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Abstract.  We study the label complexity of pool-based active learning
in the PAC model with noise. Taking inspiration from extant | iterature
on Exact learning with membership queries, we derive upper and lower
bounds on the label complexity in terms of generalizations of extended
teaching dimension. Among the contributions of this work is the rst
nontrivial general upper bound on label complexity in the pr esence of
persistent classi cation noise.

1 Overview of Main Results

In supervised machine learning, it is becoming increasinglapparent that well-
designed interactive learning algorithms can provide valable improvements over
passive algorithms in learning performance while reducinghe amount of e ort
required of a human annotator. In particular, there is presently much interest in
the pool-based active learning setting, in which a learner an request the label
of any example in a large pool of unlabeled examples. In thisase, one crucial
quantity is the number of label requests required by a learmg algorithm: the
label complexity This quantity is sometimes signi cantly smaller than the sample
complexity of passive learning. A thorough theoretical uncerstanding of these
improvements seems essential to fully exploit the potentibof active learning.

In particular, active learning is formalized in the PAC model as follows. The
pool of m unlabeled examples are sampled i.i.d. according to some digution
D. A binary label is assigned to each example by a (possibly radomized) oracle,
but is hidden from the learner unless it requests the label. he error rate of a
classier h is de ned as the probability of h disagreeing with the oracle on a
fresh exampleX D . A learning algorithm outputs a classi er fi from a concept
space C, and we refer to the in mum error rate over classiers in C as the
noise rate, denoted . For ;; 2 (0;1), we de ne the label complexity denoted
#LQ(C;D; ; ; ), as the smallest numberq such that there is an algorithm that
outputs a classi er fi 2 C, and for su ciently large m, for any oracle with ,
with probability at least 1 over the sample and internal randomness, the
algorithm makes at most g label requests andf has error rate at most + .1

1 Alternatively, if we know g ahead of time, we can have the algorithm halt if it ever
tries to make more than g queries. The analysis is nearly identical in either case.
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The careful reader will note that this de nition does not req uire the algorithm
to be successful if > , distinguishing this from the fully agnostic setting [1];
we discuss possible methods to bridge this gap in later secins.

Kulkarni [2] has shown that if there is no noise, and one is abwed arbitrary
binary valued queries, then O (logN( )) O dlog! queries suce to PAC
learn, whereN () denotes the size of a minimal -cover of C with respect to D,
and d is the VC dimension of C. This bound often has exponentially better de-
pendence ont, compared to the sample complexity of passive learning. Hoewer,
many binary valued queries are unnatural and di cult to answ er in practice. One
of the driving motivations for research on the label complexty of active learning
is identifying, in a general way, which concept spaces and dtributions allow us
to obtain this exponential improvement using only label requests for examples
in the unlabeled sample. A further question is whether suchmprovements can
be sustained in the presence of classi cation noise. In thipaper, we investigate
these questions from the perspective of a general analysis.

On the subject of learning through interaction, there is a rich literature con-
cerning the complexity of Exact learning with membership queries [3,4]. The
interested reader should consult the limpid survey by Anglun [4]. The essen-
tial distinction between that setting and the setting we are presently concerned
with is that, in Exact learning, the learning algorithm is re quired to identify the
oracle's actual target function, rather than approximating it with high probabil-
ity; on the other hand, in the Exact setting there is no classication noise and
the algorithm can ask for the label of any example. In a sense, Exact learning
with membership queries is a limiting case of PAC active leaning. As such, we
may hope to draw inspiration from the extant work on Exact learning when
formulating an analysis for the PAC setting.

To quantify # MQ (C), the worst-case number of membership queries required
for Exact learning with concept spaceC, Hegedss [3] de nes a quantity called the
extended teaching dimensiorof C, based on theteaching dimensionof Goldman
& Kearns [5]. Letting to denote this quantity, Hegedss proves that

maxfto;log, jCjg #MQ(C) tglog,Cj;

where the upper bound is achieved by a version of the Halvinglgorithm.
Inspired by these results, we generalize the extended teatty dimension to

the PAC setting, adding dependences on, , , and D. Speci cally, we de ne

two quantities, t and t; both of which have ty as a limiting case. We show that

2 2
max —;tlogN(2) #LQ(C;D;;; ) O —+1 tlogN(=2)

where O hides factors logarithmic in 1,2, and d. The upper bound is achieved
by an active learning algorithm inspired by the Halving algorithm, which uses
O d-%- unlabeled examples. With these tools in hand, we analyze théabel

complexity of axis-aligned rectangles with respect to prodict distributions, show-

ing improvements over known passive learning results in degndence on when
positive examples are not too rare.
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The rest of the paper is organized as follows. In Section 2, werie y survey
the related literature on the label complexity of active learning. This is followed
in Section 3 with the introduction of de nitions and notatio n, and a brief dis-
cussion of known results for Exact learning in Section 4. In 8ction 5, we move
into results for the PAC setting, beginning with the noise-free case for simplicity.
Then, in Section 6, we describe the general setting, and pr@/an upper bound
on the label complexity of active learning with noise; to the author's knowledge,
this is the rst general result of its kind, and along with low er bounds on label
complexity presented in Section 7, represents the primary entribution of this
work. We continue in Section 8, with an application of these lbunds to describe
the label complexity of axis-aligned rectangles with prodwct distributions. We
conclude with some enticing open problems in Section 9.

2 Context and Related Work

The recent literature studying general label complexity can be coarsely parti-
tioned by the measure of progress used in the analysis. Spezally, there are at
least three distinct ways to measure the progress of an act&learning algorithm:
diameter of the version spacemeasure of the region of disagreement, andsize
of the version space. By theversion spaceat a time during the algorithm exe-
cution, we mean the set of concepts inC that have not yet been ruled out as a
possible output. One approach to studying label complexityis to summarize in a
single quantity how easy it is to make progress in terms of onef these progress
metrics. This quantity, apart from itself being interestin g, can then be used to
derive upper and lower bounds on the label complexity.

To study the ease of reducing the diameter of the version spacin active learn-
ing, Dasgupta [6] de nes a quantity he calls thesplitting index. is dependent
on C, D, , and another parameter he de nes, as well as the oracle itself.
Dasgupta nds that when the noise rate is zero, roughly O(4) label requests
are sucient, and (1) are necessary for learning (for respectively appropriate

values). However, Dasgupta's analysis is restricted to thenoise-free case, and
there are no known extensions addressing the noisy case.

In studying ways to enable active learning in the presence ofioise, Balcan et
al. [1] propose theA? algorithm. This algorithm is able to learn in the presence
of arbitrary classi cation noise. The strategy behind A? is to induce con dence
intervals for the di erences of error rates of concepts in tre version space. If
an estimated di erence is statistically signi cant, the al gorithm removes the
worst of the two concepts. The key observation is that, sincehe algorithm only
estimates errordi erences, there is no need to request the label of any example
that all remaining concepts agree on. Thus, the number of lakl requests made
by A? is largely controlled by how quickly the region of disagreementcollapses
as the algorithm progresses. However, apart from fall-baclgjuarantees and a few
special cases, there is presently no published general agais of the number of
label requests made byA?, and no general index of how easy it is to reduce the
region of disagreement.
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The third progress metric is reduction in the size of the version space. If the
concept space is in nite, an “cover of C can be substituted for C, for some
suitable %2 This paper presents the rst general study of the ease of redeing
the size of the version space. The corresponding index summiaing the potential
for progress in this metric remains informative in the presece of noise, given
access to an upper bound on the noise rate.

In addition to the above studies, Kaarainen [7] presents an interesting anal-
ysis of active learning with various types of noise. Speci ally, he proves that
under noise that is not persistent (in that requesting the sane label twice may
yield di erent responses) and where the Bayes optimal classer is in C, any
algorithm that is successful for the zero noise setting can & transformed into
a successful algorithm for the noisy setting with only a smadl increase in the
number of label requests. However, these positive resultsadnot carry into our
present setting (arbitrary persistent classi cation noise). In fact, in addition to
these positive results, Kaarainen [7] presents negatve results in the form of a
general lower bound on the label complexity of active learnig with arbitrary
(persistent) classi cation noise. Speci cally, he nds that for most nontrivial

distributions D, one can force any algorithm to make —22 label requests.

3 Notation

We begin by introducing some notation. Let X be a set, called theinstance
space and F be a corresponding -algebra. Let Dyxy be a probability measure
onX f  1;1g. We useD to denote the marginal distribution of Dxy overX. Cg
is the set of allF -measurablef : X I'f  1;1g.C Cg is a concept space oiX,
and we used to denote the VC dimension ofC; to focus on nontrivial learning, we
assumed > 0. For any h;h°2 Crpdene erp(h;h9) = Pry p fh(X) 6 h%X)g.
If U 2X™, dene erg(h; h9 = % ou 1h(x) 8 hx)1.21fL2 (X f 1;1g)™,
dene er . (h) = % (xy)2L ITh(x) 6 y]. For any h 2 Cg, dene er(h) =
Prixy )b « fh(X) 8 Yg. De ne the noise rate = inf nocer(h). An -cover
of CisanyV Cs.t.8h2 C,9n°2 V with erp(h;h9

Generally, in this setting data is sampled i.i.d. accordingto Dxy , but the
labels are hidden from the learner unless it asks the oracl®f them individually.
In particular, requesting the same example's label twice gies the same label both
times (though if the data sequence contains two identical eamples, requesting

2 An alternative, but very similar progress metric is the size of an -cover of the version
space. The author suspects the analysis presented in this pger can be extended to
describe that type of progress as well.

5 We over|9ad the standard set-theoretic notation to also app ly to sequences. In par-
ticular,  ,, indicates a sum over entries of the sequenceU (not necessarily all
distinct). Similarly, we use jUj to denote length of the sequenceU, S U to denote
a subsequence ofu, S[U to denote concatenation of two sequences, and for any
particular x 2 U, U nfxg indicates the subsequence ofU with all entries except the
single occurrence ofx that is implicitly referenced in the statement. It may helpt o
think of each instance x in a sample as having a unique identi er.
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both labels might give two di erent values). However, for notational simplicity,
we often abuse this notation by stating that X D and later stating that
the algorithm requests the label ofX , denoted Oracle(X ); by this, we implicitly
mean that (X;Y) D xy , and the oracle reveals th%,value off upon request. In
particular, for U D ™, h2 Cg, dene ery(h)= =, I[n(x) & Oracle(x)].

Definition 1. For V  C with nite jVj, the maJorlty vote concepthms 2 Cr
is de ned by hmgj (X)=1 i jfth2V :h(x)=1gj %jVj.

Definition 2. For U 2 X™, h 2 Cg, we overload notation to de ne the se-
quence of labeldh(U) = fh(x)gxou assigned to entries ofU by h. For V. Cg,
V[U] denotes any subset 0¥ such that8h 2 V;jf h®2 V[U]: hqU) = h(U)gj =

V [U] represents the labelings ofJ realizable byV .

4 Extended Teaching Dimension

Definition 3. (Extended Teaching Dimension [3]) LetV C,m 0,U 2X™,
8f 2 Cg; XTD (f;V; U)=inf ftj9R U :jfh2V :h(R)=f(R)gj 17jRj tg:
XTD (V;U) = sup XTD (f;V; U):
f2Ce

For a givenf, we call anyR U such thatffh2 V :h(R)= f(R)gy 1a
specifying setfor f on U with respect toV.*

The goal of Exact learning with membership queries is to askdr the labels
f (x) of individual examplesx 2 X until the only conceptin C consistent with the
observed labels is the targef 2 C. Hegedss [3] presents the following algorithm.

Algorithm: MembHalving

Output: The target conceptf 2 C

0.v C

1. Repeat untiljVj =

Let hmsj be the majority vote ofv

LetR X be a minimal specifying set fdrm,; on X with respect toV
Ask for the labeff (x) of everyx 2 R

LetV f h2Vj8x 2 R;f(x)= h(x)g

6. Return the remaining element of

arwbd

Theorem 1. (Exact Learning: Hegedss [3]). Letting # MQ (C) denote the Exact
learning query complexity of C with membership queries on any examples iX ,
and tp = XTD (C; X), then the following inequalities are valid ifjCj > 2.

maxfto;log, jCjg # MQ(C) tplog,jCj:
Furthermore, this upper bound is achieved by the MembHalvinalgorithm.®

4 We also overload all of these de nitions in the obvious way for setsU X .

5 By a slight alteration to choose quenes in a particular gree dy order, Hegedss is able
to reduce this upper bound to 2 ;2 PR |092]C] However, it is the simpler form of the
algorithm (presented here) that We draw inspiration from in the following sections.
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The upper bound of Theorem 1 is clear when we view MembHalvings a
version of the Halving algorithm [8]. That is, querying all examples in a specifying
set for h guarantees eitherh makes a mistake or we identifyf . Thus, querying
a specifying set forhy guarantees that we at least halve the version space.

The following de nitions represent natural extensions of XTD to the PAC
setting. The relation of these quantities to the complexity of active learning is
our primary focus.

Definition 4. (XTD Growth Function) For m 0,V C, 2 [0;1],

XTD(V;D;m; )= inf ftj8f 2 Cg; Pryp mfXTD (f;V[U];U) >tg ¢:
XTD(V;m)= sup XTD (V[U];U):
u2x m

XTD (C;D;m; ) plays an important role in distribution-dependent bounds on
the label complexity, while XT D (C; m) plays an analogous role in distribution-
free bounds. Clearly 0 XTD (C;D;m; ) XTD(C;m) m.

As a simple example, consider the space of thresholds on théné. That
is, supposeX = Rand C = fh : 2 R;h(x) = +1i x g. In this
case,XTD (C;m) = 2, since for any set U of m points, and any f 2 Cg,
we can form a specifying set with the points mirffx 2 U : f(x) = +1 g and
maxfx 2U : f(x) = 1g, (if they exist).

5 The Complexity of Realizable Active Learning

Before discussing the general setting, we begin with realable learning ( = 0),
because the analysis is quite simple, and clearly highliglst the relationship to
the MembHalving algorithm. We handle noisy labels in the nex section.

Based on Theorem 1, it should be clear that fom 1 dlogt+logt |
#LQ(C;D; ;; 0) XTD(C;m)dlog, &t. Roughly speaking, this is achieved
by drawing m unlabeled examplesU and executing MembHalving with con-
cept spaceC[U] and instance spaceU. This gives a data-dependentbound of
XTD (C[U];U)log, |C[U]j] XTD (C;m)dlog, &f. We can also obtain a related
distribution-dependent result as follows. Consider the following algorithm.

Algorithm: ActiveHalving

Input: V. Cg,values; 2 (0;1),U=fxyg;X2;:::;Xmg 2 X™, constantn 2 N
Output: Conceptfi 2 V

O.Leti O

1. Repeat

2. i i+1

3. I-Gtuizthn(i 1) X2+n(i 1)s--:Xni 9

4, Let hmsj be the majority vote ofv

5. LetR U ; be a minimal specifying set fdin, on U w.r.t. V[U]
6. Ask for the labeff (x) of everyx 2 R

7. LetV f h2Vjf(R)= h(R)g

8. If9h 2 V s.t. hmg (U) = h(U;), Returnargming,, eru(ﬁ; Nmaj )
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m
2 12d log, *em-
Theorem 2. Let m= 2384 | 22d 12dlog, **%-

|
,andn= 2In . Let

f= XTD C;D;n; Daee-z - If N(=(2m)) is the size of a minimal 5 -cover
9, — m
of C, then

#LQ(C;D;;; 0) flog,N(=(2m)) O ﬁjlogg

Proof. The bound is achieved by ActiveHalving(V; ; ; U;n), whereU D ™, and
V is a minimal 5—-cover ofC. Let f 2 C haveer(f )=0. Let f’\:arg min pov er(h).
With probability 1 =2, f(U) = f(U). Suppose this happens. In each itera-
tion, if the condition in step 8 does not obtain, then either 9x 2 R : hyyj (X) 6
f (x) or elseV[Ui] = fhg for someh 2 V such that 9x 2 U; : hyg (X) 6 h(x) =
f (x). Either way, we must have eliminated at least half of V in step 7, so the
condition in step 8 fails at most log, N ( =(2m)) < 2dlog, 8™ 1 times.

On the other hand, suppose the condition in step 8 obtains. Ths happens
only when hmg (U) = f(U). Pry, ery (hmg ;f)=0 " ery(hmg ;f) > 3

TadTog, T - By a union bound, the probability that an hpyg; with ery(hmgj ;) >

z satis es the condition in step 8 on any iteration is at most . If this does not
happen, then thefi 2 V we return hasery (ﬁ;f ) ery (ﬁ; Nmaj )+ ery(hmgj ;)
ery(f;hmg ) + ery(hmg ;1) 5. By Cherno and union bounds, m is large
enough so that with probability at least 1 5, ery (ﬁ;f) 5) € (ﬁ;f)
So with probability 1 3, we return an fi 2 C with erp (f;f)

On the issue of number of queries, each iteration queries a mimal specifying
set for hma; 0N a set of sizen. The probability the size of this set is larger than £
for a particular set U, is at most —————~==. By a union bound, the probability

12dlog,
it is larger than f on any iteration is at most 5- Thus, the total probability of
success (in learning and obtaining the query bound) is at lest 1 . wu

Note that we can obtain a worst-case label bound for ActiveH&ving by re-
placing fabove with X T D (C; n). Theorem 2 highlights the relationship to known
results in Exact learning with membership queries [3]. In paticular, if C and X
are nite, and D has support everywhere onX, thenas ! Oand ! O, the
bound converges toXTD (C; X) log, jCj, the upper bound in Theorem 1.

6 The Complexity of Active Learning with Noise

The following algorithm can be viewed as a noise-tolerant viesion of ActiveHalv-
ing. Signi cant care is needed to ensure we do not discard théest concept, and
that the nal classi er is near-optimal. The main trick is to use subsamples of
size< %. Since the probability of such a subsample containing a noisexample
is small, the specifying sets folhmg Wwill often be noise-free. Therefore, ith 2 V
is contradicted in many such specifying sets, we can be coneht h is subopti-
mal. Likewise, if for a particular unqueried x, there are many such subsamples
containing x where hp,j is not contradicted, and where there is a consistent,
then more often than not, h(x) = h (x), where h =argminzy er(h.
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Algorithm: ReduceAndLabelV;U; ; ; ")

Output: Concepth 2 V.

. Letu = bjUE(InjVj)c
.LetVg V,i O

. Do

o

1
2
3 i i+1

4

5. V,  Reduce V U v Nt s

6. Until jVij > 2jV; sjorjvij 1 | m
7

8

9

L Label Vi 1;U; "+ 5
. Returnh 2 V; having smalleser_(h), (oranyh 2 V if V = )1

Subroutine:ReducgV;U; ; )

Input: Finite V. Cg, unlabeled sequendg, values; * 2 (0; 1]

Output: Concept sp?ce/& \

0.Letm=jUj,n= = ,r= 397In2, = 2&

1. Lethy, be the majority vote ofV

2. Fori2f1;2;:::;rg

3. Sample a subsequen& of sizen uniformly without replacement fronU
4. Let R; be a minimal specifying set fdimg in S; with respect toV[S;]
5 Ask for the label of every example Ry
6 LetV; be the concept$ 2 V s.t. h(R;) 6 Oracle(R;)
7. LetV be the set oth 2 V that appear in>  r of the setsV;
8. ReturnV°%= Vv nVv

Subroutine:Label(V;U; ; 7)

Input: Finite V. Cg, unlabeled sequendgd, values; * 2 (0; 1]

Output: Labeled sqqueﬂcb

0.Let” = jUj,n= i ,k= 167-In2

1. Lethyng be the majority vote oV, and letL fg

2. Fori 2f1;2;:::;kg

3. Sample a subsequen& of sizen uniformly without replacement fronU
4. Let R; be a minimal specifying set fdimg in S; with respect toV[S;]
5. For eachx 2 Rj notin L, request its label, and letL L[f (X;yx)g
6. Let0) U be the subsequence of examples we did not ask for the label o
7. For eachx 2 0

8. Letl}y = fi:x2 S and9h 2 V si.t. h(Ri) = hmg (Ri) = Oracle(Ri)g
9. For eachi 2 I}, let hj 2 V be s.t.h;(R;) = Oracle(R;)

10. Lety be the majority value of h;(x) : i 2 ;g (breaking ties arbitrarily)
11. LetL L[f (xy)0

12.ReturnL

f
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Lemma 1. (Reduce) Supposeh 2 V is a concept such thatery(h ) "< 5.
Let VO be the set returned byReducgV;U; ; ; ~). With probability at least 1
h 2 VO and if ery(hmg ;h ) 107 thenjVvy  3jvi.

Proof. By a noisy example in this contexJ{ weymean anyx 2 U for which h (x)
disagrees with the oracle's label. Letm = i andr = 397In2 , = 2L By

a Cherno bound, sampling r subsequences of size, each without replacement
from U, guarantees with probability 1 - thatatmost r of the subsequences
contain any noisy examples. In particular, this would imply h 2 VC

Now supposeery(hmg ;h ) 107 For any particular subsampled sequence
Si, Prs; v, fhmg (Si)=h (S))g (1 100" 0:627. So the probability
there is somex 2 §; with hmg (X) 6 h (x) is at least 0:373. By a Cherno
bound, with probability at least 1 5, at least 4r of the r subsamples contain
somex 2 U such that hpmgj (X) 6 h ().

By a union bound, the total probability the above two events succeed is at
least1 . Suppose this happens. Any sequenc® containing no noisy examples
but 9x 2 S; such that hmg (x) 6 h (X) necessarily hasjVij %jVj. Since there
are at least 3r such subsamples;, we havejVj 3r %jVj r jvj =@2r)=
3jVj, sothat jV§  3jvj. u

Lemma 2. (Label) Let U2 X , " >n. Supposeh 2V hasery(h) "< %.
Let hma; be the majority vote of V, and supposeery(hmg ;h) 127 Let L
be the sequence returned blabel(V;U; ; 7). With probability at least 1, for
every (x;y) 2 L, y is either the oracle's label forx or y = h (x). In any case,
8x 2U;jfy:(x;y)2Lg) =1.

Proof. As above, anoisy exampleis any x 2 U such that h (x) disagrees with
the oracle. For any x we ask for the label of, the entry {;y) 2 L hasy equal
to the oracle's label, so the focus of the proof is o). For eachx 2 0, let
Iy = fi :x 2 Sig, A =1fi:9%°2 Ri;h (x% 6 Oracle(x%g, and B = fi :
9x%2 Ri;hmg (x% 8 h (x9g. 8x 2 U, if jIx\ Aj < j(Ix nB) nAj, we have that
jfi 2 1y : h (Ri) = hmg (Ri) = Oracle(Ri)gj > %jf\xj > 0. In particular, this
means the majority value off h;(x) : i 2 I} gish (x). The remainder of the proof
bounds the probability this fails to happen.

For x 2 0, fori 2 f1;2;::::kg let Six of sizen be sampled uniformly
without replacement from U n fxg, Ax = fi : 9x° 2 Six ;h (x% 6 Oracle(x9g,
and Bx=fi : 9x°2 Six ;hma; (X986 h (x9g.

n (0]
Pr 9x2 O:jlx\ Aj j (IxnB)nAj
X n p__ 0
Projlyi< 2 +Projly\ Agj B Ljijrjlkg % o+
20y p_ 0 h i
Projlx nB) nAgj —ZLjL,jrjlj % e & +2e @

The second inequality is due to Cherno and Hoe ding bounds. u
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Lemma 3. Suppose = inflhzc er(h) and & % < % Let V t?e an 5-covgr

of C.LetU D ™, with m= 2247 721n 2V g5injvie. Letn= maep .
I T m I m (+3=4)
C= 482V s = 397In®YI @4injvj)+ 167-In% | and t =
XTD V;D;n; 55 . With probability 1, ReduceAndLabel V;U; 5;; + 5
makes at mostts label queries and returns a conceph with er(h) +

Proof. Let h 2 V haveer(h) + 5. Suppose the value ofi is when we
reach step 7. Clearly  log,—3jVj 4InjVj. Let hi,,; denote the majority vote
of V. We proceed by bounding the probability that any of six specic events fail
to happen. The rst event is

8i2f1,2:::; gery(h) + 3
m 2 1
The probability this failsis  (4InjVj)e bt €=z 3 1 (by Cherno and
union bounds). The next event we consider is

h <10 +3

8i2f1;2;:::; ggh 2V and (if jVj> 1) ery hmajl; 2

By Lemma 1 and a union bound, the previous event succeeds buhts one fails
with probability 13- Next, note that the event

8i2f1;2::; gery hi 1:h <10 +2 ) erp Wi 2:h 2+

maj ; 1 maj ; 2

Blw

m 1

fails with probability  (4Injvj)e Pen'wi€( & )s  _ The fourth event is
h 12+ %
By a Cherno bound, the probability this fails when the previ ous three events
succeed is e =( %) - The fth eventis

ery(h ) er(h)+ zand8h2V jjer(h)>er(h )+ 5) ery(h)>ery(h)l

By Cherno and union bounds, the probability the previous events succeed but
. 2

1.
ery hmaj ;

this fails is j Vje ® =2 . Finally, consider the event
[B(x;y) 2L;y = h (x) or y = Oracle(x)].

By Lemma 2, this fails when the other ve succeed with probablity 4. Thus
the probability all of these events succeed is 1 5. If they succeed, then any
h2 v with er(h9 > +  er(h )+ 5 haser (h) >er_ (h) minpay er(h).
Thus the h we return haser(h) + .

In each call to Regyce we ask for the labels of a minimal specifying set
for r = 397In%NVi sequences of lengtm. For each, we make at mostt

label requests with probability 1 5, so the probability any call to Reduce
makes more thantr label requests is % Similarly, in Label we request
the labels of a minimal specifying set for k = 167;1— In 36 sequences of
length n. So we make at mosttk queries in Label with probability 1 Zk_s
Thus, the total probability we make more than t(k + 4r InjVj) = ts queries is

% + 2"—5 = 5. The total probability either the query or error bound is
violated is at most . u
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j k
Theorem 3.I Let n = W , and let N be the size of a minimal;-cover
of C.Let "= 487 2IniN |ets= (397In%¥MN) (4InN)+ 167 In 3
andt= XTD C;D;n

T
2

#LQ(C;D;;; ) ts=0 t —+1 dIog}+Iog} IogE

Proof. It is known that N < 2 2e|n % Y [9] If + 3 %, the bound exceeds
the passive sample complexity, so it clearly holds. Otherwse, the result follows

from Lemma 3 and the fact that XTD V;D;n;».  XTD C;D;n;5 . u

Generally, if we do not know an upper bound on the noise rate , then we

can perform a guess-and-double procedure using a labeledligation set, which

grows to size at mostO % . See Section 9 for more discussion of this matter.

We can create a general algorithm, independent oD, by using unlabeled ex-
amples to (with probability 1 =2) construct the 5-cover. It is possible to do

this while maintaining jVj N°=2 16e|n e ¢ y5ingO L dlog +log L
unlabeled examples. Thus, replacing in Theorem 3 with XTD (C;n) and in-
creasingN to N °gives an upper bound on thedistribution-free label complexity.

7 Lower Bounds

In this section, we prove lower bounds on the label complexit

Definition 5. (Extended Partial Teaching Dimension) Let V C, m 0,
0. 8f 2 Cg;U 2 x9me,

XPTD (f;V; U; )=inf ftj9R U :jfh2V :h(R)=f(R)gj jVj+1"jRj tg:
XPTD (V;D; ) inf f1j8f 2CF;nIIi1m Prup fXPTD(f;V;U; )>tg=0g:
XPTD (V;m; )

sup sup XPTD(f;V [U];U; ):
f2Cg y2x M3

Theorem 4. Let 2 [0;1=2), 2 [0;1). For any 2 -separated setV  C with
respect toD,

maxflog[(1 )jVjl;XPTD(V:D; )g #LQ(C;D;;; O):

If 0< < 1=16and 0< =2 < 1=2, and there are hy;h, 2 C such that
erp(hg;hy) > 2( + ), then

2 1
—+1 log= #LQ(C;D; ;; ):

Also, the following distribution-free lower bound appliesIf 8x 2 X ;fxg 2 F,®
then letting D denote the set of all probability distributions onX, for anyV = C,

XPTD(V;(1  )=:) Dsgg#LQ(C;DQ, ;3 0

8 This condition is not necessary, but simpli es the proof.
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Proof. The log[(1  )jV]] lower bound is due to Kulkarni [2].

We prove the XPTD (V;D; ) lower bound by the probabilistic method as
follows. If jVj+1 j Vj, the bound is trivially true, so assume jVj+1 < jVj
(and in particular, jVj < 1).Let m 0,t= XPTD(V;D; ). By de nition
of t; 9f 2 Cr such that limp: Pryp «fXPTD(f%V;U; ) tg> 0. By
the Dominated Convergence Theorem and Kolmogorov's Zero-@e Law, this
implies limpn  Pryp «fXPTD(f%V;U; ) tg= 1. Since this probability is
nonincreasing inn, this meansPryp ~fXPTD (f%V;U; ) tg= 1. Suppose
A is a learning algorithm. For U 2 X™, f 2 Cg, de ne random quantities
Rus U andhys 2 C, denoting the examples queried and classi er returned
by A, respectively, when the oracle answers consistent witf and the input
unlabeled sequence i&) D ™. If we samplef uniformly at random from V,

Er Prury, hus erp(fhur)> _jRusj €
P riuRrus hoy F(Rug)= fO(RU;f)A erp(fhus)> _jRusj €

Eu inf Pri ff(R)= fY(R) N erp(h;f)> g > :
h2CR U ;jRj<t
Therefore, there must be some xed targetf 2 C such that the probability that
erp(f;hys)> orjRysj XPTD(V;D; )is> |, proving the lower bound.

Kaarainen [7] proves a distribution-free version of th e —2 +1 logl

bound, and also mentions its extendibility to the distribut ion-dependent set-
ting. Since the distribution-dependent claim and proof thereof are only im-
plicit in that reference, for completeness we present a brieproof here. Let
= fx : hi(x) 6 hy(x)g. Supposeh is chosen fromfhi;h,g by an ad-
versary. Given D, we construct a distribution Dxy with the following prop-
erty’. 8A 2 FiPrixy)p , fY = h (X)X 2 A\ g= 3+ 5, and
Prixy yo x fY = hi(X)jX 2 An g=1. Any concept h 2 C with er(h) +
hasPrfh(X) = h (X)jhy(X) 6 hy(X)g > % Since this probability can be es-
timated to arbitrary precision with arbitrarily high proba bility using unlabeled
examples, we have a reduction to active learning from the tas of determining
with probability 1 whether hy or h, is h . Examining the latter task, since
every subset of in F yields the same conditional distribution, any optimal
strategy is based on samples from this distribution. It is krown (e.g., [10,11])
that this requires expected number of samples at least
(1 8)log g 1(+ ) nt
B (3 it 7o) B g

where D (pjjg) = plog® +(1  p)log 2.

We prove the XPTD (V;(1  )=: ) bound as follows. Letn = 1—. For
S 2 X de |et Dg be the uniform distribution on the entries of S. Let f %=
argmax 2c. XPTD (f;V[S];S; ), and de ne t%°= XPTD (f OVI[S];S; ). Let

7 Although this proof relies on stochasticity of the oracle, w ith additional assumptions
onD and similar to Kaarainen's [7], a similar result holds ford eterministic oracles.
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m 0. Let Ry and hy; be dened as above, forU D . As above, we use
the probabilistic method, this time by sampling the target function f uniformly
from V[S].

Er Prurys hus feros(huisif) > _jRui] %Y
By Prir usnus fF(Rui) = FRui) ~ hui (S) 8 £(S) _jRurj 1Y
' Pr ff (R)= f°UR) ~ h(S) 6 f (S)g> :
h2cR SiRj<t @ ! (R) {R)~ h(s) 6 f(S)g>

Taking the supremum overS 2 X "¢ completes the proof. u

8 Example: Axis-Aligned Rectangles

As an application, we analyze axis-aligned rectangles, wheD is a product den-
sity. An axis-aligned rectangle in R" is de ned by a sequencd (a;;b)g, , such
that a; b, and the examples labeled +1 arefx 2 X : 8i;a; X hg.
Throughout this section, we assumeF is the standard Borel -algebra onR".

Lemma 4. (Balanced Axis-Aligned Rectangles) IfD is a product distribution
on R" with continuous CDF, and C is the set of axis-aligned rectangles such
that 8h 2 C;Pryx p fh(X)=+1g¢g , then

n? nm
—lo

XTD(C;D;m; ) O

Proof. If G; is the CDF of X; for X D ,then G;(X;) is uniformin (0;1), and for
any h 2 C, the function h%x) = h(fminfy : x; = Gi(y)gdy,) (for x 2 (0;1)") is
an axis-aligned rectangle. This mapping of the problem into(0; 1)" is equivalent
to the original, so for the rest of this proof, we assumeD is uniform on (0; 1)".

If m is smaller than the bound, the result clearly holds, so assuem 2n+

4 In 8 4onn2m®  Oyr rststepis to discretize the concept space. LetS be
the set of conceptsh such that the regionf x : h{x) = +1 gis speciged by {hje intg-
2

rior of some rectanglef (a;; b)g; with a;;B02 0; 507 250711005 2nm ST

a; <bj. By a union bound, with probability @1 =2overthedrawofU D ™,
8x;y 2 U, 8 2fL12:::;ng, jXi Vij > 5=7. In particular, this would im-
ply there are valid choices of S[U] and C[U] so that C[U] S[U]. As such,
XTD(C;D;m; ) XTD(S\ C;D;m; =2).

Letf 2Cr.If Prxp ff(X)=+4+1¢g< % , then with probability 1 =2,
for eachh 2 S\ C, there is somey within the rst 4 In 23 exampleg inU s.t.

h(x)=+1 6 f(x). Thus Pryp = XTD (f; (C\ S)[U;U) > %In 23Sl =2.
For any set of examplesR, let CLOS(R) be the smallest axis-aligned rect-

angle h 2 S that labels all of R as +1. This is known as the closure of R.

Additionally, let A R be a smallest set such thatCLOS(A) = CLOS(R).

This is known as a minimal spanning set ofR. Clearly jAj 2n, since the
extreme points in each direction form a spanning set.
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Leth 2 SbesuchthatPry p fh(X)=+19g 5.Letf(a;h)gL; denethe

rectangle. Let x(@) be the example inU with largest x{* component such that

x@) <a;and8j 6 i;a xj(ai) by , or if no such example existsx(®) is de ned
as thex 2 U with smallest x;. Let x(®) be de ned similarly, except having the
smallestxi(bi) component with xi(bi) > b;, and again 8j 6 i;a, xj(bi) b.If
no such example exists, therx(®) is de ned as the x 2 U with largest x;. Let
An.u U be the subsequence of all examples2 U such that 9i 2 f 1;2;:::;ng

with x(& Xi <ajorh <x; xi(bi). The surface volume of each face of the

|
rectangle is at least = 2. By a union bound over the X faces of the rectangle,
with probability at least 1 =(4jSj)), jAn:uj an 1y 80ISI - with probability
1 =4, thisis satis ed for every h 2 S with Pry p fh(X)=+19g 5.

Now supposef 2 Cg satisesPryx p ff(X)=+1g 37. LetU, =fx2U:
f(X)=+1 g, hgos = CLOS(U: ). If any x 2 U nU; has hges (X) = +1, we can
form a specifying set forf on U with respect to S[U] using a minimal spanning
set for U, along with this x. If there is no suchx, then h¢es (U) = f (U), and we
use a minimal specifying set fothes . With probability 1 =4, foreveryh 2 S
such that Prx p fh(X)=+1 g< 3, there is somex 2 U, such that h(x) = 1.
If this happens, sincehcos 2 S, this implies Pryx p fheos(X) =+1g 5. 1In
this case, for a spegifying set, we usén,, ;u along with a minirgal spanning set
for U,. SOPryp = XTD (f; (C\ S)[UJ;U) > 2n + 40 |n 8nSI =2. Noting

2n
that jSj 2nm * completes the proof. 0]

Note that we can obtain an estimategtof p= Pr(x.y)p ,, fY =+1 gthat,
with probability 1 =2, satisesp=2 p 2p, using at most O %Iogpi

labeled examples (by guess-and-halve). Since clearRryx p fh (X) = +1 g
p ,wecantake =(p=2) , giving the following oracle-dependent bound.

Theorem 5. If D is as in Lemma 4 andC is the set of all axis-aligned rectan-
gles, then ifp= Prxyyp ,, fY =+1g> 4 , we can, with probability 1

nd an h 2 C with er(h) + without the number of label requests exceeding
3 2
ni - +1
(p=4)

This result is somewhat encouraging, since if < and p is not too small,
the label bound represents an exponential improvement it compared to known
results for passive learning, while maintaining polylog deendence ort and poly-
nomial dependence om, though the degree increases from 1 to 3. We might won-
der whether the property of being balanced is su cient for th ese improvements.
However, as the following theorem shows, balancedness akis insu cient for
guaranteeing polylog dependence o#. The proof is omitted for brevity.

Theorem 6. If n 2, there is a distribution D% on R" such that, if C is the set
of axis-aligned rectanglesh with Prx p dh(X)=+1g , then there is aV

C 2 -separated with respect toD® such that &2 ) XpTD(V;D% ).
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9 Open Problems

There are a number of possibilities for tightening these bounds. The upper bound
of Theorem 3 contains a0 log <4 factor, which does not appear in any known
lower bounds. In the worst case, whenXTD (C;D;n; ) = O(n), this factor
clearly does not belong, since the bound exceeds the passilearning sample
complexity in that case. It may be possible to reduce or remog this factor. On a
related note, Hegedss [3] introduces a modi ed MembHalvirg algorithm, which
makes queries in a particular greedy order. By doing so, the dund decreases to
Zb;—"to log, jCj instead of tg log, jCj. A similar technique might be possible here,
though the e ect seems more di cult to quantify. Additional ly, a more careful
treatment of the constants in these bounds may yield signi ant improvements.

The present analysis requires access to an upper boundon the noise rate.
As mentioned, it is possible to remove this assumption by a gess-and-double
procedure, using a labeled validation set of size (1=). In practice, this may
not be too severe, since we often use a validation set to tuneagpameters or
estimate the nal error rate anyway. Nonetheless, it would be nice to remove
this requirement without sacri cing anything in dependence on 2. In particular,
it may sometimes be possible to determine whether a classireis near-optimal
using only a few carefully chosen queries.

As a nal remark, exploring the connections between the presnt analysis
and the related approaches discussed in Section 2 could prevruitful. Thorough
study of these approaches and their interrelations seems ssntial for a complete
understanding of the label complexity of active learning.
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