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Abstract

Practical Constraint Satisfaction Problems (CSPs) such as design of integrated circuits or
scheduling generally entail large search spaces with hundreds or even thousands of variables,
each with hundreds or thousands of possible values Often, only a very tiny fraction of all these
possible assignments participates in a satisfactory solution. This article discusses technigues that
aim at reducing the effective size of the search space to be explored in order to find a satisfactory
solution by judiciously selecting the order in which variables are instantiated and the sequence in
which possible values are tried for each variable. In the CSP literature, these techniques are
commonly referred to as variable and value ordering heuristics. Our investigation is conducted
in the job shop scheduling domain. We show that, in contrast with problems studied earlier in the
CSP literature, generic variable and value heuristics do not perform well in this domain. This is
attributed to the difficulty of these heuristics to propeily account for the tightness of constraints
and/or the connectivity of the constraint graphs induced by job shop scheduling CSPs.

A new probabilistic framework is introduced that better captures these key aspects of the job
shop scheduling search space. Empirical results show that variable and value ordering heutistics
derived within this probabilistic framework often yield significant improvements in search
efficiency and significant reductions in the search time required to obtain a satisfactory solution.

The research reported in this article was the first one, along with the work of Keng and Yun
[Keng 89], to use the CSP problem solving paradigm to solve job shop scheduling problems.
The suite of benchmark problems it introduced has been used since then by a number of other
researchers to evaluate alternative techniques for the job shop scheduling CSP. The article
briefly reviews some of these more recent efforts and shows that our variable and value ordering

heuristics remain quite competitive.






Table of Contents

Abstract
1. Introduction
2. The Job Shop Constraint Satisfaction Problem
3. The Search Procedure
4. A Look At Some Popular Variable Ordering Heuristics
5. A Look At Some Popular Value Ordering Heuristics
6. New Variable and Value Ordering Heuristics

6.1. General Considerations

6.2. A Probabilistic Model of the Search Space
6.3. A Variable Ordering Heuristic Based on Measures of Resource

Contention
6.4. A Reservation Ordering Heuristic that Attempts to Minimize Contention

6.4.1. Estimating the Probability that a Reservation Survives Contention
6.4.2. Estimating the Probability that a Job Schedule Survives
Contention
7. Overall Complexity
8. Empirical Evaluation
8.1. Design of the Test Data
8.2. Comparisen With Other Heuristics
8.3. Recent Developments and Additional Results
9. Summary and Concluding Remarks
Appendix A. Counting the Number of Survivable Schedules
Appendix B. Value Ordering Filter

—



Fig.
Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

*

Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1
2

3

~1 (=27 =N

8

9
10

11
12

13

14

15

16

List of Figures
Examples of tree-like process routings.
A simple job shop problem with 4 jobs. Each nede is labeled by the
operation that it represents and the resource regquired by this
operation.
Depth-first backtrack search procedure.
Consistency with respect to precedence constraints.
Forward consistency checks with respect to capacity constraints.
Detecting situations where two unscheduled operations requiring
the same resource are in conflict.
The same job shop CSP after consistency labeling. Start time
labels are represented as intervals. For instance, [0,6] represents all
start times between time O and time 6, as allowed by the time
granularity, namely {0,1,2,3,4,5,6}.
A new resource R; is added to the problem. R, 5 stands for R, or
RS' R3’5 stands for R3 or Rs.
An MST relaxation of the scheduling problem.
Building R,’s aggregate demand profile in the initial search state.
Aggregate demands in the initial search state for each of the four
resources.
ORR Heuristic: the most critical operation is the one that relies
most on the most contended resource/time interval.
Survivability measures for the reservations of operations in job js,

the job to which belongs 0;, the current critical operation.

Value goodness for Og expressed as the number of compatibie job
schedules expected to survive resource contention.

Scale-up experiments: versions with and without rough demand
profiles. Problem sizes are the number of operations to be
scheduled. CPU times are on a DECstation 5000/200 running
C++.

A tree-like process routing, organized with the current critical
operation as its root. Arrows represent precedence constraints.

I

10
10
11

13

15

19
23
24
26

29

32
39

44



List of Tables
Table I Comparison of 5 heuristics over 6 sets of 10 job shop problems.
Standard deviations appear between parentheses.

III

38






1. Introduction
Practical Constraint Satisfaction Problems (CSPs) such as design problems (eg.
[Navinchandra 90, VanHenteryck 921) or scheduling problems {e.g. [Fox 87, Sadeh 91, Zweben
047]) generally entail large search spaces with hundreds or even thousands of variables, each with
several hundred or thousand possible values. Often, only a very tiny fraction of all these possible
assignments participates in a satisfactory solution, potentially requiring prohibitive amounts of
search before one such solution can be found. This article discusses techniques that aim at
reducing the effective size of the search space to be explored by judiciously selecting the order in
which variables are instantiated and the sequence in which possible values are tiied for each
variable. In the CSP literature, these techniques are commonly referred to as variable and value
ordering heuristics. Our investigation is conducted in the job shop scheduling domain [Baker
74, French 82, Morton 93].

Specifically, we study a class of job shop scheduling problems in which operations have to be
performed within non-relaxable time windows [Sadeh 8%, Fox 89, Sadeh 90, Sadeh 91]. We
refer to this class of problems as the job shop Constraint Satisfaction Problem or job shop CSP.
Examples of job shop CSPs include factory scheduling problems, in which some operations have
to be performed within one or several shifts, spacectaft mission scheduling problems, in which
time windows are determined by astronomical events over which we have no cont:ol, factory
rescheduling problems, in which a small set of operations need to be rescheduled without
disturbing the schedule of other operations, etc. When solving a job shop CSP, the objective is
to find as quickly as possible a feasible schedule, namely a schedule where each operation is
performed within one of its legal time windows and no resource is oversubscribed. The
techniques presented in this paper have also been adapted to solve Just-In-Time Job Shop
Scheduling problems, where the objective is to reduce the sum of tardiness and inventory costs
of a set of jobs to be processed subject to relaxable due dates [Sadeh 91, Sadeh 94].

The job shop CSP can easily be shown to be NP-complete [Garey 79]. Accordingly, the
worst-case complexity of any procedure to solve this problem is expected to be exponential. At
the time, we started this study, CSP techniques that interleave search with consistency enforcing
mechanisms and variable/value ordering heuristics had been reported to yield important
increases in search efficiency when applied to a number of different CSPs [Haralick 80, Freuder
82, Purdom 83, Mackworth 85, Dechter 88, Nadel 88, Zabih 88, Dechter 89a] [Fox 89]. One of
the objectives of our study was to determine if similar results could be obtained on large-scale
tightly connected problems such as those found in the job shop scheduling domain.

In this article, we first review generic variable and value ordering heuristics that have been
reported to perform well on other classes of CSPs. We explain why these heuristics are unlikely
to perform as well on large-scale tightly connected CSPs like job shop scheduling. In particular,
we show that these heuristics fail to adequately account for the tightness of constraints and/or for
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the interactions induced by the high connectivity of the constraint graphs characteristic of job
shop CSPs!. The second part of this paper introduces a probabilistic framework, within which
new variable and value ordering heuristics are defined that attempt to better account for these
Interactions. Empirical results indicate that our new heuristics outperform both generic CSP
heuristics as well as more specialized heuristics recently developed for resource- and time-
constrained CSPs [Keng 89]. Our study suggests that a key to defining these more powerful
heuristics lies in the ability of the probabilistic framework to provide estimates of the reliance of
a variable on the availability of one of its remaining values (e.g., in job shop scheduling, the
reliance of an operation on the availability of a reservation) and measures of contention between
variables for the allocation of incompatible values (e.g., in job shop scheduling, measures of

resource contention between unscheduled operations).

While our work shows that the CSP problem solving paradigm does scale up to complex large-
scale domains such as the job shop CSP, it also suggests that benchmark problems considered in
earlier CSP studies are not representative of this and probably other classes of complex CSPs.
We hope that this research will prompt others in the ficld to revisit earlier studies and look for
more challenging problems on which to evaluate their techniques.

The balance of this paper is organized as follows. Section 2 provides a formal definition of the
job shop scheduling CSP Section 3 details the backtrack search procedure used in our study.
Generic variable and value ordering heuristics are reviewed in Sections 4 and 5 respectively.
Section 6 describes new variable and value ordering heuristics based on a probabilistic model of
the search space. The complexity of these heuristics is discussed in Section 7 Empirical results
comparing our new heuristics with other heuristics discussed in this paper are presented in
Section 8 The work reported in this article was the first one, along with that of Keng and Yun

[Keng 89], to use the CSP problem solving paradigm to solve job shop scheduling problems.
The suite of benchmark problems it introduced has since then been used by a number of other
researchers to evaluate alternative techniques for the job shop scheduling CSP. Section 8 briefly
reviews some of these more recent efforts and shows that our variable and value ordering
heuristics remain quite competitive. Section 9 provides a summary of the paper and further

discusses the implications of this study.

Earlier variations of the techniques presented in this paper are discussed in [Sadeh 88, Sadeh
89a, Sadeh 89b, Sadeh 89c, Fox 89, Sadeh 90, Sadeh 91].

1Constraint graphs are graphical representations of binary CSPs (i.e CSPs with binary constraints) in which each
variable is represented by a node, and binary constraints are represented by arcs between two nodes. Other graphical
representations also exist for non-binary CSPs



2. The Job Shop Constraint Satisfaction Problem

The job shop CSP requires scheduling a set of jobs /={j,,...j,} on a set of physical
resources RES={Ry,...,R,,} . Each job j, consists of a set of operations Ol={ O'; s Oif} to be
scheduled according to a process routing that specifies a partial ordering among these operations
(e.g. Oi BEFORE O;)‘ This study assumes job shop CSPs with tree-like process routings. A
tree-like process routing is one whose graph of precedence constraints forms a tree (see Figure
1). This is by far the most common situation, especially in factory scheduling Extensions of the
techniques presented in this paper to more general types of process routings will be briefly
discussed as well

D e G e G
Fig. 1 Examples of tree-like process routings.

In the job shop CSP studied in this paper, each job j; has a release date rd; and a due date (o1
deadline) dd, between which all its operations have to be performed. Each operation 0: has a
fixed duration duf and a start time stf. whose value has to be selected The domain of possible statt
times of each operation is initially constrained by the release and due dates of the job to which
the operation belongs. If necessary, the model allows for additional unary constraints that further
restrict the set of admissible start times of each operation, thereby defining one or several time
windows within which an operation has to be carried out (e.g. a specific shift in factory
scheduling). In order to be successfully executed, each operation Og requires pf different
resources (e.g. a milling machine, a set of fixtures and a machinist) Rfj (1£j< pf), for each of
which there may be a pool of physical resources from which to choose, Q;:{r;l,.”..‘,r;q{}, with

)

i

Ty € RES(1£k< qf.j) (e.g. several possible milling machines).

More formally, the problem can be defined as follows:

VARIABLES:



A vector of variables (or aggregate variable) is associated with each operation, O:.' {(1£1<n,
1 £i £ ny), which consists of

1. the operation start time, stf, and

ey o reamir pl c e ]
2. its resource requirements, R, (1 <j<p).

In our search procedure, each operation is considered a single (aggregate) variable whose start
time and resource requirements are simultancously instantiated. A tuple of instantiations
associated with an operation, namely a start time and a set of specific resource assignments, is

referred to as a reservation for that operation,

CONSTRAINTS:

The non-unary constraints of the problem are of two types:
1 Precedence constraints defined by the process routings translate into linear
inequalities of the type: sf;+du, < st, (i.e. O, BEFORE Oy);

2. Capacity constraints that restrict the use of each resource to only one operation at
a time translate into  disjunctive  constraints ~of the form:
(Vp¥gq Ri.; #* R;q) % stf+duf.‘ < srj v sr;+duj < st:.“. These constraints simply express
that, unless they use different resources, two operations ()f'c and OJf cannot overlap.

Additionally, there ate unary constraints restricting the set of possible values of individual
variables. These constraints include non-relaxable due dates (or deadlines) and release dates,
between which all operations in a job have to be scheduled. The model actually allows for any
type of unary constraint that further restricts the set of possible start times of an operation. As a
result, the domain of possible start times of an operation will generally consist of one or several
non-contiguous time windows within which the operation has to statt. Time is assumed discrete,
i.e. operation start times and end times can only take integer values Finally, each resource
requirement Rfj has to be selected from a set of resource alternatives, Qf.j c RES.

OBJECTIVE:

In the job shop CSP studied in this paper, the objective is to come up with a feasible solution as
fast as possible. Notice that this objective is different from simply minimizing the number of
search states visited. It also accounts for the time spent by the system deciding which search state

to explore next.
EXAMPLE:

Figure 2 depicts a simple job shop scheduling problem with four jobs J={j;.js.j3,j4} and four



capacity constraint

w——————4 precedence constraint

Fig. 2 A simple job shop problem with 4 jobs. Each node
is labeled by the operation that it represents and the
resource required by this operation.
physical resources RES={R;,R,,R3,R,} . In this example, each operation has a single resource
requirement with a single possible value. Operation start times are the only variables. For the
sake of simplicity, it is assumed that all operations have the same duration, namely 3 time units,
that all jobs are released at time 0 and have to be completed by time 15 (the minimum makespan
of this problem?) None of these simplifying assumptions are required by the techniques that
will be discussed: jobs usually have different release and due dates, operations can have different
durations, several resource requirements, and several alternatives for each of these requirements.
However simple, this example will often prove sufficient to contrast the merits of a number of
heuristics discussed in this paper. When appropriate, we will consider slight variations of this
base problem to discuss issues that would not be immediately visible otherwise.

Notice that, in this problem, resource R, is the only one to be required by four operations (cne
from each job). Since all operations in the example have the same duration, resource R, is

2The makespan of a schedule is the length of the time interval that spans from the earliest operation start time to
the latest operation end time [Baker 74].



expected to be a small bottleneck?.

3Informaily, a bottleneck is a resource or group of resources whose utilization is expected to be close to or larger
than its available capacity.



3. The Search Procedure

A general paradigm for solving CSPs relies on the use of depth-first backtrack search {Walker
60, Golomb 65, Bitner 75, Pearl 84]. Variables or groups of variables (ie. subproblems) are
successively instantiated. Each time a new variable (or group of variables) is instantiated, a new
search state is created that corresponds to a new, more complete, partial solution. This process
goes on until either a complete solution is obtained or until a deadend state is reached. A
deadend state is one whose partial solution cannot be completed without violating one or several
problem constraints. When in a deadend state, the procedure has to undo one or several
assignments and try alternative ones, if there are any left (otherwise the problem is infeasible).
This process of undoing earlier assignments is known as backtracking. It results in lower search

efficiency, and, hence, is undesirable.

In the worst case, exponential amounts of backtracking may be necessary to come up with a
feasible solution (schedule). In practice, the average complexity of the procedure can be
improved by interleaving search with the application of consistency enforcing mechanisms and

variable/value ordering heuristics:

e Consistency Enforcing (Checking) Technigues: These techniques prune the search
space by eliminating local inconsistencies that cannot participate in a global solution
[Mackworth 85]. This is done by inferring new constraints and adding them to the
current problem formulation. Tf, during this process, the domain of a variable
becomes empty, a deadend situation has been identified.

e Variable/Value Ordering Heuristics: These heuristics are concerned with the order
in which variables are instantiated and values assigned to each variable. As
discussed in the remainder of this paper, these heuristics can have a great impact on

search efficiency.

In this study, we consider a depth-first search procedure that starts in a state where all
operations still have to be scheduled and proceeds by scheduling operations one by one (Figure
3). Each time an operation is scheduled, a new search state is created in which a consistency
enforcing procedure updates the set of possible reservations of unscheduled operations to
account for the latest assignment. Next, the procedure determines which operation to schedule
(variable ordering) and which reservation to assign to that operation (value ordering). The
procedure goes on, recursively calling itself, until either all operations have been successfully
scheduled or until an inconsistency (or deadend) is detected. In the latter case, it needs to undo
one or several earlier decisions (i.e. backtrack). If there are no decisions left to undo (ie. the
procedure is back in the initial search state), the problem is infeasible and the procedure

terminates.

The results reported in this study were obtained using a simple chronological backtracking



1.If all operations have been scheduled then stop, else go on to 2;
2. Apply the consistency enforcing procedure;

3. If a deadend is detected then backtrack (i.e. select an alternative
if there is one left and go back to 1, else stop and repott that

the problem is infeasible), else go on to step 4;

4. Select the next operation to be scheduled (variable ordering
heuristic);

5. Select a promising reservation for that operation

(value ordering heuristic)

6 Create a new search state by adding the new reservation assignment
to the current partial schedule. Go back to 1.

Fig. 3 Depth-first backtrack search procedure.

mechanism that systematically goes back to the most recently scheduled operation and tries
alternative reservations for that operation. If no alternative reservation is left, the procedure goes
back to the next most recently scheduled operation and so on.

Consistency enforcing in our procedure combines three types of computations:

1. Consistency with respect to precedence constraints: Consistency with respect to
precedence constraints is maintained using a longest path procedure that
incrementally updates, in each search state, a pair of earliest/latest possible start
times for each unscheduled operation. Essentially, as in PERT/CPM [Johnson 74],
earliest start time constraints are propagated downstream within the job whereas
latest start time constraints are propagated upstream (Figure 4). The complexity of
this simple propagation mechanism is linear in the number of precedence
constraints. In the absence of capacity constraints (e.g. problems in which no two
operations require the same 1esource), the procedure can be shown to guarantee
decomposability [Davis 87, Dechter 89b], i.e., if applied in each search state, it is
sufficient to guarantee backtrack-free search [Sadeh 917

2. Forward consistency checks with respect to capacity constraints: Enforcing
consistency with respect to capacity constraints is more difficult due to the
disjunctive nature of these constraints. Whenever a resource 1s allocated to an
operation over some time interval, a "forward checking" mechanism [Haralick
80, Nadel 88] checks the set of remaining possible reservations of other operations
requiring that same 1esource, and removes those reservations that would conflict
with the new assignment, as first proposed in [LePape 87] (See Figure 5).

3. Additional consistency checks with respect to capacity constraints: Additionally,
our consistency enforcing mechanism checks that no two unscheduled operations
require overlapping resource/time intervals. An example of such a situation is
illustrated in Figure 6, where two operations requiring the same resource, Of‘ and
Oj, rely on the availability of overlapping time intervals. Whichever start time is

selected for operation O‘;‘ (within its earliest/latest start time window), this
operation will always require its resource over the time interval that spans between
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Fig. 4 Consistency with respect to precedence constraints.

- Before propagation: [ 7,15]
0O; 5 R, After propagation: [ 10, 15]

scheduied to start at time 6

— = - capacity constraint

Fig. 5 Forward consistency checks with respect to capacity constraints.

its latest start time and its earliest finish time ([lst eﬁ‘ . Smnlaﬂy operation O[
will always require that samc resource between its latest start tlmc and its earliest
finish time (interval [lst eﬁJ]) Interval [lstk eft ] and [Ist efr] overlap. This
repiesents a capacity constraint conflict. This additional conSIStency mechanism,
which enforces a higher level of arc-consistency than forward checking [McGregor
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79, Haralick 80, Nadel 881, has been shown to often increase search efficiency,
while only resulting in minor computational overheads [Sadeh 91}.
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Fig. 6 Detecting situations where two unscheduled operations requiring the same

resource are in conflict.

Because, it is only possible to efficiently enforce partial consistency with respect to capacity
constraints, backtracking will sometimes occur. In other words, the scheduling procedure will
sometimes reach a search state, in which several unscheduled operations competing for a
resource appear to each have some possible reservations left, while the total capacity available
on the resource is actually insufficient to simultaneously accommodate all these operations.
Notice, however, that because consistency enforcement with respect to precedence constraints is
sufficient to guarantee decomposability (with respect to precedence constraints), backtracking

can only occur as the result of capacity constraint violations.

Because it is impossible to efficiently guarantee backtrack-free search for job shop CSPs,
variable and value ordering heuristics are generally critical in determining the actual complexity
of the search procedure. The next two sections examine popular variable and value ordering
heuristics developed for generic CSPs as well as more specialized heuristics and identify key
weaknesses of these heuristics when applied to job shop scheduling problems.






























































































































