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ABSTRACT

We presert the rst truly sub-cubic algorithms for nd-
ing a maximum node-weighted triangle in directed and
undirected graphs with arbitrary real weights. The rst

+ !

isan O(B n°z") = O(B nZ%8) deterministic algo-
rithm, where n is the number of nodes,! is the matrix
multiplication exponernt, and B is the number of bits
of precision. The secondis a strongly polynomial ran-

domized algorithm that runs in O(n% logn) expected
worst-case time. To achieve this, we show how to e -
ciently samplea weighted triangle uniformly at random,
out of just those triangles whose total weight falls in
someprescribed interval (W1;W,) for arbitrary weights
Wi and W;. Previous approaches to the problem re-
sulted in time bounds with either an exponential depen-
dence on B, or a runtime of the form ( n®=(log n)®).
The algorithms are easily extended to nding a maxi-
mum node-weighted induced subgraph on 3k nodes in
o(n ¥ = O(n¥®%8) time.

We give applications to a variety of problems, includ-
ing a stable matching problem betweenbuyers and sell-
ers in computational economics, and discuss the pos-
sibility of extending our approach to a truly sub-cubic
algorithm for computing all-pairs shortest paths on di-
rected graphs with arbitrary weights.
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1. INTRODUCTION

We revisit the fundamental problem of e cien tly nd-
ing a triangle in a graph. In particular, we focuson the
casewhere the graph has arbitrary real weights on its
nodes, and we wish to determine if there is a trian-
gle of maximum weight. We give a deterministic algo-
rithm of the form O(n® logW), where > 0 and
W is the largest weight, and a randomized algorithm
that is O(n® ) (strongly polynomial) in an addition-
comparison model.

Since the 1970's, it has been known that the time
complexity of nding atriangle in an unweighted graph
is at most the time complexity of matrix multiplication,
cf. Itai and Rodeh [8]. Therefore, triangle- nding is
possible in O(n') time, where ! < 2:376. The algo-
rithm naturally extends to an algorithm for nding a
3k-clique, and more generally an induced H -subgraph
of size 3k, in O(k2n'¥).

On the other hand, the time complexity of nding
an optimal triangle in a weighted graph has beenwide
open. In general, reductions to fast matrix multiplica-
tion tend to fail miserably in the caseof real-weighted
graph problems. The most prominent example of this
is the famous all-pairs shortest paths (APSP) problem.
Seidel [12] and Galil and Margalit [5] developed O(n')
algorithms for undirected unweighted graphs. However,



for arbitrary edge weights, the best algorithm known
is the recert O(n®=logn) one, by Chan [2]. When the
edge weights are integersin [ M;M], the problem is
solvable in O(Mn') by Shoshan and Zwick [13], and
O(M 988125575y by 7wick [17], respectively. Earlier, a
series of papers in the 70's and 80's starting with Yu-
val [16] attempted to speedup APSP directly using fast
matrix multiplication.  Unfortunately , these works re-
quire a model that allows for in nite-precision opera-
tions in constant time.

Our techniques have seweral interesting applications.
We cite two here:

1. We can solve a generalization of the ubiquitous 3-
Sum problem in computational geometry: given
three tables of numbers T1, T2, T3, along with a
target K, isthere x 2 T1,y 2 T2, and z 2 Tz such
that x + y+ z = K? Imposing an edge relation
that constrains what possiblepairs of numberscan
be summed together is precisely the problem of
nding a node-weighted triangle of a prescribed
weight, which we can handle.

2. We consider a general buyer-seller problem from
computational economics. Suppose we have a set
of k commaodities, along with n buyersand n sell-
ers. Selleri has a reserve price v for commodity
j. Buyeri hasa value p; for commodity j corre-
sponding to the maximum price that i is willing
to pay for the commodity.

In the simplest caseconsidered, a buyer * prefers
selleri to sellerj if the number of commodities k
for which v pk exceedsthe number of com-
modities k for which vjx  pk. In the event of a
tie, the buyer will prefer the seller with the cheap-
est sum of prices. In other words, the perception
of buyer " is that the ith sellerhas more a ordable
goods than the jth seller does. The preferencesof
sellersare de ned analogously.

A natural question is: how quickly can one deter-
mine a stable matching of buyers and sellers, un-
der the above de nition of preferences?The triv-

ial algorithm takes ( n%k) time. Applying ideas
from our triangle- nding algorithm, we can com-
pute a stable matching in O(n? + n kM (n; k)),

where M (n; k) is the complexity of multiplying an
n k matrix with ak n matrix. For example, for
k = n, the bound is O(n*®®), and for k n%*
the bound is O(n%%"),

We are currently working to extend our algorithm
to a sub-cubic algorithm for nding a maximum edge-
weighted triangle. (The node-weighted version is a spe-
cial caseof the edge-weighted version.) We believe that
if such an extension is possible, it should help us make
further headway into the problem of nding atruly sub-

cubic algorithm for APSP with arbitrary weights. This
possibility will be discussedlater in the paper.

2. PRELIMIN ARIES

Definition 2.1 LetA;B 2 (R[ f+1; 1g )" ". The
(min; +)-pro duct of A and B, denoted as A ?B, is the
matrix C such that

Cli:j]= minfAfi; k] + B[k;jlg:
A ?B is also sometimes called the distance product.

2.1 Model of computation

We usethe familiar addition-comparison model, where
additions and comparisons of input weights are allowed
asunit operations. This model allows for the possibility
of strongly polynomial algorithms, whosetime complex-
ity is independert of the weights in the input.

3. DOMINATING PAIRS

vj [k]. The key insight to our method is a connection
betweenthe problem of nding triangles and the prob-
lem of computing dominating pairs. This connection
was inspired by recent work of Chan [2], who demon-
strated how a O(c’n** " + n?) algorithm for computing
dominating pairs in d dimensions can be usedto solve
the arbitrary APSP problem in O(n®=logn) time.

In particular, we use an elegart algorithm by Ma-
tousek for computing dominating pairs in n dimensions
[10]. Matousek's algorithm does more than determine
dominances | it actually computes a matrix D suc
that

Dli;jl=ifkjwvilkl v[k]gi:
We will call D the dominance matrix in the following.

Theorem 3.1 (Matousek [10]) For asetS of n points
in R", the dominance matrix for S can be computed in
O n’7 time.
We outline Matousek's approach in the following para-
graphs. For ead coordinate j = 1;:::;n, sort the n
points by coordinate j. This takes O(n?logn) time.
De ne the jth rank of point v;, denoted asr; (vi), to be
the position of v; in the sorted list for coordinate j.
Let s 2 [logn; n] be a parameter to be determined
later. De ne n=s pairs of Boolean matrices (A1;B1),
215 (Apss ; Bnss ) asfollows:

Acliijl1=2 () ri(vi) 2 [ks;ks+ s);

Beli;j]=212 () rj(vi) ks+s:
Now, multiply Ay with B, obtaining a matrix Cy.
Then Cy[i; j] equals the number of coordinates ¢ such



that vi[c]
ks + s.
Therefore, letting

vi[c], rc(vi) 2 [ks;ks + s), and rc(vj)

we have that CJi; j] is the number of coordinates ¢ such
that brc(vi)=sc < br¢(vj)=sc.

Suppose we compute a matrix E such that E[i;j] is
the number of ¢ such that vi[c] v;[c] and br¢(vi)=sc =
brc(vi)=sc. Then, dening D := C + E, we will have
the desired matrix

Dfi;j]=ifkjvilk] v[Klgi:

To compute E, we use the n sorted lists. For eact
pair (i;j) 2 [n] [n], we look up vi's position p in the
sorted list for coordinate j. By reading o the adjacent
points lessthan v; in this sorted list (i.e. the points
at positionsp 1,p 2, etc.), and stopping when we
reach a point vx sucd that brj (vi)=sc < brj (vi)=sc, we

obtain the list vi,;:::;vi. of ° s points such that
Vi, il vilj] and brj(vi)=sc = br;(vi,)=sc. For eath
x=1;:::;7, weadd al1to Efix;i]. Assuming constant

time lookups and constant time probesinto a matrix,
this ertire processtakesonly O(n?s) time.

The runtime of the above procedureis O(n%s+ %n’ ),
where ! < 2:376 is the matrix multiplication expo-

. !1 .
nent. Choosing s = n 2z , the time bound becomes
3+ !

O nz

3.1 Thelow-dimensionalcase

Here we sketch a slight but useful extension of the
previous algorithm that usesrectangular matrix mul-
tiplication to get an improved time bound, when the
points are in RY with d << n.

Theorem 3.2 Given a set of n points in RY, the dom-
inance matrix can be computed in O(n*7% d2 + n?*")
time for all "> 0, or in O(n d®>+ n') time.

So for example, when d < n%®®& we can compute
the dominance matrix in O(n'). We will just sketch
the improvemern, for sake of space. The Ax and By
matrices in the above becomen dandd n matrices,
respectively. We replace the sum of Cx's in the above
by a product of block matrices:

Bi1
B>
C= A1 A An=s

Bn:s

that is, we are multiplying ann dn=sand adn=s n
matrix.

Computing E in this situation can be veried to take

O(n d s) time. As before, our goal is to choose s

optimally so that this runtime is minimized. Results
of Huang and Pan [7] coupled with the optimal choice
of s show that we can either compute the dominances
matrix in O(n*7% d? + n*") time for all " > 0, or
O(n d?+ n') time. (Details omitted in this version.)

4. MAXIMUM WEIGHT TRIANGLE

We begin with a simple result for the node and edge
weighted version of the maximum triangle problem. We
have not seenit in the literature, but it is most likely
folklore.

Given a (directed) graph G = (V;A) with weights
we :A! R,w, :V ! R for somearithmetic domain
R (integers, reals, etc.), one wishesto nd a triangle,
that is u;v;w 2 V sothat (u;v);(v;w);(w;u) 2 A and
We (U; V) + We(V; W) + We(W; u) + wy (U) + wy (V) + Wy (W)
is maximized.

Pr oposition 1 (Folklore) A maximum node and edge
weighted triangle can be found in O(D (n)), where D (n)
is the time complexity of (min;+) -product.

Pr oof. It iseasyto seethat the generalcaseis equiv-
alent to the edge-weighted case. Given we and wy,, de-
ne wl(u) = 0for each u 2 V and wl(u; v) = we(u; V) +
(wy (u) + wy (v))=2.

Let A be the weighted adjacency matrix of the graph
with w®. Compute B = ( A) ?( A). Now take C =
A B and nd ani;j such that CJi;j] is maximum.
It follows that that (i;j) is an edge on the maximum
weighted triangle. Finding an explicit triangle can be
done by testing all vertices k for adjacency with (i; j).
The runtime is O(D(n) + n?) = O(D(n)). O

Note that the best known time bounds for D (n) are

O(n3=log n) for arbitrary real weights, by Chan [2],
and

O(M n') for integer weights in [ M;M], by Yu-
val [16] and Zwick [17].

Thus, prior to our work, the only known truly sub-cubic
triangle algorithms were also pseudo-plynomial.

The above can be easily generalizedto nd a maxi-
mum weighted induced H -subgraph.

Cor ollar y 4.1 For an n node graph G, a maximum
node and edge weighted induced H -subgraph on k nodes
can be found in O(D (n%=%¢) + k2n2%=3¢) "where D (n)
is the time complexity of (min;+) -product.

Pr oof. The idea is to construct a new graph G° on
0O(n%=%®) nodes that has a triangle of weight W i G
hasan induced H -subgraph of weight W. Let H = H4[
H> [ Hs, where H; are disjoint and have at most dk=3e
nodes each. Assume ead node in each H; is labelled

every ordered jH; j-tuple of nodesof G that is an induced



copy of Hi, where the j th node in the tuple corresponds
to the node in H; with label j. The node weight of a
vertex in G° equals the sum of node and edge weights
of the corresponding induced subgraph of G.

In G°% put an edgebetween two vertices represerting
copiesof H; and H; fori 6 j i the tuples they represen
are node-disjoint, and the union of those tuples is a copy
of Hi [ Hj, under the same mapping that mapped the
nodesof the rst tuple to H; and the nodesof the second
tuple to H; (i.e., if the intertuple edgesmatch the edges
of Hi[ Hj). The weight of such an edge(u; v) equalsthe
sum of all weights of edgesin G connecting the tuples
represerted by u and v.

The proof follows by observing that there is a weight-
preserving bijection between weighted triangles in G°
and induced weighted H -subgraphs of G. [

4.1 Nodeweights

Given the closerelationship of the above problem to
the distance product of matrices, it is perhapssurprising
that in the caseof node weights, wecan nd a maximum
weight triangle in sub-cubic time. We rst presert a
weakly polynomial deterministic algorithm, then a ran-
domized strongly polynomial algorithm.

4.1.1 Deterministicalgorithm

Theorem 4.1 On graphs with integer weights, a maxi-
mum node-weightal triangle can be found in

o(n" "™ =2 logW) time;

where W is the maximum weight of a triangle. On
graphs with real weights, a maximum node-weighte tri-
angle can be found in O(n" *¥ =2 B) time, where B is
the maximum number of bits in a weight.

Pr oof. The ideais to obtain a procedurethat, given
a parameter K, returns an edge(i; j) from a triangle of
weight at least K. Then one can binary seard to nd
the weight of the maximum triangle, and try all possible
vertices k to get the triangle itself.

We rst explain the binary seard. Without loss of
generality, we assumethat all edgeweights are at least
1. Let W bethe maximum weight of atriangle. Start by
cheding if there is a triangle of weight at least K = 1
(if not, there are no triangles). Then try K = 2 for
increasing °, until there exists a triangle of weight 2
but no triangle of weight 2 **. This ~ will be found
in O(log W) steps. After this, we seard on the interval
[2;2 *1) for the largest K such that there is a triangle of
weight K. This takesO(log W) time for integer weights,
and O(B) time for real weights with B bits of precision.

We now show how to return an edgefrom atriangle of

be the set of vertices. For every i 2 V, we make a point

K w(i) if there is an edgefrom i to j
1 otherwise.

e(j) =
(In implementation, we can of course substitute a su -
ciently large value in place of 1 .) We also make a point

&) = w(i) + w(j) if there is an edgefrom i to |

J 1 otherwise.

Compute the dominance matrix D(K) on the union of
the setsff;g and fgig. For all edges(i;j) in the graph,
ched if there exists a k such that fi[k] g [k]. This can
be done by examining the appropriate entry in D (K).
If such a k exists, then we know there is a vertex k such
that

K w@i) w()+wk) =) K

that is, there exists a triangle of weight at least K using
edge(i; j).

Observe that the above works for both directed and
undirected graphs. [J

w(i) + w(k) + w(j);

4.1.2 Randomizedtrongly-polynomiahlgorithm

In the above, the binary seard over all possibleweights
prevents our algorithm from being strongly polynomial.
Wewould liketo have an algorithm that, in a comparison-
basedmodel, has a runtime with no dependenceon the
bitlengths of weights. Here we presert an randomized
algorithm that achievesthis.

Theorem 4.2 On graphswith real weights, a maximum
node-weightal triangle can be found in

o(n" "™ =2 Jogn) expected worst-casetime:

We would like to somehav binary seard over the
collection of triangles in the graph to nd the maxi-
mum. As this collection is O(n®), we would then have
a strongly polynomial bound. Ideally, one would like
to pick the \median" triangle from a list of all trian-
gles, sorted by weight. But asthe number of triangles
can be ( n?%), forming this list is hopeless. Instead,
we shall shov how dominance computations allow us to
e cien tly and uniformly sample a triangle at random,
whoseweight is from any prescribed interval (W1;W5).
If we pick a triangle at random and measureits weight,
there is a good chance that this weight is closeto the
median weight. In fact, a binary seart that randomly
samples for a pivot can be expected to terminate in
O(log n) time.

Let Wi;W2 2 R[ f1
node-weighted graph.

Definition 4.1 C(W1;W3) is de ned to be the collec-
tion of triangles in G whose total weight falls in the
range [W1; Wa].

;19 , W1 < Wz, and G bea



Lemma 4.1 One can samplea triangle uniformly at ran-
dom from C(W1; W,), in O(n *¥ =2) time.

Pr oof. From the proof of Theorem 4.1, one can com-
pute a matrix D(K) in O(n" *¥ 72) time, such that
D(K)[i;j]6 0i thereis anodek suc that (i; k) and
(k;j) are edges,and w(i) + w(j) + w(k) > K. In fact,
the i; j entry of D(K) is the number of distinct nodesk
with this property.

Similarly, one can compute matrices E(K) and L(K)
such that

E(K) 1= Jfkj (i k)i (ki) 2 E; w(i) + w(j) +
w(k) Kgj

LK) 71 = jf ki (i3 k)5 (kij) 2 E; w(i) + w(j) +
w(k) < Kgj.

(This canbedoneby ipping the signson all coordinates
in the sets of points ffig and fgig from Theorem 4.1,
then computing dominances, disallowing equalities for
L.)

Therefore, if wetakeF = E(W1) L (W), then F[i; j]
is the number of nodes k where there is a path from i
to k to j, and w(i) + w(j) + w(k) 2 [W1; W]

Let f bethe sum of all entries in F. For ead (i; ) 2
E, choose(i; j ) with probabilit y F[i; j]=f. By the above,
this step uniformly samplesan edgefrom a random tri-
angle. Finally, we look at the set of nodes S that are
neighbors to both i and j, and pick eact node in S with
probabilit y é This step uniformly samplesa triangle
with edge (i;j). The nal triangle is therefore chosen
uniformly at random. [J

Observe that there is an interesting corollary to the
above.

Cor ollar y 4.2 In any graph, one can sample a trian-
gle uniformly at random in O(n') time.

Pr oof. (Sketch) Multiplying the adjacency matrix
with itself counts the number of 2-paths from eact node
to another node. Therefore one can count the number
of triangles and samplejust asin the above. [

We are now prepared to give the strongly polynomial
algorithm.

Pr oof of Theorem 4.2. Start by choosing a tri-
angle t uniformly at random from all triangles. By the
corollary, this is done in O(n') time.

Measure the weight W of t. Determine if there is a
triangle with weight in the range (W; 1 ), in O(n‘* * =2)
time. If not, return t. If so, randomly sample a triangle
from (W; 1), let W%beits weight, and repeat the searc
with W°.

It is routine to estimate the runtime of this procedure,
but we include it for completeness. Let T(n; k) be the
expected runtime for an n node graph, where k is the
number of triangles in the current weight range under

inspection. In the worst case,

k 1
T(n; k

i=1

T(n; k) % i)+ c n' =2

for someconstant ¢ 1. But this means

1 k 2
T(mk 1) —— T(mk i)+c nt™¥7
k 1 i=1
SO
_ 1. k 1 _
T(n; k) Tk T(nk 1)
k 1 | +3) =
1 (! +3) =2
+ 7k cn
= T(njk 1)+ En(’ +9) =2,
which solvesto T(n; k) = O(n"* *¥ =2 ogk). 2

4.1.3 Analgorithmfor sparsegraphs

On sparse graphs, we can give a maximum node-
weighted triangle algorithm which has comparable run-
time to that of the unweighted version of the problem.

Theorem 4.3 Let m be the number of edgesin a graph
with real weights on its nodes. A triangle of maximum
node weight can be found in O(m? 57) = O(m%*)
time.

Note that the bestknown algorithm for the unweighted
version of this problem runs in O(m? = *9 ) = m¥:41
time, by Alon, Yuster, and Zwick [1].

Pr oof. We follow the high/lo w technique of Alon,
Yuster, and Zwick. Let > 0 be a parameter to be
determined later. Divide the set of nodesinto high de-
greenodes(those with degreeat least ) and low degree
nodes (those with degreelessthan ). By a counting
argument, there are at most 2m= high degreenodes.
Either a triangle contains only high degreenodes, or it
contains some low degreenode.

To cover the rst case,restrict the graph to only its
high degreenodes,and nd the max node-weighted tri-
anglein O((m=) 5 ) time. To cover the secondcase,
iterate over all edges. When the current edge has a
low degree node, ched all of its O() neighbors for
a triangle. This takestime O(m ). Setting op-
timally to minimize runtime, = m!* ") and
O(m2 4=(5+ ! )) — O(m1:458)_ 0

4.1.4 Maximumnode-weightedi -subgaph

The result for node-weighted triangle can easily be ex-
tended to nd a maximum node-weighted clique, and in
generala maximum node-weighted induced H -subgraph.
The transformation from Corollary 4.1immediately gives

Theorem 4.4 On graphswith arbitr ary integer weights,
a maximum node-weightel induced H -subgraph on 3k



nodes can be found in

o(n" ¥ ¥=2 |ogn) expected worst-case time:

5. TOWARDSTRULY SUB-CUBICAPSP

Starting with Floyd's n® algorithm [6], nding an
n algorithm for the general APSP has been a land-
mark problem in algorithms for at least forty years. It
has seenits ups and downs. Kerr [9] in 1970 showed
that the distance product requires ( n®) on a straight-
line program using + and min. The rst o(n®) algo-
rithm was given by Fredman in 1976, running in O(n?
(log log n=1log n)*%) time. The time complexity of APSP
on densegraphs has gonethrough seweral improvemerts
over the years, culminating in the aforemertioned algo-
rithm of Chan [2].

Computing the distance product quickly haslong been
considered as the key to a truly sub-cubic APSP algo-
rithm, since it is known that the time complexity of
APSP is no worse than that of the distance product of
two arbitrary n  n matrices. Practically all APSP al-
gorithms with runtime of the form O(n ) have, at their
core, some form of distance product. Therefore, any
improvemert on the complexity of distance product is
interesting.

Here we show that the most signi c ant bits of A ?B
can be computed in sub-cubic time, again with no expo-
nential dependenceon edgeweights. In previous work,
Zwick [17] shows how to compute approximate distance
products. Givenany " > 0, his algorithm computes dis-
tances dj sud that the dierence of dj and the exact
value of the distance product entry is at most O("). The
running time of his algorithm is O(¥~ n' logW). Un-
fortunately , guaranteeing that the distances are within
" of the right values, doesnot necessarilygive any of the
bits of the distances. Our strategy is to use dominance
matrix computations.

Pr oposition 2 Let A;B 2 (Z[ f+1;1g )" ". The

k most signi ¢ ant bits of all entries in A?B can be deter-
3+ !

mined in O(2 n™z logn) time, assuminga comparison-

basel model.

Pr oof. For a matrix M, let M [i; :] be the ith row,
and M [;;j ] bethe jth row. For a constant K, de ne the
set of vectors

3

Now consider the set of vectors
S(K) = A"(K) [ B¥(K):
Supposewe compute the matrix C(K) de ned by
CKI 1= jfkjvilk] vi[k]jviivi 2 S(K)g:

Then for any i; j,

minfAfi k]+ Blkijlg K ()
Let W = max; fA[i; j]+ max; B[i;jlg. Then C(%)
givesthe most signi cant bit of each entry in A?B. To
obtain the secondmost signi cant bit, compute C(WT)
and C(%). The secondbit of (A ?B)[i; j] is given by
the expression:

C(K)Ii;j16 o

(CCPNE TN CEDILID _ ¢ COPE i1~ SR i D

In general, to recover k bits of (A ?B), one computes
C() for 2¢ values of K. We omit the details. [

6. BUYER-SELLER STABLE MATCHING

In our nal application, we show how the \dominance-
comparison” ideas can be usedto improve the runtime
for solving a matching problem arising in computational
economics. In this problem, we have a set of buyersand
a set of sellers. Each buyer has a set of items he wants
to purchase, together with a maximum price for each
item which he is willing to pay for that item. In turn,
ead seller has a set of items shewishesto sell, together
with a reserve price for ead item which sherequires to
be met in order for the saleto be completed. Formally:

Definition
of

6.1 An (n; k)-Buyer-Sellerinstance consists

(Bi;pi), st. Bi C are the commodities desired
by buyer i, and pi : Bi ! R" is the maximum
price function for buyer i

C are the commodities owned
R* is the reserveprice

(Si;vi), st. S
by seller i, and v; : S; !
function for seller i

A saletransaction for an item °~ betweena seller who
owns = and a buyer who wants ° can take place if the
price the buyer is willing to pay is at least the resere
price the seller has for the item. Let us imagine that
eat buyer wants to do businesswith only one seller,
and ead seller wants to target a single buyer. Then the
transaction betweena buyer and a seller consists of all
the items for which the buyer's maximum price meets
the seller's reserwe price.

Definition 6.2 For a buyer (Bi; pi) and aseller (Sj;v;)
the transaction set Cj is dened as C; = f7j ~ 2
Bi\'S; pi(C) vj()g. Denote by C the transaction
matrix with entries jCj j.

We will usethe words \commo dities" and \items" in-
terchangably.



The price of Cj is dened asP; = 2¢; pi("), and
the reserve of C;j is dened asRj = 2¢; Vi (). De-
note by P and R respectively the transaction price and
reserve matric es with entries P; and Rj .

Further, we assumethat every buyer i has a prefer-
encerelation on the sellersj which depends ertirely on
Pi ;Rj and jCjj. Conversely, every seller has a pref-
erencerelation on the buyers determined by the same
three values. More formally,

buyeri hasa (computable) preferencefunction f; :
R* R* Z'! Zsud that i preferssellerj to
sellerj®i fi(Pj ;R ;jCij) fi(Pyo;Ry0;jCy oj).

Similarly, seller j has a (computable) preference
function g : R* R* Z* | Z suc that j
prefers buyer i to buyer i®i g (P ;Rj ;iCi i)

g (Pioj; Rioj ;JCigyj).

Ideally, each buyer wants to talk to his most preferred
seller, and ead sellerwants to sellto her most preferred
buyer. Unfortunately , this is not always possible for
all buyers, even when the prices and reseres are all
equal, and all preferencefunctions equal jCj j. This is
evidenced by the following example: Buyer 1 wants to
buy item 2, buyer 2 wants to buy items 1 and 2, seller
1 hasitem 1, seller 2 hasitems 1 and 2. Here buyer 1
will not be able to get any items.

In a realistic setting, we want to nd a buyer-seller
matching sothat there is no pair (b;s;) for which b is
not paired with s;j, such that both b and s; would bene-
t from breaking their matchesand pairing among eac
other. This is the stable matching problem, for which
optimal algorithms are known when the preferencesare
known (e.g., Gale-Shapley [4] can be implemented to
run in O(n?)). However, for large k, the major bottle-
ned in our setting is that of computing the preference
functions of the buyers and sellers.

The obvious approach to compute Pj ;R and jCj j is
to explicity nd the setsC; . This givesan 0o(kn?) al-
gorithm to compute Py ; R and jC; j for all pairs (i; j ).
Note that the sizesof Pj ;Rj and jCj j do aect the
running time, hence our results are per arithmetic op-
eration on numbers of this size.

Let f be a (computable) function. Let T;(b) be a
time bound su cien t for computing f (p;r;c), over all
b-bit p;r and c. De ne

T= i:rln;c?:l:x;nfoi ' Tgi O

Then in time O(kn?+ Tn?+ n?logn), one can easily
obtain for every buyer (seller) a list of the sellers (buy-
ers) sorted by the buyer's (seller's) preference function.

Exploiting fast dominance computation, we can do
better than the above trivial algorithm.

Theorem 6.1 The matricesP, R and C for an (n; k)-
Buyer-Seller instance can be found in O(n kM (n; k))

time, where M (n; k) is the time required to multiply an
n kbyak n matrix.

Pr oof. Using the dominance technique, we can com-
pute matrix C as follows. For eat buyer i we create a

k-dimensional vector ; = ( i1;:::; &) sothat j =
pi(j)ifj2Ci,and = 1 if j 2C;. For eacth seller
i we create a k-dimensional vector ;i = ( i1;:::; k) SO
that 7 = vi(j)ifj2Si,and j =1 ifj 2S;. Com-

puting the dominance matrix for these points computes
exactly the number of items * which buyer i wants to
buy, sellerj wants to sell,and pi (")  v; ().

By a modi cation of Matousek's algorithm for com-
puting dominances, we can also compute the matrices
P and R.

We demonstrate how to nd R. Recall that the dom-
inance algorithm does a matrix multiplication Ay B[
with entries Ax[i;j] = 1i rj(b) 2 [ks;ks+ s), and
Bili;j1=1i rj(si) ks+ s (using the notation from
Theorem 3.1). Let By be the same, but rede ne Ay to
be

Coo viGi) ifri(b) 2 [ksiks+ s)
Aclisj]= ’ :

0 otherwise
Similar modi cations are made to the computation of
the matrix E. Instead of adding 1 to the matrix entry
Elfix;i] in the step for coordinate j, we add the corre-
sponding resene price vi, (j). Determining P can be
done analogously. [

Cor ollar y 6.1 A buyer-seler stable matching can be
determined in O(n kM (n; k) + n?logn + n2T), where
T is the maximum time to compute the preference func-
tions of the buyers/sellers, given the buyer price and
seller reservesums for a buyer-seler pair.

For instance, if k = n.and T = O(' n), the runtime

of nding a buyer-seller stable matching is O(n 3+T) =
O(n2:688).

7. CONCLUSION

We have preserted the rst \truly" sub-cubic algo-
rithm for nding a node-weighted triangle, along with
seweral interesting applications that exploit dominance
matrices in similar ways. We conjecture that our ideas
can be extended to a sub-cubic algorithm for the edge-
weighted case,and perhaps even to computing the dis-
tance product. As demonstrated above, we can estimate
the maximum weight of a length-two path betweentwo
nodes, but one must be very consenative in the num-
ber of dominance matrix calls to have a chance of being
sub-cubic.

Perhaps the most tangible open problem related to
this work is to improve the runtime for computing a
dominance matrix. Our intuition is that the following
is true.

Conjecture: The dominance matrix for a set of n
points in n dimensions is computable in O(n') time.



We believe that one might prove the conjecture by
invoking recursion on the two subproblems (the matrices
C and E) of the current algorithm in an interesting way.

Note added in camera-ready: We have recertly
found a sub-cubic, deterministic strongly polynomial al-
gorithm for max and min weight triangle. It runs in
O(n?%") time, and usesrectangular matrix multiplica-
tion. However, this algorithm is more specialized, and
does not extend to dominance computations, estimat-
ing the distance product, or computing a buyer-seller
matching. Independertly of us, Raphael Yuster [15]
found an algorithm similar to our new one, as well as
seweral extensions. The details will appear in later work
[14].
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