Time3 6 5.307s4 8 33.065s5 10 203.646s6 12 out of time

! exponential in # variables

Region Stability Proofs for Hybrid Systems � p. 37



Con
lusion� 
hara
terisation of region stability as �niteness ofsnapshot sequen
es� implementation: rea
hability analysis +well-foundedness test� fully automated

FUTURE WORK� s
aling up� more general regions

Region Stability Proofs for Hybrid Systems � p. 38
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