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ABSTRACT

In this paper, we propose a novel algorithm for recursive re-
construction of a time sequence of sparse signals from highly
under-sampled random linear measurements. In our method,
the idea of recently proposed regularized modified compres-
sive sensing (reg-mod-CS) is merged with sequential monte
carlo techniques like particle filtering. Reg-mod-CS facili-
tates sequential reconstruction by utilizing a partial knowl-
edge of the support and previous signal estimates. Under the
assumption of a dynamical model on the support, the sequen-
tial Monte Carlo step renders various possibilities of the cur-
rent support and choose the most likely support given the cur-
rent observation. The algorithm is similar in sprit to particle
filter with mode tracker (PF-MT), where, the support could be
considered to be the effective basis whereas the signal values
on the current support could be considered to be the residual
space; the difference being the fact that in our algorithm, the
mode tracking step is replaced by the reg-mod-CS for each
particle and the support is re-estimated from the residual part.
We compare our algorithm with other techniques like tradi-
tional particle filtering, particle filter with mode tracker (PF-
MT), static compressive sensing, modified compressive sens-
ing, regularized modified compressive sensing and weighted
`1. We demonstrate that our algorithm outperforms all the
other methods in terms of reconstruction accuracy for a sim-
ulated sequence of sparse signals.

Index Terms— Sequential estimation, sparse reconstruc-
tion, compressive sensing, regularized modified compressed
sensing, particle filtering, mode tracker

1. INTRODUCTION

Our primary goal is causal and recursive reconstruction of a
time sequence of sparse signals. We assume a slowly chang-
ing sparsity pattern over time. Also, we want our algorithm
to use as few linear measurements at each time as possible.
The “recursive” aspect of the algorithm is important i.e. use
the current measurements and the previous reconstruction to
get the current reconstruction. Potential applications of such
an algorithm could be real-time dynamic MRI, single-pixel
imaging etc. with faster acquisition and faster reconstruction.

The theory of compressive sensing (CS) states that a large

dimensional sparse signal can be reconstructed from a set of
highly under-sampled random measurements by using convex
optimization techniques [1, 2]. Mathematically, the sparse
reconstruction problem can be posed as follows. Say, we
want to reconstruct a sparse signal x, with support N , from
y := Φx, when n = length(y) < m = length(x). This prob-
lem can be solved under certain conditions [1, 2] if we can
find the sparsest vector satisfying y = Φx. The solution
can be found via exhaustive search; but that leads to expo-
nential complexity. Many practical approaches (polynomial
complexity in m) have been proposed in recent years to solve
this problem [10, 2, 1, 19, 11, 12].

In recent literature, [3, 5, 6] proposes that if we have a par-
tial knowledge of the support of the signal, a modified version
of compressive sensing (called modified CS or mod-CS) can
reconstruct the signal from even lesser number of measure-
ments as compared to traditional CS. The key idea of mod-CS
is: given a partial but partly erroneous support “knowledge”:
T , we can rewrite N := support(x) as N = T ∪ ∆ \ ∆e.
Here, ∆ := N \ T , is the unknown set of misses in T and
∆e := T \N , is the unknown set of extras in T . IfN = T∪∆,
above problem is equivalent to finding the signal that is spars-
est on T c such that data constraint is satisfied. Modified-CS
[3, 4] attempts to solve the problem as follows,

min
β
||(β)T c ||1 s.t. y = Φβ (1)

Exact reconstruction conditions for mod-CS are much weaker
than that of CS when |∆| << |N | and |∆e| � |N |. A sim-
ilar approach (called the weighted `1) was proposed in par-
allel work by [17]. For making the algorithm robust to large
observation noises, more constraints can be put in the above
optimization problem. Regularized-modified-CS [7] does ex-
actly that. It assumes that the signal values in the known part
of the support changes slowly over time (which is a reason-
able assumption for many practical applications) and the cor-
responding optimization problem is modified as,

x̂t = arg min
x
λ||xT c ||1 + γ||(x)T − (x̂t−1)T ||22

+ ||yt − Φx||22 (2)

Notice that all the above mod-CS type techniques are partic-
ularly suited for sequential reconstruction of sparse signals



where, the support at the previous instant can be used as the
predicted support. Some other related work on sequential
sparse reconstruction include Kalman Filtered compressive
sensing (KF-CS) [13], dynamic Lasso [14], RLS-Lasso [15]
and static Bayesian approaches - [18, 19].

Consider a situation that we have a Markov model on the
support change as well as non-zero signal value change. The
question is - can we do better than mod-CS by devising a
mechanism to make a ‘more judicious’ prediction about the
support ? Our algorithm, Particle Filtered Modified Com-
pressive Sensing (PaFiMoCS) attempts to answer this ques-
tion. Under the assumption that the sparsity pattern variations
might evolve from a dynamical model, PaFiMoCS uses the
idea of sequential importance sampling from the particle fil-
tering literature, and provides the modified compressive sens-
ing with the support information. This enables mod-CS style
algorithms to work more efficiently i.e. use lesser number of
observations.

2. PROBLEM FORMULATION AND NOTATION

Say, {xt}t≥0 is a sparse signal sequence with xt ∈ Rm and
m � K, ∀t = 0, 1, . . . where K is the number of non-
zero entries in xt. The observations {yt}t≥0, yt ∈ Rn are
generated from the following observation model,

yt = Φxt + nt (3)

where Φ is a n×m measurement matrix with n < m and the
observation noise is normal distributed as, nt ∼ N (0,Σo).
Under this setup, our primary objective is to sequentially re-
construct the signal xt from the observations y0, . . . yt. In or-
der to do that we develop a recursive algorithm which causally
reconstructs the signal xt from the observation yt and signal
estimate from the previous instant i.e. x̂t−1. Also, it is as-
sumed that the sparsity pattern of xt follows a certain dynam-
ical model as described in the next subsection. But first, we
give some of the basic notations that we use in the sections to
follow.

Denote the sparse signal at time t as xt. Define the support
of the signal xt as, Nt = {i : (xt)i 6= 0}, (xt)i , ith com-
ponent of xt. The term (xt)Nt

denotes a vector comprising of
the components of xt corresponding to the indices belonging
to the set Nt. The set of indices of xt that do not belong to
Nt is denoted as N c

t . The symbol ′\′ denotes set minus.
While going from t − 1 to t, the set of new elements be-
ing added to the support is denoted as At, whereas the set of
deleted elements is denoted as Rt. Thus At = Nt \Nt−1 and
Rt = Nt−1 \Nt. The function dim(.) gives the dimension of
a vector. We define the state of the system at t as :

Xt = [xt;Nt] (4)

Next, we describe the generative model for the sparse signal
sequence.

2.1. Signal Dynamics : The Generative Model

The generative model for the sparse signal sequence is given
as follows.

1 At t = 0, start with some N0 with |N0| << m. Get x0
as follows,

(x0)N0
= ν0, ν0 ∼ N (m0,Σ0)

(x0)Nc
0

= 0

Thus for t = 0, obtain X0 = [x0, N0].

2 For t > 0 compute,

Nt = (Nt−1 ∪At) \Rt

where the sets At and Rt are generated as follows,

At ∼ Unifp(N c
t−1)

Rt ∼ Unifp(N∗t−1)

with N∗t−1 = {j : |(xt−1)j | < ∆, j ∈ Nt−1}(5)

where the operator Unifp(N) selects any p unique en-
tries of N at random, p << |Nt−1| and ∆ is a heuris-
tically chosen threshold. Finally, generate the signal xt
as,

(xt)Nt
= (xt−1)Nt

+ ν, where, ν ∼ N (0,Σν)

(xt)Nc
t

= 0

Thus, for t > 0 get Xt = [xt, Nt]

3 Set t← t+ 1 and go to step 2.

This dynamical model on xt and in turn, on Xt, serves as the
system model in a tracking framework. The signal dynamics
is demonstrated in Fig. 1. Now, a dynamical model on spar-
sity pattern change is a reasonable assumption as long as it is
generic in nature. A closer look at equation (5) reveals that
the new additions to the support can come anywhere from
N c
t . The second equation comes from the fact that when-

ever a component of the support is going to be deleted, it is
very likely that it would have a small signal amplitude corre-
sponding to that component. In other words, no component of
the support, with ‘significant’ signal amplitude, gets abruptly
deleted from the support. If any component were to go, it
fades away gradually rather than abruptly. This assumption is
quite practical for signals evolved from natural processes for
which continuity is an inherent characteristics.

3. PARTICLE FILTERING AND PARTICLE
FILTERED MODIFIED-CS (PAFIMOCS)

In this section, we briefly discuss sequential Monte Carlo
based algorithms for estimating xt at each instant form the
observations y0, . . . , yt. The key question here is : given a



Fig. 1. The dynamical model corresponding to the sparse signal
sequence.

Markov model on slow support change, and on slow nonzero
signal value change, what is the “best” way to use it? One idea
is Particle Filtering(PF) framework i.e. sequential importance
sampling from the dynamic prior model for MAP estimates
of the support and the signal.

3.1. Particle Filteres

We are in search of an optimal estimator of xt under the
above problem formulation. One idea could be compute the
Maximum A Posterior (MAP) estimate of the signal (i.e. the
one which maximizes the posterior distribution p(Xt|y1:t)).
The basic particle filter or PF [16] gives an empirical es-
timate of this posterior distribution. It is to be noted that
from the dynamical model described above, it can be shown
that p(Xt|Xt−1) = p(xt|xt−1, Nt)p(Nt|Nt−1, xt−1) which
means that the PF can render various possibilities of the sup-
port and the signal values (i.e Importance Sampling or IS)
and assign importance weights based on the observation like-
lihood (OL) i.e. p(yt|Xt). Then the MAP estimate becomes
the importance sample with highest importance weight. A
posterior mode-tracking (MT) version of the PF (PF-MT)
[20] can be implemented as well. Here, the support could be
considered to be the effective basis whereas the signal values
on the current support could be considered to be the residual
space. The main difference between the basic PF algorithm
and PF-MT is that in PF-MT, the importance sample for the
residual space is generated by posterior mode tracking rather
than using the dynamical model alone [20]. Under our current
problem setup, the mode tracker for the residual part could be
replaced by a regularized modified CS step as follows,

x
(i)
t = arg min

x
λ||(x− x(i)t−1)T ||22 + γ||xT c ||1 + ||yt − Φx||22

here the superscript ‘(i)’ stands for the ith particle i.e. each
particle for xt is generated by performing reg-mod-CS with
the current observation and the corresponding particle at the
previous instant.

The basic PF steps are given in Algorithm. 1. The prob-
lem with these algorithms is that both of them do not use the

Algorithm 1 PF : Recursive Estimation of Xt = [Nt, xt]

1 At t = 0, N (i)
0 = N0 and x(i)

t = x̂0, for i = 1, 2, ..., NPF

2 At each time t > 0, for i = 1, 2, ..., NPF

(a) Importance Sample on signal support : A
(i)
t ∼

Unifp(N
(i) c
t−1 ) and R

(i)
t ∼ Unifp(N

(i) ∗
t−1 ). Get

N
(i)
t = (N

(i)
t−1 ∪A

(i)
t ) \R(i)

t and define T , N
(i)
t

(b) Importance sampling on the signal values : x
(i)
t :

(x
(i)
t )Tc = 0, x(i)

T ∼ N ((x
(i)
t−1)T ,Σν)

(c) Assign importance weights : w
(i)
t ∝ p(yt|Xt) ∝

exp(− 1
2
(yt − Φx

(i)
t )TΣ−1

o (yt − Φx
(i)
t )) and resam-

ple

3 MAP estimate : output maximum weight particle

4 Resample and set t→ t+ 1 and go to step 2

observations in the support prediction process. Basic PF [16]
does not even utilize the sparsity of the underlying signal.
PF-MT uses slow sparsity change to estimate xt but not Nt.
Later, we demonstrate from simulation experiments that the
support estimation error of these algorithms accumulate over
time, making them unstable.

3.2. Particle Filtered Modified CS (PaFiMoCS)

The primary goal of PaFiMoCS is to facilitate the reg-mod-
CS algorithm with a reasonably good estimate of the true
support. In prior works, researchers used the previous sup-
port estimate as the current predicted support. But, as stated
above, this heuristic does not work when there happens to be
a large support change over successive time instants. PaFi-
MoCS, precisely, attacks this problem. It leverages the fact
that we can do a better job in support prediction by assum-
ing a dynamical model on the support changes. Now, even
if there happens to be a large support change, we still have
a better handle of the situation than just using the previous
support estimate for the prediction.

PaFiMoCS is developed based on the dynamical model
for support change as well as dynamical model on signal
value change on the known part of the support (Sec. 2.1).
At each instant, it uses the importance sampling of parti-
cle filtering to generate various support guesses. Here, the
hope is that for a large enough number of samples, at least
one of them would be very close to the true support. And
then, solve reg-mod-CS for each of these guesses to generate
importance samples of the signal values on the correspond-
ing support particle. The support particle is then updated
by re-computing it from the reg-mod-CS output. The entire
procedure is summarized in Algorithm. 2 .

It is important to note that there is a significant difference
between our algorithm and PF-MT. In our algorithm, unlike
PF-MT, we actually recompute the effective basis (i.e N (i)

t )



Algorithm 2 PaFiMoCS: Tracking Algorithm
Goal: From the observations {yt}Tt=0, sequentially estimate the
sparse signal {x̂t}Tt=0 where yt = Φxt.

1 Assume at t = 0, we know x̂0, N0. For i = 1 . . . NPF ,
assign particle set as,

N
(i)
0 = N0

x
(i)
0 = x̂0

2 At t > 0, for i = 1 . . . NPF :

(A
(i)
t )j ∼ Unifp(N

(i) c
t−1 )

(R
(i)
t )j ∼ Unifp(N

(i) ∗
t−1 ),

N
(i) ∗
t−1 = {k : |(x(i)

t−1)k| < ∆, k ∈ N (i)
t−1},

Importance sampling on the support : N (i)
t = (N

(i)
t−1∪A

(i)
t )\

R
(i)
t . Then, using current observation yt, perform Regular-

ized modified CS (sort of substitute of PF-MT) to importance
sample on the signal xt as,

x
(i)
t = arg min

x
λ||(x− x(i)

t−1)T ||22 + γ||xTc ||1 + ||yt − Φx||22

where T = N
(i)
t . Recompute the support as, N (i)

t = {j :

|(x(i)
t )j | > α}. Thus get, X(i)

t = [x
(i)
t , N

(i)
t ].

3 Assign appropriate importance weight as,

w
(i)
t ∝

p(yt|X(i)
t )p(X

(i)
t |X

(i)
t−1)

π(X
(i)
t |X

(i)
t−1, yt)

∝ e−||yt−Φx
(i)
t ||

2
2e−

1
2

((x
(i)
t −x

(i)
t−1)T )T Σ−1

ν ((x
(i)
t −x

(i)
t−1)T )

e−(λ||(x(i)t −x
(i)
t−1)T ||22+γ||(x(i)t )Tc ||1+||yt−Φx

(i)
t ||

2
2)

5 MAP estimate : output maximum weight particle

6 Resample and set t← t+ 1 and go to step 2.

from the importance sample of the residual part i.e. x(i)t . This
step is essential in our algorithm because, the reg-mod-CS
step corrects for any residual error in N (i)

t w.r.t the true sup-
portNt. Thus the re-estimated support tends to be more accu-
rate than the one generated by the importance sampling step.
Otherwise, this error might accumulate over time and lead
to an unstable algorithm with exploding reconstruction error
(see performance plot of PF-MT).

4. EXPERIMENTAL RESULTS AND DISCUSSION

We tested our algorithm on a simulated sequence of sparse
signals. The dynamical model described in Sec. 2.1 was
used for generating a sequence of length T = 20. The sig-
nal dimension was set at dim(xt) = m = 200 with spar-
sity K = dim(Nt) = 20 (i.e. 10% of the signal dimen-
sion). The initial signal (t = 0) was generated using N0 =
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Fig. 2. Performance comparison plots. We compute the Normalized
Mean Squared Error for all the methods and compared them over
50 Monte Carlo runs. It can be seen that PaFiMoCS has the best
performance among all the methods.

{10, 15, 20, . . . , 105} and m0 = 5 ∗ 120 and Σ0 = 3 ∗ I20
where 1k is a k-dimensional column vector with all entries
as 1 and Ik is a k × k identity matrix. We considered two
additions and two deletions over successive time instants i.e.
p = 2 or dim(At) = 2 and dim(Rt) = 2. The parameter Σν
corresponding to the dynamics of signal values was set to be
I20. The entries on the observation matrix Φ was generated
from a standard normal distribution with n = 50 (25% of
the signal dimension). The observation noise was generated
from a multivariate standard normal distribution i.e. N (0, I)
or σ2

o = 1 for each dimension. Under all the above parameter
settings, we simulated a 200 dimensional, 20-sparse signal se-
quence {xt} and generated corresponding observation vectors
{yt}. These observations are fed to the various reconstruction
algorithms to study their reconstruction performances.

We compared the reconstruction performances of seven
different methods including the basic particle filter, tradi-
tional compressed sensing, modified/regularized modified
compressed sensing without sequential Monte Carlo sam-
pling, weighted `1, PF-MT and finally PaFiMoCS. For sim-
plicity, it was assumed that we have a perfect knowledge of
the initial state of the system i.e. X̂0 = X0. For regular-
ized mod-CS the parameters λ and γ were set at 0.1 and 0.5
respectively. For basic particle filter and PaFiMoCS the num-
ber of particles used was NPF = 100. The performance of
the algorithms were compared by computing the normalized
mean-squared reconstruction error (NMSE) i.e. E(||xt−x̂t||2)

E(||xt||2)
for t = 0, ..., 20. The expectations were computed over 50
Monte Carlo runs of each algorithm. The corresponding
NMSE plots for various algorithms are shown in Fig. 2. The
re-computation of the support for each particle made sure
that each support particle reflects the support error correction
after the reg-mod-CS step. That is why this algorithm has
a low and stable NMSE of the order of 10−2. The other
variant, PF-MT which does not recompute the support for
each particle (more similar to a PF-MT approach) gradually



loses track of the signal as the support error accumulates
over time. Other algorithms like mod-CS, reg-mod-CS and
weighted `1 without the importance sampling step, performs
worse as they do not have a support prediction as good as
PaFiMoCS (remember that all of them used the previous sup-
port estimate as the current predicted support). Traditional
compressed sensing fails with 25% observations as it does
not utilize the dynamics of sparsity pattern change as well
as the constraints on the signal value changes. Basic particle
filter primarily fails due to the lack of a mechanism to utilize
the sparsity of the underlying signal.

Thus it turns out that by facilitating a regularized com-
pressed sensing approach with a good support estimate from
a PF framework, we can actually come up with a very effi-
cient algorithm for sequential reconstruction of sparse signals
from highly under-sampled random linear measurements.

5. CONCLUSION

In this paper, we have proposed particle filtered modified
compressed sensing (PaFiMoCS) for sequential estimation
(i.e. tracking) of sparse signals from highly under-sampled
measurements. The basic idea is to use recently proposed
reg-mod-CS idea by providing it with a ‘close enough’ pre-
diction of the support. This prediction step is carried out by
sequential importance sampling technique used is particle
filtering literature. The key difference between PaFiMoCS
and other sequential CS based approaches is that it uses dy-
namical models on the support change as well as signal value
change on the known part of the support. It is demonstrated
with simulation experiments that PaFiMoCS performs better
than other algorithms which do not utilize the importance
sampling step for support prediction. As a part of future
research, this technique can be used in many practical scenar-
ios where PF-MT [20] is suitable but the residual space has
a slowly varying sparsity pattern over time. For example -
gradual illumination variations in a scene or slowly moving
occlusion in a template based visual tracking framework.
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