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Abstract

Wemakeseveral improvementsontimelowerboundsfor
concreteproblemsin NP andPH.

1. We presentan elementarytechniquebasedon “indi-
rect diagonalization” that uniformly improves upon
theknownnonlineartime lower boundsfor nondeter-
minismand alternatingcomputation,on both sublin-
ear (no(1) ) spaceRAMsandsequentialworktapema-
chineswith randomaccessto theinput. Weobtainbet-
ter lower boundsfor SAT, aswell asall NP-complete
problemsthat haveef�cient reductionsfromSAT, and
§ k -SAT, for constantk ¸ 2. For example, SAT cannot
besolvedby randomaccessmachinesusingn

p
3 time

and no(1) space. The technique is a natural induc-
tive approach, for which previouswork is essentially
its basecase.

2. We show how indirect diagonalization can also
yield time-spacelower boundsfor computationwith
boundednondeterminism.Onecorollary is that for all
k, thereexistsa constantck > 1 such thatsatis�ability
of Booleancircuitswith n inputsandnk gatescannot
besolvedin deterministictimenk¢ck andno(1) space.

1 Intr oduction

In this paper, we study the power of indirect diagonal-
ization to give classseparationsand lower boundson ex-
plicit problemsin NP and the polynomial hierarchy, de-
riving several improvementson existing lower boundsand
somebrandnew boundsaswell.

¤ Supportedin part by the NSF ALADDIN Center(NSF Grant No.
CCR-0122581).

Putbluntly, a separationby “indirect diagonalization”is
a proof-by-contradictionsimulation. Supposewe wish to
show C * D, for classesC andD. An indirect diagonal-
izationargumentbeginsby assumingC µ D. If suf�ciently
strong,this assumptionallows us to derive a sequenceof
new complexity classinclusions.After someiterations,the
new inclusionsbecomesowonderfulthat they arenot only
unlikely but arealsoprovably impossible,contradictinga
known separation,e.g., a timehierarchy theorem.

One limitation to this sort of attackis that, at present,
thereare not too many known classseparationsto begin
with, soanumberof strongassumptionsaresometimesnec-
essaryto reachacontradiction.Themajorgoalof ourwork
is to investigatehow onemight circumvent this dif�culty ,
by employing a host of known classseparationsin some
sophisticatedway. Looselyspeaking,one family of prior
lower boundapproachesfor nondeterministictime (in gen-
eral,alternatingtime) is of thefollowing kind:

1. Assume(for contradiction) that for some k ¸ 1,
§ k TIME[n] is in classD whoselanguagesarecharac-
terizedby somedeterministicmachinemodelrunning
in timenc.

2. Prove that D-machinesin time t canbe “spedup” to
lie in § ` TIME[t1¡ " ] for some" > 0 andsomè ¸ k.

3. Prove using(1) thata suf�ciently largenumberof the
` alternationsin thesped-upcomputationof (2) canbe
“removed”, at thecostof a small “slowdown” in time
(theslowdown will beexponentialin c).

4. If theamountof speedupin (2) suf�ciently exceedsthe
amountof slowdown in (3), concludea contradiction
to someknown timehierarchy theorem.

Introducedin a paperby Kannan[10], this proof strat-
egy hasbeenquitesuccessful,leadingto anumberof lower
boundson nondeterminismandalternationin several ma-
chinemodels[12, 6, 9, 7, 18]. Here,we proposea strat-
egy that, given an assumptionlike (1), inductively derives



a countablyin�nite numberof inclusionsto obtaina con-
tradiction,whereeachsuccessive inclusionusesall of the
(�nitely many) previousones.

To illustrate,in theRAM lower boundswe supposethat
NTIME[n] µ DTISP[nc; no(1) ] for somec 2 (1; 2) andin
turnwederive aninclusionof theform

§ 2 TIME[n] µ ¦ 2 TIME[nf 2 (c) ];

wheref 2 is a functionof c. If f 2(c) < 1, thentheinclusion
contradictsa known separation(cf. Theorem2 in the fol-
lowing section).Otherwise,we mayassumethis inclusion
as well.1 We usethis inclusion to derive § 3 TIME[n] µ
¦ 3 TIME[nf 3 (c) ], wheref 3(c) < f 2(c) for appropriatec.
Again if f 3(c) < 1 we would be done,otherwisewe pro-
ceedto getan inclusionfor § 4 TIME[n], § 5 TIME[n], etc.
Our constructionand choiceof c will ensurethat the se-
quencef 2(c), f 3(c), f 4(c), : : : is monotonicallydecreasing,
andeventuallydropsbelow 1. Moreover, thec suchthatthe
sequencedropsbelow 1 will belargerthanthelowerbound
exponentspreviouslyobtained,cf. Table1.

Themostdramaticimprovementsoccurwith higherlev-
els of the polynomial hierarchy: for example, with § 2 -
SAT the lower boundgoesfrom n2 time to n2:761. Note
1:66162 ¼ 2:761; in fact,theexponentin the§ 2 -SAT lower
boundfor deterministicRAMs is exactly thesquareroot of
the exponentin the boundfor co-nondeterministicRAMs.
Similarly, theexponentin the lower boundfor § 2 -SAT on
deterministicoff-line machinesis thesquareof theexponent
for SAT.

2 Preliminaries

2.1 Notation and the model

We will oftenuse" hereandthereto denote(asis stan-
dard)a non-zeroquantity that is suf�ciently small for the
currentcontext. As is typicalwith mostsuchworks,we im-
plicitly assume�oors andceilingsareappliedto fractions
wherever appropriate.

We assumefamiliarity with basic notions such as al-
ternation[2], andclassesspecifyingresourceboundssuch
as DTIME[t], NTIME[t], SPACE[s], DTISP[t] (simulta-
neousdeterministictime and space),and § k TIME[t] and
¦ k TIME[t] (time with k alternations;§ denotesstartingin
anexistentialstate,whereas¦ -machinesstartin auniversal
state). Our default machinemodelwill be randomaccess
Turing machines.Whenwe specifya classwithout further
quali�cation, wewill bereferringto classesde�nedwith re-
spectto this model. By “randomaccessTuring machine”,

1In fact, observe e2 = 1 would imply § k TIME [n] = § 2 TIME [n]
for all k ¸ 2; it turnsout thiswouldbealsosuf�cient for acontradiction.

we meanTuring machineswith a read-onlyinput tape,a
full-accesswork tape,andtwo write-only index tapes(one
for input,onefor work). To accessthei th cell of theinputor
work tape,onewrites i to the respective index tape;hence
anarbitraryaccessof atapewith t cellstakesO(log t) time.
After thei th cell is accessed,therespective index tapeis re-
setto blanks.

A word of apologyto the precisereader: we will say
“k alternations”to refer to thek quanti�er blocksof anal-
ternatingmachinein § k or ¦ k , which really only alternate
k ¡ 1 timesfrom onequanti�er modeto another.

2.2 Existing tools

We will usethe fact that satis�ability of Booleanfor-
mulas(speci�ed in conjunctive normal form) is complete
undervery tight reductionsfor a small complexity class.
De�ne NQL :=

S
c¸ 0 NTIME[n(log n)c] = NTIME[n ¢

poly(log n)]. HenceNQL means“nondeterministicquasi-
lineartime”.

Theorem1 (FOLLOWS FROM SCHNORR [17] , COOK

[5] , GUREVICH AND SHELAH [8] , TOURLAKIS [18])

Assumingrandom accessto the input, SAT is NQL-
complete, under reductions in quasi-linear time and
O(log n) spacesimultaneously, for bothmulti-tapeandran-
domaccessmachinemodels.Moreover, each bit of the re-
ductioncanbecomputedin O((log n)O(1) ) time.

Thistheoremhasacorollarysigni�cant for ourpurposes.
Let DTIME[t] in thefollowing becharacterizedby somede-
terministicmachinemodelrunningin time O(t), for which
themachineshave randomaccessto theinput.

Corollary 1 If NTIME[n] * DTIME[t], thenthere is a c >
0 such thatSAT =2 DTIME[t(log n)c].

That is, if one can show NTIME[n] is not doablein t
time, thenonecannameanexplicit problem(SAT) not in t
time,modulopolylogarithmicfactors.Thusour proofswill
attemptto establishthatNTIME[n] is not in somedetermin-
istic classwith time boundn1+ " , implying thatSAT is not
solvablein n1+ " ¡ o(1) timewith respectto thatclass.

Furthermore,as observed by Van Melkebeekand Raz,
the resultsof this work apply to any problem¦ suchthat
SAT reducesto ¦ underhighly ef�cient reductions.Exam-
ples of suchproblemsinclude Vertex Cover, Independent
Set, Travelling Salesman,3-SAT, and MAX-2-SAT. (The
typical reductionsfrom SAT to theseproblemsusegadgets,
wherethereis an explicit and simple correspondencebe-
tweeneachclauseof theoriginal formulaandeachgadget
of thereducedinstance.)



Model of computation
Problem det.RAM co-nondet.RAM det.off-line TM (oneworktape)

SAT n1:7327 (n1:618) n1:337 (n1:324) n1:268 (n1:224)
§ 2 -SAT n2:761 (n2) n1:6616 n1:609 (n1:5)
§ 3 -SAT n3:812 (n3) n2:761 n1:726

§ 100 -SAT n100:99 (n100) n99:98 n1:99

Table 1. Time lower boundsof this paper. Of course,for RAMs, thegivenboundsholdassumingatmostn o(1) worktapeis
used.Thepreviousboundsarein parentheses.Eachof themeitherappearin [7] (theRAM bounds),[13] (theTM bounds),or can
bederivedfrom thatwork.

Corollary 2 (CF. VAN MELKEBEEK AND RAZ [13]) Our
lowerboundsapplyto anyproblem¦ such thatSAT reduces
to ¦ under reductionscomputablein n1+ o(1) time, where
any particular bit of the reductionis computablein no(1)

time.

We will also usesomewell-known separationresults.
The following usesthe fact that a random-accessmachine
usingk alternationsin time t canbe simulatedby a two-
tapemachineusing k alternationsin time O(t), found in
ChandraandStockmeyer'soriginalconferencepaperonal-
ternation[3].

Theorem2 (“ NO COMPLEMENTARY SPEEDUP” ) For all
k ¸ 1 andtimeconstructiblet(n) ¸ n,

§ k TIME[t] * ¦ k TIME[o(t)].

We call it the “No ComplementarySpeedup”Theorem,
as it intuitively saysthat a bounded-alternationmachine
cannotbe sped-upby a “complementary”machinewith
the samenumberof alternations.Anotherusefulproposi-
tion sayswecanreducealternationsin acomputationwhile
slightly increasingthetime,provideda closetime relation-
shipexistsbetweensmalleralternationclasses.

Lemma 1 (ALTERNATIONS FOR TIME LEMMA) Let d >
1 berational, k and` benon-negativeintegers with k > `,
andlet t(n) ¸ n betimeconstructible.

If § ` TIME[n] µ ¦ ` TIME[nd], then

² § k TIME[t] µ § k ¡ 1 TIME[td], and
² ¦ k TIME[t] µ ¦ k ¡ 1 TIME[td].

Proof. Let M bea§ k machinewith O(t) runtime.W.l.o.g.,
for eachi 2 [k] wemayassumethatthestateof M immedi-
atelyprior to thei th alternation(switchbetweenmodes)is a
specialstateqi . Onaninputx, considerthesetS of nodesin
M (x)'scon�gurationtreejustbeforethek ¡ ` th alternation
occurs.(Notewe caneasilyrecognizemembershipin S at
runtime,by theassumption.)By thehypothesisof thetheo-
rem,wecanreplaceeach̀ -alternationcomputationsubtree

startingat a nodeof S with an `-alternationcomputation
treethat begins with the oppositequanti�er. The input to
the nodesof S (the currentcon�guration) is of sizeO(t),
andtheoriginal runtimeof a computationsubtreerootedat
sucha nodewasO(t). Henceby thehypothesis,eachnew
computationsubtreetakesO(td) time,andour replacement
reducesthenumberof alternationsoverall by 1. ¤

The following simulationlemmawill alsobe used,the
proofof whichwedeferto theappendix.

Lemma 2 (FORTNOW AND VAN MELKEBEEK [7] , THE-
OREM 5.1) For everynatural numberk ¸ 2, andtimecon-
structiblet andspaceconstructibles,

DTISP[t; s] µ § k TIME[(tsk ¡ 1)1=k ]:

Remark 1 Notethat DTISP[t; s] µ ¦ k TIME[(tsk ¡ 1)1=k ]
followsimmediatelyfromtheproof.

3 Intuition

It shouldbehelpful for usto �rst make a few high-level
remarkson how our methodworks. If nondeterministic
time t canbe simulatedin deterministictime tc, thenit is
straightforwardthat§ k timet is simulatedin § k ¡ 1 timetc.
The fundamentalobservation behindour resultsis that, if
wefurtherassumenondeterministictimet canbeef�ciently
simulatedby deterministictime tc in spaceto(1) , this not
only implies that § k time t canbe ef�ciently simulatedin
§ k ¡ 1 but alsothatthesimulationtime is fasterthantc, if c
is suf�ciently small. Moreover, ask increases,the implied
simulationgetsfaster. For a concreteexampleof this, Lip-
tonandViglasshowedNTIME[n] * DTISP[n

p
2¡ " ; no(1) ],

by employing achainof reasoningakinto thefollowing: as-
sumenot, thenby themachinerypresentedin theprevious
section,

§ 2 TIME[n] µ NTIME[n
p

2¡ " ]

µ DTISP[n(
p

2¡ " )2
; no(1) ] µ ¦ 2 TIME[n

(
p

2 ¡ " ) 2 + o (1)
2 ]

µ ¦ 2 TIME[o(n)];



a contradiction.2 (Note that our developmentin later sec-
tions will simply drop the o(1) termsfrom derivationsto
keepthingsclean.) What if c ¸

p
2? Thenthe resulting

derivation

§ 2 TIME[n] µ ¦ 2 TIME[n
c 2
2 + o(1) ]

is not yet a contradiction, but it is at the very least a

lemmathat § k TIME[n] µ § k ¡ 1 TIME[n
c 2
2 + o(1) ] for all

k ¸ 3. Provided that c < 2, this is indeedstrongerthan
§ k TIME[n] µ § k ¡ 1 TIME[nc]. This lemmacanthenbe
usedto getaneven tighter inclusionfor § 3 in ¦ 3 , in par-
ticular

§ 3 TIME[n] µ § 2 TIME[n
c 2
2 + o(1) ]

µ DTISP[n
c 2
2 ¢c2 + o(1) ; no(1) ] µ ¦ 3 TIME[n

c 4
6 + o(1) ]:

An inductive approachnaturallyarises:derive increasingly
better¦ k simulationsof § k usingtheprevioussimulations
obtained,andtake c to bethe largestconstantthatstill im-
plies ¦ k TIME[n] µ § k TIME[o(n)] for somek. This par-
ticular attackturns out to yield better lower boundsthan
previousapproaches,aswewill seethroughoutthepaper.

4 New lower bound for SAT and relatedNP-
completesets

Initiated in work of Fortnow [6] in 1997, an intrigu-
ing threadof lower boundresearchhasopenedup, with
rootsgoing back to Kannan[11], which essentiallyseeks
to prove a “poor man's” version of L 6= NP (or even,
SC 6= NP, recallSC = DTISP[nO(1) ; (log n)O(1) ]). More
precisely, while it is well-known thatL 6= NP is equivalent
to NTIME[n] * DTISP[nk ; logn] for all k ¸ 1, proving
sucha large lower boundon nondeterministiclinear time
(andtherefore,SAT) appearsquitedif�cult andstill out of
reach.

Nevertheless,it is still interestingto ask what we can
prove aboutthematter—to �nd the largestk for which the
separationprovably holds. Of course,when one startsto
consider�x ed time bounds,the modelof computationbe-
comesa possibleissue. We usethe robust randomaccess
Turing machinemodeldiscussedin Section2.1, which is
time-equivalentto otherrandomaccessmodelswithin poly-
logarithmicfactors.

Lipton andViglas [9] found a methodemploying alter-
nationandavariationonthetechniquein Savitch's theorem
to obtainthelowerbound

NTIME[n] * DTISP[n
p

2¡ " ; no(1) ]:

2Actually, Lipton andViglas' original argumentworked by way of a
differentseparation,namelyNTIME [t ] * NTIME [t 1¡ " ]. This is amajor
reasonwhy ourmethodwasnotdiscoveredbefore.

By Corollary1, this impliesSatis�ability cannotbesolved
in n

p
2¡ " timeandsublinear(i.e. no(1) ) space,for all " > 0.

The bestlower boundknown prior to our work wasnÁ¡ "

time andno(1) spaceby Fortnow andVan Melkebeek[7]
in 2000, whereÁ ¼ 1:618 is the goldenratio. We shall
employ tools developedin that andprevious work with an
inductiveargumentto improvethelowerboundto n1:6616::: .
This inductive strategy is strictly differentfrom (in a sense,
orthogonal to) oneusedby Fortnow andVan Melkebeek.
Wethenuseasecondinductiveargumentsimilarto Fortnow
andVanMelkebeek's to boostthis boundto n1:7327 , which
is slightly largerthann

p
3.

Notetheseexponentswerederivedusingnumericalcom-
putation. We do not yet know closed-formexpressionsfor
them,andour experienceof trying to obtainonesuggests
thatanexplicit formula for theseconstantsarebeyondour
currentanalyticalunderstanding.Namely, it appearsthat
any attemptto characterizethe constantsin an interesting
way requiresthe useof polylogarithm functions(thoseof
the form f (x; k) =

P 1
i =1

x i

i k ), which areinfamouslydif�-
cult to computeexactly.

4.1 First SAT Lower Bound

Webegin by showing then1:6616 lowerbound.To ensure
thatour methodis fully elucidatedto thereader, our appli-
cationof it will be moredetailedherethan in subsequent
sections.

De�ne f : N ! N asf (k) :=
Q k ¡ 1

j =1 (1 + 1=j )1=2j
.

Theorem3 For everyk ¸ 2 andrational c such that c <
f (k), NTIME[n] * DTISP[nc; no(1) ]:

Corollary 3 Satis�ability is not solvable by determinis-
tic randomaccessmachinesusingnf (k ) ¡ " time and no(1)

space, for all k ¸ 2 and" > 0. Thelower boundholdsfor
any NP-completeproblemthat is (simultaneously)quasi-
linear time and polylogspacereduciblefrom satis�ability,
whereeach bit in thereductionis computablein no(1) time.

Before we begin the proof of the theorem,let us �rst
observe somepropertiesof thef function.

Lemma 3 f (k) is monotoneincreasingandconvergesto a
valuegreaterthan1:6616.

Proof of Lemma 3. As (1 + 1=j )1=2j
> 1 for all j , it

is evident that f (k) is monotoneincreasing.Observe that
(1 + 1=j )1=2j

· exp( 1
j ¢2j ), so f (k) · exp(

P k ¡ 1
j =1

1
j ¢2j ).

As this sumconverges,thusf (k) converges.Computation
of f (12) suf�ces to show f (k) > 1:6616. ¤



Proof of Theorem 3. By induction.Let k0 bethesmallest
integer suchthat c < f (k0). We �rst prove the theorem
whenk0 = 2. Assumefor contradictionthat

NTIME[n] µ DTISP[nc; no(1) ]; (¤)

for rationalc > 1. De�ne anexpressione(k) in termsof c
inductively:

e(1) := 1; e(k) :=
c2

k

Ã
k ¡ 1Y

i =1

e(i )

!

:

Inclusion(¤) implies

§ 2 TIME[n] µ DTISP[nc2
; no(1) ] µ ¦ 2 TIME[ne(2) ]; (¤¤)

wherethelastinclusionfollows from Lemma2.

If c < 21=2 = (1 + 1=1)1=2 = f (2), thene(2) < 1, in-
clusion(¤¤) contradictsthe“No ComplementarySpeedup”
Theorem,and this would concludethe basecase. Other-
wise,observe thatc ¸ 21=2 impliese(2) ¸ 1. In fact,

Claim 1 For all i , e(i ) ¸ 1 ( ) c ¸ f (i ).

Proof of Claim 1. First,we claim e(i ) = c2 i ¡ 1

i !
Q i ¡ 2

j =2 ( j !) 2 i ¡ j ¡ 2

follows from aproofby induction.Thedenominatorcanbe

simpli�ed furtherto gete(i ) = c2 i ¡ 1

i ¢
Q i ¡ 1

j =2 j 2 i ¡ j ¡ 1 .

For all i , let ci betheuniquenumberin (1; 2) suchthat
e(i ) = 1 whenc = ci , i.e. (ci )2i ¡ 1

= i ¢
Q i ¡ 1

j =2 j 2i ¡ j ¡ 1
. It

suf�ces for usto show thatci = f (i ). Observe

(ci ¡ 1)2i ¡ 1
= ((ci ¡ 1)2i ¡ 2

)2 = (i ¡ 1)2 ¢
i ¡ 2Y

j =2

j 2i ¡ j ¡ 1

by de�nition of ci ¡ 1. Hence

µ
ci

ci ¡ 1

¶ 2i ¡ 1

=
i ¢

Q i ¡ 1
j =2 j 2i ¡ j ¡ 1

(i ¡ 1)2
Q i ¡ 2

j =2 j 2i ¡ j ¡ 1
= i=(i ¡ 1);

so ci
ci ¡ 1

=
³

i
i ¡ 1

´ 1=2i ¡ 1

. Therefore,

ci = (ci =ci ¡ 1)(ci ¡ 1=ci ¡ 2) ¢¢¢(c3=c2)c2

=
iY

j =2

µ
1 +

1
j ¡ 1

¶ 1
2 j ¡ 1

=
i ¡ 1Y

j =1

µ
1 +

1
j

¶ 1
2 j

= f (i ):¤

From the proof of the above claim it follows that, for a
�x edc, e(i ) strictly decreasesasi increases.GivenClaim1
andour choiceof k0, we have thatk0 is thesmallestinteger
suchthate(k0) < 1. Therefore,e(i ) ¸ 1 for all i · k0 ¡ 1,
andwemayassumethefollowing inductionhypothesis.

InductionHypothesis:Assumefor all i · k0 ¡ 1 that
e(i ) ¸ 1 and§ i TIME[n] µ ¦ i TIME[ne( i ) ].

We now prove the theoremfor k0. Thealternations-for-
timelemma(Lemma1) andinductionhypothesisimply that
§ ` TIME[n] µ § ` ¡ 1 TIME[ne(` ¡ 1) ] for ` 2 f 2; : : : ; k ¡ 1g.
Wethereforehaveby padding(which is possiblesinceeach
e(i ) ¸ 1)

§ k 0TIME[n] µ § k 0¡ 1 TIME[ne(k 0¡ 1) ]

µ § k 0¡ 2 TIME[ne(k 0¡ 1)e(k 0¡ 2) ]

µ ¢¢¢µ § 2 TIME[n
Q k 0¡ 1

i =2 e( i ) ]:

But wealsohave

§ 2 TIME[n
Q k 0¡ 1

i =2 e( i ) ] µ NTIME[nc
Q k 0¡ 1

i =2 e( i ) ]

µ DTISP[nc2 Q k 0¡ 1
i =2 e( i ) ; no(1) ]

µ ¦ k 0TIME[n
c 2

k 0
Q k 0¡ 1

i =2 e( i ) ]

µ ¦ k 0TIME[ne(k 0) ];

where the penultimateinclusion follows from Lemma2,
and the last inclusion follows by de�nition of e(k). As
c < f (k0), Claim 1 impliese(k0) < 1, thereforetheabove
contradictsthe “No ComplementarySpeedup”Theorem.
This �nishes theproofof Theorem3. ¤

The mechanicsof the above proof also demonstratea
new time-spacetradeoff for SAT.

Corollary 4 If SAT is in DTISP[t; s] then tsk ¡ 1 2
­( nf (k ) ) for all k ¸ 2. For example, SAT is not in n1:66

timeandn10¡ 5
space.

4.2 From n1:661 to n1:732

In the above, the DTISP[t; to(1) ] µ ¦ k TISP[t1=k+ o(1) ]
inclusion is unconditional, whereasall other derived in-
clusionsactuallydependon the assumptionNTIME[n] µ
DTISP[nc; no(1) ]. Herewe show how to usethis assump-
tion to getDTISP[nc; no(1) ] µ ¦ k TISP[nc=(k+ " )+ o(1) ] for
some" > 0. This allows us to pushtheSAT lower bound
above n

p
3.

Lemma 4 Letc < 2. De�ne d1 := 2, dk := 1 + dk ¡ 1

c .

If NTIME[n2=c] µ DTISP[n2; no(1) ], then

for all k 2 N, DTISP[ndk ; no(1) ] µ ¦ 2 TIME[n1+ o(1) ].

Proof. By inductionon k. Thek = 1 caseis trivial since
DTISP[n2; no(1) ] µ ¦ 2 TIME[n1+ o(1) ] follows uncondi-
tionally.



Suppose NTIME[n2=c] µ DTISP[n2; no(1) ] and
DTISP[ndk ; no(1) ] µ ¦ 2 TIME[n1+ o(1) ]. By paddingand
theinductive hypothesis(notedk ¸ 2 for all k) wehave

NTIME[ndk =c] µ DTISP[ndk ; no(1) ] µ ¦ 2 TIME[n1+ o(1) ]:

Considera ¦ 2 simulationof DTISP[n1+ dk =c; no(1) ] where
weonly guessO(n) bits (i.e. n1¡ o(1) con�gurations)in the
universalquanti�er:

µ
8 con¯gurations C1; : : : ; Cn 1¡ o (1) of M on x

s.t.Cn 1¡ o (1) is rejecting

¶

(9i 2 f 1; : : : ; n1¡ o(1) ¡ 1g)
[Ci doesnot leadto Ci +1 in ndk =c+ o(1) time]:

The secondand third lines of the above corresponds
to an NTIME computationthat takes an input of length
O(n) (the input x plus the list of con�gurations)andruns
in ndk =c+ o(1) time. Henceit can be replacedwith a ¦ 2

n1+ o(1) -timecomputation,i.e. it is equivalentto
µ

8 con¯gurations C1; : : : ; Cn 1¡ o (1) of M on x
s.t.Cn 1¡ o (1) is rejecting

¶

(8y; jyj = cjxj1+ o(1) ) (9z; jzj = cjzj1+ o(1) )
[R(C1; : : : ; Cn 1¡ o (1) ; x; y; z)];

for somedeterministiclinear time relationR andcon-
stantc > 0.

ThusDTISP[ndk +1 ; no(1) ] is in ¦ 2 TIME[n1+ o(1) ]. ¤

Corollary 5
Letc 2 (1; 2). If NTIME[n2=c] µ DTISP[n2; no(1) ] then

for all " > 0, DTISP[n
c

c ¡ 1 ¡ " ; no(1) ] µ ¦ 2 TIME[n1+ o(1) ].

(Note" mustsatisfy c
c¡ 1 ¡ " ¸ 1; thatis, " · 1

c¡ 1 .)

Proof. For any c < 2, the sequencedk is monotonenon-
decreasing,andconvergesto d1 = 1 + d1

c , i.e. d1 =
c=(c ¡ 1). Hencefor all " > 0, thereis a �nite K suchthat
dK ¸ c

c¡ 1 ¡ " . ¤

If weapplytheaboveto ourinductiveargumentfrom be-
fore,we seeaninterestingresult: insteadof having Lipton-
Viglas' n

p
2 lower bound as a basecase,we now have

somethingresemblingFortnow-VanMelkebeek's nÁ lower
boundas a basecase,with Á being the goldenratio. In
particular, we know that if NTIME[n] µ DTISP[nc; no(1) ]
thenc ¸ Á, hencec2 ¸ c=(c ¡ 1) andCorollary5 implies

§ 2 TIME[n] µ DTISP[nc2
; no(1) ]

µ DTISP[
³

nc2 ¢c ¡ 1
c

´ c=(c¡ 1)+ o(1)
; no(1) ]

µ ¦ 2 TIME[nc¢(c¡ 1)+ o(1) ]:

Employing an analogousargumentasbeforeandomitting
o(1) factors,wehave

§ 3 TIME[n] µ § 2 TIME[nc¢(c¡ 1) ]

µ DTISP[nc3 ¢(c¡ 1) ; no(1) ] µ ¦ 3 TIME[n
c 3 ¢( c ¡ 1)

3 ];

§ 4 TIME[n] µ § 3 TIME[n
c 3 ¢( c ¡ 1)

3 ]

µ § 2 TIME[n
c 4 ¢( c ¡ 1) 2

3 ] µ DTISP[n
c 6 ¢( c ¡ 1) 2

3 ; no(1) ]

µ ¦ 4 TIME[n
c 6 ¢( c ¡ 1) 2

12 ];

etc.

Claim 2 The exponent ek derived for § k TIME[n] µ

¦ k TIME[nek ] is ek = c3¢2k ¡ 3
(c¡ 1) 2k ¡ 3

k¢(3 2k ¡ 4 ¢42k ¡ 5 ¢52k ¡ 6 ¢¢¢(k ¡ 1))
.

Proof. By inductiononk. ¤

Wecansimplify theexpressionto get
c3¢2k ¡ 3

(c¡ 1) 2k ¡ 3

k¢(3 2k ¡ 4 ¢42k ¡ 5 ¢52k ¡ 6 ¢¢¢(k ¡ 1))

=
³

c3 (c¡ 1)
k 2¡ k +3 ¢(3 2¡ 1 ¢42¡ 2 ¢52¡ 3 ¢¢¢(k ¡ 1) 2¡ k +3 )

´ 2k ¡ 3

:

Now, c3¢2k ¡ 3
(c¡ 1) 2k ¡ 3

k¢(3 2k ¡ 4 ¢42k ¡ 5 ¢52k ¡ 6 ¢¢¢(k ¡ 1))
< 1 if and only if

c3 (c¡ 1)
k 2¡ k +3 ¢(3 2¡ 1 ¢42¡ 2 ¢52¡ 3 ¢¢¢(k ¡ 1) 2¡ k +3 )

< 1, so it suf�ces for

usto analyzethelatterexpression.

The denominatornumericallyconvergesto 3:81213¢¢¢
ask ! 1 , so the calculationof c reducesto �nding the
positive root of c3 ¢(c ¡ 1) = 3:81213, or c ¼ 1:7327 >p

3 + 6
10000 .

Theorem4 NTIME[n] * DTISP[n
p

3; no(1) ]:

A straightforward application of the methods of
Tourlakis[18] furtheryieldsa lowerboundonnon-uniform
machinesfor SAT (weemploy theusualnotationof C=f (n)
to denoteclassC augmentedwith advicestringsof length
f (n) on inputsof lengthn). Weomit thedetails.

Corollary 6 NTIME[n] * DTISP[n
p

3; no(1) ]=no(1) .

4.3 Solving tautologieswith nondeterminism

A similar lower boundimprovementcanbe derived for
solvingBooleantautologiesandrelatedproblemswith non-
deterministictime andsmall space.The bestlower bound
prior to ourswasn1:324 timewith no(1) space[7].

Theorem5 For everyk ¸ 2 andrational c such that c <
1:337, coNTIME[n] * NTISP[nc; no(1) ]:

As with Lemma 2, one can show that for k ¸ 2,
NTISP[nc; no(1) ] µ § 2k ¡ 1 TIME[nc=k ]: two alternations
at a time (98) are usedto cut down the simulation time



of a block by a kth root, and a �nal existential alterna-
tion guessesthe nondeterministicstepstaken in the block.
Henceif coNTIME[n] µ NTISP[nc; no(1) ], then

¦ 3 TIME[n] µ coNTIME[nc2
]

µ NTISP[nc3
; no(1) ] µ § 3 TIME[n

c 3
2 ];

¦ 5 TIME[n] µ NTISP[n
³

c 3
2

´ 2
¢c3

; no(1) ]

µ § 5 TIME[n
c 9
12 ];

¦ 7 TIME[n]

µ NTISP[n
³

c 9
12

´ 2
¢
³

c 3
2

´ 2
¢c3

; no(1) ]

µ § 7 TIME[n
c 27

2304 ];

etc., andthe expressionfor the exponentderived in the
i th inclusionsatis�es the recurrencee(1) = c3=2, e(i ) =

i
i +1 ¢e(i ¡ 1)3. Theboundonc suchthatfor somek wehave
¦ k TIME[n] µ § k TIME[o(n)] convergesto c ! 1:337¢¢¢
ask increases.

4.4 Better lower boundsfor alternating time

The methodalsocanbe usedto improve known lower
boundsfor alternatinglinear time. Here,we will just show
theargumentfor § 2 .

Theorem6 § 2 TIME[n] * DTISP[nf (k )2
; no(1) ], for all

k ¸ 2. Notelim k !1 f (k)2 = 2:7556¢¢¢.

Proof. From § 2 TIME[n] µ DTISP[nc; no(1) ] µ
¦ 2 TIME[nc=2], wederive

§ 3 TIME[n] µ § 2 TIME[nc=2]

µ DTISP[nc2 =2; no(1) ] µ ¦ 3 TIME[nc2 =6];

§ 4 TIME[n] µ § 2 TIME[n(c2 =6)¢c=2]

µ DTISP[nc4 =12; no(1) ] µ ¦ 4 TIME[nc4 =48];

etc., and the boundon c that yields a contradictioncon-
vergesto c ! 2:7556¢¢¢ ask increases.More precisely,
we geta contradictionwhenc < f (k)2, for somek, where
f is thefunctionfrom Section4.1. ¤

Onecancompletethecolumnsof Table1 for RAMs in
similar fashion.

5 Impr oving time lower bounds for a strong
brand of of�ine Turing machines

The above methodmakesit alsopossibleto strengthen
time lower boundsfor a type of Turing machinethat is a
hybrid betweena randomaccessmachineand a one-tape
machine.Themodelhas:

² aninput tapethatis read-only, randomaccess,

² a smallstorageof no(1) bits thatis read-write,random
access,and

² anunboundedone-dimensionaltapethat is read-write
with sequential(two-way)access.

It is importantto observe that lower boundson thesema-
chinesare not as straightforward as one might think, e.g.
thesemachinescan recognizepalindromesin linear time

andlogarithmic space.3 Previously, an n
p

3=2¡ " ¼ n1:22

time lower boundfor SAT wasprovable for this machine
model,usingasimulationdueto MaassandSchorr[12] (in-
dependentlyre-discoveredrecentlyby VanMelkebeekand

Raz [13]). An n
4
p

3=2¡ " ¼ n1:1 boundproved by Kan-
nan[10] in 1983for a morerestrictedmachinemodelcan
beeasilyseento hold for theabove aswell. Our improve-
mentpushesthe lower boundto greaterthann5=4. Letting
DTIME1[t] denotetherelevanttimeclassfor theaforemen-
tionedmachinemodel,thelowerboundis thefollowing.

Theorem7 NTIME[n] * DTIME1[n1:268].

Proof. Our main tool is anothersimulationlemma,found
in thework of VanMelkebeekandRaz.

Lemma 5 (VAN MELKEBEEK AND RAZ [13])

DTIME1[t] µ § 2 TIME[t2=3+ o(1) ]. In general,
DTIME1[t] µ § k + 1 TIME[t (k+1) =(2k+1) ] for all k ¸ 1.

Now we prove the theorem: supposeNTIME(n) µ
DTIME1[nc]. Then ¦ 2 TIME[n] µ ¦ 1 TIME[nc] µ
DTIME1(nc2

) µ § 2 TIME[n
2
3 c2

]. Clearly thereis a con-

tradictionif c <
q

3
2 (thepreviously known lower bound).

If this is not thecase,thenasbeforewecanusethederived
inclusion¦ 2 TIME[n] µ § 2 TIME[n

2
3 c2

].

Theinductionhypothesishereis

3Contrast this machinemodel with the standardmulti-tape Turing
machine,where a O(log n) spacebound implies a ­( n2 ) time lower
bound for recognizingpalindromes[4]. Santhanam[16] gave an ef�-
cient reductionfrom palindromesto SAT in this model, resultingin an
­( n2=polylog(n)) time lowerboundfor SAT onmulti-tapemachines.



For all i = 2; : : : ; k ¡ 1, ¦ i TIME[n] µ § i TIME[ne( i ) ],

wheree is de�ned inductively by e(0) = c, e(k + 1) =³
k+1

2k+1 c2
´ Q k

i =1 e(i ). Thus,applyingthelemmaabove,

¦ k + 1 TIME[n] µ ¦ k TIME[ne(k+1) ]

µ ¢¢¢µ ¦ 2 TIME[n
Q k

i =2 e( i ) ]

µ DTIME1[nc2 Q k
i =2 e( i ) ]

µ § k + 1 TIME[n
k +1

2k +1 c2 Q k
i =2 e( i ) ];

so
¦ k + 1 TIME[n] µ § k + 1 TIME[ne(k+1) ]:

Simplifying asin previouscases,onecanderive therecur-
rencefor e to bee(1) = c, e(k + 1) = k+1

k ¢2k ¡ 1
2k+1 ¢e(k)2.

Let ck 2 (1; 2) be suchthat e(k) = 1 whenc = ck . As
k ! 1 , ck > 1:2684, sothetheoremfollows. ¤

To completetherestof Table1 for this machinemodel,
wesimplyobserve thatthesameanalysisholds,exceptthat
the “basecase”for e changes.For example,the proof of
the lower boundfor § 2 TIME[n] resultsin the expression
e(2) = 2c

3 , e(k + 1) = k+1
k ¢2k ¡ 1

2k+1 ¢e(k)2, yieldingan1:609

lowerbound.

Remark 2 Van Melkebeekand Raz gave similar lower
boundsfor SAT onco-nondeterministicmachinesunderthe
samemodel,as well as lower boundswhenthe sequential
accesstape is k-dimensionalfor constantk. Our method
canbeeasilyappliedto improvetheseboundsaswell.

6 Lower bounds for bounded nondetermin-
ism

In the remainderof the paper, we investigatehow indi-
rect diagonalizationideasusingalternationcanbe further
extendedto prove lower boundson boundednondetermin-
istic computation.De�ne NTIBI[t(n); b(n)] to betheclass
of languagesrecognizedby t(n) time (the TI) randomac-
cessTuring machinesthatuseat mostb(n) nondeterminis-
tic bits (the BI). More precisely, whengiven an input x, a
characteristicmachinefor thisclassguessesb(jxj) bitsona
specialtapeandthenrunsdeterministicallyfor t(jxj) time
usingthe input tape,thespecialtape,andsomenumberof
worktapes.4 Weprove theseparation:

Theorem8 For all " > 0, there is c" > 1 such that
NTIBI[n; n" ] * DTISP[nc" ; no(1) ].

4Note NTIBI [t; b] = GC[b;DTIME [t ]], whereGC is the guess-and-
checkmodelof Cai andChen[1]. We found the NTIBI notationmore
convenientfor ourpurposes.

Thatis, evenwith only n1=1000 nondeterministicmoves,
thereis still anon-lineartimeseparationof nondeterminism
from deterministicsmallspace.This theoremhastheinter-
estingcorollary that for all k, Booleancircuit satis�ability
for circuitswith n inputsandnk gatesandwirescannotbe
solvedin nk+ o(1) timeandsmallspace.

In orderto achieve a contradiction,we needa relation-
shipbetweenclassesto contradict.Thefollowing hierarchy
theoremfor timeandbitssuf�ces.

Theorem9 For any polynomialt(n) ¸ n, and for all ra-
tional " 2 (0; 1), ° 2 (0; 1),

coNTIBI[t1+ ° ; t " + ° ] * NTIBI[t; t " ]:

Proof. Standarddiagonalization. First, observe one can
enumeratethesetof randomaccessTuringmachinesf M i g
usingt(n) time andt " (n) nondeterministicbits in a stan-
dard way (perhapsthe only dif�culty in the proof is that
t " (n) is computablein O(t(n)) time). De�ne M 0 that on
x determinesM x , universallyguessest " + ° (jxj) bits on a
specialtape,then simulatesM x (x) with the specialtape,
returning the oppositeanswer. It takes O(t " + ° ) time to
write down thebits, andsimulationof a deterministictime
t machinecan certainly be donein O(t1+ ° ) time. Since
M 0(x) = : M x (x), it is clearthat if M x is nondeterminis-
tic andM 0 is co-nondeterministic,thenM x (x) acceptsiff
M 0(x) rejects. ¤

Proof of Theorem 8. Assumethe oppositefor con-
tradiction, i.e. there is " > 0, such that for all c >
1, NTIBI[n; n" ] µ DTISP[nc; no(1) ]. Choose "0 2
(0; minf "; c=2g) andt(n) ¸ n1=" 0

.

By padding,NTIBI[t; t " ] µ DTISP[tc; to(1) ] for all c >
1 andt(n) ¸ n. SinceDTISP is closedundercomplement,
we have coNTIBI[t; t " ] µ DTISP[tc; to(1) ] aswell. Now, a
time tc andspaceto(1) machineM canbe simulatedby a
§ 2 machineof thekind

(9 con¯gurations C1; : : : ; Ct " 0 of M on x)
(8i 2 f 1; : : : ; tc¡ " 0

+ 1g)
[Ci ¡ 1 leadsto Ci in tc¡ " 0

time];

whereC0 andCt " 0+1 arethe initial andacceptcon�gura-
tions, respectively. The secondand third lines describing
the§ 2 computationabove is a coNTIBI[N (c¡ " 0)=" 0

; logN ]
computation,where N = t " 0

+ n 2 O(t " 0
). There-

fore the second and third lines can be simulated in
DTIME[N c(c¡ " 0)=" 0

] by assumption(andthat c ¡ " 0 > "0,
since"0 < c=2). Thustheabove is equivalentto acomputa-
tion of theform:

(9 con¯gurations C1; : : : ; Ct " 0 of M on x)·
a deterministic tc(c¡ " 0) time computation on

hx; C1; : : : ; Ct " 0 i

¸
;



which is anNTIBI[tc(c¡ " 0) ; t " 0+ o(1) ] computation.

Thereforeweobtain

coNTIBI[t; t " ] µ NTIBI[tc(c¡ " 0) ; t " 0+ o(1) ]:

If c(c¡ "0) < 1, thenwehaveacontradictionwith Theorem
9, as this implies coNTIBI[t; t " ] µ NTIBI[t1¡ ° ; t " ¡ ° ] for
some° > 0.

It remainsfor usto show that,givenan" 0 > 0 thatthere
is c > 1 suchthat c(c ¡ " 0) < 1. Note d(d ¡ " 0) = 1
hastheuniquepositive solutiond = (" 0 +

p
("0)2 + 4)=2.

Therefore,for any " 0 > 0 we getd > 1, soany c 2 (1; d)
suf�ces. ¤

Noticein theaboveweneededexactlythatc(c¡ " 0) < 1,
"0 < ", and"0 < c=2. So themaximum" andc we could
have are" < 1=

p
2 andc <

p
2. (To seethis, notethat c

is maximizedby making" 0 aslargeaspossible;changethe
inequalitiesto equations,andsolve.) For someexamplesof
concretec > 1, wegivethemaximum" > 0 allowedby the
above:

² NTIBI[n; n
1p
2

¡ " ] * DTISP[n1:414; no(1) ]

² NTIBI[n; n0:451] * DTISP[n1:25; no(1) ]

² NTIBI[n; n0:0199 ] * DTISP[n1:01; no(1) ]

Theseseparationshave applicationto real satis�ability
problems,aswenow demonstrate.

Lemma 6 Fix k ¸ 1. If Boolean satis�ability on
circuits with N inputs and N k gates and wires is in
DTISP[nc; no(1) ] for somec ¸ 1, thenNTIBI[n; n1=k ] µ
DTISP[ncpoly(log n); no(1) ].

Proof. (Sketch)PippengerandFischershow thatfor deter-
ministic multitapeM runningin time t thereis a Boolean
circuit C of O(t log t) gatessuchthat M (x; y) acceptsiff
C(x; y) = 1. Let Cx be C with the input bits of x hard-
coded. Moreover, Cx can be constructedin O(t(log t)2)
timeandO(log t) space(cf. Tourlakis[18]).

Supposetheproblemof thelemmais solvablein nc time
andno(1) space.Take M 0 to be an arbitraryTM usingn"

nondeterministicbits runningin O(n) time, so M 0(x) ac-
ceptsiff thereis a y of length jxj" suchthat M (x; y) ac-
cepts,for somedeterministiclinear time M . ThusM 0(x)
acceptsiff thereis an input y suchthatCx (y) = 1. Hence
to simulateM 0 on x, we can reduceit to the circuit Cx

of O(jxj log jxj) gates with jxj" input size (note this is
a logspacereduction),then solve the circuit satis�ability
problemfor Cx in O(jxjcpoly(log(jxj))) time and jxjo(1)

space,by hypothesis. ¤

Corollary 7 For all k ¸ 1, there existsck > 1 such that
Booleansatis�ability oncircuitswith n inputsandnk gates
requiresnk¢ck time on a deterministicrandomaccessma-
chineusingno(1) space.

7 Conclusion

We have demonstratedaninductive methodfor utilizing
thepolynomialhierarchy in proving lower boundson con-
creteproblemssuchasSAT. Ourapproachis extremelygen-
eral,andcanessentiallybeappliedto any lower boundon
§ k TIME wheretheclassCbeingshown asweakis spedup
usinga �nite numberof alternations.We alsoshowedhow
existing lower boundargumentscanyield lower boundson
boundednondeterminismclasses,due to the O(log n)-bit
universalquanti�er insidea§ 2 TIME simulationof DTISP.

Almost surely, we have not yet completelyexploitedthe
full “power of inductive thinking” in theresultsgivenhere.
In fact, we conjecturethat a quadratictime lower bound
for SAT onsmall-spaceRAMs is notonly possiblebut also
achievablevia currenttechniques.The successof this in-
ductive methodraisescompellingresearchquestions.For
example,givena classC to prove lower boundson, which
classseparationsaremostusefulin anindirectdiagonaliza-
tion argumentagainstC? Theresultsof this papersuggest
that, for many cases,the question's answeris simply: as
manyseparationsaspossible.
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9 Appendix

Proof of Lemma 2. (Sketch) Fix a deterministicma-
chine M using time t(n) and space s(n). We �rst
show how to get (tsk ¡ 1)1=k time with 2k quanti�ers (a
§ 2k TIME[(tsk ¡ 1)1=k ] machine)then show how the con-
structioncanbemodi�ed to getonly § k TIME[(tsk ¡ 1)1=k ].
The key idea is to simulate the well-known proof that
SPACE[s] µ ATIME[s2], but to guessmorecon�gurations
up front, reducingthe numberof alternationsoverall. A
machineN with 2k alternationsis asfollows.

N (x): Let C0 and Ct +1 be the uniqueinitial and accept
con�gurationsof M (x). ReturnSimulate(C0; Ct +1 ; k).

Simulate(Ci ; Cj ; j ):

If j = 0 then accept iff Ci leads to Cj in at most
(tsk ¡ 1)1=k steps.

Else:

² Existentiallyguesscon�gurationsC j
1 , : : :, C j

( t=s )1=k of

M (x). If C j
1 6= Ci thenreject. If C j

( t=s )1=k 6= Cj then
reject.

² Universally choose i j 2 f 1; : : : ; (t=s)1=k g, and
Simulate(C j

i j
; C j

i j +1 ; j ¡ 1).

It is straightforward to verify that this procedureworks
just like Savitch's theorem,except we are guessingmore
“midpoint” con�gurationsbeforeeachrecursive call.

Simulate with j := k clearlyhas2k alternations,guess-
ing O(( t=s)1=k ¢s) = O(( tsk ¡ 1)1=k ) bits existentiallyand
O(log t) bits universallybetweeneachrecursive call, and
running for O(( tsk ¡ 1)1=k ) deterministictime in the base
case(on a RAM). ThustheproceduretakesO(( tsk ¡ 1)1=k )
timeoverall.

How do we reducethe numberof alternationsfrom 2k
to k? We canexploit thefact that thecomputationis deter-
ministic. Wecouldjustaseasilyrewrite Simulate to be:

Simulate2(Ci ; Cj ; j ):

If j = 0 then accept iff Ci leads to Cj in at most
(tsk ¡ 1)1=k steps.

Else:

² Universally choosecon�gurations C j
1 ; : : : ; C j

( t=s )1=k

of M (x). If C j
1 6= Ci thenaccept. If C j

( t=s )1=k = Cj

thenaccept.

² Existentiallychoosei j 2 f 1; : : : ; (t=s)1=k g.

² : Simulate2(C j
i j

; C j
i j +1 ; j ¡ 1).

To verify thatCi leadsto Cj , we considerall sequences
of con�gurationswherethe�rst con�gurationis Ci , but the
last one is not Cj . We verify that for any suchsequence,
therearetwo adjacentcon�gurationsthatdo not leadfrom
oneto theother. Sinceall sequencesfrom Ci to someC0

j 6=
Cj fail to work, it must be that Ci leadsto Cj . Clearly,
Simulate2 runsin the sametime boundasSimulate, but
thequanti�ersstartwith a8 instead.

Our �nal solutionis to make the two proceduresmutu-
ally recursive: rewrite Simulate sothatit callsSimulate2,
andvice-versa. Then,the numberof alternationsin N (x)
becomesexactly k. ¤


