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1. Introduction. The Nash equilibria of two-person, zero-sum sequential games are the solutions to

I)ggggg;(y, AX) —gg;ggg(y, Ax), (1)
where % and % are polytopes defining the players’ strategies and A is the payoff matrix (Koller et al. [11];
Romanovskii [19]; von Stengel [21, 22]). When the minimizer plays a strategy x € % and the maximizer plays
y € Y, the expected utility to the maximizer is (y, Ax), and since the game is zero sum, the minimizer’s
expected utility is (y, —Ax). Problem (1) can be expressed as a linear program, but the resulting formulations are
prohibitively large for most interesting games. For instance, the payoff matrix A in (1) for limit Texas Hold’em
poker has dimension 10'* x 10'* and contains more than 10'® nonzero entries. Problems of this magnitude
are far beyond the capabilities of state-of-the-art general-purpose linear programming solvers. Even solving a
substantially smaller game with a 10° x 10° payoff matrix containing 50 million nonzeros with conventional
linear programming solvers is computationally demanding both in terms of time and memory (Gilpin and
Sandholm [5]).

We present a novel algorithmic approach for finding approximate solutions to (1). To this end, we define
polytopes called treeplexes and concentrate on solving (1) when % and % are polytopes of this type. Treeplexes
generalize simplexes and include as a special case the strategy sets of sequential games. Our approach follows
a current trend of applying first-order algorithms to nonsmooth optimization problems (Juditsky et al. [10]; Lan
et al. [12]; Nemirovski [13]; Nesterov [16, 17]). A key feature of these algorithms is their low computational
cost per iteration, which makes them particularly attractive for large problems. We adapt Nesterov’s [16, 17]
smoothing techniques for approximating (1). In particular, we develop first-order algorithms that take @(1/€)
iterations to compute X € & and y € % such that

0 < max(v, AX) — min(y, Au) < €. (2)
veY uexX

Such a pair of strategies is called an e-equilibrium.

494


mailto:shoda@andrew.cmu.edu
http://www.andrew.cmu.edu/user/shoda/
mailto:gilpin@cs.cmu.edu
http://www.cs.cmu.edu/~gilpin/
mailto:jfp@andrew.cmu.edu
http://www.andrew.cmu.edu/user/jfp/
mailto:sandholm@cs.cmu.edu
http://www.cs.cmu.edu/~sandholm/

Hoda et al.: Smoothing Techniques for Computing Nash Equilibria
Mathematics of Operations Research 35(2), pp. 494-512, ©2010 INFORMS 495

The simplicity and the low computational cost per iteration of our algorithm enables the computation of near
equilibria for enormous sequential games. An implementation based on our approach has been successful in
obtaining e-equilibria for sequential games where the payoff matrix A is of size 10® x 10® and contains more
than 10'? entries (§6). These games are abstracted poker games with 10® information sets and 10'? leaves in
the game tree. This problem size (as measured by the number of leaves) is more than four orders of magnitude
larger than what can be handled by solving the linear programming formulation via conventional solvers, such as
interior-point methods (IPM) (Gilpin and Sandholm [4, 5]). Our implementation is a key component of several
successful poker-playing computer programs for full-scale Heads-Up Texas Hold’em poker (Gilpin et al. [6, 7]).

The paper is organized as follows. Section 2 summarizes Nesterov’s [16, 17] smoothing technique as it applies
to problem (1). We highlight that technique’s crucial ingredient, a pair of suitable prox-functions for the sets
2% and %. Section 3 presents our main idea, a template for constructing suitable prox-functions for treeplexes.
Section 4 considers the special case of uniform treeplexes. For these treeplexes, we provide explicit bounds
on the number of iterations needed for finding an e-equilibrium. Sections 5 and 6 present some computational
experience with an implementation based on our approach. Finally, §7 summarizes the main conclusions and
discusses ideas for future work.

2. Smoothing techniques. Problem (1) can be stated as
min f(x) = max ¢(y), (©)
xe& YeY

where
f(x) = max(y, AX) and ¢(y) = min(y, Ax).
yeYy XeX

The functions f and ¢ are respectively convex and concave nonsmooth functions. The left-hand side of (3) is a
standard convex minimization problem of the form

h:=min{h(x): x € ¥}. )

First-order methods for solving (4) are algorithms for which a search direction at each iteration is obtained
using only the first-order information of / such as its gradient or subgradient. When /4 is smooth with Lipschitz
gradient, there is a first-order algorithm for finding a point x € % such that h(x) < h + € after @(1//€)
iterations (Nesterov [14]). When £ is nonsmooth, subgradient algorithms can be applied, but they have a worst-
case complexity of @(1/€?) iterations (Goffin [8]). However, that pessimistic result is based on treating % as a
black-box where the value and subgradient are accessed via an oracle. For nonsmooth functions with a suitable
max structure, Nesterov [16, 17] devised first-order algorithms requiring only @(1/€) iterations by applying a
clever smoothing technique. In this paper, we adapt that smoothing technique for solving problem (1).

The key component of Nesterov’s [16, 17] smoothing technique is a pair of prox-functions for the sets %
and %. These prox-functions are used to construct smooth approximations f, ~ f and ¢, ~ ¢. To obtain
approximate solutions to (3), gradient-based algorithms can then be applied to f,, and ¢,,.

DEerFINITION 2.1.  Assume Q C R” is a convex compact set. A function d: Q — R is a prox-function if it
satisfies the following properties:

(i) d is strongly convex in Q, i.e., there exists o > 0 such that for all x,y € Q, and « € [0, 1]
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d(ax+ (1 - a)y) < ad(x) + (1 - a)d(y) — zoa(l - a)[x—y|*. ®)
The largest value of the constant ¢ that satisfies (5) for a particular norm || - || is the strong convexity modulus of
d with respect to || - ||. Note that the specific value of the strong convexity modulus o depends on its associated

norm || - |.

(ii)) min{d(x): x€ Q} =0.

When d: Q — R is differentiable, (5) can be equivalently stated in either of the following two forms
(Nesterov [15]):

d(y) = d(x) +(Vd(x),y —x) + 0 [x —y|* forallx,yeQ, (6)
(Vd(x) — Vd(y),x—y) > o|x—y|* forallx,yeQ. 7
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Assume d, and d.,, are prox-functions for the sets 2 and %, respectively. Then for any given u > 0, the
smooth approximations f, ~ f and ¢, ~ ¢ are

Fu(0) = max{(y, AX) = pd, (5 Y€ Y}, ,(y) = min{(y, AX) + ., (x): x € %).

The following result of Nesterov [16, 17] provides the theoretical foundation of our first-order algorithms
for solving (1). Let D, := max{d.,(x): x € ¥}, and let o, denote the strong convexity modulus of d..
Let D, and o, be defined likewise for % and d,. The operator norm of A used below is defined as
[|A]l := max{(y, Ax): [|x]|, [[y|| < 1}, where the norms ||x||, [|y|| are those associated with g, and 0.

THEOREM 2.2 (NESTEROV [16, 17]). There is a procedure based on the above smoothing technique that after
N iterations generates a pair of points (x¥,y") € & x Y such that

N vy _ AlIAlL [ PaDy
OSf(X)—¢(Y)SN—+1 %' (®)

Furthermore, each iteration of the procedure performs some elementary operations, three matrix-vector multi-
plications by A, and requires the exact solution of three subproblems of the form

max{(g.x) —d,(x)}  or  max{(g.y)—d,(y)}. ©)

In §5, we will present an explicit algorithm as stated in Theorem 2.2. Before that, we first provide a method
for solving the subproblems in (9) as these are critical steps in the algorithm. These subproblems can be phrased
in terms of the conjugate of the functions d,, and d,, (Hirriart-Urruty and Lemaréchal [9]). The conjugate of
d: Q — R is the function d*: R"” — R defined by

d*(s) := max{(s, x) — d(x): x € Q}.

If d is strongly convex and Q is compact, then the conjugate d* is Lipschitz continuous, differentiable every-
where, and
Vd*(s) = arg max{(s, x) — d(x): x € 0}.

(For a detailed discussion, see Hirriart-Urruty and Lemaréchal [9].)

For an algorithm based on Theorem 2.2 to be practical, the subproblems (9) must be solvable quickly because
their solution is required three times at each iteration of the algorithm. In other words, the conjugates 7, and
d7, and their gradients Vd’, and Vd7, should be easily computable. This motivates the following definition.

DEFINITION 2.3.  Assume Q € R”" is a compact convex set. We say that d: Q — R is a nice prox-function
for Q if it satisfies the following three conditions:

(i) d is continuous and strongly convex in Q, and differentiable in the relative interior of Q.
(ii) The conjugate d* satisfies d*(0) =0.

(iii) The conjugate function d* and its gradient Vd* are easily computable.

ExaMPLE 1. For the k-dimensional simplex A,, the entropy function d(x) =1Ink + Zf‘zl x;Inx;, and the
Euclidean distance function d(x) = %Zf.;l (x; — 1/k)? are nice prox-functions. Indeed, for the entropy prox-
function, the gradient of the conjugate Vd*(s) is given by the closed-form expression

* e’ .
Vid(S)=Zk—, l=1,...,k.
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Furthermore, as discussed in Juditsky et al. [10] and Nesterov [16], the entropy function has strong convexity
modulus equal to one for the L'-norm ||x|| := ij:l |x;].
For the Euclidean prox-function, the gradient of the conjugate Vd*(s) is given by the expression

Vd*(s)=(s;— M), i=1,...,k,

where A € R is such that Z';zl(sj — A)*t = 1. This value of A can be found in @(kInk) steps via a binary search
in the sorted components of s. Furthermore, from (7), it follows that the Euclidean prox-function has strong

convexity modulus equal to one for the Euclidean norm ||x|| :=,/ Z§:1 X7
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3. Treeplexes. This section presents the essential elements of our approach. We define the class of treeplex
polytopes and provide a generic technique for constructing nice prox-functions for treeplexes, using as building
blocks any family of nice prox-functions for simplexes. This allows us to create practical first-order algorithms
based on Theorem 2.2 for solving the saddle-point problem (1) over treeplexes % and %.

A treeplex can be seen as a tree whose nodes are simplexes. The tree structure endows the treeplex with a
certain kind of sequential characteristic. In particular, treeplexes include the types of polytopes that arise in the
computation of Nash equilibria of sequential games. The latter is an immediate consequence of the sequence
form formulation of Nash equilibria for sequential games, as detailed in Koller et al. [11], Romanovskii [19],
and von Stengel [21, 22].

DErFINITION 3.1. The class of treeplexes is recursively defined as follows:

(i) Basic sets: Every standard simplex A, :={x € [0, 1]™: 3>"_, x; =1} is a treeplex.
(ii) Cartesian product: If Q,, ..., Q, are treeplexes, then O, X --- x Q, is a treeplex.
(iii) Branching: If P [0, 1]? and Q € [0, 1]7 are treeplexes and i € {1, . .., p}, then

PEQ:: {(x,y) eR": xe P, yex; Q)

is a treeplex.

The Branching operation in Definition 3.1 has the following sequential interpretation: the vector X is the set
of “current stage” decision variables, and the vector y is the set of “next stage” decision variables following
the i-th current decision variable x;. Notice that a treeplex can be written in the form {x > 0: Ex = e} for some
matrix E with entries in {—1, 0, 1} and vector e with entries in {0, 1}, see von Stengel [21, 22].

In the sequel, we will often need to compare the norm of a vector (X,y) € R?*¢ with those of x € R?, y € R?.
This requires a certain compatibility of the norms in the spaces R”, R?, and R”*9. Henceforth we shall make
the following mild norm-embedding assumption:

Il =1G Ol [yl =10, y)Il. (10)

We now present our general procedure for constructing nice prox-functions for treeplexes. The construction
relies on the following dilation operation from convex analysis (Hirriart-Urruty and Lemaréchal [9]). Given a
compact set K € R? and a function ®: K — R, define the set K € R4*! as

K:={(x,y)eR™: x€[0,1],yex K},
and define the function ®: K — R as

B x-®(y/x) if x>0,
D(x,y) =
0 if x=0.

PrOPOSITION 3.2. If K is compact and ® is continuous in K, then ® is continuous in K. Also, if (x,y) ek
is such that x >0 and V®(y/x) exists, then VD (x,y) exists and

V. ®(x,y) = (y/x) — (VD(y/x), y/x),

_ (11)
V,®(x,y) = VO(y/x).

ProoOF. The continuity follows via a straightforward limiting argument: Assume (x,y'), (x,y) € K, and
(x',y) = (x,y). If x>0, then y'/x; y/x € K and y'/x; — y/x. Since ® is continuous, we get
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D(x',y") = Oy /x') = O(y/x) = D(x,y).
On the other hand, if x =0, then x’ — 0. Consequently,
|D(x', y)| = |x'®(y' /x)| < x' max{D(z): ze K} — 0= D(x,y).

Finally, the identities in (11) follow by applying the chain rule. O
Assume we are given a family of nice prox-functions d,, for A,,, m € Z*. Using this family, we recursively
construct functions for treeplexes as follows:
(i) Basic sets: For Q=A,,letd,:=d,,.
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(ii) Cartesian product: If Q,, ..., Q, are treeplexes and Q = Q, X --- X Q,, let

k
do(x',....x"):=3"d, (x),
i=1

where d, , ..., d,, are nice prox-functions for their respective treeplexes.
(iii) Branching: If P € [0, 1]? and R € [0, 1]" are treeplexes, i € {1,..., p}, and Q = P|Z|R, let

dQ(X’ y) = dP(X)+d_R(xi’Y)’ (12)
where d, and dj are nice prox-functions for P and R.
THEOREM 3.3.  The functions d, defined above are nice prox-functions for each treeplex Q.

To prove Theorem 3.3, it suffices to show that the properties of nice prox-functions are preserved for the
Cartesian product and Branching steps. Since the Cartesian product step is straightforward, we concentrate on
the Branching step as stated in the following proposition.

ProposITION 3.4.  Assume P C [0,1]” and R C [0, 1]" are treeplexes, i € {1,...,p}, and Q = PEIR. Fur-
thermore, assume dp and dg are nice prox-functions for P and R, respectively, and

do(x,y) :==dp(x)+ d_R(xi’ y)-

Then
(i) dg is continuous and strongly convex in Q and differentiable in the relative interior of Q.
(ii) d, and Vd}, are computable via the following expressions:

dy(u,v) =djy (1), (13)
Vd(u, v) = (Vd; (1), V,dp () - Vdj(v)), (14)
where
u; lf] 7é I

T
~.
I

w;+di(v) if j=i.

PrOOF. (i) The continuity of d,, in Q and the differentiability in the relative interior of Q follow from (12)
and Proposition 3.2. Since d, is continuous in Q, to prove its strong convexity, from (7) it suffices to show that
there exists o > 0 such that

(Vdo(x,y) = Vdp(%,§), (x,¥) = (X, §)) 2 o[ (x.y) - & D) (15)

for all (x,y) and (X, ¥) in the relative interior of Q.
Assume (x,y) and (X,y) are in the relative interior of Q. Set z:=y/x; and Z:=y/X;. From (12), Proposi-
tion 3.2, and some elementary calculations, we get
(Vdy(x,y) = Vdy(X.¥). (x,¥) = (X.¥)) = (Vdp(x) — Vd,(X), x —X)
+x; - (dg(2) — dg(2) + (Vdg(2), 2 — 7))
+ %; - (dg(2) — dg(2) + (Vdg(2), 2 —Z)).
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Therefore, since dp, and dj are strongly convex, (6) yields

(Vdg(x,y) = Vdp(%,§), (x,¥) = (X.§)) = 0pllx = %[> + 303,z = Z|* + S0 %, |2 - Z|°

= opllx —X|* + o i, |z - 2%, (16)

where X; = (x; + X;)/2 and 0, 0 > 0 are the strong convexity parameters of dp and dg, respectively.
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Next, we bound the right-hand side of (15). Applying the triangle inequality and using the norm-embedding
assumption (10), we get

Ixy) = &P = x =X+ [|lxz - xz|

= IIx = X[ + | 5(x; + %) (2 = 2) + 5 (x; — %) (z+ D) |

< x=%| + &z~ 2| + 3|x; - %[z +Z]. (17)
Since R is compact, the value M :=max{||z|: z € R} is finite. Therefore, from (17), we get

[xy) - &P = A+ M)[x—X]+ %[z —z|.
Now, by the Cauchy-Schwarz inequality,
. % - R -
1009~ G = (14 M7+ 2 oS + o 7).
0p Op

Since x,X € P C [0, 1]7, we get

1009 = G = (014 M-+ Yol SIE + o 7). (19)

P R
From (16) and (18), it follows that (15) holds for

1
o= >0
(1+M)*/op+ 1/

(ii) For a given vector (u, v) € R”*", we have

dy(u,v) = sup{{(u, v), (x,y)) —dy(X.y): (x.y) € 0}
= sup{(u, X) + (v,y) — dp(X) — dg(x,,¥): X€ P, y € x;- R}
= sup{(u,x) —dp(x) + x;- ({v,2) —dr(z)): x€ P, 2€R, x; >0}
= sup{(u, x) — dp(X) + x; - d3(z): x € P}
= sup{(l, x) — dp(x): x€ P}
= d}(i). (19)

The third and fourth steps above hold by the continuity of d, and d,. Hence (13) is proven. To prove (14),
observe that the maximizer in the second to last step in (19) is X = Vd(@1). Next, consider two cases depending
on the value of ;. If X; > 0, then the maximizer in the third step in (19) is Z = Vd}(V), and, consequently, the
maximizer in the first step in (19) is (X, x; - Z). If x; =0, then the maximizer in the first step in (19) is (X, 0).
In either case, the maximizer in the first step in (19) is Vdj,(u, v) = (X, X;-z) = (Vd3 (1), V;dp (@) - Vdi(v)). O

REMARK 3.5. We can generalize the above construction and results to weighted versions of the prox-
functions. More precisely, in the Branching step, we can define d,(X,y) := wpdp(x) + wedy(x;,y) for some
constants wp, wg > 0. We will elaborate on this idea to obtain prox-functions yielding better complexity guar-
antees for uniform treeplexes.

4. Uniform treeplexes. In this section, we derive complexity results for first-order smoothing algorithms
for problem (1) in the special case when % and % are uniform treeplexes. This special case of (1) covers the
formulation of Nash equilibrium for instances of many interesting games. Indeed, as will be discussed in §6,
uniform treeplexes naturally arise in multiround sequential games such as poker.

DEFINITION 4.1.  Assume that a treeplex Q C [0, 1]9, an index set [ = {i,...,i,} € {1,...,q}, and a
positive integer k are given. Define Q,, r=1,2, ..., as follows:

(i) Q,:=0x---x Q (k times).

(i) Q4= 0, x---x 0, (k times), where

0,:=0[1]0, ={(xy,....y): xeQ, yex, -0, j=1,...,b}

We will refer to Q, as the r-th uniform treeplex generated by Q, I, k and will sometimes write it as @(Q, I, k, r).
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REMARK 4.2. Notice that the operation is the same as the operation E| applied b times. More precisely,

o[rlo,=o[i]e.[i] - [i]o.-

Given a nice prox-function dQ for Q and constants w, >0, r =1,2, ..., consider the following weighted
version of our previous construction of prox-functions for treeplexes:
(i) For O, =Q x --- x Q (k times), let

k
do (X', ..., x") =) "dy(x))
=1
(if) For Q,,, = 0, x---x 0, (k times), let
k .
do,., (u',...,u"):= Zdér(uj),
=1
where dj; is defined as
b
dp (X, y',....¥") i=w, dy(x)+ Zer(xi/, y).
=1
We now present an explicit iteration complexity bound for a first-order smoothing algorithm for the saddle-
point problem (1), when % and % are uniform treeplexes. As in Theorem 2.2, the norm of A, ||A|| is the induced

operator norm of A, where the underlying norms are those associated with o, and 7. In particular, the result
below holds for any choice of norms.

THEOREM 4.3. Suppose A, X, Y, d, a{zd~dy satisfy the following conditions:

(1) ¥=@(Q,1,k,r) SR" and Y =@(Q,1,k,7) S R".

(ii) The prox-functions d,d., are constructed as above with weights w; = (kM)*(bk)/,j=1,...,r —1
and W; = (kA'/VIf(l;fc)f, j=1,...,F =1, respectively, where b= |I|, b= |I|, M := max{||u||: u e Q}, M :=
max{|u|: u e Q0}.

Then after N iterations the procedure from Theorem 2.2 yields (X,y) € ¥ X Y such that

_ , 4|A|G |DyDg
0= f(x) — b(y) = max{v, Ax) —min(y, Au) < ="~ P (20)

where G = mn(kMr)(kMF).

The crux of the proof of Theorem 4.3 is Lemma 4.4, which bounds the ratio of the maximum value to the
strong convexity modulus for the prox-functions for uniform treeplexes. This ratio can be seen as a measure of
the prox-function’s quality. Lemma 4.4 provides an estimate of this ratio for the prox-functions d,, constructed
above, provided the weights w, are chosen judiciously.

LEMMA 4.4. Assume Q and Q,, r=1,2,..., are as in Definition 4.1. Let o, o,, D, D,, and M be defined
as follows:

o := strong convexity modulus of d,, o, 1= strong convexity modulus of d, ,
D :=max{d,(z): z € 0}, D, :=max{d, (z): z€ Q,},
M :=max{|z||: z € 0}, M, :=max{||z|:z€ Q,}.

(i) The strong convexity moduli o, of dy,, r=1,2,. .., satisfy
. ! @1
o .
T k(14 M,/ (w,0) + bk/a,
(i) If w, = (kM)*(bk)", r=1,2,..., then
D, < P22 D . (22)

g g

r
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PrOOF. (i) Let &, be the strong convexity modulus of d . From the construction of d, , it follows that
0,41 > 0,./k. Hence it suffices to bound &,. Proceeding as in the proof of Proposition 3.4(i), it follows that for

al w=(x,y',...,y") and W= (X,¥',...,¥") in the relative interior of Q,, we have
b
A Y~ (W _= 2 N i =2
(Vdg (W) —Vdg (W), w—W) >w,.o|x—X| +(Tr;xij [z — 2| (23)
j=
and )
Iw =Wl < (1+M,)[x =% +> % Iz — 2|, (24)

=1
where z/ =y/ /x;, and =y /%;, for j=1,...,b. Applying the Cauchy-Schwarz inequality to (24), we get
b

1+M) Y&, ’ gy
I = (2 SO (o5 4 0, D - 7
o J

w,o

r j=1

1+M)> b b S
< (1 2 (wotx 5P o, 2 - 7). (25)

w,o ; o
From (23), (25), and the continuity of dér’ we obtain

o, > ! ,
(1+M,)*/(w,0)+b/0o,

which yields (21) since o,,, > G, /k.
(if) Let M, := max{|z||: z€ Q,}. We have M|, <kM and M, , <k(M + bM,), so

14+ M, <kM(bk), r=12,....

Hence w, > (14 M,)?/((bk)"), and, consequently, (21) yields
1 1 1
< — .
(bk)+*to,., ~ bo  (bk)o,
Therefore, since o, > o /k, it follows that

1 r

S T 26
bkyo, =~ bo' (26)

On the other hand, from the construction of Q, and er, we have
D, <kD, D, ., <k(w.D+bD,), r=12,...,

SO
r—1
D, <kD ((bk)'—1 +> wj(bk)"l_j).
j=1
Thus

o~
&, 1
.
o °
c wn
5 &
DL
© o
L
o S
=
©
=
=
22
23
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D, < kD ((bk)" + Z_f wj(bk)’1f>

j=1

= kD <(bk)'—1 + (kM)? ri(bk)f(bk)"l‘f)

= kD(14 (kM)*(r —1))(bk)" ™!
< krD(kM)*(bk) . (27)

Finally, (22) follows by putting together (26) and (27). O




Hoda et al.: Smoothing Techniques for Computing Nash Equilibria
502 Mathematics of Operations Research 35(2), pp. 494-512, ©2010 INFORMS

PrOOF OF THEOREM 4.3. Since ¥ =@(Q, 1, k,r) CR™, Lemma 4.4 yields

D D
3 < b2r—2k2r+2 r2M2 o )
Oy o

In addition, a simple induction argument shows the dimension m of ¥ = @(Q,I,k,r) satisfies m =
kq((bk)" —1)/(bk — 1). Therefore

D D
L <Pk, (28)
Oy o
Similarly,
=y 5~ Dg

(29)

The iteration bound (20) now follows from (8), (28), and (29). O
For the special case when the norm in R? and each R? is the Euclidean norm, we can sharpen the bound in
Lemma 4.4, and thus also the bound in Theorem 4.3.

LEMMA 4.5. Assume b, M, D, D,, o, and o, are as in Lemma 4.4, and the norm in R? and each R? is the
Euclidean norm. If w, = kMPk™, r=1,2,..., then

SERS

D
r < b2r—2kr+l r2M2 - (30)
(o

r

Proofr. For the Euclidean norm, we have o,,, = G,, where 0, is the strong convexity modulus of dp, . Next,
we proceed to bound &L as in the proof of Lemma 4.4. For all w = (x,y!,...,y") and W= (X,¥',...,¥") in
the relative interior of Q,, the inequality (23) holds. Next, instead of (24), we can use

b
lw =% = lIx = %|* + 3 [lx; 2 — % 7|
j=1

b
< Ix—&IP + Y, — % [M, + £, 12/ —2])2.
j=1
Hence, by the Cauchy-Schwarz inequality, we get

s , (M2 b , b S

- ~ : ~ . _

lw—wW[* < [Ix—x]| +(—+—)<erIIX—XII +0,) xi,IIZ’—Z’H)
w,.o g,

r r J=1

1+ M? b b . )
< (M+—)(w,onx—inuorza.uzf—if||2). 31)
0- J

w,o r j=1

Thus the bound in Lemma 4.4 can be sharpened to
1
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=02 M) (w,0) 1 b0, G2
Furthermore, in this case, M{ = kM?* and M? | <k(M?+ bM?), which implies
1+ M? <kM*(bk)".
Hence w, > (1+ M?)/b", and, consequently, (32) yields
1 1 1
- < .
b+lo,,, T bo  bo,
Therefore, since o, = o, it follows that
1
SL, r=1,2,.... (33)
b'o, ~ bo




Hoda et al.: Smoothing Techniques for Computing Nash Equilibria
Mathematics of Operations Research 35(2), pp. 494-512, ©2010 INFORMS 503

On the other hand, since D, =kD and D, , <k(w,D + bD,), it follows that

D, < kD((bk)"l + ri wj(bk)’—l—f)

J=1

= kD((bk)'l +kM? f k! (bk)”f)

j=1
< kD(1+kM?(r —1))(bk) "
< K2rDM?*(bk)"". (34)
Finally, (30) follows by putting together (33) and (34). O

5. Implementation. In this section, we describe an implementation to solve (1) based on Nesterov’s [16]
excessive gap technique (EGT) and the prox-functions constructed in this paper. We present Nesterov’s [16]
algorithm specialized for problem (1). We also give a complexity analysis of each iteration of this algorithm
when applied to games with uniform treeplexes, and describe two heuristics that were incorporated in our
implementation.

5.1. Nesterov’s [16] EGT. Assume d, and d,, are nice prox-functions for % and %, respectively. For i,
Moy > 0, consider the pair of problems:

Fuy () = max{(y, A%) =ty dy (¥): Y €Y}, b, (¥) 1= min{(y, AX) + 1, dg(x): X € 7).

Algorithm 3 below, because of Nesterov [16, §5], generates iterates (x*, y*, ut, ,u,%) with uf,, ,u,’a;, decreasing to
zero and such that the following excessive gap condition is satisfied at each iteration:

£, () <6, (). (35)

Notice that f(x) > ¢(y) for all x € &, y € %. Thus if (X,y, s, po/) satisfy the excessive gap condition (35)
and xe &, y € %, then
0=<¢(y) — f(x) Sy Dy + py Dy (36)
(See Nesterov [16, Lemma 3.1].)
Consequently, if the iterates (x*,y*, uf,, uf)) satisfy (35), then f(x*) ~ ¢(y*) when wf, and uf, are small.
The building blocks of our Algorithm 3 are the procedures initial and shrink defined next.
By Lemma 5.1 of Nesterov [16], the following procedure initial finds a starting point (uf,, u9, x°, y°) that
satisfies the excessive gap condition (35).
Algorithm 1 (initial(A, dy, dy))
. Al
(i) uh =p=——e=
(ii) x:=Vd:(0)
1
(iii) y°:= Vd;, (—OA)?)
Moy
1
(iv) x*:=Vd}, (Vd% (%) + —OATyO)
X
(v) Return (. ). x".y')

The following procedure shrink enables us to reduce u, and ., while maintaining (35).
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Algorithm 2 (shrink(A, w.,, Koy T> X, Y, oy, doy))
1

(i) X:=Vd;, (——ATy>

. Ko
(i) x:=(1—7)x+ 71X

1
(iii) §:=Vd;, (—Aﬁ)
Moy

W

W

(iv) % 1= Vd?, (Vd%(i) - mﬂy>




Hoda et al.: Smoothing Techniques for Computing Nash Equilibria
504 Mathematics of Operations Research 35(2), pp. 494-512, ©2010 INFORMS

V) yri=(0-1)y+17¥
(vi) xt:=(1—-7)x+ 7%
(vil) pf = (1= T)pty
(viii) Return (us, x*,y")
By Theorem 5.2 of Nesterov [16], if the input (uy, ns,X,y) to shrink satisfies (35), then so does
(W3, poy Xt y"), as long as 7 satisfies 7°/(1 — 7) < oy poy 0,09, /|| A%
We are now ready to describe Nesterov’s [16] EGT specialized to (1).

Algorithm 3 (EGT(A, dy, d)))

1) (uS, ,u,%l, x’,y%) =initial(A, d,, dy)
(ii) For k =Oil, e,

(@) 7 :Z._k—}- .
(b) If k is even,  // shrink u,,
i (b, xM1 yA) = shrink(A, JTE pfo‘y, 7, x5y, d,y, dy)
i = b
(c) If k is odd,  // shrink p-,
i. (/.L’:;—l, yErL, x* 1) := shrink(—AT, M’{Z{,, TR o doy, dy)
okl Lk
1L g i= My

By Nesterov [16, Theorem 5.2], the iterates generated by procedure EGT satisfy (35). In addition, by Nesterov
[16, Theorem 6.3], after N iterations, Algorithm EGT yields points x" € Q,, and y" € Q., with

41Al [D.,D,
0 < max(Ax",y) — min(Ax, y") < ”—” -7 (37)
YEQy x€Qy N 040y

5.2. Complexity of each EGT iteration. We next give a complexity bound on the number of arithmetic
operations performed in each EGT iteration. We provide our estimate in terms of the size of the game tree in the
extensive form representation of the sequential game. The extensive form is a full description of the game given
by a tree whose nodes correspond to the possible states of the game, branches that correspond to players’ moves,
payoffs at the tree’s leaves, and information sets. For a detailed exposition on the extensive form representation,
see, e.g., Osborne and Rubinstein [18].

We shall refer to the number of leaves in the game tree as the size of the game tree. We show next that for
games with uniform treeplexes, the total number of basic arithmetic operations in each EGT iteration is linear
in the size of the game tree. To that end, notice that aside from negligible updates, two consecutive iterations in
the EGT algorithm require the following operations:

(i) three matrix-vector products of the form Ax and three of the form ATy for some x and y,
(ii) one calculation of the form Vd.,(x) and one of the form Vd,,(y) for some x and y,

(iii) three calculations of the form Vd (u) and three of the form Vd7 (v) for some u and v.

Hence it suffices to show that each of these operations requires a number of basic arithmetic operations that is
linear in the size of the game tree.

Let flops({expression)) denote the number of arithmetic operations needed in the calculation of {expression).
We next estimate this number for each of the calculations in (i), (ii), and (iii) above.

For (i), if the payoff matrix A is represented in explicit sparse form, then flops(Ax) and flops(ATy) are
less than or equal to twice the number of nonzero entries in A, because each of these calculations requires one
scalar multiplication and at most one addition for each nonzero in A. Since the number of nonzero entries in
A is bounded by the number of leaves in the game tree (von Stengel [21, 22]), it follows that flops(Ax) and
flops(ATy) are linear in the size of the game tree.

For the calculations in (ii), assume % = @(Q, I, k,r) CR™ and % = @(Q, 1.k, 7) € R". The construction of
the uniform treeplex @(Q, I, k, r) and a straightforward induction argument shows that for generic x € %, z € Q,
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(bk)" —1

k-flops(Vd,(z)) +m < m- (flops(Vd,(z)) + 1).

Likewise, for generic y € %, w € 0,

flops(Vd,(y)) <n-(flops(Vds(w)) +1).
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Since both m and n are smaller than the size of the game tree (von Stengel [21, 22]), it follows that
flops(Vd.(x)) and flops(Vd.,(y)) are sublinear in the size of the game tree.

Finally, for the calculations in (iii), again assume % = @(Q, I, k,r) CR™ and % = @(Q, I, I~c, F) CR". An
inductive argument similar to those in §4 shows that for generic u e R”, s € R?

flops(Vd;,(u)) < m- (flops(Vdy(s)) + 1),
and for generic v eR", t € RY
flops(Vd3,(v)) < n- (flops(Vdj(t)) +1).

Thus both flops(Vd’,(u)) and flops(Vd3,(v)) are sublinear in the size of the game tree.

Consequently, the overall number of arithmetic operations in each iteration of the EGT algorithm is bounded
by a small factor of the size of the game tree. Furthermore, the matrix-vector multiplications Ax and ATy
dominate the total number of arithmetic operations.

5.3. Heuristics. Algorithm EGT has worst-case iteration-complexity @(1/€) and already scales to problems
much larger than is possible to solve using state-of-the-art linear programming solvers (as we demonstrate in
the experiments later in this paper). In this section, we introduce two heuristics for further improving the speed
of the algorithm, while retaining the guaranteed worst-case iteration-complexity @(1/€). The heuristics attempt
to decrease ., and u, faster than prescribed by the EGT algorithm, while maintaining the excessive gap
condition (35). This leads to overall faster convergence in practice, as our experiments will show.

5.3.1. Heuristic 1: Aggressive p reduction. The first heuristic is based on the following observation:
although the value 7 =2/(k 4+ 3) computed in step 2(a) of Algorithm EGT guarantees the excessive gap condi-
tion (35), this is potentially an overly conservative value. Instead, we can use an adaptive procedure to choose
a larger value of 7. Since we now can no longer guarantee the excessive gap condition (35) a priori, we are
required to do a posterior verification, which occasionally necessitates an adjustment in the parameter 7. To
check (35), we need to compute the values of fﬂ“y and ¢, . Observe that

b () = —u%d;(—iATy)
M

E4
and
= o d; ! A
oy (X) = poy sy @ X).
Therefore, both fw and ¢, are easily computable since d, d,, are nice pro.x-functions by construction.
To incorporate Heuristic 1 in Algorithm EGT, we extend the procedure shrink as follows.
Algorithm 4 (decrease(A, sy, oy, T, X, Y, dy, dvy))
() (mi,x",y"):=shrink(A, u,, Moy T, X, Y, dop, doy)
ii) While —ul d; L gy a(Laxt), nei bi
(ii) ile —pgdiy| ——A'Y" | <pydy| —AX" ), T is too big
Moy My
(a) T:=71/2

(b) (u,x*,y") :=shrink(A, py, poy. 7, X, y, dyy, dy)
(iii) Return (uh,xt,y*, 7)

By Theorem 4.1 of Nesterov [16], when the input (u, u+,X,y) to decrease satisfies (35), the procedure
decrease will halt.
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5.3.2. Heuristic 2: Balancing and reduction of w, and p,. Our second heuristic is motivated by the
observation that after several calls to the decrease procedure, one of u., and p., may be much smaller than the
other. This imbalance is undesirable because the larger one contributes the most to the worst-case bound given
by (36). Hence after a certain number of iterations, we perform a balancing step to bring these values closer
together. The balancing consists of repeatedly shrinking the larger one of w, and w.,.

We also observed that after such balancing, the values of u., and u,, can sometimes be further reduced without
violating the excessive gap condition (35). We thus include a final reduction step in the balancing heuristic.

This balancing and reduction heuristic is incorporated via the following procedure. (We chose the parameter
values 0.9 and 1.5 based on some initial experimentation.)
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Algorithm 5 (balance(A, w, Moy T X, ¥, doy, doy))
(i) While wy > 1.5u,,  // shrink o
(Mo, X, y, T) :=decrease(A, w, Moy T>X, ¥, doy, doy)
ii) While ., > 1.5u,, // shrink u,
Y £ Y
(Y. X, 7) :=decrease(—A", o, wy, 7, Y, X, doy, dy)
1 1
iii) While 0.9, d; | ——Ax ) < —09u,d | — ATy,
(iii) My g<0_9w ) =—09uy x( 00, y)
/I decrease ., and p., if possible
(@) poy =09y
(b) poy =09
(iv) Return (s, poy, X, ¥, 7)

We are now ready to describe the variant of EGT with Heuristics 1 and 2.

Algorithm 6 (EGT-2)
(1) (9, p,%, x’,y’) =1initial(A, d,. d;)
(ii)) 7:=0.5
(iii) For k=0,1,...,
(a) If k is even, // shrink u.,

(!, x4y 7) i=decrease(A, uk, b, 7, 