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Abstract. We study the label complexity of pool-based active learning
in the PAC model with noise. Taking inspiration from extant literature
on Exact learning with membership queries, we derive upper and lower
bounds on the label complexity in terms of generalizations of extended
teaching dimension. Among the contributions of this work is the first
nontrivial general upper bound on label complexity in the presence of
persistent classification noise.

1 Overview of Main Results

In supervised machine learning, it is becoming increasingly apparent that well-
designed interactive learning algorithms can provide valuable improvements over
passive algorithms in learning performance while reducing the amount of effort
required of a human annotator. In particular, there is presently much interest in
the pool-based active learning setting, in which a learner can request the label
of any example in a large pool of unlabeled examples. In this case, one crucial
quantity is the number of label requests required by a learning algorithm: the
label complexity. This quantity is sometimes significantly smaller than the sample
complexity of passive learning. A thorough theoretical understanding of these
improvements seems essential to fully exploit the potential of active learning.
In particular, active learning is formalized in the PAC model as follows. The
pool of m unlabeled examples are sampled i.i.d. according to some distribution
D. A binary label is assigned to each example by a (possibly randomized) oracle,
but is hidden from the learner unless it requests the label. The error rate of a
classifier h is defined as the probability of h disagreeing with the oracle on a
fresh example X ~ D. A learning algorithm outputs a classifier h from a concept
space C, and we refer to the infimum error rate over classifiers in C as the
noise rate, denoted v. For €,d,n € (0,1), we define the label complezity, denoted
#LQ(C,D,¢,6,n), as the smallest number ¢ such that there is an algorithm that
outputs a classifier h € C, and for sufficiently large m, for any oracle with v < 7,
with probability at least 1 — § over the sample and internal randomness, the
algorithm makes at most ¢ label requests and h has error rate at most v + ¢.!

1 Alternatively, if we know ¢ ahead of time, we can have the algorithm halt if it ever
tries to make more than g queries. The analysis is nearly identical in either case.
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The careful reader will note that this definition does not require the algorithm
to be successful if v > 7, distinguishing this from the fully agnostic setting [1];
we discuss possible methods to bridge this gap in later sections.

Kulkarni [2] has shown that if there is no noise, and one is allowed arbitrary
binary valued queries, then O (log N(€)) < O (d log%) queries suffice to PAC
learn, where N (€) denotes the size of a minimal e-cover of C with respect to D,
and d is the VC dimension of C. This bound often has exponentially better de-
pendence on %, compared to the sample complexity of passive learning. However,
many binary valued queries are unnatural and difficult to answer in practice. One
of the driving motivations for research on the label complexity of active learning
is identifying, in a general way, which concept spaces and distributions allow us
to obtain this exponential improvement using only label requests for examples
in the unlabeled sample. A further question is whether such improvements can
be sustained in the presence of classification noise. In this paper, we investigate
these questions from the perspective of a general analysis.

On the subject of learning through interaction, there is a rich literature con-
cerning the complexity of Exact learning with membership queries [3,4]. The
interested reader should consult the limpid survey by Angluin [4]. The essen-
tial distinction between that setting and the setting we are presently concerned
with is that, in Exact learning, the learning algorithm is required to identify the
oracle’s actual target function, rather than approximating it with high probabil-
ity; on the other hand, in the Exact setting there is no classification noise and
the algorithm can ask for the label of any example. In a sense, Exact learning
with membership queries is a limiting case of PAC active learning. As such, we
may hope to draw inspiration from the extant work on Exact learning when
formulating an analysis for the PAC setting.

To quantify #M Q(C), the worst-case number of membership queries required
for Exact learning with concept space C, Hegediis [3] defines a quantity called the
extended teaching dimension of C, based on the teaching dimension of Goldman
& Kearns [5]. Letting to denote this quantity, Hegediis proves that

max{to, log, |C[} < #MQ(C) < tolog, |C],

where the upper bound is achieved by a version of the Halving algorithm.
Inspired by these results, we generalize the extended teaching dimension to

the PAC setting, adding dependences on €, §, i, and D. Specifically, we define

two quantities, ¢ and £, both of which have t; as a limiting case. We show that

) (max{Z—j,f, 10gN(26)}> < #LQ(C,D,¢,6,m) < O ((Z—z—i—l) tlogN(e/Q))

where O hides factors logarithmic in %,%, and d. The upper bound is achieved
by an active learning algorithm inspired by the Halving algorithm, which uses
0 ( "j;) unlabeled examples. With these tools in hand, we analyze the label
complexity of axis-aligned rectangles with respect to product distributions, show-
ing improvements over known passive learning results in dependence on 7 when

positive examples are not too rare.
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The rest of the paper is organized as follows. In Section 2, we briefly survey
the related literature on the label complexity of active learning. This is followed
in Section 3 with the introduction of definitions and notation, and a brief dis-
cussion of known results for Exact learning in Section 4. In Section 5, we move
into results for the PAC setting, beginning with the noise-free case for simplicity.
Then, in Section 6, we describe the general setting, and prove an upper bound
on the label complexity of active learning with noise; to the author’s knowledge,
this is the first general result of its kind, and along with lower bounds on label
complexity presented in Section 7, represents the primary contribution of this
work. We continue in Section 8, with an application of these bounds to describe
the label complexity of axis-aligned rectangles with product distributions. We
conclude with some enticing open problems in Section 9.

2 Context and Related Work

The recent literature studying general label complexity can be coarsely parti-
tioned by the measure of progress used in the analysis. Specifically, there are at
least three distinct ways to measure the progress of an active learning algorithm:
diameter of the version space, measure of the region of disagreement, and size
of the version space. By the version space at a time during the algorithm exe-
cution, we mean the set of concepts in C that have not yet been ruled out as a
possible output. One approach to studying label complexity is to summarize in a
single quantity how easy it is to make progress in terms of one of these progress
metrics. This quantity, apart from itself being interesting, can then be used to
derive upper and lower bounds on the label complexity.

To study the ease of reducing the diameter of the version space in active learn-
ing, Dasgupta [6] defines a quantity p he calls the splitting indez. p is dependent
on C, D, ¢, and another parameter 7 he defines, as well as the oracle itself.
Dasgupta finds that when the noise rate is zero, roughly O(%) label requests

are sufficient, and Q(%) are necessary for learning (for respectively appropriate
7 values). However, Dasgupta’s analysis is restricted to the noise-free case, and
there are no known extensions addressing the noisy case.

In studying ways to enable active learning in the presence of noise, Balcan et
al. [1] propose the A2 algorithm. This algorithm is able to learn in the presence
of arbitrary classification noise. The strategy behind A? is to induce confidence
intervals for the differences of error rates of concepts in the version space. If
an estimated difference is statistically significant, the algorithm removes the
worst of the two concepts. The key observation is that, since the algorithm only
estimates error differences, there is no need to request the label of any example
that all remaining concepts agree on. Thus, the number of label requests made
by A? is largely controlled by how quickly the region of disagreement collapses
as the algorithm progresses. However, apart from fall-back guarantees and a few
special cases, there is presently no published general analysis of the number of
label requests made by A2, and no general index of how easy it is to reduce the
region of disagreement.
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The third progress metric is reduction in the size of the version space. If the
concept space is infinite, an €-cover of C can be substituted for C, for some
suitable €’.? This paper presents the first general study of the ease of reducing
the size of the version space. The corresponding index summarizing the potential
for progress in this metric remains informative in the presence of noise, given
access to an upper bound on the noise rate.

In addition to the above studies, Kaaridinen [7] presents an interesting anal-
ysis of active learning with various types of noise. Specifically, he proves that
under noise that is not persistent (in that requesting the same label twice may
yield different responses) and where the Bayes optimal classifier is in C, any
algorithm that is successful for the zero noise setting can be transformed into
a successful algorithm for the noisy setting with only a small increase in the
number of label requests. However, these positive results do not carry into our
present setting (arbitrary persistent classification noise). In fact, in addition to
these positive results, K&aridinen [7] presents negative results in the form of a
general lower bound on the label complexity of active learning with arbitrary
(persistent) classification noise. Specifically, he finds that for most nontrivial

distributions D, one can force any algorithm to make {2 (Z_Z) label requests.

3 Notation

We begin by introducing some notation. Let X be a set, called the instance
space, and F be a corresponding o-algebra. Let Dxy be a probability measure
on X x{—1,1}. We use D to denote the marginal distribution of Dxy over X'. Cx
is the set of all F-measurable f : X — {—1,1}. C C Cx is a concept space on X,
and we use d to denote the VC dimension of C; to focus on nontrivial learning, we
assume d > 0. For any h,h' € Cx, define erp(h,h') = Prx~p {h(X) # h'(X)}.
IfU € X™, define eryy(h, h') = L3 ITh(z) # W (2)]3If L € (X x {-1,1})™,
define erg(h) = L Y eyec Ih(@) # y]. For any h € Cg, define er(h) =
Prix,y)~Dxy 1R(X) # Y}. Define the noise rate v = infrcc er(h). An a-cover
of Cisany V C Cs.t. Vh e C, 30/ € V with erp(h,h') < .

Generally, in this setting data is sampled i.i.d. according to Dxy, but the
labels are hidden from the learner unless it asks the oracle for them individually.
In particular, requesting the same example’s label twice gives the same label both
times (though if the data sequence contains two identical examples, requesting

2 An alternative, but very similar progress metric is the size of an e-cover of the version
space. The author suspects the analysis presented in this paper can be extended to
describe that type of progress as well.

3 We overload the standard set-theoretic notation to also apply to sequences. In par-
ticular, ., indicates a sum over entries of the sequence U (not necessarily all
distinct). Similarly, we use |U| to denote length of the sequence U, S C U to denote
a subsequence of U, S UU to denote concatenation of two sequences, and for any
particular z € U, U \ {z} indicates the subsequence of U with all entries except the
single occurrence of x that is implicitly referenced in the statement. It may help to
think of each instance x in a sample as having a unique identifier.
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both labels might give two different values). However, for notational simplicity,
we often abuse this notation by stating that X ~ D and later stating that
the algorithm requests the label of X, denoted Oracle(X); by this, we implicitly
mean that (X,Y) ~ Dxy, and the oracle reveals the value of Y upon request. In
particular, for U ~ D™, h € Cr, define ery(h) = L 3, I[h(z) # Oracle(x)].

Definition 1. For V C C with finite |V|, the majority vote concept hma; € Cx
is defined by hmq;(z) =1 iff {h € V : h(z) = 1}| > 1|V

Definition 2. For U € X", h € Cx, we overload notation to define the se-
quence of labels h(U) = {h(x)}zeu assigned to entries of U by h. For V C Cg,
VU] denotes any subset of V such thatYh € V,[{h' € VU] : K (U) = h(U)}| = 1.
VU] represents the labelings of U realizable by V.

4 Extended Teaching Dimension

Definition 3. (FExtended Teaching Dimension [3]) LetV C C, m > 0,U € X™.

Vf e Cr, XTD(f,V,U) = int{t| 3R CU : [{heV : h(R)=f(R)}| <1 A |R|<t}.
XTD(V,U) = sup XTD(f,V,U).
feCr

For a given f, we call any R C U such that [{h € V : h(R) = f(R)}| <1 a
specifying set for f on U with respect to V.4

The goal of Exact learning with membership queries is to ask for the labels
f(z) of individual examples z € X until the only concept in C consistent with the
observed labels is the target f € C. Hegediis [3] presents the following algorithm.

Algorithm: MembHalving
Output: The target concept f € C

0.V «C
1. Repeat until |V] =1
2. Let Rynq; be the majority vote of V/

3 Let R C X be a minimal specifying set for h,,,; on X with respect to V'
4. Ask for the label f(x) of every x € R

5 Let V—{heV|Vz € R, f(z) = h(x)}

6. Return the remaining element of V/

Theorem 1. (Ezact Learning: Hegedis [3]). Letting #MQ(C) denote the Exact
learning query complexity of C with membership queries on any examples in X,
and to = XTD(C, X), then the following inequalities are valid if |C| > 2.

max{to,log, [C|} < #MQ(C) < tolog, [C|.
Furthermore, this upper bound is achieved by the MembHalving algorithm.®

4 We also overload all of these definitions in the obvious way for sets U C X.

5 By a slight alteration to choose queries in a particular greedy order, Hegediis is able
to reduce this upper bound to 2@# log, |C|. However, it is the simpler form of the
algorithm (presented here) that we draw inspiration from in the following sections.
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The upper bound of Theorem 1 is clear when we view MembHalving as a
version of the Halving algorithm [8]. That is, querying all examples in a specifying
set for h guarantees either h makes a mistake or we identify f. Thus, querying
a specifying set for h,,,; guarantees that we at least halve the version space.

The following definitions represent natural extensions of XT'D to the PAC
setting. The relation of these quantities to the complexity of active learning is
our primary focus.

Definition 4. (XTD Growth Function) For m >0,V CC, § € [0,1],

XTD(V,D,m,8) = inf{t|Vf € Cx, Prop={XTD(f,VIU],U) >t} < 6}.
XTD(V,m)= sup XTDV[U],U).
Uexm

XTD(C,D,m,d) plays an important role in distribution-dependent bounds on
the label complexity, while XT'D(C,m) plays an analogous role in distribution-
free bounds. Clearly 0 < XTD(C,D,m,d) < XTD(C,m) < m.

As a simple example, consider the space of thresholds on the line. That
is, suppose X = R and C = {hg : 0 € R hg(zx) = +1iff ¢ > 0}. In this
case, XTD(C,m) = 2, since for any set U of m points, and any f € Cpg,
we can form a specifying set with the points min{z € U : f(z) = +1} and
max{x € U : f(x) = —1}, (if they exist).

5 The Complexity of Realizable Active Learning

Before discussing the general setting, we begin with realizable learning (n = 0),
because the analysis is quite simple, and clearly highlights the relationship to
the MembHalving algorithm. We handle noisy labels in the next section.

Based on Theorem 1, it should be clear that for m > {2 (% (d log% + log %)),
#LQ(C,D,¢,6,0) < XTD(C,m)dlog, <. Roughly speaking, this is achieved
by drawing m unlabeled examples ¢ and executing MembHalving with con-
cept space C[U] and instance space U. This gives a data-dependent bound of
XTD(ClU],U)log, |ClU]| < XTD(C,m)dlog, <. We can also obtain a related
distribution-dependent result as follows. Consider the following algorithm.

Algorithm: ActiveHalving

Input: V.C Cx, values ¢, € (0,1), U = {z1,22,...,Tm} € X™, constant n € N
Output: Concept heV

0. Leti« 0

1. Repeat

2. t— 1+ 1

3. Let Z/{i = {x1+n(i71)7 To24n(i—1)y--- 7$ni}

4. Let Rynq; be the majority vote of V/

5. Let R C U; be a minimal specifying set for hp,q; on U; w.r.t. VU]
6. Ask for the label f(x) of every x € R

7. Let V— {h e V|f(R)=h(R)}

8. If 3h € V s.t. hunaj(Us) = h(Uy), Return argming,_y, ery (R, hnay)
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Theorem 2. Let m = [@l (ln %1)2—‘ , and n = E In M—‘. Let

t=XTD(C,D,n, m). If N(6/(2m)) is the size of a minimal 5>--cover
25

of C, then

#LQ(C,D,¢,8,0) < tlog, N(§/(2m)) < O (idlog %) .

Proof. The bound is achieved by ActiveHalving(V, ¢, §,U, n), where U ~D™, and
V is a minimal %—cover of C. Let f € Chaveer(f)=0. Let f=argminpcy er(h).

With probability > 1 —4§/2, f(U) = f(U). Suppose this happens. In each itera-
tion, if the condition in step 8 does not obtain, then either 3z € R : hpq;(x) #
f(x) or else V[U;] = {h} for some h € V such that 3z € U; : hynqj(z) # h(z) =
f(x). Either way, we must have eliminated at least half of V' in step 7, so the
condition in step 8 fails at most log, N(5/(2m)) < 2dlog, 22 — 1 times.

On the other hand, suppose the condition in step 8 obtains. This happens
only when hpq;(Us) = f(Us). Pru, {eru,(hmaj, ) = 0 A ery(himaj, ) > §} <

m. By a union bound, the probability that an h.,q; with ery (hmaqj, f) >

1 satisfies the condition in step 8 on any iteration is at most %. If this does not
happen, then the i € V we return has ery (h, f) < ery(h, himaj)+ery(hmaj, f) <
ery(f, hmaj) + eru(hmaj, f) < §. By Chernoff and union bounds, m is large

enough so that with probability at least 1 — %, eru(ﬁ, f)<s=erp (iL, f) <e
So with probability 1 — %S, we return an h € C with erp(ﬁ, f) <e

On the issue of number of queries, each iteration queries a minimal specifying
set for hy,q; on a set of size n. The probability the size of this set is larger than ¢

for a particular set U; is at most WC—T' By a union bound, the probability
27§

it is larger than £ on any iteration is at most %. Thus, the total probability of
success (in learning and obtaining the query bound) is at least 1 — 4. O

Note that we can obtain a worst-case label bound for ActiveHalving by re-
placing ¢ above with X TD(C,n). Theorem 2 highlights the relationship to known
results in Exact learning with membership queries [3]. In particular, if C and X
are finite, and D has support everywhere on X, then as ¢ — 0 and § — 0, the
bound converges to XT'D(C, X')log, |C|, the upper bound in Theorem 1.

6 The Complexity of Active Learning with Noise

The following algorithm can be viewed as a noise-tolerant version of ActiveHalv-
ing. Significant care is needed to ensure we do not discard the best concept, and
that the final classifier is near-optimal. The main trick is to use subsamples of
size < ﬁ. Since the probability of such a subsample containing a noisy example
is small, the specifying sets for hy,,; will often be noise-free. Therefore, if h € V
is contradicted in many such specifying sets, we can be confident h is subopti-
mal. Likewise, if for a particular unqueried x, there are many such subsamples
containing « where h,,,; is not contradicted, and where there is a consistent h,
then more often than not, h(x) = h*(x), where h* = arg miny/cy er(h').
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Algorithm: Reduce AndLabel(V,U, €, d, 7})

Input: Finite V C Cr, U = {21, 22,...,2m} € X™, values €,4,7 € (0,1].
Output: Concept h € V.

.Letw=[|U]/(BIn|V])]

et Vo —V, i 0

. Do

o

1
2
3 i—i+1

4 Let U = {T14u(i—1) To4u(i=1) -+ Tui}

5. Vi «— Reduce (Vi,l,L{i,ﬁ‘v‘,ﬁ—i—%)

6. Until [Vi| > 2[V; 4] or [Vi < 1

7. Let U = {@uit1, Tuiv2s - - -, Tuite}, Where £ = [12?2 In %—‘

8. L « Label (Vi-1,U, 5,7+ %)

9. Return h € V; having smallest erg(h), (orany h € V if V; = @)

Subroutine: Reduce(V,U, 6, 7))
Input: Finite V' C Cg, unlabeled sequence U, values 4,7 € (0, 1]
Output: Concept space V' C V

0. Let m = |, n = | 5], 7 = [397m 2], 0 = &

1. Let hyuq; be the majority vote of V'

2. Forie{1,2,...,r}

3. Sample a subsequence S; of size n uniformly without replacement from U
4. Let R; be a minimal specifying set for hpq; in S; with respect to V'[S,]
5. Ask for the label of every example in R;

6. Let V; be the concepts h € V s.t. h(R;) # Oracle(R;)

7. Let V be the set of h € V that appear in > 6 - r of the sets V;

8. Return V' =V \V

Subroutine: Label(V,U, 6, 7))

Input: Finite V C Cx, unlabeled sequence U, values 6,% € (0, 1]

Output: Labeled sequence £

0. Let ¢ = ], n= | ok | k= [167£ %]

1. Let Rypqj be the majority vote of V', and let £ — {}

2. Forie{1,2,...,k}

3. Sample a subsequence S; of size n uniformly without replacement from U
Let R; be a minimal specifying set for hyq; in S; with respect to V'[S,]
For each z € R; not in L, request its label y, and let £ — LU {(z,y.)}
. Let U« C U be the subsequence of examples we did not ask for the label of
.Foreachz eld

Let I, = {i:z € S; and 3h € V s.t. h(R;) = humaj(Ri) = Oracle(R;)}
9. For each i € I, let h; € V be s.t. h;(R;) = Oracle(R;)

10. Let y be the majority value of {h;(x) : i € I} (breaking ties arbitrarily)
11. Let £L— LU{(z,y)}

12.Return L

NSO
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Lemma 1. (Reduce) Suppose h* € V is a concept such that ery(h*) <) < 35
Let V' be the set returned by Reduce(V,U, ¢, 0,7). With probability at least 1 -6,
h* € V', and if ery(hmaj, h*) > 104) then |V'| < 3|V

Proof. By a noisy example, in this context we mean any x € U for which h*(zx)

disagrees with the oracle’s label. Let n = {ﬁJ and r = {397 In % ] 0= 32270 By

a Chernoff bound, sampling r subsequences of size n, each without replacement
from U, guarantees with probability > 1 — g that at most 0r of the subsequences
contain any noisy examples. In particular, this would imply h* € V'.

Now suppose ery(Rmaj, B*) > 107. For any particular subsampled sequence
S, ,PTSiNUn(Z/I) {hmaj(Sl-) = h*(Sl)} < (1 — 1077)” < 0.627. So the probability
there is some = € S; with hp,q;(2) ;é h*(x) is at least 0.373. By a Chernoff
bound, with probability at least 1 — 5, at least 40r of the r subsamples contain
some € U such that hp,q;(x) # h*(z).

By a union bound, the total probability the above two events succeed is at
least 1 — 4. Suppose this happens. Any sequence \S; containing no noisy examples
but 3z € S; such that hpq;(x) # h*(x) necessarily has |V| > 1|V|. Since there
are at least 36r such subsamples S;, we have [V| > (36r-1|V| — 9r V1) / (26r) =
1|V, so that [V'| < 3|V|. O

Lemma 2. (Label) Let U € X*, £ > n. Suppose h* € V has ery(h*) <17 < 35.
Let hpmqj be the majority vote of V', and suppose ery(hmaj, R*) < 127. Let L
be the sequence returned by Label(V,U, 6, 7). With probability at least 1 —§, for
every (z,y) € L, y is either the oracle’s label for x or y = h*(x). In any case,
Veel,{y: (x,y) € L} =1.

Proof. As above, a noisy example is any x € U such that h*(x) disagrees with
the oracle. For any x we ask for the label of, the entry (z,y) € £ has y equal
to the oracle’s label, so the focus of the proof is on U. For each z € U, let
. ={i:2x eS8}, A={i: 32 € R;,h*(2') # Oracle(z’)}, and B = {i :
32" € Riyhimaj(2') # h*(2')}. Yo € U, if |I, N A| < |(I. \ B) \ A|, we have that
{i € I; : h*(R;) = hmaj(Ri) = Oracle(R;)}| > %|IAI| > 0. In particular, this
means the majority value of {h;(z) : i € I,,} is h*(z). The remainder of the proof
bounds the probability this fails to happen.

For & € U, for i {1,2,...,k} let S;, of size n be sampled uniformly
without replacement from U \ {z}, A, = {i : 32’ € S; ., h*(2) # Oracle(z')},
and B, ={i: 32" € Siz, hina;(z')£h*(2')}.

737“{3:1067/{ |I. NA| > (I, \B)\A|}

<Y Pr{lLl < g} + Pr{|Ln Al > S >y
TeU
Pr{I(L:\ Ba) \ Aol < YL A L] > 85} < ¢ [em ¥ 420738 ] <

The second inequality is due to Chernoff and Hoeffding bounds. ad
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Lemma 3. Suppose v = infpecer(h) <n andn+ %e < é Let V' be an §-cover
m . . +€/2 481n|V]| _ 1

0= [asmE2m 2 — (39710 2B (410 |V]) + [1674 0 20, and ¢ =
XTD (V, D, n, %) With probability > 1 — 9, ReduceAndLabel (V,L{, 5,0,m+ %)
makes at most ts label queries and returns a concept h with er(h) < v +e.
Proof. Let h* € V have er(h*) < v 4 §. Suppose the value of 7 is + when we
reach step 7. Clearly « <log, /3 [V| < 4In|V/|. Let hj,,; denote the majority vote
of V;. We proceed by bounding the probability that any of six specific events fail
to happen. The first event is

[Vie{1,2,...,0},ery,(h*) <n+ €.

m 62
The probability this fails is < (4In [V|)e” [FR7T] 772 % < £ (by Chernoff and
union bounds). The next event we consider is

[Vie {1,2,...,c},h* € Vi and (if |V,| > 1) ery, (Rl h*) <10 (n+ 3¢)].

maj’
By Lemma 1 and a union bound, the previous event succeeds but this one fails
with probability < %. Next, note that the event

[Vi e{1,2,...,t},ery, (hiil h*) <10 (77 + %e) = erp (hiil h*) < 22—1 (77 + %e”

maj? maj?

fails with probability < (41n|V|)e~ Lsmivi)(1+ie)ss < Z. The fourth event is

lergg (Rbpass h*) <12 (n+ 3€)].
By a Chernoff bound, the probability this fails when the previous three events
succeed is < e_ﬁ(""’%) < %. The fifth event is
lerg(h*) <er(h*)+ § and Vh € V,_1,er(h) > er(h*) + § = ery(h) > erg(h*)].
By Chernoff and union bounds, the probability the previous events succeed but
2

this fails is < |V|€7ﬁ ez < 1%. Finally, consider the event

V(z,y) € L,y = h*(x) or y = Oracle(x)].
By Lemma 2, this fails when the other five succeed with probability < 1%. Thus
the probability all of these events succeed is > 1 — g. If they succeed, then any
h' € V, with er(h') > v4€ > er(h*)+§ has erp(h') > erg(h*) > mingey, erg(h).
Thus the h we return has er(h) < v +e.

In each call to Reduce, we ask for the labels of a minimal specifying set
for r = [397111 %‘VI] sequences of length n. For each, we make at most ¢
label requests with probability > 1 — %, so the probability any call to Reduce
makes more than ¢r label requests is < %I;W'
the labels of a minimal specifying set for < k = [167% In 376@} sequences of
length n. So we make at most tk queries in Label with probability > 1 — g—lz.

Thus, the total probability we make more than ¢(k + 4rIn|V|) = ts queries is

< %I;W' + % = %. The total probability either the query or error bound is

violated is at most §. a

. Similarly, in Label we request
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Theorem 3. Letn = {WJ , and let N be the size of a minimal 5-cover
of C. Let £ = [4875/2 10 22V | Let s = (307 In 282K (41n N)+ 1674 In 221,
andt = XTD (C,D,n, &).

) 2s

n? 1 1 d
#LQ(C,D,e,6,n) <ts=0|t|—=+1)(dlog—+1log— ) [log— ] ).
€2 € 0 €6

Proof. 1t is known that N < 2 (2¢1n 4—:)d [9]. If n+ 2€ > 55, the bound exceeds
the passive sample complexity, so it clearly holds. Otherwise, the result follows

from Lemma 3 and the fact that XT'D (V,D,n,£) < XTD (C,D,n,<). O

Generally, if we do not know an upper bound 7 on the noise rate v, then we
can perform a guess-and-double procedure using a labeled validation set, which
grows to size at most O (”j;). See Section 9 for more discussion of this matter.

We can create a general algorithm, independent of D, by using unlabeled ex-
amples to (with probability > 1—0/2) construct the §-cover. It is possible to do
this while maintaining [V| < N’ =2 (¢ 1n %)d using O (% (dlog L +1log 3))
unlabeled examples. Thus, replacing ¢ in Theorem 3 with XT'D(C,n) and in-
creasing N to N’ gives an upper bound on the distribution-free label complexity.

7 Lower Bounds

In this section, we prove lower bounds on the label complexity.

Definition 5. (Fitended Partial Teaching Dimension) Let V. C C, m > 0,
§>0.YfeCr U e XM,

XPTD(f,V,U,8)=inf{t|3R CU : |{he€V : h(R)=f(R)}| < 6|V|+1 A |R|<t}.
XPTD(V,D,8) =inf{t|Vf € Cg, lim Pry~p{XPTD(f,V,U,5) >t} = 0}.

XPTD(V,m,5) = sup sup XPTD(f V[U,U,Y0).
FECFUexm]

Theorem 4. Let € € [0,1/2), § € [0,1). For any 2e-separated set V- C C with
respect to D,

max{log[(1 —9)|V]|],XPTD(V,D,d)} < #LQ(C,D,¢,4,0).
If0 <0 < 1/16 and 0 < ¢/2 < n < 1/2, and there are hi,ha € C such that
erp(hi, ha) > 2(n+¢€), then

([ 1) 10g L < #LQ(C,D, ¢, 6
€2 g5 = y 5 € 777)

Also, the following distribution-free lower bound applies. If Vo € X, {z} € F°
then letting ® denote the set of all probability distributions on X, for any V C C,

XPTD(V,(1—¢)/e,8) < sup #LQ(C,D',¢,6,0).
D'eD

S This condition is not necessary, but simplifies the proof.
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Proof. The log[(1 — §)|V]] lower bound is due to Kulkarni [2].

We prove the X PT D(V,D,d) lower bound by the probabilistic method as
follows. If §|V| + 1 > |V, the bound is trivially true, so assume 6|V |+ 1 < |V|
(and in particular, |V| < o). Let m > 0, ¢ = XPTD(V,D,d). By definition
of t, 3f" € Cx such that lim, o Pry~p{XPTD(f',V,U,5) > i} > 0. By
the Dominated Convergence Theorem and Kolmogorov’s Zero-One Law, this
implies limy, oo Pry~pn{XPTD(f',V,U,5) > t} = 1. Since this probability is
nonincreasing in n, this means Prypm{XPTD(f',V,U,5) > t} = 1. Suppose
A is a learning algorithm. For 4 € &A™, f € Cyg, define random quantities
Ry,y €U and hy,; € C, denoting the examples queried and classifier returned
by A, respectively, when the oracle answers consistent with f and the input
unlabeled sequence is U ~ D™. If we sample f uniformly at random from V,

Ef [,PTlffyRu,fﬁhu,f {erp(f, hz,{yf) >eV |R1,{7f| > f}]
> Priury ey A (Bug) = f/(Rug) ANerp(fhuf) > €V [Ry 5| >t}

> Ey inf Pri{f(R)=f'(R) ANerp(h, f) > e}] > 4.
heC,RCU:|R|<E

Therefore, there must be some fixed target f € C such that the probability that

erp(f, hu,s) > € or |Ry ¢| > XPTD(V,D,¢) is > §, proving the lower bound.

Kaéridinen [7] proves a distribution-free version of the 2 ((Z—j + 1) log %)

bound, and also mentions its extendibility to the distribution-dependent set-
ting. Since the distribution-dependent claim and proof thereof are only im-
plicit in that reference, for completeness we present a brief proof here. Let
A = {z : hi(x) # ha(x)}. Suppose h* is chosen from {hi,he} by an ad-
versary. Given D, we construct a distribution Dxy with the following prop-
erty’. VA € F,Prix,y)~pxylY = (X)X € AN A} = %—I— m, and
Prix,y)~pxy 1Y = h1(X)|X € A\A} = 1. Any concept h € C with er(h) < n+e
has Pr{h(X) = h*(X)|h1(X) # h2(X)} > 1. Since this probability can be es-
timated to arbitrary precision with arbitrarily high probability using unlabeled
examples, we have a reduction to active learning from the task of determining
with probability > 1 —§ whether hy or ho is h*. Examining the latter task, since
every subset of A in F yields the same conditional distribution, any optimal
strategy is based on samples from this distribution. It is known (e.g., [10,11])
that this requires expected number of samples at least

(1—86) log g5
1 € 1 €
8Dk (3t am5a 13— 705 )

where D, (pllg) = plog £ + (1 — p) log 1=2.
We prove the X PTD(V, (1 — €)/e,8) bound as follows. Let n = 1=¢. For

€

S € X"l let Dg be the uniform distribution on the entries of S. Let f” =
argmaxsec, X PTD(f,V[S],S,0), and define ¢/ = XPTD(f",V[S],S,0). Let

7 Although this proof relies on stochasticity of the oracle, with additional assumptions
on D and A similar to K&&ridinen’s [7], a similar result holds for deterministic oracles.
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m > 0. Let Ry, y and hy s be defined as above, for U ~ D& . As above, we use
the probabilistic method, this time by sampling the target function f uniformly
from V[S].

Es [Pru.ry ;i {€rps(hug, [) > €V [Ryp| > "}
> But [Py ru, s hues 1 (Rug) = " (Rutg) N (S) # F(S) V [Rug| 2 t"}]
> min  Prp{f(R)=f"(R) AR(S) # f(5)} > 6.

~ h€EC,RCS:|R|<t”

Taking the supremum over S € X" completes the proof. O

8 Example: Axis-Aligned Rectangles

As an application, we analyze axis-aligned rectangles, when D is a product den-
sity. An axis-aligned rectangle in R" is defined by a sequence {(a;, b;)}?, such
that a; < b;, and the examples labeled +1 are {z € X : Vi,a; < 2 < b;}.
Throughout this section, we assume F is the standard Borel o-algebra on R™.

Lemma 4. (Balanced Axis-Aligned Rectangles) If D is a product distribution
on R™ with continuous CDF, and C is the set of azis-aligned rectangles such
that Vh € C, Prx.p{h(X) = +1} > A, then

2
XTD(C,D,m,6) <O (”7 log %) .
Proof. If G; is the CDF of X; for X ~ D, then G;(X;) is uniform in (0, 1), and for
any h € C, the function h/(z) = h({min{y : z; = Gi(y)}}1~,) (for x € (0,1)™) is
an axis-aligned rectangle. This mapping of the problem into (0,1)" is equivalent
to the original, so for the rest of this proof, we assume D is uniform on (0,1)™.
If m is smaller than the bound, the result clearly holds, so assume m > 2n +

47" (ln %" + 2nIn 22’ ) Our first step is to discretize the concept space. Let .S be

5
the set of concepts h such that the region {x : h(x) = +1} is specified by the inte-

rior of some rectangle {(a;, b;)}?, with a;,b; € {0, 2n‘in2 , 2%‘:”2 yerns {2”?2—‘271‘;”2 },
a; < b;. By a union bound, with probability > 1—§/2 over the draw of U ~ D™,
Ve,y € U, Vi € {1,2,...,n}, |a; — yi| > ﬁ. In particular, this would im-
ply there are valid choices of S[U] and C[U] so that C[/] C S[U]. As such,
XTD(C,D,m,8) < XTD(SNC,D,m,35/2).

Let f € Cr. If Prx~p {f(X)=+1} < 2, then with probability > 1—4/2,

for each h € S N C, there is some x within the first % In @ examples in U s.t.

h(z) = +1 # f(z). Thus Prypm {XTD(f, (CNS)U,U) > LI @} <5/2.
For any set of examples R, let CLOS(R) be the smallest axis-aligned rect-

angle h € S that labels all of R as +1. This is known as the closure of R.

Additionally, let A C R be a smallest set such that CLOS(A) = CLOS(R).

This is known as a minimal spanning set of R. Clearly |A| < 2n, since the
extreme points in each direction form a spanning set.
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Let h € S be such that Prxp{h(X) = +1} > 3. L(et‘){(ai, b;)}™_, define the

rectangle. Let (%) be the example in ¢/ with largest x, ~ component such that

a:z(-ai) < a;andVj #i,a; < x;m) < b;, or if no such example exists, 2(@) s defined
as the = € U with smallest ;. Let z(*) be defined similarly, except having the
Z(-bi) Ebi) > b;, and again Vj # i,a; < xgbi) <b;. If
no such example exists, then #(*?) is defined as the = € U with largest x;. Let
Anu C U be the subsequence of all examples « € U such that Ji € {1,2,...,n}
with :Cl(-ai) <z <a;orb <z < :vl(-bi). The surface volume of each face of the
rectangle is at least A/2. By a union bound over the 2n faces of the rectangle,
with probability at least 1 — §/(4]S]), [Apu| < 221n 8"7‘5‘. With probability
> 1—6/4, this is satisfied for every h € S with Pry.p{h(X) = +1} > 3.

Now suppose f € Cg satisfies Prxp{f(X) =41} > 2 LetU; ={z €U :
f(x) = +1}, heos = CLOSUL). If any © € U \ Uy has heos(x) = +1, we can
form a specifying set for f on U with respect to S[i] using a minimal spanning
set for Uy along with this x. If there is no such z, then heos(U) = f(U), and we
use a minimal specifying set for h.j,s. With probability > 1—4§/4, for every h € S
such that Prxp{h(X) = +1} < 3, there is some = € U, such that h(z) = —1.
If this happens, since heos € S, this implies Prxop{heos(X) = +1} > % In
this case, for a specifying set, we use Ay, . 4 along with a minimal spanning set

for Uy. So Pryjpm {XTD(f, (CNS)ULU) > 2+ 42 1n 8"‘5‘} < §/2. Noting

smallest z;"’ component with z

B

2n
that |S| < (%) completes the proof. O

Note that we can obtain an estimate p of p = Pr(x y)upy, {Y = +1} that,
with probability > 1 — §/2, satisfies p/2 < p < 2p, using at most O (% log p—lé)

labeled examples (by guess-and-halve). Since clearly Prx.p{h*(X) = +1} >
p — 1, we can take A = (p/2) — n, giving the following oracle-dependent bound.

Theorem 5. If D is as in Lemma 4 and C is the set of all axis-aligned rectan-
gles, then if p = Prix y)ypxy 1Y = +1} > 40, we can, with probability > 1 -4,
find an h € C with er(h) < v + € without the number of label requests exceeding

(o= (51))

This result is somewhat encouraging, since if 7 < € and p is not too small,
the label bound represents an exponential improvement in % compared to known
results for passive learning, while maintaining polylog dependence on % and poly-
nomial dependence on n, though the degree increases from 1 to 3. We might won-
der whether the property of being balanced is sufficient for these improvements.
However, as the following theorem shows, balancedness alone is insufficient for
guaranteeing polylog dependence on % The proof is omitted for brevity.

Theorem 6. Ifn > 2, there is a distribution D" on R™ such that, if C is the set
of axis-aligned rectangles h with Prx..p{h(X) =41} > A, then there is a V C

C 2¢-separated with respect to D' such that 2 (W) < XPTD(V,D,9).
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9 Open Problems

There are a number of possibilities for tightening these bounds. The upper bound
of Theorem 3 contains a O (log %) factor, which does not appear in any known
lower bounds. In the worst case, when XTD(C,D,n,d) = O(n), this factor
clearly does not belong, since the bound exceeds the passive learning sample
complexity in that case. It may be possible to reduce or remove this factor. On a
related note, Hegediis [3] introduces a modified MembHalving algorithm, which
makes queries in a particular greedy order. By doing so, the bound decreases to
Qb’;—f’to log, |C| instead of tglog, |C|. A similar technique might be possible here,
though the effect seems more difficult to quantify. Additionally, a more careful
treatment of the constants in these bounds may yield significant improvements.

The present analysis requires access to an upper bound 7 on the noise rate.
As mentioned, it is possible to remove this assumption by a guess-and-double
procedure, using a labeled validation set of size 2(1/¢€). In practice, this may
not be too severe, since we often use a validation set to tune parameters or
estimate the final error rate anyway. Nonetheless, it would be nice to remove
this requirement without sacrificing anything in dependence on % In particular,
it may sometimes be possible to determine whether a classifier is near-optimal
using only a few carefully chosen queries.

As a final remark, exploring the connections between the present analysis
and the related approaches discussed in Section 2 could prove fruitful. Thorough
study of these approaches and their interrelations seems essential for a complete
understanding of the label complexity of active learning.
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