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Abstract.

This paper presents a general framework for image-based analysis of 3D repeating motions that ad-
dresses two limitations in the state of the art. First, the assumption that a motion be perfectly even from
one cycle to the next is relaxed. Real repeating motions tend not to be perfectly even, i.e., the length of a
cycle varies through time because of physically important changes in the scene. A generalization of period
is defined for repeating motions that makes this temporal variation explicit. This representation, called
the period trace, is compact and purely temporal, describing the evolution of an object or scene without
reference to spatial quantities such as position or velocity. Second, the requirement that the observer be
stationary is removed. Observer motion complicates image analysis because an object that undergoes a
3D repeating motion will generally not produce a repeating sequence of images. Using principles of affine
invariance, we derive necessary and sufficient conditions for an image sequence to be the projection of a
3D repeating motion, accounting for changes in viewpoint and other camera parameters. Unlike previ-
ous work in visual invariance, however, our approach is applicable to objects and scenes whose motion
is highly non-rigid. Experiments on real image sequences demonstrate how the approach may be used
to detect several types of purely temporal motion features, relating to motion trends and irregularities.
Applications to athletic and medical motion analysis are discussed.

1. Introduction point affect the apparent motion. In particular,

the projection of a repeating motion with a mov-
Repeating motions abound in nature as well as ing camera will generally not produce a repeating
in the man-made world. Examples include the sequence of images. In order to determine salient
motions of a heart beating, an athlete running, features of the underlying motion in the scene, the

and a wheel rotating. Repeating motions have an
intrinsic temporal structure that describes how a
motion varies from one cycle to the next. The tem-
poral structure is invisible in any single image, but
becomes apparent when images are compared and
correlations are analyzed in the temporal domain.
Fig. 1 shows temporal image correlation plots for
a repeating and a non-repeating motion. Observe
that the repeating sequence (a) exhibits a pattern s ) ;
of dark contours corresponding to pairs of images so we can make use of principles of affine invari-
with high correlation. In this paper we show that ance (Koenderink and Van Doorn, 1991; Tomasi
this pattern can be analytically modeled to recover and Kanade, 1992; Shapiro et al., 1994).

repeating component must be isolated. We de-
scribe a technique for analyzing repeating motions
that is invariant with respect to (1) changes in the
position, orientation, and scale of the moving ob-
ject(s), and (2) changes in viewpoint and camera
parameters such as focal length and aspect ratio.
The key observation is that effects due to both (1)
and (2) can be modeled by affine transformations

meaningful information about motion trends and Although many real motions are intrinsically
irregularities in the underlying scene. repeating, few are perfectly periodic. For in-
Analyzing 3D repeating motions from image se- stance, a walker’s stride frequency may vary vis-

quences is challenging because changes in view- ibly from one cycle to the next and a heart may
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Temporal correlation plot for a repeating motion (a) shows a pattern of dar contours. The speci ¢ form of the
contours encodes the motion s variation from one c cle to the ne t. No such pattern arises from a non repeating motion
(b). ar regions in plot (b) correspond to intervals with little or no motion. The plots were formed b comparing ever
pair of images in the se uence and plotting correlation values as intensit (light — low correlation, dar — high correlation).

The image comparison functions, and

beat slower or faster according to changing activ-
ity levels. We use the term y ¢ to describe mo-
tions that repeat but lack a constant period. An
analog of period can be defined for cyclic motions,
which we call in tantaneo period, that gives cy-
cle length as a function of time. In applications
such as cardiac image analysis the instantaneous
period can be used to extract individual cycles and
to obtain correspondences between cycles, provid-
ing a means of tracking changes in a heart over
time.

eaningful information about irregularities
can be inferred by comparing different cycles of
a cyclic motion. If two cycles are of different
lengths, one is irregular with respect to the other.
The exact point in time where an irregularity oc-
curs can be determined by considering the deriva-
tive of cycle length (which we define in Section
3.4). Furthermore, the nature of the irregularity

, are described later in this paper.

can be recovered, indicating how the motion varies
locally relative to the norm.

Detection of irregularity information has ap-
plications in athletic and medical motion analy-
sis.  y analyzing the variance of the period in
several cycles of a runner’s gait or a swimmer’s
stroke, anomalies can be located providing feed-
back on specific areas which may need improve-
ment ( erry, 199 ). edical imagery can be ana-
lyzed using the same techniques, for instance to
detect unevenness in a heart’s beating motion.
Finally, a motion’s periodic variance provides a
purely motion-based signature that can be used to
detect certain qualities of a motion based on the
pattern of irregularities that the motion exhibits.

The remainder of the paper is structured as
follows. Section 2 discusses related work on pe-
riodic motion analysis. Section 3 formally defines
cyclic motion and introduces the notion of period
tra e. Section 4 introduces several motion features



that can be derived from the period trace. Section

describes our method for affine-invariant image
matching. Section presents a method for auto-
matically recovering a motion’s period trace using
an optimization approach. Section describes ex-
periments on real image sequences.

R td or

Several researchers have investigated ways of mea-
suring periodicity information from image se-
quences. Allmen and Dyer (199 ) described an
approach for detecting periodicity under ortho-
graphic projection. They used the curvature scale
space of point trajectories to detect repeating
patterns of curvature maxima and hence infer
a period. olana and elson (1993) presented
a method for detecting periodic motions using
Fourier transforms of several point trajectories. In
theory, the period of the motion could be detected
as well by averaging the fundamental frequencies
of the point trajectories, although the authors in-
dicated that determining the period in this way
was unreliable. Tsai et al. (1994) described a sim-
ilar technique, using Fourier transforms of curva-
ture values, where the period was determined from
a single point trajectory.

one of these approaches are appropriate for
analyzing repeating motions that lack a constant
period; in particular, they cannot be used to de-
tect or locate motion irregularities. Furthermore,
they rely on detecting periodicity in 2D and fail
to account for changes in camera viewpoint and
reference frame. For example, consider the mo-
tion of a person running along an arbitrary path.
The runner’s motion is periodic in a 3D reference
frame that moves with the runner. With a station-
ary camera, however, the motion of points on the
runner will not project to periodic image paths,
due to the runner’s constantly changing attitude
relative to the camera. Therefore, methods based
on detecting periodic image paths will fail to de-
tect many 3D repeating motions.

otion information has proven useful in a num-
ber of related recognition problems. ohans-
son’s pioneering work on moving light displays
( D’s) (19 3) demonstrated that human mo-
tions such as walking and running can be recog-
nized solely based on the trajectories of a small
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number of bright spots attached to different parts
of the body. Since then, motion-based recognition
has become an active area of study within com-
puter vision. These efforts include identification
of pedestrians ( ogg, 19 3; Rohr, 1993), D-
based motion recognition ( oddard, 19 9), hand
gesture recognition (Darrell and entland, 1993;
Davis and Shah, 1994), interpretation of facial
expressions ( acoob and Davis, 1994; Essa and
entland, 1994), and temporal textures ( olana
and elson, 1992). An overview of work in this
area, including a more thorough list of references,
is available in a recent survey article ( edras and
Shah, 199 ) and an upcoming book (Shah and
ain).
yclic motion analysis is unique among motion-
based recognition approaches in that it does not
require any type of object- or motion-specific
model. Other motion-based recognition tech-
niques ( ogg, 19 3; Rohr, 1993; Darrell and ent-
land, 1993; acoob and Davis, 1994; Essa and
entland, 1994; olana and elson, 1992) require
a priori models of the underlying object and or
the motion in the scene, although these models
can potentially be learned (Darrell and entland,
1993; aumbergand ogg, 1994; obick and Wil-
son, 199 ). In contrast, periodicity is a ni er a
motion characteristic that can be detected and de-
scribed without knowledge of the underlying ob-
ject and without reference to a previous instance
of the motion. Therefore, the techniques in this
paper can be used to interpret image sequences of
completely unfamiliar objects and motions.

In Seitz and Dyer (1994a) we introduced a
match function that permits view-invariant com-
parison of images and removes the restriction of a
stationary observer. In Seitz and Dyer (1994b) we
described a technique for analyzing irregular cyclic
motions using the period tra e. ere we present a
unified framework for the analysis of periodic and
cyclic motions from image sequences based on the
period trace and view-invariant image matching.

Motion C

ost existing representations of motion describe
how a set of intrinsic parameters of a specific
object model change over time. Examples in-
clude feature trajectories ( ould and Shah, 19 9),
spatiotemporal surfaces ( aker and olles, 19 9),
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joint angle paths ( oddard, 19 9), and evolving
physically-based representations (Terzopoulos et
al., 19 ). In many applications, however, we are
interested in the temporal evolution of an object
or a scene and not its instantaneous shape. on-
sequently, in this section we introduce an alter-
native, purely temporal approach that is indepen-
dent of an object’s spatial properties. Our tempo-
ral motion representation, called the period tra e,
describes how the period changes throughout the
course of a motion and contains a wealth of use-
ful motion information. ecause no assumptions
are made about the spatial structure or represen-
tation of the scene, the period trace can be recov-
ered from any of several standard motion represen-
tations, including ( ould and Shah, 19 9; aker
and olles, 19 9; oddard, 19 9; Terzopoulos et
al., 19 ), and be used to analyze both rigidly and
non-rigidly moving objects and scenes. To moti-
vate the period trace, we first define what it means
for a motion to be periodi and, more generally,

Yy i

eriodi otion

We define a  otion M( ) to be a function whose

value at time is the instantaneous configuration

of a continuously-moving object or scene . We

call a motion  periodi if it repeats with period
,1l.e.,

C ) 0O (1)

for some constant and all times in a given
time domain. The smallest such constant is the
period and the set ()

is called the y e beginning at time

Y 4 otion

The notion of periodicity defined by Eq. (1) has a
very restrictive temporal constraint, namely, that
the motion is perfectly regular from one cycle to
the next. This constraint is relaxed with the intro-
duction of a period- arping function, , as follows

otionC i a edc cici

cC() c() (2)

ora ti e inagienti edo ainand o ein-
rea ing ontin o n tion  ati ying ()

n tion ati ying t e e propertie i a ed
C-warping

Intuitively, () corresponds to the start of the
next cycle after the cycle beginning at time . The
increasing condition on  ensures that a cyclic
motion is order preserving, i.e., implies

() (). otice that all periodic motions are
cyclic and that a cyclic motion is periodic when
Eq. (2) is satisfied for () , with  the pe-
riod. Although not all cyclic motions are periodic,
any cyclic motion can be into a periodic
motion by appropriate temporal transformations
(see Section 4.4).

We emphasize that Definition 1 describes in a
very general sense what it means for a  otion to
be cyclic, as opposed to a signal or a texture. The
terms y ¢ and periodi have been used previ-
ously to mean different things in different con-
texts. Some authors (Allmen and Dyer, 199 ; Tsai
et al., 1994) have used the term cyclic to describe
strictly periodic phenomenon. On the other hand,
a somewhat broader notion of cyclic is often used
to characterize one-dimensional signals that vary
both in frequency and amplitude. The advantage
of Eq. (2) is that it applies equally to one-, two-,
and three-dimensional motions, and is expressed
purely with respect to temporal quantities.

at n tion

Examples of cyclic motions include a rotating
wheel, a spinning top, a beating heart, waving ges-
tures, and an athlete running in place. owever,
many familiar motions that we intuitively char-
acterize as being repeating do not satisfy Defini-
tion 1. For instance, consider a runner who moves
along an arbitrary path. The runner’s motion can
be decomposed into a cyclic component (running
in place) and a component consisting of whole-
body movement along the path .

Definition 1 can be generalized to describe
partially-cyclic motions, such as running, by re-



placing equality with equivalence under a cer-
tain class of transformations. Towards this end,
we introduce the concept of a at n tion,
(C) , a non-negative real-valued func-
tion on the power set (C) consisting of all sub-
sets of configurations of a motion C. atch
functions can be used to identify configurations
that belong to a given equivalence class, i.e.,
(C()cC() C()) if and only if
C() C() C( ). Various forms of
invariance can be achieved by using appropriate
match functions. In particular, a view-invariant
match function is presented in Section . In ad-
dition to incorporating forms of invariance, match
functions also provide a natural way of incorporat-
ing different methods for comparing images. This
framework incorporates existing metrics such as
frame difference, optical ow, ausdorfl distance
( uttenlocher et al., 1993), and recent rigidity
tests (Seitz and Dyer, 1994a; Soatto and erona,
1994; cReynolds and owe, 199 ). Eq. (2) is
generalized to incorporate a match function as
follows

ccC () ) 3)

where

e eriod rae

A C-warping function contains information con-
cerning the temporal variation of a cyclic motion
C. owever, Definition 1 does not determine
a unique C-warping for a given cyclic motion
C. For instance, if C is periodic with period |,

() for any positive integer satisfies
Definition 1. We therefore introduce the notion of
in tantaneo  period

etC ea y i otion et
pointwise-infimum C-warping

De ne () () i
t n ou riod o C

aedteint n
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The fact that is C-warping follows from
the continuity of C et C- arping
and let be a subset of  converging to

at . Then C( ()) C() for each ,
so lim C( ()) C(). ut lim C( ())

C( ()) by continuity of C. ence C( ())
C( ) for all values of ,ie., is C-warping.

Intuitively, () is the length of the cycle begin-
ning at time . For instance, if C is periodic, is
the period. From , several useful quantities are
computable, including , the instantaneous com-
bined length of the next cycles. Accordingly,
let for integers , where product
implies functional composition. Then the nt in-

tantaneo  period, ,is defined as

() () (4)

In addition to being continuous, has the follow-

ing property

() 0 0

which follows from Eq. (4) and the increasing con-
dition on . If  is differentiable, Eq. ( ) is
equivalent to the condition 1.

The inverse functions exist and are defined as

for . () has the intuitive interpretation
as the combined length of the previous cycles
ending at time . Its value is always negative.
We refer to the set of functions

as the period tra e of a cyclic motion C. For in-
stance, the period trace of a periodic motion is a
set of constant functions , where is the
period, as shown in Fig. 2. The period trace is a
comprehensive map of all the cycles in a repeating
motion and identifies all corresponding configura-
tions in different cycles. These properties make
the period trace a useful tool for comparing dif-
ferent cycles and tracking changes in a repeating
motion over time.
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Tr nd nd Irr u riti

The period trace of a cyclic motion describes how
the motion varies from one cycle to the next. on-
sequently, many important attributes of a motion
can be computed directly from the period trace,
without reference to the spatial structure of the
underlying scene. In this section we present sev-
eral features that quantify temporal trends and

irregularities in cyclic motions.

oa eat re

ecause the period trace re ects the cumulative
motion of cycles, it is not obvious that local
temporal information can be derived from it. In
this section we show that local temporal irreg-
ularities can indeed be computed from deriva-
tives of the instantaneous periods. Any interval
in which is not constant, for some |,

is said to be an irreg ar inter a. The quantity
( ) () gives the cumulative change in
the th period, and is the mean rate
of change of  in the interval etting
, the mean rate of change converges to the
instantaneous rate of change, (). enceforth,

we denote as the one-sided derivative defined
by () lim
Values of for which () are irreg ar

point , i.e., points where the motion is faster or
slower at () than at oreover,  provides
both the sign and magnitude of the irregularity.
For instance, () 1 indicates that the period
at time is increasing at a rate of 1 unit, i.e., mo-
tion is faster at than at () by 1 unit. ecause
the motion is faster at the beginning of the cy-
cle than at the end, it must slow down during the
course of the cycle, thereby causing a net increase
in the period.

enerally, not all points where () , for
some , correspond to times where the motion
is globally uneven (see Fig. 2). A nonzero value
of () only indicates that motion is irregular at
time reati e to time (). A point where the
motion is globally irregular satisfies () , for
all (see Fig. 2 (f)).

The total first-order irregularity of a cyclic mo-
tion C at a point in time can be defined as

0) 0) ()

igher order irregularities may also be relevant
in certain situations. For instance, consider a jog-
ger whose stride frequency is steadily decreasing.
Due to the changes in speed, will be nonzero
and second-order irregularities may be more in-
teresting, i.e., where () . Unless otherwise
qualified, the term irreg arity refers to a first-
order irregularity.

oa eat re

The period trace can also be used to compute var-
ious global features of a cyclic motion. These in-
clude

period

cyclic acceleration

shortest and longest cycle

regular and irregular points, cycles, and inter-

vals

The simplest of these is the period. If () is uni-
formly then  is constant and corresponds to
the period. Similarly, if , where , then

the period is uniformly increasing at a rate of
In the case of a decelerating jogger,  gives the
change in speed in terms of the rate of change of
the stride period. The mean value of  gives the
mean rate of increase of the period, which we call
the a erage y i a e eration.

In addition to trends such as the period and
cyclic acceleration, the period trace can be used
to compute globally significant points, cycles, or
intervals in a motion. For instance, a longest
(shortest) cycle is given by any interval ()
for which () is maximal (minimal).

ighly irregular points can be found by max-
imizing Eq. ( ). Similarly, the irregularity of a
cycle is measured by integrating Eq. ( ) over the
entire cycle

C) — ()

Another useful feature is the median cumulative
irregularity of an interval
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ects of an irregularit on the instantaneous period. A periodic sinusoid signal (a) has a constant period (b) and
a period trace consisting of multiples of the period (c). A small irregularit is introduced (d) b temporaril slowing b a
factor of 1 . The irregularit shows up in two places in the instantaneous period (e), where a ramp occurs once when the
irregularit enters the current ¢ cle and once where it leaves. The ambiguit is resolved using the period trace (f) where
the ramps line up onl at the true irregularit (i.e., in a small interval around time 1.5).

C )

() )

otion Signat e

Some types of cyclic motion produce telltale tem-
poral signatures. Examples include periodic mo-
tions and motions with uniform cyclic accelera-
tion, both of which have instantaneous periods
that are linear. The form of a motion’s period
trace may also indicate something about the dis-
tribution of irregularities.  yclic motions that
contain isolated irregularities have very distinct
signatures (see Figs. 2, , and ); the instanta-
neous period of a motion of this sort is piecewise-
constant except at isolated intervals whose loca-
tions and extents correspond to the irregularities.

The locations of irregularities in the period
trace provide other important qualitative clues
about the behavior of a moving object. Any cyclic
motion containing at least one irregularity has a
period trace with ramps in various places, e.g.,
see Fig. 2 (f). There are two categories of ramps;
those that line-up, recurring at the same place in
each cycle, and isolated ramps that don’t recur.

enerally, irregular motions will have both types
of ramps, but certain motions have only ramps
that line-up. These are motions where irregulari-
ties occur at roughly the same point in each cycle.
For instance, a heart may contract at a different
rate in each cycle, resulting in a series of ramps
that line-up at each contraction. A similar phe-

nomenon is shown in Fig.
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ea ring eati e Speed and e o ing -
reg aritie

The period trace provides detailed information
about cycles and changes in speed but does not
explicitly give instantaneous speed as a function
of time. onsider the motion of a jogger whose
stride frequency varies through time. Suppose we
wish to describe these variations not as changes
in stride frequency, but in terms of differences in
speed relative to the norm. For instance, we might
say that the jogger is currently running twice as
fast as normal (e.g., 1 mph versus mph).
This can be achieved by recovering a ti e- arping
function that maps a perfectly regular, e.g. peri-
odic, motion into the uneven motion of the runner.
Any cyclic motion can be warped into a peri-
odic motion by attening its period trace. This
attening transformation and its inverse are the
time-warping functions we’re after. The first step
is to find a function that maps a cyclic motion
into a periodic motion. In other words, given a
cyclic motion, C( ), we wish to find a reparam-

eterization () such that () is constant,
where

() )()
The result is that C( ) is periodic, satisfying
Eq. (1).

For any cyclic motion, C( ), there exist innu-
merable reparameterizations, (), such that
C( ) is periodic. A natural choice is one that syn-
chronizes the motion with respect to a particular
cycle. The result is that the reference cycle re-
mains intact and all other cycles are aligned to
match the reference cycle. This approach is at-
tractive because a cycle may be chosen that sat-
isfies a particular criterion and the whole motion
will be rectified to conform to the criterion. For
instance, irregularities may be removed by choos-
ing a reg ar reference cycle, using the techniques
of Section 4.2. Similarly, choosing a cycle that has
a particular anomaly will result in a motion with
a corresponding anomaly in every cycle.

et C( ) be a cyclic motion and choose a cy-
cle, C , starting at time . Define time warping
function and its inverse as

0) 0) ()
for () ()

C() i periodi ere ()

roo  Fix a value of . Suppose, without loss of

generality, that () () (). Then

() X ()

( ) ()
n ()
() ¢ 1 ()
()

Therefore () is constant so C( ) is periodic with
period ( ). ]

Assuming a constant frame rate, a cyclic image
sequence represents a motion sampled uniformly
in the domain. Rectification involves selecting
an image subsequence corresponding to a uniform
sampling in the domain. Uniform sampling
ensures that the new sequence is periodic when
played back at a constant frame rate. The rectified
sequence may be constructed using as follows
given an initial image sequence , the
rectified sequence is

where () . The effect is that all irregu-
larities are removed and there is no variation in
speed from one cycle to the next.

Whereas can be used for making a sequence
periodic, is useful for describing how a cyclic
motion deviates from periodicity. The derivative
of gives the factor by which motion is locally
faster with respect to the reference cycle. on-
trast this with |, which gives the local change in
cycle length as a function of time; — gives rela-
tive speed directly, but requires a reference cycle.
For instance, —( ) 2 indicates that the mo-
tion at time is twice as fast as normal. In Sec-
tion these techniques are used to measure rel-
ative speed and to demonstrate the rectification
process for a real image sequence.



A n In rinc

Three-dimensional motion analysis from image se-
quences requires isolating salient 3D motion char-
acteristics from artifacts arising from the projec-
tion process. For instance, consider the problem of
measuring the stride frequency of an athlete filmed
while running along a path.  oth the relative
movement of the runners’ limbs and his change in
attitude relative to the camera contribute to the
motion in the image sequence, but only the former
is relevant to the stride frequency. Equivalently,
the athlete may be running in place while the cam-
era moves. We would like to be able to determine
the stride frequency in a way that is not affected
by changes in viewpoint. This is accomplished us-
ing a view-invariant match function that equates
a set of images if and only if they represent views
of an object in the same configuration.

ro e ted at riterion
Formally, we want to determine if a set of images
at , i.e., correspond to views of the same 3D
configuration of an object or a scene. Our for-
mulation assumes an ¢ ne camera model (Koen-
derink and Van Doorn, 1991; undy and isser-
man, 1992; Shapiro et al., 1994) which is a gen-
eralization of orthographic, weak perspective, and
paraperspective projections. An image sequence
is represented as a sequence of 2 matrices
I I where each column is the instantaneous
position of one of image features. It is assumed
that corresponding columns of I and I represent
projections of the same scene point. ence, the
correspondence between features in different im-
ages is assumed to be known. An object or scene
is represented as a 3 matrix S with columns
corresponding to the 3D coordinates of features in
an object-centered affine reference frame. With-
out loss of generality, assume that each row of
I has zero mean; choose the origin of each im-
age to be the centroid of the feature points. Un-
der an affine projection model a set of images,
I I |, match if and only if

I S ()
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for some fixed 3
2 3 matrices .

Define the measurement matrix M of a set of
images to be the concatenation of the image mea-
surements

matrix S, 1 , and

M :
1

If the images match, then by Eq. ( ), we can
express M as follows

M .S ()

Therefore M is the product of two matrices, each
having rank at most 3. It follows that M has
rank 3 or less. This is the Rank Theorem, due
to Tomasi and Kanade (1992), and generalized
for an affine camera. onversely, any measure-
ment matrix of rank 3 or less can be decomposed
as in Eq. ( ) using singular value decomposition
(Tomasi and Kanade, 1992). Therefore, we have
the following

et o 1 -
age at i and onyi M i o ran at
ot
Under orthographic projection (the case con-
sidered by Tomasi and Kanade), the rank condi-
tion alone is not sufficient to determine that a set
of images match. owever, it is both necessary
and sufficient under the more general affine cam-
era model. ence, the eneralized Rank Theo-
rem can be used to detect if a set of images could
have been produced by a 3D cyclic motion. Ac-
cordingly, let I I be a sequence of images,
let be an integer-valued function, and denote
I 1 () The following
result is a consequence of the eneralized Rank
Theorem and Eq. (2)

n ¢ age e-

ene I I 4 tea mneproetion o a
D y i otion i and ony i t ere eit an
in rea ing n tion ati ying () t at

M ) 3 or 1
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Such a function is called I-warping. The ro-
jected atch riterion suggests a provably-correct
way of detecting cyclic motions check all pos-
sible I-warping functions. Under an assumption
of periodicity, this brute-force strategy is feasible
(Seitz and Dyer, 1994a) but exhaustive search is
too costly in general. A more efficient method is
described in Section

ne- n ariant age at ing

ecause rank measurements are highly sensitive to
numerical errors, a more robust measure of match
quality is needed. We can characterize the resid-
ual error of a sequence of images by the amount
by which features must be perturbed in order to
make the images match. Define the match error
of a set of images as follows

() E (M E) 3

E is the root-mean-squared norm of the ma-
trix E defined by E — E . Al-

ternatively, can be expressed in terms of the
singular values of M

() % ere

aret e ing ar a e o0

roo  Singular value decomposition gives
M A%

where  and V are orthogonal matrices and the
singular values of M appear along the diagonal of

(a2 diagonal matrix). The above equation
can be rewritten as

M \' \' 9)

where and are structured as

Eq. (9) can be expressed as
M M M

where M V and M V.

M is the optimal (in an R S sense) rank-
3 approximation of M (Stewart, 19 3). ence,
M is the minimal perturbation of M that pro-

duces a match. Therefore, () M
The latter term is just since and V are
orthogonal, and the result follows. [ ]

The measure gives the average amount
(in pixels) necessary to additively perturb the co-
ordinates of each image feature in order to produce
a set of matching images. In the case where there
are only two images we abbreviate (I 1)
as (I 1). has the following proper-
ties

() if and only if the images, , match
exactly.

is well-behaved with respect to noise (see,
for example, Stewart (19 3)).

is defined in image coordinates and can
be directly related to measurement errors.

is always zero when less than five features
are considered.

may be non-zero when the features are
co-planar. Therefore co-planarity of the feature
set does not cause problems, in contrast to re-
lated techniques (Koenderink and Van Doorn,

1991; Tomasi and Kanade, 1992; Shapiro et al.,

1994).

For features, I 1) —— and the

evaluation cost is ( ) arithmetic operations.
For images, the evaluation cost is the smaller
of ( )and ( ).

Si pied at n tion

The match function is appropriate when a
large number of features are continuously visible
throughout an image sequence. For real world ap-
plications however, this is seldom the case due to
factors such as noise and occlusion. Therefore,
we use a simplified match function that computes
pairwise correlations between images that have a
suitable number of features in common

() T 1)1

I and I share at least features



ote, however, that () is only a necessary
condition for a set of images to match, whereas
() is both necessary and sufficient.

Rco rin t riod Tr c

In order to detect cyclic motion features such as
those introduced in Section 4, we must be able
to recover functions () for each integer

from a cyclic motion C. ecause the complete pe-
riod trace can be computed from , it is sufficient
to determine . For periodic motions, is con-
stant and can be determined using unconstrained
scalar optimization methods. ore generally, the
recovery of  is posed as a constrained functional
minimization problem.

e eriodi ae

If a cyclic motion is known to have a certain form,
this information may be used to help recover its
period trace. articularly, if an a priori motion
model is available, e.g., linear or piecewise con-
stant, the model can ameliorate the task of deter-
mining by reducing the search space and mak-
ing the recovery procedure less sensitive to noise.
Existing techniques for recovering periodicity in-
formation (Allmen and Dyer, 199 , olana and

elson, 1993; Seitz and Dyer 1994a; Tsai et al.,
199 ) implicitly use this strategy, exploiting the
assumption of a constant period. The case where
such a model is not available is treated in the next
section.

The instantaneous periods of a periodic motion
are constant and correspond to the multiples of
the period. Therefore, the period trace of a pe-
riodic motion can be found by optimizing some
function over the set of candidate periods. To-
wards this end, we introduce a tool for assessing
the significance of a candidate period or period
trace.

A Sinicnc M ur In the presence of
noise and quantization effects it is unlikely that
corresponding configurations of a cyclic motion
will match precisely, yielding the zero match
scores predicted by Eq. (3).  atching configura-
tions can nevertheless be detected by minimizing
a well-behaved match function owever, it is
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still necessary to evaluate the significance of a so-
lution in order to discriminate between a cyclic
and a non-cyclic motion. For this purpose we use
a statistical measure based on the Kolmogorov-
Smirnov (K-S) test ( ressetal., 19 ).

The quality of a computed period trace can be
assessed by considering the problem within the
context of sampling theory. The operation of com-
paring two configurations C( ) and C( ) can be
thought of as taking a random point sample from

at pa e

(C() €())

A period trace
specific sample

determines a
given by

(C() C( ()

For example, a period of corresponds to the sam-
ple

(C() C( )

contains the match scores of precisely the con-
figurations that correspond, under the hypothesis
that C is cyclic with period trace . If this hy-
pothesis is correct, the distribution of should
differ significantly from that of | since corre-
sponding configurations minimize by assump-
tion. The K-S test gives the probability, or -

a e, of a random sample of matching the
cumulative histogram of | i.e., the probability
that the motion is not cyclic.

In practice C( ) may be sampled both in space
and time so that the exact distribution of  is not
known. For an image sequence, I I,

is approximated by II1I)1
. For details on how to calculate the K-S
statistic, consult ( ress et al., 19 ).

The -value of a candidate period trace is
evaluated by applying the K-S test to  and
Since the objective is to find a period trace that
minimizes , it is necessary to assess -values of
period traces only for which

() () 1)

andidate period traces for which this inequality
is violated are normalized by assigning -values of
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1. The -value of a motion is defined to be the
minimum -value of all possible period traces.

In practice, a motion’s exact -value is never
computed; the -value of the period trace ob-
tained by the optimization procedure provides an
upper bound that is generally sufficient to differ-
entiate cyclic from non-cyclic motions. We have
found this test to be quite robust; real cyclic mo-
tions yield -values that are exceedingly small, on
the order of 1 or smaller, whereas non-cyclic
motions have -values at or near 1. In fact, ev-
ery one of the non-cyclic motions we evaluated
had a -value of 1. The reason is that image se-
quences are decidedly non-random; adjacent im-
ages (i.e., I and I ) tend to be similar, result-
ing in a natural bias towards small periods.
contains match scores for a adjacent frames and
it is therefore unlikely that Eq. (1 ) will be satis-
fied for any period trace chosen at random. As
a result, most period traces will have -values of
1. ote that this bias helps to differentiate cyclic
from non-cyclic motions since the latter tend to
have -values of 1. For cyclic images sequences
there is an implicit assumption that the instanta-
neous period is uniformly greater than 1. In other
words, the frame rate (images per second) should
be greater than the frequency (cycles per second),
or else the period trace cannot be detected.

D t ctin riod in t ST t Us
ing the K-S test it is straightforward both to calcu-
late the probability that a motion is periodic and
to compute the most likely period. iven a mo-
tion C( ) defined on the domain , evaluate
the K-S test for every candidate period —_—
The value of with lowest -value constitutes the
most likely period and the corresponding -value
gives an upper bound on the probability that the
motion is not periodic.

A potential complication arises in discriminat-
ing between the true period and its multiples. If

is the true period, note that for any
positive integer multiple of ence, it is pos-
sible that () (), for some value
of . owever, the K-S test assigns greater sig-
nificance to larger samples, adding a built-in bias
in favor of smaller periods. ecause consti-
tutes a smaller sample than |, the latter is auto-
matically assigned more significance, resulting in

a smaller -value. onsequently, the -value of

the true period will tend to be more significant

than those of its multiples due to the natural bias

of the K-S test. This phenomenon can be seen in

Fig. , where the true period has a much smaller
-value than its multiple.

e yi ae

When nothing is known a priori about a cyclic mo-
tion, the recovery of its period trace can be posed
as a constrained functional optimization problem.

ecause the complete period trace can be com-
puted from | it is sufficient to determine ()
for each value of . iven a cyclic motion C, we
seek to minimize () subject to the following con-

straints

1.C() C( ()) for ,
2. is continuous

3. ()

4. () 1

where () ()
For discrete data sampled on the interval
, the problem is simplified by introducing
a match function, , (see Section 3.3) and formu-
lating an energy function to be minimized. It
is assumed that is well-behaved near zeros so
that near-matching configurations show up as lo-
cal minima of . The energy function, ( ), has
two terms to enforce constraints 1 and 2, weighted
by a scalar factor

() (e () 0)

)
¢ ) ()
() C ) () (11)

onstraints 3 and 4 are local and easily enforced,
although the strict inequality in constraint 4 is
relaxed (since  may be arbitrarily close to -1) .
We propose a multiscale na e algorithm
adapted from (Kass et al., 19 ; Williams and
Shah, 1992) for recovering the period trace by it-
eratively minimizing the energy function . The
snake is initialized to a rough estimate of and
is incrementally refined so as to reach a state of
locally minimal energy. In each iteration a value



of isselected and () is adjusted by , 1, or -1
unit so as to globally decrease ( ) while check-
ing that constraints 3 and 4 are satisfied. A pass
consists of iterating over all successive values of
in the domain of . The algorithm performs re-
peated passes until  converges. onvergence is
guaranteed since energy decreases monotonically
in each iteration. To avoid problems with local
minima, the optimization approach is repeated at
three scales of increasing resolution using the out-
put of each stage as the initialization for the next.

Initialization is performed by setting  to the
constant function that minimizes the K-S test, as
described in Section .1. In combination with the
multiscale approach, we have found this simple
strategy to provide adequate initialization for the
optimization procedure to converge correctly for
the sequences that we tested. owever, this strat-
egy is designed for near-periodic sequences; highly
irregular cyclic sequences may require a more so-
phisticated initialization procedure, perhaps in-
corporating user interaction, as in (Kass et al.,
19 ).

e eoery gorit

The following sequence of operations is used to
compute the period trace and its -value from a

sequence of images I I
Step hoose a match function for compar-
ing images.

Step ompute -values for each candidate
period 2 ——. The candidate with
smallest -value is the most likely period. The
associated -value gives the probability that
the motion is not periodic.

Step  Apply energy minimization passes un-
til the snake converges at a succession of finer
scales. The snake is initialized to at
the coarsest scale. Upon convergence, the new
snake configuration is used to initialize energy
minimization at the next finer scale.

Step  Obtain the -value of the derived period
trace using the K-S test, giving the probability
that the motion is not cyclic.
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As noted in Section .1, this algorithm cannot
detect periods of one frame or less. Such motions
will generally be found to be non- y i with a

-value of 1.

E ri nt

Three image sequences were used to evaluate
the performance of the optimization methods de-
scribed in Section and the detection of temporal
motion features. In addition, three non-cyclic se-
quences were used as a control set to test the dis-
crimination accuracy of the algorithm. The first
two sequences illustrate the use of match functions
for view-invariant recovery of irregularity informa-
tion. The third experiment uses -ray data of a
beating heart to show that the period trace can
be calculated from medical imagery without pre-
processing and can be used for temporal segmen-
tation and analysis. Selected images from all six
sequences are shown in Fig. 3. All three control
sequences yielded -values of 1, indicating with
great probability that they are not cyclic. In each
case, the period minimizing () was 1
frame.  ore experiments can be found in Seitz
and Dyer (199 ).

a ing Se ene

A human subject was filmed walking in an arc sub-
tending about  degrees. The camera was man-
ually rotated to keep the subject in view, and the
focal length was slowly changed during filming.
To aid software feature detection and tracking, re-
ective markers were placed in areas which were
visible for the duration of the sequence (i.e., right
arm, right leg, mid torso, and head). We used the
method described in Section .1 to determine the
period with smallest -value. The affine-invariant
match function, , of Section was used for com-
paring images. Fig. 3 shows that the algorithm
successfully detected matching images; images 1,
3 , and 112 are views of the subject at roughly
the same point in her walk cycle. The algorithm
detected a period of 3 with a -value of 1
The -value of the detected period clearly beats
out all other candidates (see Fig. ).
ecause features on only one side of the torso
were tracked, the feature set was nearly planar.
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elected images from image se uences of ¢ clic motions. Top  uman sub ect wal ing. Middle Rotating turntable.
Bottom ra images of a beating heart. The rst, third, and fourth images in each set match and these correspondences
were computed automaticall from the period trace.
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1 10 20 49

elected images from three non repeating image se uences (top), (center), and (bottom). All
three se uences ielded P values of 1, indicating with great probabilit that the motions are non c clic.
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o-planarity of the feature set is known to be
problematic for many shape-from-motion algo-
rithms (Koenderink and Van Doorn, 1991; Tomasi
and Kanade, 1992; Shapiro et al., 1994). ote,
however, that it does not cause a problem for our
algorithm because an explicit 3D scene representa-
tion is never computed. ote also that the entire
motion is nearly affine; the features in each im-
age can be roughly approximated by a horizontal
shear and or re ection of the features in the first

image. In fact, we have found this property to be
true of other human locomotory motions such as
running, skipping and jumping. Since the match
function  equates all images that are related by
a 3D affine transformation, purely affine motions
appear stationary, and period detection fails. The
periods of nearly-affine motions, however, can be
reliably detected with our approach, but the re-

sulting -values tend to be less significant.

P-values of Walk Periods

10e-20

10e-15 -

10e-10

P-value

10e-5 |

10e-0 0 /‘\

19

37

period (images)

Period P values of a wal ing human. The period with the highest level of signi cance is 37, with a P value of 1

rnta e otion Se en e

A rotating turntable was filmed using a moving
hand-held video camera. Re ective markers were
placed both on the turntable and elsewhere in the
ote that although the motion of
the turntable is rigid, the entire scene moves non-

static scene.
rigidly.  ustom software was used to track the
markers as the camera moved about the scene
and the turntable simultaneously rotated. Twice
the turntable was brie y touched to temporarily
slow the rotation and artificially produce an irreg-

ularity. Images were compared using the affine-
invariant match function, , of Section

Fig. shows the recovered period trace. The
figure illustrates that the optimization process
successfully located low-energy valleys in the
match space, corresponding to the dark contours
in the temporal correlation plot. The two regions
with the highest irregularity values correspond to
the two brief intervals in which the turntable was
touched. The width of each interval indicates how
long the turntable was touched and the irregular-
ity value determines the extent to which the ro-
tation was slowed. otice that there are several
ramps throughout the period trace but all coin-
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Instantaneous Periods of Turntable
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Period trace of the turntable motion se uence. (a) Temporal correlation plot of  ( ) with values shown as
intensit (white — low correlation, blac — high correlation). (b) The recovered period trace (white) is superimposed on
the correlation plot. (c) A graph of  and with the two most irregular intervals mar ed. Notice that discontinuities

appear in various places but line up onl at actual motion irregularities. The ground truth turntable fre uenc is 33—
revolutions per minute, or 5 frames per revolution at NT C video rate.
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Relative Speed as a Function of Time
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P-values of Rectified Turntable Periods
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Image se uence recti cation using the period trace. The turntable se uence was recti ed, producing a periodic
se uence with irregularities automaticall removed. (a) peed relative to the rstc cle. Touching the turntable slowed the
rotational speed, producing momentar reductions in —. ther wuctuations are present but are not signi cant since the
local variations in speed cancel. (b) Temporal correlation plot of the recti ed se uence. bserve that the period trace (dar
lines) consists of constant functions, indicative of a periodic motion. (c) Period P values for the recti ed se uence. The
period with smallest P value is 5 , e actl matching the ground truth of 33— rpm at NT C video rate.



cide only in the intervals where the turntable was
touched. Image in Fig. 3 is an image from a
detected irregular interval, showing the turntable
being touched.

The rectification procedure of Section 4.4 was
applied to the image sequence, producing a peri-
odic image sequence (see Fig. ) comprised of a
subset of the images in the original turntable se-
quence. otice that the period trace has been at-
tened and no longer contains signs of irregularities.
The first complete cycle in the image sequence was
automatically detected and used as the reference
cycle. In the rectified sequence, the turntable ro-
tates at a constant rate of 4 frames per revolu-
tion, exactly matching the ground truth rate of
33- rpm at TS video rate. The turntable se-
quence was found to be cyclic with a -value of
1 . The rectified sequence was determined
periodic with a -value smaller than 1 , the
smallest number representable with an -byte dou-
ble oat.

The graph at left in Fig. shows instantaneous
speed relative to the reference cycle. The slow-
ing of the turntable is re ected by a reduction in
speed in the two intervals in which the turntable
was touched.  otice that there are four other
momentary uctuations in speed. These uctu-
ations, however, are not significant because the
local changes in speed cancel out. For example,
the rotational speed is twice as fast as normal in
frame 12 , and half as fast as normal in frame
12 . These reciprocal variations exactly cancel
each other out, producing no net change in cy-
cle length. This characteristic pattern is common
in graphs of this type and is indicative of a small
error in the recovered period trace rather than a
motion irregularity in the scene. In contrast, mo-
tion irregularities generally leave variations that
do not cancel, resulting in a net increase or de-
crease in cycle length during the time in which
the irregularity occurred (e.g., frames - 2 and
1 -2 2in Fig. ).

eart -ray otion Se en e

We also tested our recovery method on a beat-
ing heart motion using a sequence of -ray im-
ages obtained through coronary angiography. A
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few images from the sequence are shown in Fig. 3.

ecause of the difficulty of automatically segment-
ing these images, we chose to match the raw data
directly, using the grayscale image intensities as
the underlying spatial representation. The match
function was just the sum of absolute pixel inten-
sity differences between image pairs

TI1I) I I

Due to the poor quality of the images, the pattern
of dark contours in the temporal correlation plot is
weaker than in the turntable plot. It was distinct
enough, however, for the algorithm to find a pe-
riod trace with a -value of 1 , indicating that
the motion is cyclic with very high probability.

The curve shown in Fig. is qualitatively
similar to an electrocardiogram (E ), which can
also be used to detect heart periods, although dif-
ferent information is conveyed. An . measures
electric activity of the heart so period informa-
tion is not explicit, in contrast to the period trace
which gives cycle length as a function of time.

Fig. (c) shows that the period changed from
2 frames to 2 to 24 and back to 2 , but re-
mained roughly constant for the duration of each
cycle. A period trace of this form is indicative
of a motion with isolated irregularities. In addi-
tion, observe that the ramps in the period trace
(b) all tend to line up, indicating that irregular-
ities occurred in roughly the same place in each
cycle. The locations of these ramps coincide with
intervals in which the heart is at rest, indicating
that irregularities occurred between contractions
as the heart relaxed, pausing for slightly different
lengths of time in different cycles.

In addition to temporal irregularities, real mo-
tions can contain patia irregularities where the
set of physical configurations changes somewhat
from one cycle to the next. Although the period
trace is a purely temporal representation, it can
be used in conjunction with other methods to de-
tect spatial variations between cycles. For exam-
ple, in order to visualize spatial changes in the
heart sequence, we generated a sequence of differ-
ence images comparing corresponding frames from
different cycles. Fig. 9 shows sets of these differ-
ence images corresponding to one interval in which
the heart is undergoing rapid spatial changes and
another in which it is nearly stationary. ixels
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Period trace of the heart ra motion se uence. (a) Temporal correlation plot of the image se uence. (b) Period
trace superimposed on correlation plot. (c) nlargement of the instantaneous period. Notice that the instantaneous period
is roughl piecewise constant, corresponding to the predicted model of a motion with isolated irregularities. ualitativel ,
the motion is seen to be relativel even e cept in certain short intervals (near frames 2 , , and 7 ), suggesting that the
period variation is due to uneven motion solel in these short intervals.
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Visuali ing spatial variations in the heart ra se uence. i erence images comparing corresponding frames from
di erent ¢ cles where a heart is moving wuic 1 (left) and slowl (right). rames 57 and 1 correspond, as do frames 1
and 3 . imilar pi els appear as neutral gra . Note that changes are much more rapid at left than at right. ight and
dar regions in image 1 3 reveal signi cant spatial di erences, indicating that the heart passed through slightl di erent
con gurations in the two ¢ cles.
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with higher (lower) intensity in the first image ap-
pear lighter (darker) in the difference image. Sim-
ilar pixels appear as neutral gray. These differ-
ence images provide simultaneous visualization of
both instantaneous velocity and spatial irregular-
ities between cycles. For instance, the left col-
umn of Fig. 9 shows that the configuration of the
heart is changing very rapidly relative to the frame
rate. owever, the overall match is visually quite
good between images and 1, indicating that
the heart is passing through nearly the same con-
figuration at this point in the two cycles. In con-
trast, the difference images in the right column
of Fig. 9 have similar gray-values almost every-
where, indicating an interval where the heart is
nearly stationary. Images 14 and 3 yielded the
locally best match score, yet the difference image
shows several areas of disparity, revealing that the
heart paused in slightly different configurations in
the two cycles. The patterns of light and dark
regions provide a way of visualizing spatial irreg-
ularities between cycles. Optical ow techniques
could be used to gain a more quantitative mea-
sure of these changes, provided that the changes
are small. These images illustrate that the pe-
riod trace can be used in conjunction with other
methods to visualize spatial as well as temporal
variations in cyclic motions.

Conc u ion

This paper presented two main contributions to
the field of motion analysis. First, we introduced
a novel motion representation, called the period
tra e, that provides a complete description of tem-
poral variations in a cyclic motion, and can be
used to detect motion trends and irregularities.
Unlike previous motion representations, the pe-
riod trace is purely temporal, describing the evo-
lution of an object or scene without reference to
spatial quantities such as position or velocity. Sec-
ond, we derived necessary and sufficient conditions
for determining whether an uncalibrated image se-
quence is the projection of a 3D cyclic motion in
the scene, using principles of affine invariance. In
contrast to most previous work on visual invari-
ance, however, our approach is applicable to ob-

jects and scenes that undergo non-rigid cyclic mo-
tions.

Our approach makes use of a novel affine-
invariant match function, , that permits view-
invariant image comparisons, enabling analysis of
images taken with a moving camera. ecause
is invariant to 3D affine transformations of the
scene, the technique is also applicable to motions,
like an athlete running, that are not strictly cyclic
but have a cyclic component. The algorithm is ro-
bust with respect to measurement errors and per-
forms well for a wide range of image sequences.
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1. Although time is implicit,
uantit .
2. thers have referred to this decomposition in terms of
relative and common motion.
3. e have found to be more robust than
in this conte t.
ptimi ation based directl on the K test leads to
numerical problems, since  values can be e ceedingl
small close to the true period trace.
5. This modi cation poses minor invertibilit problems
for
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