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THE LIMITS OF EX POST IMPLEMENTATION
BY PHILIPPE JEHIEL, MORITZ MEYER-TER-VEHN, BENNY MOLDOVANU,
AND WILLIAM R. ZAME1
The sensitivity of Bayesian implementation to agents’ beliefs about others suggests
the use of more robust notions of implementation such as ex post implementation,
which requires that each agent’s strategy be optimal for every possible realization of
the types of other agents. We show that the only deterministic social choice functions
that are ex post implementable in generic mechanism design frameworks with multidimensional signals, interdependent valuations, and transferable utilities are constant
functions. In other words, deterministic ex post implementation requires that the same
alternative must be chosen irrespective of agents’ signals. The proof shows that ex post
implementability of a nontrivial deterministic social choice function implies that certain rates of information substitution coincide for all agents. This condition amounts to
a system of differential equations that are not satisfied by generic valuation functions.
KEYWORDS: Ex post equilibrium, implementation, interdependent values.

1. INTRODUCTION
BAYESIAN IMPLEMENTATION is frequently criticized because it can be sensitive
to the precise information that agents (and the designer) have about the characteristics of other agents. This seems especially important in practice because
it is not clear how agents form beliefs about others. Dominant-strategy implementation responds to this criticism by requiring that each agent’s strategy be
optimal, not only against the actual strategies of other agents, but against all
possible strategies of other agents. In particular, dominant-strategy implementation requires that each agent’s strategy be independent of the actual type of
other agents, and in this sense it is robust to informational errors.
Unfortunately, as Gibbard (1973) and Satterthwaite (1975) have shown, if
there are at least three social alternatives and preferences are unrestricted,
then only dictatorial choice rules are dominant-strategy implementable. On
the other hand, for environments in which preferences are quasilinear in
money and agents’ preferences are independent of the information held by
others, the celebrated Vickrey–Clarke–Groves mechanisms provide dominantstrategy implementation of the efficient choice function (Vickrey (1961),
Clarke (1971), Groves (1973)).
The assumption of private values is very restrictive: in many interesting situations, each agent’s valuation of alternatives depends on information known
1
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only by other agents. The literature on implementation with interdependent
values has typically maintained quasilinear utilities as an assumption that is
necessary (in view of the Gibbard–Satterthwaite results) and reasonable (when
financial stakes are moderate). In such environments, insisting on robustness
to the information of others is formalized as ex post implementation, which requires the strategy of each agent to be optimal against the strategies of other
agents for every possible realization of types (as opposed to Bayesian implementation, which requires that the strategy of each agent be optimal against
the strategies of other agents for the given distribution of types).2 Ex post implementation is weaker than dominant-strategy implementation, because it assumes that other agents follow their equilibrium strategy—but it shares the
appealing property that agents need not know the distribution of others’ signals to find it optimal to follow their equilibrium strategies.
Our main result is a generic impossibility theorem for ex post implementation of deterministic social choice functions: restricting to environments in
which utilities are quasilinear but interdependent and types (or signals) are
multidimensional, we show that, for generic valuation functions, the only deterministic social choice rules that are ex post implementable are constant. Our
assertion is uniform over deterministic social choice rules and, hence, is much
stronger than the assertion that, for each given deterministic social choice rule,
the set of valuations for which the given rule is not ex post implementable is
generic.
The environments we consider include many familiar and practical social
choice problems. For instance, consider the decision about whether to improve
a roadway and how to assign costs. Construction will typically affect firms along
the roadway in a number of ways, such as lack of customer access during construction and increased customer access after completion. In particular, signals
are multidimensional. Moreover, valuations are interdependent, because the
estimates of each firm are imperfect (and would be improved by knowing the
estimates of each other firm), because of competition between the firms and
because of positive spillovers across firms.
Our analysis proceeds in two steps. The first step shows that if any nonconstant deterministic choice function is ex post implementable, then a certain geometric condition on utility functions must be satisfied. The second step
shows that this geometric condition is not satisfied for generic utility functions.
This is done both for a topological and for a measure-theoretic notion of genericity.
The geometric condition connects the agents’ rates of information substitution, which measure how marginal variations in the several dimensions of
2
The notion of ex post equilibrium corresponds to uniform equilibrium, as defined by
d’Aspremont and Gerard-Varet (1979), and to uniform incentive compatibility, as defined by
Holmstrom and Myerson (1983). The term ex post equilibrium is due to Cremer and McLean
(1985).
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one agent’s signal affect the agents’ payoffs. The condition is derived from the
taxation principle, which implies that, in an ex post incentive compatible mechanism, all agents have the same indifference sets (these are the sets of states at
which the agent is indifferent between two given alternatives). We show that,
on these common indifference sets, marginal variations in signals must affect
all agents’ valuations in the same way. For multidimensional signals, the existence of transfers that equate the implied rates of information substitution
amounts to the assertion that valuations satisfy a system of differential equations of a particular kind. We then show that generic valuations do not satisfy
any such system of differential equations.
One way to put the present work in perspective is to recall the literature
on efficient ex post implementation. A number of authors have shown that
efficient ex post implementation is possible when signals are one dimensional
and satisfy a single-crossing property (see Cremer and McLean (1985), Maskin
(1992), Ausubel (1997), Dasgupta and Maskin (2000), Jehiel and Moldovanu
(2001), Bergemann and Välimäki (2002), and Perry and Reny (2002)). Maskin
(2003) offers an excellent survey.3
The restriction to one-dimensional signals is essential. It is not a priori obvious what the analog of the single-crossing property is for settings with multidimensional signals or whether it would imply efficient implementability. When
at least one agent’s signal is two dimensional (and the distribution of signals
is independent across agents), Jehiel and Moldovanu (2001) have shown that,
for generic valuations, the efficient social choice rule is not Bayesian implementable and, hence, a fortiori not ex post implementable.4 However, the
impossibility of implementing the efficient social choice rule does not imply
the impossibility of implementing other social choice rules. The present paper
shows that no matter what definition of single-crossing one uses, the set of valuations for which nontrivial implementation is possible is nongeneric. Thus,
the impossibility result of the present paper is much stronger than the impossibility result of Jehiel and Moldovanu. The proof of the present impossibility
theorem is much more difficult as well. Jehiel and Moldovanu (2001) showed
that efficient implementation implies that the preferences of one agent must
be aligned with the social preferences: We show that nonconstant implementation implies that the preferences of two agents must be aligned with each other.
The important difference is that the social preferences are fixed by the valuation functions, whereas the preferences of any pair of agents can be altered by
an endogenous transfer.
A second way to put our work in perspective is to recall the literature on
robust mechanism design. Wilson (1987) has pointed out that the success of
3
The single-crossing property is satisfied for open sets of preferences in the one-dimensional
framework studied by these authors, yet it is by no means satisfied by all preferences, and there
are open sets of valuation functions that do not satisfy the single-crossing property.
4
McLean and Postlewaite (2004) allow for multidimensional signals and obtain approximate
efficiency in a Bayes–Nash equilibrium. Their agents are “informationally small.”
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many of the schemes that rely on Bayes–Nash implementation depend on the
beliefs of the agents or of the mechanism designer in a sensitive way: If the
agents or the designer are mistaken in their beliefs, the actual outcome of a
supposedly optimal mechanism may be far from the intended one. To address
this problem, it seems natural to require that the designer wants to implement
a social choice function that depends only on the payoff-relevant types (the
marginal distribution of which is more likely to be known to the designer), but
not on the belief types of the agents. Bergemann and Morris (2005) showed
that if a social choice function is Bayes–Nash implementable for every system
of beliefs and higher order beliefs that can be associated with the given payoff types, then it must be ex post implementable.5 Combining their result with
ours implies in the present context that the designer can only implement constant choice rules. In particular, our impossibility result draws attention to a
potential disadvantage of the “belief-free” approach: In a simple example, we
show that the designer may prefer a belief-dependent choice function over any
belief-independent choice function (which would be trivial by our main result),
even if she adopts the worst-case scenario about agents’ beliefs.
The rest of the paper is organized as follows: In Section 2 we describe the
mechanism design problem, we define the ex post equilibrium concept, and we
derive a helpful “taxation principle.” In Section 3 we provide a geometric condition on valuations that must hold so that a nontrivial ex post implementable
and deterministic choice function can exist, and we apply the geometric intuition to a specific example, yielding generic impossibility in that case. In Section 4 we present the various employed notions of genericity, and we derive
the impossibility result by showing that the above geometric conditions induce
a system of differential equations that has no solution generically. In Section 5
we describe connections to related work, and we discuss our main assumptions
and result. In particular, we review several interesting, but nongeneric settings
where nontrivial implementation is possible. Section 6 gathers several concluding remarks. Proofs are collected in Section 7.
2. THE MODEL
For ease of exposition, we consider a setting with two agents i ∈ N = {1 2},
who will be affected by a decision between two alternatives k ∈ K. (Because
this 2 × 2 model is embedded in every model with more agents and alternatives, the impossibility result for this special setting immediately extends to the
general setting of N agents and K alternatives.)
Agent i’s utility ui = vki − t i is determined by a quasilinear utility function,
taking into account the chosen alternative k and a monetary payment t i ∈ R.
5
See Dekel, Fudenberg, and Levine (2004) for a critique of the use of Nash equilibria in models
without common priors. Their critique is attenuated in a mechanism design setting where the
designer can recommend a plan of actions to the agents.
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Her valuation vki = vki (s) for alternative k depends on the state of the world
s ∈ S.
Each agent holds private information si ∈ S i on the state of the world s ∈ S.
The signal si results from an exogenous draw. There is no loss of generality
in assuming that the agents’ joint information (si )i∈N completely determines
the state of the
world s. We thus identify states of the world with signal combinations: S = i∈N S i . When we focus on one agent i, we denote the other
i
agent by −i with signal s−i ∈ S −i . We assume S i = [0 1]d and assume v to be a
smooth function on S. (Assuming S i to be the closure of any open connected
i
subset of Rd would suffice as well.) We denote by ∇si the d i -dimensional vector
of derivatives with respect to si and denote by ∂ρ the directional derivative in
i
direction ρ ∈ Rd . Two vectors x y ∈ Rd are co-directional if x = λy for λ ≥ 0.
We consider deterministic choice functions ψ : S → K, with the property that
there are transfer functions t i : S → R, such that truth-telling is an ex post equilibrium in the incomplete information game that is induced by the direct revelation mechanism (ψ (t i )i∈N ), i.e.,
(1)

i
i
i i
−i
vψ(s)
(s) − t i (s) ≥ vψ(s̃
i s −i ) (s) − t (s̃  s )

for all si  s̃i ∈ S i and s−i ∈ S −i , where s := (si  s−i ).6 We shall call such ψ implementable. We call a choice function ψ trivial if it is constant on the interior int S
of the type space.7
By requiring optimality of i’s truth-telling for every realization of other
agents information s−i , equation (1) treats s−i as if it was known to agent i. Her
incentive constraint is thus equivalent to a monopolistic screening problem for
every s−i . Thus, the central authority can post personalized prices tki (s−i ) for
the various alternatives and let the individuals choose among them. In equilibrium all agents must agree on a most favorable alternative, yielding the ex post
taxation principle:
LEMMA 2.1—Ex post Taxation Principle (see Chung and Ely (2003)): The
choice function ψ is implementable if and only if for all i ∈ N , k ∈ K, and
s−i ∈ S −i , there are transfers (tki (s−i ))k ∈ (R ∪ {∞})2 such that
(2)

ψ(s) ∈ arg max{vki (s) − tki (s−i )}
k∈K

The proof of our main result, Theorem 4.2, consists of two major steps:
Proposition 3.3 in the next section shows that the existence of a nontrivial ex
6
Because we exclude random choice rules, a “social choice rule” implicitly stands henceforth
for a “deterministic social choice rule.”
7
Restricting attention to the interior of the type space is justified because the interior has full
measure. This assumption is necessary because the main geometric argument in the proof fails on
the boundary of the type space. Alternatively, we could have assumed open type spaces to start
with.
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post implementable choice function implies a geometric condition on the gradients of the relative valuation functions; Proposition 4.3 in Section 4 shows
that this geometric condition cannot be satisfied generically.
3. THE GEOMETRY OF EX POST IMPLEMENTATION
Because agents’ incentives are only responsive to differences in payoffs, it is
convenient to focus on relative valuations µi and relative transfers τi :
µi (s) = vki (s) − vli (s);

τi (s−i ) = tki (s−i ) − tli (s−i )

For technical simplicity, we assume that relative valuations satisfy the mild requirement ∇si µi (s) = 0 for all s ∈ S.8
The geometric condition derived in Proposition 3.3 relies on an argument
on the intersection of the closures of the areas in the signal space S where
alternatives k and l, respectively, are chosen (in other words, this intersection
is the boundary that separates the two areas).
DEFINITION 3.1: The indifference set I of a choice function ψ is defined by
I := ψ−1 {k} ∩ ψ−1 {l} ∩ int S
For an indifference signal ŝ ∈ I, we define the indifference set with fixed ŝi to be
I i (ŝ) := {s ∈ I : si = ŝi }
The taxation principle states that, in an incentive compatible mechanism,
all agents agree that the chosen alternative is the most favorable. If relative
transfers τ are continuous, this implies that the indifference set of the choice
function and the indifference sets of all agents must coincide. The following
lemma formalizes this assertion.
LEMMA 3.2: Let (ψ t) be a nontrivial ex post incentive compatible mechanism
with continuous relative transfers τi .
(i) The indifference set of the choice function ψ coincides with the indifference
set of each of the agents, i.e., for every ŝ ∈ int S and i ∈ {1 2}, we have9
(3)

µi (ŝ) − τi (ŝ−i ) = 0

⇔

ŝ ∈ I

8
That is, agent i’s relative valuation is everywhere responsive to i’s own signal. Theorem 4.2 can
be adapted to allow for relative valuations that are not everywhere responsive to own signals—
and in particular to allow for interior maxima—but the additional complication makes the argument less transparent without seeming to add any useful insights.
9
Continuity of µi and τi as well as ∇si µi (s) = 0 is necessary for this result. Whereas the assumptions on µi are standard, the assumption on the endogenous function τi is only used for
this intermediate result. The case of discontinuous τi is covered by point two of Proposition 3.3,
which does not depend on this result.
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(ii) For all ŝ ∈ I, I i (ŝ) coincides with {s ∈ int S : si = ŝi  µ−i (s) = µ−i (ŝ)};
I (ŝ) is a (d −i − 1)-dimensional submanifold of int S.
i

If relative transfers are differentiable, the gradient of an agent’s payoff function is perpendicular to her indifference set. Thus, the coincidence of the
agents’ indifference sets as expressed in (3) implies that the gradients of agents’
payoff functions must be co-directional on the indifference set:




∇si µ−i (s) − ∇si τ−i (si )
∇si µi (s)
(4)
and
∇s−i µi (s) − ∇s−i τi (s−i )
∇s−i µ−i (s)
are co-directional on I
If condition (4) were to fail, there would be a perturbation sε of s that makes alternative k favorable for agent i and makes l more favorable to j, contradicting
the taxation principle.
Condition (4) says that the payoff functions of agent i and −i have the
same rate of information substitution: the relative effect on payoffs of changing any two dimensions of the signal must coincide for all agents. Although
condition (4) carries the main geometric intuition, one might not immediately see the considerable restrictions it implies, because the transfer functions τi and τ−i are chosen endogenously. The following proposition, which
will serve as the basis for the genericity argument in Section 4, shows a condition that follows from (4) and that does not rely on the transfer functions.
PROPOSITION 3.3: Let (ψ t) be a nontrivial ex post incentive compatible mechanism.
(i) If the relative transfers τi are continuous on int S −i for all i ∈ {1 2}, then
i
there are an indifference signal ŝ ∈ I and a vector y ∈ Rd such that
(5)

∇si µi (s) and (∇si µ−i (s) − y) are co-directional for every s ∈ I i (ŝ)

(ii) If relative transfers τ−i are discontinuous at a signal profile ŝi ∈ int S i for
some i ∈ {1 2}, then agent i’s incentives are locally independent of s−i . That is,
i
there are a vector y ∈ Rd and a nonempty open set Q ⊂ S −i such that
(6)

∇si µi (ŝi  q) and y are co-directional for every q ∈ Q

For differentiable relative transfer functions, a proof for Proposition 3.3
is simple: condition (5) is the upper half of condition (4) after setting y =
∇si τ−i (si ). The full proof is slightly more complicated, because the relative
transfer functions are not known to be differentiable or even continuous.
As an illustration, we apply Proposition 3.3 to a setting with bilinear valuations and two-dimensional signals si = (ski  sli ) ∈ [0 1]2 . In this case, nontrivial
implementation implies a simple algebraic condition (easily seen not to hold
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generically) on the coefficients of the valuation functions. Proposition 7.3 will
generalize this example to the class of all polynomials of degree less than a
sufficiently large integer.
EXAMPLE 3.4: Define valuations v by
vki (s) = aik ski + bik ski sk−i = ski (aik + bik sk−i )
vli (s) = ail sli + bil sli sl−i = sli (ail + bil sl−i )
where aik  bik  ail  bil = 0. Thus,
µi (s) = aik ski − ail sli + bik ski sk−i − bil sli sl−i 
 
For a vector y = yyk , we have
l




aik + bik sk−i

−ail − bil sl−i
 −i −i

bk sk − yk
(∇si µ−i (s) − y) =

−i
−b−i
l sl − yl

∇si µi (s) =

i −i
It is readily verified that bil b−i
k − bk bl = 0 is necessary for such vectors to remain co-directional when we vary sk−i and sl−i (see Section 7 for details). It follows from Proposition 3.3 that a nontrivial choice function ψ is implementable
only if

(7)

i −i
bil b−i
k − bk bl = 0

The above condition is obviously nongeneric: the set of parameters where it is
satisfied has zero Lebesgue-measure in the eight-dimensional space of coefficients that parameterize the bilinear valuations in this example.
4. GENERIC IMPOSSIBILITY
We now show that the geometric conditions (5) and (6) derived in Proposition 3.3 cannot be generically satisfied.
We use two notions of genericity. The first is topological. If E is a complete
metric space, recall that every open subset U ⊂ E also admits a complete metric.
 A subset A ⊂ U is residual in U if A contains the countable intersection
ν∈N Aν of open and dense sets Aν ⊂ U. Residual sets are generally viewed as
(topologically) large and their complements are viewed as small. In particular,
the Baire category theorem guarantees that residual sets of complete metric
spaces are dense.
The second notion of genericity is measure-theoretic. Let E be a complete
metric topological vector space, let U be an open subset of E, and let A be
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a Borel subset of U. We say that A is finitely shy in U if there is a finitedimensional subspace F ⊂ E such that A meets every translate of F in a set
of Lebesgue measure 0 (equivalently, if every translate of A meets F in a set
of Lebesgue measure 0).10 A Borel set A ⊂ U is finitely prevalent in U if the
relative complement U \ A is finitely shy in U. Hunt, Sauer, and Yorke (1992)
and Anderson and Zame (2001) have argued that finite prevalence and prevalence, which is a generalization, provide a sensible measure-theoretic notion
of “largeness” for infinite-dimensional spaces of parameters. In particular, if
E = Rn , then B = U \ A is finitely prevalent in U if and only if the Lebesgue
measure of A is 0.
In general, these two notions of genericity are different—even in finitedimensional spaces. However, aside from a technical issue on the degree of
differentiability required of the relative valuation function under consideration, we show that ex post implementation is generically impossible in both the
topological and the measure-theoretic sense.
DEFINITION 4.1: For each m ≥ 1, let C m (S R2 ) be the (Banach) space of
maps S → R2 that admit an m-times continuously differentiable extension to
an open neighborhood of S, equipped with the topology of uniform convergence of maps and m derivatives. Let Hm ⊂ C m (S R2 ) be the open subset that
consists of those pairs of relative valuation functions (µ1  µ2 ) ∈ C m (S R2 ) for
which the partial gradients ∇si µi do not vanish anywhere on S.
THEOREM 4.2: Assume that the individual signal spaces have dimensions
d 1 ≥ 2 and d 2 ≥ 2, respectively. Fix an integer r > (2d 1 + 1)/(d 1 − 1); set d =
d 1 + d 2 and p = dr + 2d 1 + 1 − 2d 1 r.
(i) There is a residual subset G 1 ⊂ H1 such that for every (µ1  µ2 ) ∈ G 1 , only
trivial social choice functions are ex post implementable.
(ii) There is a residual and finitely prevalent subset G p+1 ⊂ Hp+1 such that for
every (µ1  µ2 ) ∈ G p+1 , only trivial choice functions are ex post implementable.
To prove the theorem, fix valuation functions µ1 and µ2 . For each ŝ ∈ int S,
define
I˜i (ŝ) = {s ∈ int S : si = ŝi  µ−i (s) = µ−i (ŝ)}
For mechanisms with continuous relative transfers, we know by assumption
and by Lemma 3.2 that I˜i (ŝ) is a nontrivial manifold of dimension d −i − 1 ≥ 1.
Moreover, for each such mechanism and for each ŝ ∈ I, Lemma 3.2 guarantees
10
If F has dimension n, say, any linear isomorphism between F and Rn induces a measure
on F . All such measures are mutually absolutely continuous and have the same null sets. Hence,
it is consistent to abuse terminology by saying that a subset of F —or any translate of F —has
Lebesgue measure 0 if it has measure 0 for one—hence all—of these induced measures.
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that I˜i (ŝ) = I i (ŝ). The following proposition (which also takes care of mechanisms where relative transfers are not necessarily continuous) is enough to
complete the proof of the impossibility theorem:
PROPOSITION 4.3: There is a residual set G 1 ⊂ H1 and a residual and finitely
prevalent subset G p+1 ⊂ Hp+1 such that if (µ1  µ2 ) ∈ G 1 or (µ1  µ2 ) ∈ G p+1 , then:
1
(i) There do not exist ŝ ∈ int S and y ∈ Rd such that ∇s1 µ2 (s) − y and
∇s1 µ1 (s) are co-directional for every s ∈ I˜1 (ŝ).
2
(ii) There do not exist ŝ ∈ int S and y ∈ Rd such that ∇s2 µ1 (s) − y and
∇s2 µ2 (s) are co-directional for every s ∈ I˜2 (ŝ).
1
(iii) There do not exist ŝ ∈ int S, y ∈ Rd , and a nonempty open set Q ⊂ S 2 such
1 1
that y and ∇s1 µ (ŝ  q) are co-directional for every q ∈ Q.
2
(iv) There do not exist ŝ ∈ int S, y ∈ Rd , and a nonempty open set Q ⊂ S 1 such
that y and ∇s2 µ2 (ŝ2  q) are co-directional for every q ∈ Q.
To give some flavor of the argument, fix an indifference signal ŝ ∈ I and a veci
tor y ∈ Rd . If ∇si µi (s) and ∇si µ−i (s) − y are co-directional for every s ∈ I i (ŝ) =
{s ∈ S : si = ŝi  µ−i (s) = µ−i (ŝ)}, then the valuation functions µ1 and µ2 satisfy a
certain set of first-order differential equations. It is not hard to see that generic
valuation functions do not satisfy these differential equations. However, this is
not enough, because Proposition 4.3 does not say that generic valuation functions fail to satisfy these differential equations for prescribed ŝ and y, but rather
that generic valuation functions do not satisfy these differential equations for
any ŝ and y. However, varying ŝ and y does not offer enough degrees of freedom to guarantee that ∇si µi (s) and ∇si µ−i (s) − y are co-directional at every
point of the nontrivial manifold I i (ŝ).
5. DISCUSSION
5.1. Dictatorship
In the private values setting, the Gibbard–Satterthwaite theorem asserts that
only dictatorial social choice functions are dominant-strategy implementable.
It might seem that dictatorial rules should be ex post implementable in our
interdependent valuations setting as well.
Note that “dictatorship” is ambiguous, because the dictator’s valuation vi
depends on −i’s information s−i . If a social choice rule ψ always selects the alternative for which, given all signals, dictator i has the highest valuation, then
ψ(s) depends of course on all signals. Point (i) of Proposition 3.3 shows that
this is impossible, because the agents’ incentive constraints cannot be simultaneously satisfied.
Second, a rule ψ that is dictatorial in the sense that ψ(s) depends only on
the dictator’s information si is generically not implementable either: The relative transfer to the other agent τ−i (si ) implied by the taxation principle has
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to be discontinuous, and point (ii) of Proposition 3.3 shows that, generically,
i’s incentive constraint cannot be satisfied for all s−i .
Last, the mechanism that lets agent i choose the alternative (solely based on
i’s information) does not induce a choice function according to our terminology, because i’s choice will depend both on her belief type and on her payoff
relevant type si . In Example 5.1, we show that a designer may prefer this beliefdependent dictatorial choice rule over any ex post implementable choice rule.
5.2. Efficient Implementation
As we have noted, Jehiel and Moldovanu (2001) showed that for generic valuations, efficient Bayes implementation is impossible; hence for generic valuations, efficient ex post implementation is impossible as well. Our result is
stronger because it applies to all nonconstant social choice rules simultaneously, not just to the efficient rule.
To understand the mathematical relationship between the results, assume
for simplicity that only agent i holds private information; write µN = µ1 + µ2
and assume ∇si µ = 0. Efficient ex post implementation implies that there is a
difference in transfers ∆ = τi , such that society is indifferent between the alternatives if and only if this is the case for agent i. Mathematically, this means that
the level set (µi )−1 (∆) must coincide with the indifference set of the efficient
choice function I eff := (µN )−1 (0). Hence,
(8)

∇si µi (s) and ∇si µN (s) are co-directional for all s ∈ I eff 

Thus, efficient implementation is only possible if there is a congruence between the private and social rates of information substitution. In contrast, the
condition given here for nontrivial implementation requires a congruence of
private rates for any two agents i and −i Whereas the social preference is exogenously fixed by the agents’ valuations, agent −i’s preferences depend on the
endogenous transfer τ−i .
5.3. Max–Min Beliefs and ex post Implementation
Chung and Ely (2004) studied a private-values auction where the distribution
of payoff-relevant types is known to the designer. They showed that a revenuemaximizing designer who adopts a worst-case scenario about the agents’ beliefs
prefers a dominant-strategy mechanism over any Bayes–Nash implementable
scheme. In contrast, the example below shows in our interdependent values
framework that the designer may prefer a belief-dependent choice function,
even if she adopts the worst-case scenario about the agents’ beliefs.
EXAMPLE 5.1: There are two agents competing for a single indivisible object. Agents have two-dimensional payoff-relevant signals si = (pi  c i ) ∈ [0 1]2 ,
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where (pi  c i ) are uniformly and independently distributed on [0 1]2 . The distributions of (pi  c i ) are known to the designer. The valuation of agent i is given
by vi (si  s−i ) = pi + αc i c −i , where α is a small positive number. The good must
be allocated to either agent 1 or 2, and the designer is happy (gets 1) whenever the good is allocated to an agent who values the good no less than 05 and
not happy (gets 0) otherwise. Proposition 3.3 implies (see also Example 5.2)
that only trivial choice rules are ex post implementable. It is readily verified
that, as α → 0, the designer’s expected payoff associated with a trivial choice
rule is 05. Consider now a nontrivial mechanism: The designer lets agent 1
decide first whether or not to buy the object at price 05; if agent 1 decides
not to buy, the good is allocated to agent 2. Because agent 1’s choice depends
on her belief about c 2 , this mechanism is not ex post implementable for any
α > 0. Assuming that the support of agent 1’s belief remains bounded, even
in the worst scenario about 1’s belief on c 2 , the designer’s payoff converges to
1
+ 12 · 12 = 075 as α converges to 0.
2
5.4. The Limits of the Impossibility Result
In this subsection we show how weakening the assumptions in our impossibility result opens the door to ex post implementation in a number of interesting cases. We explain the mechanics in terms of our previous structural results
(Propositions 3.3 and 4.3).
5.4.1. One strategic agent
Suppose that only agent i has private information, while the designer knows
the information of all agents other than i. In this case, Proposition 3.3 is void
of content. Let tki = tki (s−i ) be any transfer to agent i in alternative k (this
may be constantly zero). Then the nontrivial social choice function that implements any outcome ψ(s) ∈ arg maxk {vki (s) − tki (s−i )} for every signal profile
s = (si  s−i ) is ex post implementable.
Even though this seems a trivial point, we note, by contrast, that the efficient
social choice rule is not ex post implementable in this setting (see Jehiel and
Moldovanu (2001)).
5.4.2. Separable valuations
Suppose valuation functions are separable; i.e., there are functions
fki : S i → R and hik : S −i → R, with
vki (s) = fki (si ) + hik (s−i )
Of course, separable valuation functions are nongeneric. Condition (4) requires that


∇si (fki − fli )(si )
∇s−i (hik − hil )(s−i ) − ∇s−i τi (s−i )
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is co-directional on I with


−i
i
−i i
∇si (h−i
k − hl )(s ) − ∇si τ (s )

∇s−i (fk−i − fl−i )(s−i )
Note that the upper half of the above expressions is independent of s−i .
Hence, the two gradients can be equalized everywhere by setting, for exam−i
i
i
i
i
i −i
ple, τ−i (si ) := (h−i
k − hl )(s ) − (fk − fl )(s ) (analogously for
 τ i(s i )). These
transfers implement the choice function ψ(s) ∈ arg maxk { i fk (s )}. Under
several technical conditions, Jehiel, Meyer-ter-Vehn, and Moldovanu (2004)
have shown (using Roberts’ (1979) result about dominant-strategy implementation in private-values settings) that a choice rule ψ is ex post implementable
only if it is an affine maximizer, i.e., only if it is of the form
 N
(9)

j

ψ(s) ∈ arg max
k∈K

αj fk (sj ) + λk
j=1

for agent-specific weights αj ≥ 0 and alternative-specific weights λk ∈ R.11
5.4.3. One-object auctions without allocative externalities
Bikhchandani (2004) studied a one-object auction model where agents care
only about their own allocation. Because agents are indifferent between all
alternatives at which they are not winning, valuations are nongeneric if there
are three agents or if there are two agents and the seller may keep the object.
Bikhchandani showed that nontrivial ex post implementation is possible in this
important framework.
EXAMPLE 5.2: As in Example 5.1, consider two bidders i ∈ {1 2} competing for one object with valuations vi (si  s−i ) = pi + c i c −i , where si = (pi  c i ) ∈
[0 1]2 .
Consider first the setting in which the seller is not allowed to keep the object. The relative valuations are µi = pi + c i c −i and µ−i = −p−i − c i c −i . Assume
that (ψ t) is a nontrivial ex post incentive compatible mechanism with continuous relative transfers. Condition (5) of Proposition 3.3 requires the existence
of an indifference signal ŝ ∈ (0 1)4 , of a vector (ya  yb )T , and of a function
λ(c −i ) ∈ R+ such that

  
0 − ya
1
λ(c −i ) −i =
−c −i − yb
c
However, not every affine maximizer is implementable. Problems arise if the weight αi of
some agent i is zero; see Jehiel, Meyer-ter-Vehn, and Moldovanu (2004) for a way around this
problem.
11
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for all c −i in a neighborhood of ĉ −i . By the first equation, λ(c −i ) is independent
of c −i and equal to −ya , but the second equation, λ(c −i )c −i = −c −i − yb , can be
satisfied for a continuum of c −i only if λ(c −i ) ≡ −1. This contradicts the fact
that λ(c −i ) ∈ R+ .1213
Now suppose that the seller may keep the object. Bikhchandani shows how
to ex post implement the allocation where buyer i = 1 2 gets the object if
pi − p−i > c −i − c i c −i and where the good is not sold otherwise. Note that the
boundary between the areas where either buyer wins consists of the two lines
with {pi = p−i  c i = c −i = 0} and {pi = p−i  c i = c −i = 1}. Thus, the indifference
set is a manifold of dimension 1 contained in the boundary of the signal space
and the construction used to prove Proposition 4.3 does not work. Note too
that the object is not sold if the buyers have valuations that are close to each
other (e.g., at pi = p−i = c i = c −i = 1). This must happen precisely to avoid a
higher dimensional boundary between the alternatives where the object is sold.
It can be shown that Bikhchandani’s mechanism is ex post incentive efficient.
The transfers used in Bikhchandani’s subtle construction closely follow
the logic of efficient implementation with interdependent values and onedimensional signals. This works because in one-object auctions without allocative externalities, agent i’s multidimensional signal affects her utility in the
unique alternative where i wins.
5.4.4. One-dimensional signals
As mentioned in the Introduction, efficient, ex post implementation is possible if all agents have one-dimensional signals and if a single-crossing property
holds. The single-crossing property is determined by strict inequalities and it
is satisfied for an open set of valuations. The gradients of utility functions are
now scalars and the parallelism condition has no bite. The impossibility result
requires that at least two agents have multidimensional signals. When only one
agent has a multidimensional signal, the boundary between areas where different allocations are chosen may have dimension zero, so the door is open to
possibility results, as we now illustrate:
EXAMPLE 5.3: There are two agents i = 1 2 and two alternatives k l.
Agent 1 has a one-dimensional signal s1 ∈ [0 1]. Agent 2 has a two-dimensional
12
Alternatively, a consideration of the cross-product −c −i − yb + ya c −i = 0 yields yb = 0 and
ya = 1. This shows that ∇si µi (s) and (∇si µ−i (s) − (1 0)T ) are collinear, but point in opposite
directions.
13
Condition (ii) of Proposition 3.3 is not satisfied either. To see this, note that the direction of
∇si µi (s) = (1 c −i )T cannot be locally independent of s−i . Thus, nontrivial implementation fails
also with discontinuous transfers.
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signal, s2 = (sk2  sl2 ) ∈ [0 1]2 . Assume that the relative valuation µ1 satisfies the
condition
(10)

∂ 1
µ (s) > 0
∂s1

(Note that the set of valuations that satisfy this condition is open.) We show
how to implement a social choice function ψ that chooses alternative k for
high values of s1 and chooses alternative l for low values of s1 . Set first transfers
t 2 (s1 ) such that
(11)

∂
(µ2 (s) − τ2 (s1 )) > 0
∂s1

and
(12)

µ2 (s) − τ2 (s1 ) takes on values above and below zero on S

Consider now the choice function
(13)

ψ(s) =

k if µ2 (s) − τ2 (s1 ) ≥ 0,
l if µ2 (s) − τ2 (s1 ) < 0.

By condition (11), for a fixed s2 there is s1 (s2 ) such that
(14)

1 2
1
ψ(s) = k if s1 ≥ s 1(s 2),
l if s < s (s ).

For agent 1 we apply the standard technique from the literature with onedimensional signals and we set transfer τ1 (s2 ) = µ1 (s1 (s2 )). Using the
monotonicity assumption in (10) we get that
(15)

ψ(s) =

k if µ1 (s) − τ1 (s2 ) ≥ 0,
l if µ1 (s) − τ1 (s2 ) < 0.

By (15) and (13), (ψ t) is incentive compatible. It is nontrivial by (12). Note
that for generic µ, the choice function ψ is nondictatorial.
6. CONCLUSION
Ex post implementation (as opposed to Bayesian implementation) is important if we wish to allow for the possibility that the agents or the designer may
have insufficient or erroneous information about relevant features of the environment. We have shown that nontrivial ex post implementation is impossible
in generic quasilinear environments with interdependent preferences and multidimensional signal spaces.
We see a number of directions for future research:
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1. Extend the impossibility result to stochastic social choice functions. This
is technically demanding, but we expect that a similar impossibility result
holds.
2. Identify additional important (nongeneric) classes of valuations for which
ex post implementation is possible.
3. In every setting for which Bayesian implementation of some social choice
function is possible with respect to some priors but ex post implementation fails, there will be some “maximal information mechanism” that allows for posterior implementation á la Green and Laffont (1987). What
are the properties of these mechanisms?
4. Identify and characterize those situations where a designer who adopts
worst-case beliefs would choose an ex post implementable mechanism
and those where he would not. (This exercise will shed some light on the
price that one has to pay for employing belief-free mechanisms.)
7. PROOFS
7.1. The Geometric Characterization
PROOF OF LEMMA 3.2: (i) µi (ŝ) − τi (ŝ−i ) = 0 and ∇si µi (ŝ) = 0 imply
that there are s i  s i arbitrarily close to ŝi such that µi (s i  ŝ−i ) − τi (ŝ−i ) <
0 < µi (s i  ŝ−i ) − τi (ŝ−i ). Applying the taxation principle to agent i yields
ψ(s i  ŝ−i ) = k and ψ1 (s i  ŝ−i ) = l. Hence ŝ ∈ I.
For the converse, assume that µi (ŝ) − τi (ŝ−i ) > 0, say. By continuity, we have
i
µ (s) − τi (s) > 0, and thus ψ(s) = k, for all s in a neighborhood of ŝ. Thus,
ŝ ∈
/ I.
(ii) The equality I i (ŝ) = {s ∈ int S : si = ŝi  µ−i (s) = µ−i (ŝ)} is immediate
from the above. Because we assumed that ∇s−i µ−i is nonvanishing, we can apply
the implicit function theorem to conclude that I i (ŝ) is a (d −i − 1)-dimensional
manifold.
Q.E.D.
To prove Proposition 3.3, we first state a simple lemma.
LEMMA 7.1: Let φ and ξ be smooth functions on an open set X ⊂ RN . Assume
that there exists x ∈ X such that φ(x) = ξ(x) = 0, but ∇φ(x) and ∇ξ(x) are not
co-directional. Then there exists x arbitrarily close to x such that φ(x ) < 0 <
ξ(x ).
PROOF: Since ∇φ(x) and ∇ξ(x) are not co-directional, there exists a direction ρ ∈ RN with ρ · ∇φ(x) < 0 < ρ · ∇ξ(x). For x = x + ερ, with ε > 0,
we get φ(x ) < 0 < ξ(x ), as desired. This argument is illustrated in Figure 1.
Q.E.D.
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FIGURE 1.—If the gradients of φ and ξ are not co-directional at x, the functions disagree at
some x , i.e., φ(x ) < 0 < ξ(x ).

PROOF OF PROPOSITION 3.3: Consider an ex post incentive compatible
mechanism (ψ t) and the associated relative valuations and transfers.
(i) If τ is differentiable, the discussion preceding the proposition together
with Lemma 7.1 completes the proof. More generally, we need to deal with
two subcases:
(a) The direction of the gradient ∇si µi (s) does not depend on s ∈ I i (ŝ).
Instead of showing that τ−i is differentiable, we directly construct the veci
tor y. Denote the orthogonal complement of ∇si µi (s) by (∇µi )⊥ ⊂ Rd and
i ⊥
−i
i
−i
i
let ρ ∈ (∇µ ) . Fix for a moment s with (ŝ  s ) ∈ I (ŝ). By Lemma 3.2,
µ−i (· s−i ) − τ−i (·) must equal zero on the submanifold {si : µi (si  s−i ) =
µi (ŝi  s−i )}. Thus, restricted to that manifold, τ−i is differentiable and we have
∂ρ µ−i (ŝi  s−i ) = ∂ρ τ−i (ŝi ). Therefore, ρ · ∇si µ−i (ŝi  s−i ) = ∂ρ µ−i (ŝi  s−i ) is independent of (ŝi  s−i ) ∈ I i (ŝ). Set now y := ∇si µ−i (ŝ)+λ∇si µi (ŝ). By construction,
we have ρ · (∇si µ−i (ŝi  s−i ) − y) = 0 for ρ ∈ (∇µi )⊥ . By choosing λ sufficiently
large, ∇si µi (s) and (∇si µ−i (ŝi  s−i ) − y) must be co-directional, and condition (5) is satisfied.
(b) The direction of the gradient ∇si µi (s) varies in s ∈ I i (ŝ). In this case, we
will show that τ−i is differentiable at some s̃i close to ŝi . As a first step, we
show that the directional derivatives ∂ρ τ−i (ŝi ) in directions ρ ∈ ∇si µi (ŝi  s−i )⊥
exist. Fix s ∈ I i (ŝ) and ρ ∈ ∇si µi (s)⊥ such that there are s s ∈ I i (ŝ) close to s
with ρ · ∇si µi (s) > 0 > ρ · ∇si µi (s). By agent i’s incentive constraint, we have
ψ(ŝi + ερ s−i ) = k and ψ(ŝi + ερ s−i ) = l for small enough ε > 0 (compare this
argument to the one for Lemma 7.1). In turn, agent (−i)’s incentive constraint
implies
∂ρ µ−i (s) ≥ −

τ−i (ŝi + ερ) − τ−i (ŝi )
≥ ∂ρ µ−i (s)
ε
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FIGURE 2.—An illustration of S i ⊂ R2 : the directional derivatives ∂ρ τj (ŝi ) exist for directions ρ
inside the cone. Since ∇si υi (si  sj ) is continuous in si , these directional derivatives also exist in a
neighborhood U of s̃i and are continuous.

As s−i and s−i approach s−i , and ε approaches zero, this entails ∂ρ τ−i (ŝi ) =
∂ρ µ−i (ŝi  s−i ). By assumption, ∇si µi (ŝi  s−i )⊥ varies (continuously) in s−i .
i
Therefore, ∂ρ τ−i (ŝi ) exists for an open set of directions ρ ∈ Λ ⊂ Rd . To conclude, we need to show that these directional derivatives are continuous in si .
Consider s̃i = ŝi + ερ for some ρ ∈ Λ and ε ∈ R sufficiently small. By the above
argument, there is a neighborhood U of s̃i , such that the directional derivatives
i
∂ρ τ−i (si ) for ρ ∈ Λ ⊂ Rd and si ∈ U exist and are continuous in si . Thus, τ−i is
differentiable for si ∈ U and, after replacing ŝi by s̃i , we can conclude. For an
intuition, consider Figure 2.
(ii) Assume now that the relative transfer τ−i is discontinuous at some
i
ŝ ∈ int S i . We can assume without loss of generality that τ−i (si ) ∈ T −i (si ) :=
[infs−i {µ−i (si  s−i )} sups−i {µ−i (si  s−i )}] for all si .14 By assumption, there is a sequence of i’s signals (sni )n∈N such that limn sni = ŝi , but such that τ−i (sni ) does
not converge to τ−i (ŝi ). Modulo taking a subsequence, we can assume that
limn τ−i (sni ) = τ−i (ŝi ) + ε for ε > 0, say. Consider S̃ −i := {s−i ∈ S −i : µ−i (ŝi  s−i ) ∈
(τ−i (ŝi ) + ε4  τ−i (ŝi ) + ε2 )}.15 These types s−i ∈ S̃ −i of agent −i prefer k when
the relative payment is τ−i (ŝi ), but prefer l when the relative payment is
τ−i (ŝi ) + ε. Therefore, ψ(ŝi  s−i ) = k, but ψ(sni  s−i ) = l for large enough n.16
If τ−i (si ) < infs−i {υ−i (si  s−i )}, say, we have 0 < υi (si  s−i ) + τ−i (si ) for all s−i and agent −i
will “choose” outcome k, no matter what her signal s−i is. This is still the case after we change
τ−i (si ) to infs−i {υ−i (si  s−i )}.
15
Note that S i (ε) is not empty. Taking τ−i (sni ) ∈ T −i (sni ) to the limit yields that τ−i (ŝi ) +
ε ∈ T −i (ŝi ). Together with τ−i (ŝi ) ∈ T −i (ŝi ), this yields [τ−i (ŝi ) τ−i (ŝi ) + ε] ⊂ T −i (ŝi ) =
[infs−i {υ−i (si  s−i )} sups−i {υ−i (si  s−i )}].
16
Specifically, n such that υ−i (sni  s−i ) < υ−i (ŝi  s−i ) + ε4 ≤ τ−i (ŝi ) + 3ε4 < τ−i (sni ).
14
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Since limn sn−i = ŝ−i , we can apply the taxation principle to agent i to obtain
µi (ŝi  s−i ) − τi (s−i ) = 0 for all s−i ∈ S̃ −i (recall that µi is continuous).
We now show that the gradients ∇si µi (ŝi  s−i ) are co-directional for all
s−i ∈ S̃ −i . This proves the desired result because S̃ −i is open and because it
contains the manifold {s = (ŝi  s−i ) : µ−i (s) = τ−i (ŝi ) + ε3 }.
Assume that this is not the case for s −i  s −i ∈ S̃ −i (ε). We assume without
loss of generality that µ−i (ŝi  s −i ) < µ−i (ŝi  s −i ). By Lemma 7.1, there is s̃i , arbitrarily close to ŝi , with µi (s̃i  s −i ) + τi (s −i ) < 0 < µi (s̃i  s −i ) + τi (s −i ). Thus,
ψ(s̃i  s −i ) = k and ψ(s̃i  s −i ) = l. However, for s̃i close enough to ŝi , continuity of µi yields µi (s̃i  s −i ) < µi (s̃i  s −i ). This yields a contradiction to the
monotonicity of ψ and concludes the argument.
Q.E.D.
PROOF FOR EXAMPLE 3.4: If (ψ t) is a nontrivial incentive compatible ex
post mechanism with continuous relative transfers τi , condition (5) must be
satisfied: there is ŝ ∈ I and (yk  yl )T ∈ R2 such that, for all s ∈ I i (ŝ),

 −i −i

 i
bk sk − yk
ak + bik sk−i
and
are collinear
−i
−ail − bil sl−i
−b−i
l sl − yl
For this to be true at some s, the cross-product of these vectors must vanish,
implying the condition
(16)

−i
−i −i
i
i −i
(aik + bik sk−i )(−b−i
l sl − yl ) − (−al − bl sl )(bk sk − yk ) = 0

We now argue, that the above condition can be satisfied for all s in the set I i (ŝ)
only if the coefficients a b satisfy the algebraic condition (7).
The one-dimensional indifference set I i (ŝ) can be parameterized by
sk−i =

−i i
∆
a−i
l + bl ŝl −i
+
s 
−i i
−i i l
a−i
a−i
k + bk ŝk
k + bk ŝk

−i
−i
−i
where ∆ = µ−i (ŝ). Since a−i
k  bk  al  bl = 0, we can assume without loss of
−i i
−i
−i i
−i
generality that a−i
k + bk ŝk = 0 and al + bl ŝl = 0. Substituting for sk in condii
tion (16), we see that this equation can only hold on all of I (ŝ) if the coefficient
of the quadratic term in sl−i vanishes, i.e., if
−i i
a−i
l + bl ŝl
i −i
(−bik b−i
l + bl bk ) = 0
−i i
a−i
k + bk ŝk

This implies condition (7). Finally, for the case of discontinuous transfers τi ,
condition (6) reduces here to bik = bil = 0, so that condition (7) is satisfied.
Q.E.D.
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7.2. Generic Impossibility
We turn now to the proof of the genericity assertion, Proposition 4.3. Write
d = d 1 + d 2 and let P 2dr be the space of polynomials on Rd of degree at
most 2dr. We need the following lemma, whose simple proof is left to the
reader.
LEMMA 7.2: Let s1      sr be distinct points in Rd , and let {ai : 1 ≤ i ≤ r} and
{aij : 1 ≤ i ≤ r 1 ≤ j ≤ d} be families of real numbers. There is a polynomial
P ∈ P 2dr such that, for all i j,
P(si ) = ai 
∂P
(si ) = aij 
∂xj
Recall that we fixed r > (2d 1 + 1)/(d 1 − 1) and defined p = dr + 2d 1 + 1 −
i
2d 1 r. For each i, let π i : Rd → Rd be the projection. We will derive both parts
of Proposition 4.3 from the following finite-dimensional proposition.
PROPOSITION 7.3: Let L ⊂ C k+1 (S R2 ) be any finite-dimensional subspace
that contains P 2dr × P 2dr , let M be any translate of L in C p+1 (S R2 ), and let
M0 = Hp+1 ∩ M. There are subsets M1  M2  M3  M4 ⊂ M0 that are residual,
have full Lebesgue measure in M0 , and enjoy the following properties.
1
(i) If (µ1  µ2 ) ∈ M1 , then there do not exist ŝ ∈ int S and y ∈ Rd such that
∇s1 µ1 (s) and ∇s1 µ2 (s) − y are collinear for every s ∈ I˜1 (ŝ).
2
(ii) If (µ1  µ2 ) ∈ M2 , then there do not exist ŝ ∈ int S and y ∈ Rd such that
∇s2 µ2 (s) and ∇s2 µ1 (s) − y are collinear for every s ∈ I˜2 (ŝ).
1
(iii) If (µ1  µ2 ) ∈ M3 , then there do not exist ŝ ∈ int S, y ∈ Rd , and a nonempty
open set Q ⊂ S 2 such that ∇s1 µ1 (ŝ1  q) and y are collinear for every q ∈ Q.
2
(iv) If (µ1  µ2 ) ∈ M4 , then there do not exist ŝ ∈ int S, a vector y ∈ Rd , and
1
2 2
a nonempty open set Q ⊂ S such that ∇s2 µ (ŝ  q) and y are collinear for every
q ∈ Q.

Moreover, the intersection M∗ = Mi is also residual and has full Lebesgue
measure in M0 , and every pair (µ1  µ2 ) ∈ M∗ enjoys the four properties above.
PROOF: Write (int S)(r) for the open subset of (int S)r that consists of distinct
r-tuples. To construct M1 , write
1

1

V = (int S)(r) × Rr × Rd × Rd × R
For each n = 1     r define
1

1

φn : M0 × V → Rd × Rd × R = R2d

1 +1
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by
φn (µ1  µ2 ; s1      sr ; λ1      λr ; y w c)


= ∇s1 µ1 (sn ) − λn [∇s1 µ2 (sn ) − y] π 1 (sn ) − w µ2 (sn ) − c 
Finally, write
Φ = (φ1      φr ) : M0 × V → R(2d

1 +1)r



Because the components of Φ are either linear functions or evaluations of first
derivatives of (p + 1)-times continuously differentiable functions, Φ itself is
p-times continuously differentiable. Using Lemma 7.2, it is easy to check that
for every (µ1  µ2 ; v) ∈ M0 × V , the directional derivatives of Φ in directions
1
in P 2dr × P 2dr × V span R(2d +1)r . In particular, for each (µ1  µ2 ; v) ∈ M0 × V
the differential DΦ is onto. Hence, the transversality theorem (see Mas-Colell
(1985), for instance) provides a subset M1 ⊂ M0 that is residual and of full
measure such that, for each (µ1  µ2 ) ∈ M1 , the set
J(µ1  µ2 ) = {v ∈ V : Φ(µ1  µ2 ; v) = 0}
is either empty or is a manifold of dimension
dr + r + d 1 + d 1 + 1 − (2d 1 + 1)r = dr + 2d 1 + 1 − 2d 1 r
To see that M1 has the desired property (i), suppose not, so that there ex1
ist ŝ ∈ int S and y ∈ Rd such that ∇s1 µ1 (s) and ∇s1 µ2 (s) − y are collinear for
each s ∈ I˜1 (ŝ). If z1      zr are distinct points of I˜1 (ŝ), then we can find λ1     
λr ∈ R such that
∇s1 µ1 (zi ) = λi (∇s1 µ2 (zi ) − y)
Hence


z1      zr ; λ1      λr ; y π 1 (ŝ) µ2 (ŝ) ∈ J(µ1  µ2 )
Equivalently, I˜1 (ŝ)(r) is a subset of the projection of J(µ1  µ2 ) into (int S)(r) . Because I˜1 (ŝ) has dimension d 2 − 1 and projection does not raise the dimension
of a manifold, it follows that J(µ1  µ2 ) must have dimension at least (d 2 − 1)r.
However, our computation of the dimension of J(µ1  µ2 ) implies that
dr + 2d 1 + 1 − 2d 1 r ≥ (d 2 − 1)r
and, equivalently, that
2d 1 + 1
≥ r
d1 − 1
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Because this contradicts our choice of r, we conclude that M1 has the desired
property. To construct M2 we proceed exactly as above, except that we reverse
the roles of µ1 and µ2 ; the constructions of M3 and M4 use a variant of this
same construction. For M3 , write
1

V = int S 1 × (int S 2 )(r) × Rd × Rr 
For each n = 1     r define
φ n : M0 × V → R d

1

by
φn (µ1  µ2 ; ŝ1 ; q1      qr ; y; λ1      λr ) = ∇s1 µ1 (ŝ1  qn ) − λn y
Finally, write
1

Φ = (φ1      φr ) : M0 × V → Rd r 
As above, we use the transversality theorem to find a residual set of full measure M3 ⊂ M0 such that if (µ1  µ2 ) ∈ M3 , then
J(µ1  µ2 ) = v = (ŝ1  q1      qr ; y; λ1      λr ) : Φ(µ1  µ2 ; v) = 0
is a manifold of dimension
2d 1 + (d 2 − d 1 )r + r − d 1 r = 2d 1 + r + (d 2 − d 1 )r
We claim that if (µ1  µ2 ) ∈ M3 , then there does not exist ŝ1 ∈ int S 1 , y ∈ Rd ,
and an open set Q ⊂ int S 2 such that ∇s1 µ1 (ŝ1  q) and y are collinear for each
q ∈ Q. To see this, we argue exactly as before: If such existed, then the dimension of J(µ1  µ2 ) would be at least as large as rd 2 , whence
1

2d 1 + r + (d 2 − d 1 )r ≥ r
and
r≤

2d 1 + 1
2d 1
<

d1 − 1
d1 − 1

This contradicts our choice of r, so we conclude that M3 has the desired property. To construct M4 , we proceed exactly as above, except that we reverse the
roles of µ1 and µ2 . Finally, M∗ is residual and of full measure because it is the
intersection of a finite number of sets with these properties.
Q.E.D.
With Proposition 7.3 in hand, we turn to the proof of Proposition 4.3.
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PROOF FOR PROPOSITION 4.3: We begin by constructing G p+1 as the intersection of four sets W1      W4 , corresponding to the various properties, and
then use Proposition 7.3 to show that G p+1 has the desired properties.
To construct W1 and W2 , we proceed in the following way. First choose and
fix an increasing sequence of compact sets L1  L2     whose union is int S 1 . For
each index m, let C(m) be the set of pairs (µ1  µ2 ) ∈ Hp+1 for which there exist
1
ŝ ∈ Lm , y ∈ Rd with |y| ≤ m, and a subset Z ⊂ I˜1 (ŝ) such that:
• For every z ∈ Z, there is a λ ∈ R such that µ1 (z) − λ[µ2 (z) − y] = 0 and
|λ| ≤ m.
• The projection of Z into some (d 2 − 1)-dimensional subspace of Rd contains
a ball of radius at least 1/m.
It is straightforward to check that each C(m) is a closed subset of Hp+1 , so
the complement Hp+1 \ C(m) is open. Set

W1 =

∞


[Hp+1 \ C(m)]

m=1

We construct W2 in exactly the same way, except that the roles of µ1 and µ2
are reversed.
To construct W3 and W4 , we proceed as follows. For each index m, let Q(m)
1
be the set of pairs (µ1  µ2 ) ∈ Hp+1 for which there exist ŝ ∈ Lm , y ∈ Rd with
|y| ≤ m, and a ball B ⊂ S 2 such that:
• For every b ∈ B there is a λ ∈ R such that µ1 (ŝ1  b) − λy = 0 and |λ| ≤ m.
• The radius of B is at least 1/m.
It is easy to see that Q(m) is closed and, hence, that Hp+1 \ Q(m) is open.
Set

W3 =

∞


[Hp+1 \ Q(m)]

m=1

We construct W4 in exactly the same way, except that the roles of µ1 and µ2
are reversed. 
Set G p+1 = Wi . By definition, G p+1 is the countable intersection of open
sets and, in particular, is a Borel set. To see that G p+1 is finitely prevalent
in Hp+1 , define L = P 2dr and let M be any translate of L. The construction
of G k+1 and Proposition 7.3 guarantee that
(Hp+1 \ G p+1 ) ∩ M ⊂ M∗ 
Hence Proposition 7.3 implies that Hp+1 \ G p+1 meets every translate of L in a
set of Lebesgue measure 0. By definition, therefore, Hp+1 \ G p+1 is finitely shy
in Hp+1 , and G p+1 is finitely prevalent in Hp+1 .
To see that G p+1 is residual in Hp+1 , let F ⊂ C p+1 (S R2 ) be any finitedimensional subspace that contains P 2dr . It follows from Proposition 7.3 that
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G p+1 ∩ F has full Lebesgue measure in Hp+1 ∩ F ; in particular, G p+1 ∩ F is
dense in Hp+1 ∩ F . Because C p+1 (S R2 ) is the union of finite-dimensional subspaces that contain F0 , we conclude that G p+1 is dense in Hp+1 . Because our
construction guarantees that G p+1 is the countable intersection of open sets,
we conclude that it is residual in Hp+1 , as desired.
To construct G 1 , we proceed in almost the same way, except that we work
in H1 instead of in Hp+1 . For each index m, let C(m) be the set of pairs
1
(µ1  µ2 ) ∈ H1 for which there exist y ∈ Rd with |y| ≤ m and a subset Z ⊂ Lm
such that:
• For every z ∈ Z, there is a λ ∈ R such that µ1 (z) − λ[µ2 (z) − y] = 0 and
|λ| ≤ m.
• The projection of Z into some (d 2 − 1)-dimensional subspace of Rd contains
a ball of radius at least 1/m
It is straightforward to check that each C(m) is a closed subset of H1 , so the
complement H1 \ C(m) is open. Set
V1 =

∞


[H1 \ C(m)]

m=1

We construct V2 in exactly the same way, except that the roles of µ1 and µ2
are reversed. For each index m, let Q(m) be the set of pairs (µ1  µ2 ) ∈ H1 for
1
which there exist ŝ1 ∈ Lm , y ∈ Rd with |y| ≤ m, and a ball B ⊂ S 2 such that:
• For every b ∈ B, there is a λ ∈ R such that µ1 (ŝ1  b) − λy = 0 and |λ| ≤ m.
• The radius of B is at least 1/m.
It is easy to see that Q(m) is closed and, hence, that H1 \ Q(m) is open.
Set

V3 =

∞


[H1 \ Q(m)]

m=1

We construct V4 in exactly
that the roles of µ1 and µ2
the same way, except
1
1
are reversed. Now set G = Vi . By definition, G is the countable intersection
of open sets. To show that it is residual in H1 , we need only show it is dense. To
this end, view C p+1 (S R2 ) as a subset of C 1 (S R2 ), and note that G p+1 ⊂ G 1 and
Hp+1 ⊂ H1 . Malgrange (1966) showed that C p+1 (S R2 ) is dense in C 1 (S R2 ).
Because Hp+1 is open in C p+1 (S R2 ), it follows that Hp+1 is dense in H1 . Our
above construction shows that G p+1 is dense in Hp+1 and, hence, in H1 . Because
G p+1 ⊂ G 1 , it follows that G 1 is dense in H1 . By construction, G 1 is the countable
intersection of open sets, so that, as asserted, it is residual in H1 .
Q.E.D.
REMARK 7.4: The relevant property required of the space of polynomials
of degree at most 2dr is embodied in Lemma 7.2: given r distinct points, we
can find polynomials whose values and first partials can be specified arbitrarily
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at those points. Any other space with this property would do as well. Note,
however, that the space of separable relative valuation functions does not have
this property: If µ is a separable relative valuation function and the first d 1
coordinates of s1 and s2 coincide, then
∂µ
∂µ
(s1 ) = i (s2 )
i
∂x
∂x
for 1 ≤ i ≤ d 1 .
University College, London, U.K., and PSE, Paris, France; jehiel@enpc.fr;
moritz_mtv@web.de,
Dept. of Economics, University of Bonn, Lennestrasse 37, Bonn 53113, Germany; mold@uni-bonn.de,
and
UCLA and Caltech; zame@econ.ucla.edu.
Manuscript received January, 2004; final revision received January, 2006.
REFERENCES
ANDERSON, R. M., AND W. R. ZAME (2001): “Genericity with Infinitely Many Parameters,” Advances in Theoretical Economics, 1, 1–62.
AUSUBEL, L. (1997): “An Efficient Ascending-Bid Auction for Multiple Objects,” Mimeo, University of Maryland.
BERGEMANN, D., AND S. MORRIS (2005): “Robust Mechanism Design,” Econometrica, 73,
1771–1813.
BERGEMANN, D., AND J. VÄLIMÄKI (2002): “Information Acquisition and Efficient Mechanism
Design,” Econometrica, 70, 1007–1035.
BIKHCHANDANI, S. (2004): “The Limits of ex-post Implementation Revisited,” Mimeo, UCLA.
CHUNG, K.-S., AND J. ELY (2003): “Ex-post Incentive Compatible Mechanism Design,” Discussion Paper, Northwestern University.
(2004): “Foundations of Dominant-Strategy Mechanisms,” Discussion Paper, Northwestern University.
CLARKE, E. (1971): “Multipart Pricing of Public Goods,” Public Choice, 8, 19–33.
CREMER, J., AND R. MCLEAN (1985): “Optimal Selling Strategies under Uncertainty for a Monopolist when Demands Are Interdependent,” Econometrica, 53, 345–361.
DASGUPTA, P., AND E. MASKIN (2000): “Efficient Auctions,” Quarterly Journal of Economics, 115,
341–388.
D’ASPREMONT, C., AND L. A. GERARD -VARET (1979): “Incentives and Incomplete Information,”
Journal of Public Economics, 11, 25–45.
DEKEL, E., D. FUDENBERG, AND D. K. LEVINE (2004): “Learning to Play Bayesian Games,”
Games and Economic Behavior, 46, 282–303.
GIBBARD, A. (1973): “Manipulation of Voting Schemes,” Econometrica, 41, 587–601.
GREEN, J., AND J. J. LAFFONT (1987): “Posterior Implementation in a Two-Person Decision Problem,” Econometrica, 55, 69–94.
GROVES, T. (1973): “Incentives in Teams,” Econometrica, 41, 617–631.
HOLMSTROM, B., AND R. MYERSON (1983): “Efficient and Durable Decisions Rules with Incomplete Information,” Econometrica, 51, 1799–1819.

610

P. JEHIEL ET AL.

HUNT, B. R., T. SAUER, AND J. A. YORKE (1992): “Prevalence: A Translation-Invariant ‘Almost
Every’ on Infinite-Dimensional Spaces,” Bulletin (New Series) of the American Mathematical
Society, 27, 217–238.
JEHIEL, P., AND B. MOLDOVANU (2001): “Efficient Design with Interdependent Valuations,”
Econometrica, 69, 1237–1259.
JEHIEL, P., M. MEYER-TER-VEHN, AND B. MOLDOVANU (2004): “Potentials and Implementation,” Discussion Paper, University of Bonn.
MALGRANGE, B. (1966): Ideals of Differentiable Functions. London: Oxford University Press.
MAS-COLELL, A. (1985): The Theory of General Economic Equilibrium: A Differentiable Approach.
Cambridge, U.K.: Cambridge University Press.
MASKIN, E. (1992): “Auctions and Privatization,” in Privatization, ed. by H. Siebert, Tubingen:
Mohr, 115–136.
(2003): “Auctions and Efficiency,” in Advances in Economic Theory, ed. by
M. Dewatripont, Cambridge, U.K.: Cambridge University Press, 1–24.
MCLEAN, R., AND A. POSTLEWAITE (2004): “Informational Size and Efficient Auctions,” Review
of Economic Studies, 71, 809–827.
PERRY, M., AND P. RENY (2002): “An Efficient Auction,” Econometrica, 70, 1199–1213.
ROBERTS, K. (1979): “The Characterization of Implementable Choice Rules,” in Aggregation and
Revelation of Preferences, ed. by J. J. Laffont, Amsterdam: North-Holland, 321–349.
SATTERTHWAITE, M. (1975): “Strategy-Proofness and Arrow’s Conditions: Existence and Correspondence Theorems for Voting Procedures and Social Welfare Functions,” Journal of Economic Theory, 10, 187–217.
VICKREY, W. (1961): “Counterspeculation, Auctions and Competitive Sealed Tenders,” Journal
of Finance, 16, 8–37.
WILSON, R. (1987): “Game-Theoretic Approaches to Trading Processes,” in Advances in Economic Theory: Fifth World Congress of the Econometric Society, ed. by T. Bewley. Cambridge,
U.K.: Cambridge University Press, 33–70.

