Better Time-SpaceLower Boundsfor SAT and Related Problems

RyanWilliams®
ComputerScienceDepartment
Carngyie Mellon University
Pittsturgh, PA 15213

ryanw@cs.cmu.edu

Abstract

We male several improvement®ntimelower boundsfor
conceteproblemsn NP andPH.

1. We presentan elementarytechnique basedon “indi-
rect diagonalization” that uniformly improves upon
the knownnonlineartime lower boundsfor nondeter
minismand alternating computation,on both sublin-
ear (n°®) spaceRAMsand sequentialworktapema-
chineswith randomaccesgo theinput. e obtainbet-
ter lower boundsfor SAT, aswell asall NP-complete
problemsthat haveefcient reductionsrom SAT, and
§-SA, for constantk , 2. For example SArpcannot
be solvedby randomaccessnadinesusingn 3 time
and n°@ space Thetedniqueis a natural induc-
tive appmoad, for which previouswork is essentially
its basecase

2. We show how indirect diagonalization can also
yield time-spacdower boundsfor computationwith
boundedhondeterminismOnecorollary is thatfor all
k, there existsa constanty > 1 sud thatsatis ability
of Booleancircuitswith n inputsandnk gatescannot
besolvedin deterministidcimen*® andn°® space

1 Intr oduction

In this paper we study the power of indirect diagonal-
ization to give classseparationsnd lower boundson ex-
plicit problemsin NP and the polynomial hierarcly, de-
riving severalimprovementson existing lower boundsand
somebrandnew boundsaswell.

?Supportedin part by the NSF ALADDIN Center(NSF Grant No.
CCR-0122581).

Putbluntly, a separatiorby “indirect diagonalization’is
a proof-by-contradictiorsimulation. Supposewe wish to
shav C * D, for classe€CandD. An indirectdiagonal-
izationargumentbeginsby assumingC p D. If sufciently
strong, this assumptiorallows us to derive a sequencef
new complity classinclusions.After someiterations the
new inclusionshecomesowonderfulthatthey arenot only
unlikely but are also provably impossible,contradictinga
known separatione.g., atime hierarcly theorem.

Onelimitation to this sort of attackis that, at present,
there are not too mary known classseparationgo begin
with, soanumberof strongassumptionaresometimesec-
essaryto reacha contradiction.Themajorgoalof ourwork
is to investigate how one might circumvent this dif culty,
by emplgying a host of known classseparationsn some
sophisticatedvay. Loosely speaking,one family of prior
lower boundapproachefor nondeterministi¢ime (in gen-
eral,alternatingtime) is of the following kind:

1. Assume (for contradiction)that for somek , 1,
8§ TIME[n] isin classD whoselanguagesrecharac-
terizedby somedeterministicmachinemodelrunning
in timen®.

2. Prove that D-machinesn time t canbe “spedup” to
lie in 8 TIME[tY "] for some" > Oandsome™ , k.

B

3. Prove using(1) thata sufciently large numberof the
* alternationsn the sped-upcomputatiorof (2) canbe
“removed”, atthe costof a small“slowdown” in time
(theslowdown will beexponentialin c).

4. If theamountof speedugn (2) sufciently exceedghe
amountof slowdown in (3), concludea contradiction
to someknown time hierarcly theorem.

Introducedin a paperby Kannan[10], this proof strat-
egy hasbeenquite successfulleadingto anumberof lower
boundson nondeterminismand alternationin several ma-
chinemodels[12, 6, 9, 7, 18]. Here, we proposea strat-
egy that, given an assumptiorike (1), inductively derives



a countablyin nite numberof inclusionsto obtaina con-
tradiction, whereeachsuccessie inclusionusesall of the
(nitely mary) previousones.

To illustrate,in the RAM lower boundswe supposéhat
NTIME[n] g DTISP[n®; n°® ] for somec 2 (1;2) andin
turnwe derive aninclusionof theform

§, TIME[n] 1 | 2 TIME[nf2(9];

wheref , is afunctionof c. If f,(c) < 1, thentheinclusion
contradictsa known separatior(cf. Theorem2 in the fol-
lowing section). Otherwise we may assumehis inclusion
aswell.l We usethis inclusionto derive § 3 TIME[n] u
' 3 TIME[nf3(9], wherefs(c) < f,(c) for appropriatec.
Againif f3(c) < 1 we would be done,otherwisewe pro-
ceedto getaninclusionfor § 4 TIME[n], § s TIME[n], etc.
Our constructionand choice of ¢ will ensurethat the se-
qguence ,(c), f3(c), f4(C), ::: ismonotonicallydecreasing,
andeventuallydropsbelov 1. Moreover, thec suchthatthe
sequenceropsbelov 1 will belargerthanthelower bound
exponentgreviously obtainedcf. Tablel.

Themostdramaticimprovementsoccurwith higherlev-
els of the polynomial hierarcly: for example, with §,-
SAT the lower boundgoesfrom n? time to n>7%1, Note
1:6616 Y4 2:761; in fact,theexponenin the§ , -SAT lower
boundfor deterministicRAMs is exactly the squareroot of
the exponentin the boundfor co-nondeterministi®RAMSs.
Similarly, the exponentin the lower boundfor § ; -SAT on
deterministioff-line machiness thesquarenf theexponent
for SAT.

2 Preliminaries
2.1 Notation and the model

We will oftenuse" hereandthereto denote(asis stan-
dard) a non-zeroquantity thatis sufciently small for the
currentcontext. As is typical with mostsuchworks,weim-
plicitly assumeoors and ceilingsare appliedto fractions
wherever appropriate.

We assumefamiliarity with basic notions such as al-
ternation[2], andclassespecifyingresourceboundssuch
as DTIME[t], NTIME[t], SPACHs], DTISP[t] (simulta-
neousdeterministictime and space),and § i TIME[t] and
I k TIME[t] (time with k alternations§ denotesstartingin
anexistentialstate whereag -machinestartin auniversal
state). Our default machinemodelwill be randomaccess
Turing machines Whenwe specifya classwithout further
quali cation, wewill bereferringto classesle nedwith re-
spectto this model. By “randomaccessTuring machine”,

1in fact, obsere e; = 1 would imply § TIME [n] = §2 TIME [n]
forallk , 2;it turnsoutthiswould bealsosufcient for a contradiction.

we meanTuring machineswith a read-onlyinput tape,a

full-accesswork tape,andtwo write-only index tapes(one
for input,onefor work). To accessheith cell of theinputor

work tape,onewritesi to the respectie index tape;hence
anarbitraryacces®f atapewith t cellstakesO(logt) time.

After theith cellis accessedherespectieindex tapeis re-

setto blanks.

A word of apologyto the precisereader: we will say
“k alternations’to referto thek quanti er blodks of anal-
ternatingmachinein § or| i, whichreally only alternate
ki 1timesfrom onequanti er modeto another

2.2 Existing tools

We will usethe fact that satis ability of Booleanfor-
mulas (speci ed in conjunctve normalform) is complete
undervery tight r§ductionsfor a small compl«ity class.
Dene NQL := . NTIME[n(logn)¢] = NTIME[n ¢
poly(log n)]. HenceNQL means‘nondeterministicquasi-
lineartime”.

Theorem1l (FOLLOWS FROM SCHNORR [17], CooOkK
[5], GUREVICH AND SHELAH [8], TOURLAKIS[18])

Assumingrandom accessto the input, SAT is NQL-
complete under reductions in quasi-linear time and
O(log n) spacesimultaneouslyfor bothmulti-tapeandran-
domaccesanadine models.Moreover, ead bit of there-
ductioncanbe computedn O((log n)°® ) time

Thistheoremhasacorollarysigni cant for ourpurposes.
Let DTIME][t] in thefollowing becharacterizetly somede-
terministicmachinemodelrunningin time O(t), for which
themachinehave randomaccesgo theinput.

Corollary 1 If NTIME[n] * DTIME[t], thentherisac >
0 sudh that SAT 2 DTIMET[t(log n)€].

Thatis, if onecanshav NTIME[n] is not doablein t
time, thenonecannamean explicit problem(SAT) notin t
time, modulopolylogarithmicfactors. Thusour proofswill
attempto establisithatNTIME[n] is notin somedetermin-
istic classwith time boundn®* ", implying that SAT is not
solvablein n*"i °) time with respecto thatclass.

Furthermoreas obsened by Van Melkebeekand Raz,
the resultsof this work applyto ary problem; suchthat
SAT reducedo | underhighly ef cient reductions Exam-
ples of suchproblemsinclude Vertex Cover, Independent
Set, Travelling Salesman3-SAT, and MAX-2-SAT. (The
typical reductiondrom SAT to theseproblemsusegadgets,
wherethereis an explicit and simple correspondencbe-
tweeneachclauseof the original formulaandeachgadget
of thereducednstance.)



Model of computation
Problem det. RAM co-nondetRAM | det. off-line TM (oneworktape)
SAT n1:7327 (n1:618) n1:337 (n1:324) n1:268 (n1:224)
§ 2-SAT n2:76l (n2) n1:6616 n1:609 (nl:5)
§3-SAT n3:812 (n3) n2:761 nl:726
§ 100 -SAT r-|100:99 (n100) r-|99:98 nl:99

Table 1. Time lower boundsof this paper. Of coursefor RAMs, thegivenboundshold assumingatmostn°® worktapeis
used.The previous boundsarein parentheses€achof themeitherappeaiin [7] (the RAM bounds)[13] (the TM bounds)or can

bederivedfrom thatwork.

Corollary 2 (cr. VAN MELKEBEEK AND RAZ [13]) Our
lowerboundsapplyto anyproblem] sudthatSAT reduces
to ! underreductionscomputablein n'* °® timg, whee
any particular bit of the reductionis computablen n°®
time

We will also use somewell-known separatiorresults.
The following usesthe factthat a random-accessachine
usingk alternationsn time t canbe simulatedby a two-
tapemachineusingk alternationsin time O(t), found in
ChandraandStockmeer's original conferenceaperon al-
ternation[3].

Theorem2 (“No COMPLEMENTARY SPEEDUP”) For all
k , landtimeconstructiblet(n) , n,
8¢ TIME[t] * | « TIME[o(t)].

We call it the“No ComplementanspeedupTheorem,
as it intuitively saysthat a bounded-alternatiomachine
cannotbe sped-upby a “complementary”machinewith
the samenumberof alternations.Anotheruseful proposi-
tion sayswe canreducealternationsn acomputatiorwhile
slightly increasinghetime, provided a closetime relation-
shipexistsbetweersmalleralternationclasses.

Lemmal (ALTERNATIONS FOR TIME LEMMA) Letd >
1 berational, k and” benon-n@ativeintegerswithk > °,
andlett(n) , n betimeconstructible

If § TIME[n] u | - TIME[n¢9], then

2 §, TIME[t] u §k; 1 TIME[tY], and
2 1 TIME[t] | &; 1 TIMEt?].

Proof. LetM bea§y machinewith O(t) runtime.W.l.0.g.,
for eachi 2 [k] we mayassumehatthestateof M immedi-
atelyprior to theith alternation(switchbetweermodes)s a
specialkstateq . Onaninputx, considethesetS of nodesn

M (x)'scon gurationtreejustbeforethek j “! alternation
occurs.(Note we caneasilyrecognizemembershipn S at
runtime,by theassumption.By the hypothesiof thetheo-
rem,we canreplaceeach’ -alternationcomputatiorsubtree

startingat a nodeof S with an "-alternationcomputation
tree that begins with the oppositequanti er. Theinput to
the nodesof S (the currentcon guration) is of size O(t),
andthe original runtimeof a computatiorsubtreerootedat
suchanodewasO(t). Henceby the hypothesiseachnew
computatiorsubtregakesO(t?) time, andour replacement
reduceghe numberof alternationoverall by 1. o

The following simulationlemmawill alsobe used,the
proof of which we deferto theappendix.

Lemma2 (FORTNOW AND VAN MELKEBEEK [7], THE-
OREM 5.1) For everynatural numberk , 2, andtimecon-
structiblet andspaceconstructibles,

DTISP[t; s] p § TIME[(tski 1)1 ]:

Remark 1 Notethat DTISP[t; s] p |  TIME[(tski 1)17]
followsimmediatelyfromthe proof

3 Intuition

It shouldbe helpful for usto rst make a few high-level
remarkson howv our methodworks. If nondeterministic
time t canbe simulatedin deterministictime t¢, thenit is
straightforvardthat8 « timet is simulatedn §y; 1 timet®.
The fundamentabbsenation behindour resultsis that, if
we furtherassumearondeterministitimet canbeef ciently
simulatedby deterministictime t¢ in spacet®® , this not
only impliesthat§ timet canbeefciently simulatedin
8k; 1 but alsothatthe simulationtime is fasterthant®, if ¢
is sufciently small. Moreover, ask increasestheimplied
simulationgetsfaster For a concretea(ampl%of this, Lip-
tonandViglasshavedNTIME[n] * DTISP[n 2 ";n°®],
by emplgying achainof reasoningkinto thefollowing: as-
sumenot, thenby the machinerypresentedn the previous
section,

§, TIME[n] n NTIME[an‘ "]

3240

O]t L TIME[N 2]

2

Py
g DTISP[nC 21 Y
H 1 2 TIME[o(n)];



a contradictior? (Note that our developmentin later sec-
tions will simply drop the o(1) tefgrgsfrom derivationsto
keepthingsclean.) Whatif ¢ , 2? Thenthe resulting
derivation

c2
§, TIME[N] 1 ! 2 TIME[n 7 *°®)]

is not yet a contradiction, but it is at the very leasta

lemmathat § , TIME[n] 1 §y; 1TIME[n§+°(1)] for all
k , 3. Providedthatc < 2, thisis indeedstrongerthan
8k TIME[n] pu 8; 1 TIME[n®]. This lemmacanthenbe
usedto getaneventighterinclusionfor §3 in | 3, in par

ticular
§3TIME[N] it §, TIME[n > *°®)]
W DTISP[nZ ®*°W; no® ] | 1 TIME[n s+ o) ];

An inductive approacmaturallyarises:derive increasingly
better| « simulationsof § x usingthe previoussimulations
obtained,andtake c to be the largestconstanthat still im-
plies| « TIME[n] p 8§k TIME[o(n)] for somek. This par
ticular attackturns out to yield betterlower boundsthan
previousapproachesswe will seethroughouthepaper

4 New lower bound for SAT and related NP-
completesets

Initiated in work of Fortnow [6] in 1997, an intrigu-
ing threadof lower boundresearchhas openedup, with
roots going backto Kannan[11], which essentiallyseeks
to prove a “poor mans” versionof L 6 NP (or even,
SC6 NP, recallSC= DTISP[n°W ; (logn)°®1]). More
preciselywhile it is well-known thatL 6 NP is equivalent
to NTIME[n] * DTISP[n¥;logn] for all k , 1, proving
sucha large lower boundon nondeterministidinear time
(andtherefore SAT) appearguite dif cult andstill out of
reach.

Neverthelessit is still interestingto ask what we can
prove aboutthe matter—to nd thelargestk for which the
separatiorprovably holds. Of course,when one startsto
consider x ed time bounds,the modelof computatiorbe-
comesa possibleissue. We usethe robust randomaccess
Turing machinemodel discussedn Section2.1, which is
time-equvalentto otherrandomaccessnodelswithin poly-
logarithmicfactors.

Lipton andViglas[9] found a methodemploying alter
nationandavariationonthetechniquan Savitch'stheorem
to obtainthelowerbound

P .
NTIME[n] * DTISP[n 2 ";n°®]:

2Actually, Lipton and Viglas' original agumentworked by way of a
differentseparationnamelyNTIME [t] * NTIME [t1i "]. Thisis amajor
reasornwhy our methodwasnot discoreredbefore.

By g:grollary 1, this implies Satis ability cannotbe solved
inn 2" timeandsublineari.e. n°@ ) spaceforall* > 0.
The bestlower boundknown prior to our work wasn”i *
time andn°® spaceby Fortnow and Van Melkebeek[7]
in 2000, whereA ¥, 1:618 is the goldenratio. We shall
employ tools developedin thatand previous work with an
inductive amgumento improve thelowerboundto n1:6616::
Thisinductive strat@y is strictly differentfrom (in asense,
orthogonal to) one usedby Fortnov and Van Melkebeek.
Wethenuseasecondnductive agumentsimilarto Fortnov
andVanMelkebeeks tg boostthis boundto n* 7327, which
is slightly largerthann 3.

Notethesexponentsverederivedusingnumericakcom-
putation. We do not yet know closed-formexpressiongor
them, and our experienceof trying to obtainone suggests
thatan explicit formulafor theseconstantsarebeyond our
currentanalyticalunderstanding.Namely it appearghat
ary attemptto characterizahe constantsn aninteresting
way requiresthe usE,of polylogarithm functions (thoseof
theformf (x; k) = i1:1 j‘—k) which areinfamouslydif -
cult to computeexactly.

4.1 First SAT Lower Bound

We begin by shaving then*:6616 Jowerbound.To ensure
thatour methodis fully elucidatedo the readeyour appli-
cationof it will be more detailedherethanin subsequent
sections.

Denef :N! Nasf (k)= Q}‘;f(1+ 1=j)1=2
Theorem3 For everyk , 2 andrational c sud thatc <
f (k), NTIME[n] * DTISP[n®¢; n°®]:

Corollary 3 Satis ability is not solvable by determinis-
tic randomaccessmadinesusingn’ i " time and n°®
spaceforall k , 2and" > 0. Thelower boundholdsfor
any NP-completeproblemthat is (simultaneouslyjuasi-
linear time and polylogspacereduciblefrom satis ability,
wheee ead bit in thereductionis computablén n°® time

Before we begin the proof of the theorem,let us rst
obsene somepropertieof thef function.

Lemma 3 f (k) is monotondncreasingandcorvergesto a
valuegreaterthan1:6616

Proof of Lemma 3. As (1 + 1=)¥2 > 1for all j, it
is evidentthatf (k) is monotoneincreasing.gbser‘e that
@+ 1=)¥2 - exp(rdr), sof (k) - exp( (L' &),
As this sumcorverges,thusf (k) corverges. Computation
of f (12) sufces toshaw f (k) > 1:6616 o



Proof of Theorem 3. By induction. Let k° bethesmallest
integer suchthatc < f (k9. We rst prove the theorem
whenk®= 2. Assumefor contradictiorthat

NTIME[n] u DTISP[n®;n°®7; (o)

for rationalc > 1. De ne anexpressiore(k) in termsof ¢
inductively:

CzA"(l | !
i e(i)

i=1

e(1) = 1, ek):=

Inclusion(g) implies

§, TIME[n] t DTISP[n® ;n°® ] p | ,TIME[®@]; (an)

wherethelastinclusionfollows from Lemma2.

If c< 272 = (1+ 1=1)Y2 = (2), thene(2) < 1, in-
clusion(ao) contradictghe“No Complementanpspeedup”
Theorem,and this would concludethe basecase. Other
wise,obserethatc, 2'72 impliese(2) , 1. Infact,

Claim 1 Foralli,e(i), 1 () c, f(i).

i1
Proof of Claim 1. First,weclaime(i) = —Q%Wﬁ—z
follows from aproofby induction. The denominatocanbe
i1
simpli ed furtherto gete(i) = —@%—J—l

Forall i, let ¢; betheunlquenumbenrb(l ; 2) suchthat
(i) = 1whenc= ¢, ie ()2 " =i !'_21]2""1 It

sufces for usto shaw thatc; = f (i). Obser‘e

N 2

(0% = (e 0¥ 2= (i 2e j2
j=2
by de nition of ¢;; 1. Hence
ﬂ i1 Q 1 il
Hi 2 _ J“ﬂ?j2 : =i=(ij 1)
Cii 1 (ll 1)2\(;'22]2”“1 ’
s . ,1:2i11
S0ztT = n1 . Therefore,

G = (G=G; 1)(Ci; 1=G; 2) ¢¢¢(c3=q)C2
yi M 1 T+ WM 11.[L

2] L
- 1+J'i 1 . 1+j— =f(i)m

Fromthe proof of the above claim it follows that, for a
x edc, e(i) strictly decreaseasi increasesGivenClaim 1
andour choiceof k° we have thatk®is the smallestinteger
suchthate(k® < 1. Thereforeg(i) , 1foralli - k% 1,
andwe mayassumehefollowing inductionhypothesis.

InductionHypothesisAssumefor all i - k% 1that
e(i), land§;TIME[n] u | TIME[ne(®].

We now prove the theoremfor k°. The alternations-for
timelemma(Lemmal) andinductionhypothesismply that
§ TIME[n] 1 &, 1 TIME[n®Ci D]for> 2 f2;:::;ki 1g.
We thereforehave by padding(whichis possmlesmceeach

e(i), 1)
§ «TIME[N] 1 § o 1 TIME[ne(k’i D]
W 8o 2 TIME[ne(Kk" De(k’ 2)]
Quo 1 .
W ¢eep §, TIME[n = e0)];

But we alsohave

il i

Qo ) Q.0 _
§,TIME[n 1= ®0] y NTIME[n® 1= " €0}
H DTISP[nCZQik:DZi "e(i) po) ]
01 1

C2
koTIME[nio = 0]
WTIME[neK];

U
u

I
|
|
where the penultimateinclusion follows from Lemma?2,
and the last inclusion follows by de nition of (k). As
¢ < f(k9, Claim 1 impliese(k® < 1, thereforethe abore
contradictsthe “No ComplementarySpeedup”Theorem.
This nishesthe proof of Theorem3. o

The mechanicsof the above proof also demonstratea
new time-spacedradeof for SAT.

Corollary 4 If SAT is in DTISP[t;s] then tski1 2
-(nf () for all k , 2. For example SAT is notin n%©6
timeandn® ° space

4.2 Fromnk6él to n1732

In the above, the DTISP[t; t°® ] p ! TISP[t=k+ oM ]
inclusion is unconditional whereasall other derived in-
clusionsactually dependon the assumptiorNTIME[n] p
DTISP[n®; n°M]. Herewe shov how to usethis assump-
tion to getDTISP[N®; n°M ] u |  TISP[n&=(k+")* o) ] for
some" p>_0. This allows usto pushthe SAT lower bound
aboen 8.

Lemma4 Letc< 2.Dened; := 2,d¢ == 1+ dle

If NTIME[n2=] p DTISP[n2;n°@ ], then
forall k 2 N, DTISP[n%;n°@ ]y | , TIME[n1* o],

Proof. By inductiononk. Thek = 1 caseis trivial since
DTISP[nZ;n°D] u ! , TIME[n* °@] follows uncondi-
tionally.



Suppose NTIME[n?*°] u  DTISP[n?;n°®] and
DTISP[n%;n°M] pu ! , TIME[n'*°®]. By paddingand
theinductive hypothesignotedy , 2 for all k) we have

NTIME[n® =] u DTISP[n%;n°® ] ! , TIME[n®* °@7;

Considera! , simulationof DTISP[n!* % =¢: n° | where
we only guesg0(n) bits (i.e. nti °@ con gurations)in the
universalquanti er:

[Ci doesnotleadto Ci.1 in n%=¢*°M) time]:

The secondand third lines of the abore corresponds
to an NTIME computationthat takes an input of length
O(n) (theinputx plusthelist of con gurations)andruns
in nd=c¢+o) time. Henceit can be replacedwith a ! »
n'* °@ _time computationj.e. it is equivalentto

s.t.C, 1 oy ISrejecting
(8y;jyi = ¢xj** °®) (9z;jzj = cjzj** °W)

for somedeterministiclinear time relation R and con-
stantc > 0.

ThusDTISP[n%+ :n°@]isin| , TIME[n**°M ], =

Corollary 5
Letc 2 (1;2). If NTIME[n?=¢] u DTISP[n?;n°®Y ] then

forall" > 0, DTISP[n= i ":n°@]p ! , TIME[nt* D],

1; thatis,” - 17
Proof. For ary c < 2, thesequencel, is monotonenon-
decreasingandcornvergestod; = 1+ d% ie. di =
ccj 1). Hencefor all" > 0, thereis a nite K suchthat
dk , Efii " o
If weapplytheaboveto ourinductive agumentfrom be-
fore,we sgean interestingresult: insteadof having Lipton-
Viglas' n' 2 lower bound as a basecase,we now have
somethingesemblingrortnav-Van Melkebeeks n” lower
boundas a basecase,with A beingthe goldenratio. In
particular we know thatif NTIME[n] p DTISP[n®; n°@d]
thenc, A hencec? , c=cj 1)andCorollary5implies

(Note" mustsatisfy ;7 i "

B

§, TIME[n] u DTISP[n®; n°®]
3 c=(ci 1)+ o(1)

U DTISP[ n¢ ¢ -n°®]

B! 5 TIME[nSei D+ o).

Employing an analogousargumentas beforeand omitting
o(1) factorswe have

§3TIME[n] p §, TIME[n®¥¢i 1]

c?’m(ci 1)

W DTISP[N® i D;n°@ ]yt s TIME™ 5 J;

03¢(ci 1)

84 TIME[n] u 83 TIME[N 3 ]

checi 12

cBo(ci 12
3

p 8, TIME[n

] u DTISP[n :n°M]

cBeci 1)2

M 4TIMEN ™ =2 ];

etc.

Claim 2 The exponente, derived for 8, TIME[n] M

| alise = SR I
| kTIME[n ]|sek T k@ T e2KT 552K O goqe; 1))

Proof. By inductiononKk. o

We cansimplify the expressiorto get
3e2Ki 3 qy2ki 3
C (ci 1)

kqaz"! fe2 ® 52T Ceegki 1))
S(ei 1)

kzi k+3 ¢(32i 1¢42i 2(152; 3¢¢@ki 1)2i k+3 )

T okis

C3¢2ki S(C[ l)zkj 3
k32Kt a2k ® 52T ©gogik 1))
c(ci 1)
kzi k+3 qszx 1¢42i 2052i 3¢¢@(i 1)2; k+3 )
usto analyzethelatterexpression.

Now,

< 1if andonly if

< 1, soit sufces for

The denominatomumericallycornvergesto 3:81213¢¢¢

ask ! 1, sothecalculationof ¢ reduceso nding the
Bositive rootof ¢ ¢(ci 1) = 3:81213 orc ¥, 1:7327>
3+ 15555

p_
Theorem4 NTIME[n] * DTISP[n 3;n°®]:

A straightforvard application of the methods of
Tourlakis[18] furtheryieldsalower boundon non-uniform
machinegor SAT (we employ theusualnotationof C=f (n)
to denoteclassC augmentedvith advicestringsof length
f (n) oninputsof lengthn). We omit thedetails.

p_
Corollary 6 NTIME[n] * DTISP[n 3;n°® J=n°@
4.3 Solvingtautologieswith nondeterminism

A similar lower boundimprovementcanbe derived for
solvingBooleantautologiesandrelatedproblemswith non-
deterministictime andsmall space.The bestlower bound
prior to ourswasn®32# time with n°® spacd7].

Theorem5 For everyk , 2 andrational c sud thatc <
1:337, coNTIME[n] * NTISP[n¢; n°® ]

As with Lemma 2, one can shav that for k , 2,
NTISP[n®; n°D] u 8, 1 TIME[N®K]: two alternations
at a time (98) are usedto cut down the simulationtime



of a block by a kth root, anda nal existential alterna-
tion guesseshe nondeterministicstepstakenin the block.
Henceif coNTIME[n] p NTISP[n®; n°Y ], then
! 3TIME[n] g cONTIME[n®’]
3
i NTISPIN® ;n°D ] §;3TIME[NZ ];
! s TIME[n] p NTISP[n
L §5TIME[nE];

2

®. po |

3
2

' TIME[n]

©

22 2
C ¢Cs

M NTISP[n & ~ 2
M §7TIME[n%];

o]

etc, andthe expressionfor the exponentderivedin the
ith inclusionsatis esthe recurrencee(1) = ¢3=2, (i) =
ﬁde(i i 1)3. Theboundonc suchthatfor somek we have
i kTIME[n] p 8k TIME[o(n)] corvergestoc! 1:337¢¢¢

ask increases.
4.4 Better lower boundsfor alternating time

The methodalso canbe usedto improve known lower
boundsfor alternatingineartime. Here,we will justshav
theargumentfor § 5.

Theorem6 §,TIME[n] * DTISP[nf (*;n°®], for all
k. 2 Notelimyy f(K)2= 2:7556¢4¢.

Proof. From §,TIME[n] p DTISP[n®;n°®] n

', TIME[n®?], we derive

§3TIME[n] u §, TIME[n®?]
i DTISPIN®=2:n°M ] ! 3 TIME[n® =];

84 TIME[n] 1 §, TIME[n(€"=8)®=2]
W DTISPIn®*12;n°@ ]y | 4 TIME[n®=8];

etc, andthe boundon c that yields a contradictioncon-
vergestoc ! 2:7556¢¢¢ ask increases.More precisely
we geta contradictiorwhenc < f (k)2, for somek, where
f isthefunctionfrom Section4.1. o

Onecancompletethe columnsof Table1 for RAMs in
similar fashion.

5 Improving time lower boundsfor a strong
brand of of ine Turing machines

The abore methodmalesit alsopossibleto strengthen
time lower boundsfor a type of Turing machinethatis a
hybrid betweena randomaccessnachineand a one-tape
machine.Themodelhas:

2 aninputtapethatis read-onlyrandomaccess,

2 asmallstorageof n°® bits thatis read-write random
accessand

2 anunboundedne-dimensionalapethatis read-write
with sequentia(two-way) access.

It is importantto obsenre thatlower boundson thesema-

chinesare not as straightforvard as one might think, e.g.

thesemachinescan recognizepalindron}?sin linear time

and logarithmic space® Previously, ann 3721 " 1/, n1:22

time lower boundfor SAT was provable for this machine
model,usingasimulationdueto MaassandSchorr{12] (in-

dependentlye-di@c&eredrecentlyby Van Melkebeekand
Raz[13]). Ann 32" 1, n¥! poundproved by Kan-

nan[10] in 1983for a morerestrictedmachinemodelcan
be easilyseento hold for the above aswell. Ourimprove-

mentpusheshe lower boundto greaterthann®*. Letting

DTIME[t] denotetherelevanttime classfor theaforemen-
tionedmachinemodel,thelower boundis thefollowing.

Theorem7 NTIME[n] * DTIME[n:258],

Proof. Our maintool is anothersimulationlemma,found
in thework of VanMelkebeekandRaz.

Lemma5 (VAN MELKEBEEK AND RAZ [13])

DTIME1[t] p 82 TIME[t>3*°M].  In genesl,
DTIME1[t] 4 8+ 1 TIME[t(*D) =Ck+*D) Tforall k , 1.

Now we prove the theorem: supposeNTIME(n) u
DTIME;1[n€]. Then | ,TIME[n] p | 1 TIME[n®] p
DTIME(n°) uq§_2TIME[n§°2]. Clearly thereis a con-
tradictionif ¢ < % (the previously known lower bound).
If thisis notthe casexhenasbeforewe2 canusethederived
inclusion; > TIME[n] p §2TIME[n§C 1.

Theinductionhypothesishereis

3Contrastthis machinemodel with the standardmulti-tape Turing
machine,wherea O(log n) spaceboundimplies a -( n2) time lower
boundfor recognizingpalindromes[4]. Santhanani16] gave an ef-
cient reductionfrom palindromesto SAT in this model, resultingin an
-( n2=polylog(n)) time lower boundfor SAT on multi-tapemachines.



s Wheree is de nedinductively by e(0) = ¢, e(k + 1) =
2kk++11 v :(=1 e(i). Thus,applyingthelemmaabove,

D s 1 TIME[N] ! TIME[n®(*D
! K, el
n ¢oep !, TIME[N ]
Q )
i DTIME[n® = 0]
W §k+1T|ME[n%°ZQf=z e()];

SO
! ks 1 TIME[N] 1 8+ 1 TIME[n®*D) ]:

Simplifying asin previous casespnecanderie the recur
rencefor eto bee(l) = ¢, e(k + 1) = KL ¢Zkil ¢e(k)2.
Letck 2 (1;2) besuchthate(k) = 1whenc = ck. As

k! 1,c > 1:.2684 sothetheorentollows. o}

To completethe restof Table 1 for this machinemodel,
we simply obsere thatthe sameanalysisholds,exceptthat
the “basecase”for e changes.For example,the proof of
the lower boundfor §, TIME[n] resultsin the expression
e2) = &, e(k+ 1) = &1 ¢Zit ge(k)?, yieldingan®:60°
lower bound.

Remark 2 Van Melkebeekand Raz gave similar lower
boundsfor SAT on co-nondeterministimadinesunderthe
samemodel,as well as lower boundswhenthe sequential
accesdapeis k-dimensionalfor constantk. Our method
canbeeasilyappliedto improvetheseboundsaswell.

6 Lower bounds for bounded nondetermin-
ism

In the remainderof the paper we investigate how indi-
rect diagonalizationdeasusing alternationcan be further
extendedto prove lower boundson boundednondetermin-
istic computation.De ne NTIBI[t(n); b(n)] to betheclass
of languagesecognizedy t(n) time (the Tl) randomac-
cessTuring machineghatuseat mostb(n) nondeterminis-
tic bits (the BI). More precisely whengivenaninput x, a
characteristienachinefor this classguesse$(jxj) bitsona
specialtapeandthenrunsdeterministicallyfor t(jxj) time
usingthe input tape,the specialtape,and somenumberof
worktapest We prove the separation:

Theorem8 For all " > 0, thereis ¢ > 1 sud that
NTIBI[n;n"]* DTISP[n® ;n°®].

4Note NTIBI[t; b] = GC[b;DTIME [t]], whereGC is the guess-and-
checkmodel of Cai andChen[1]. We found the NTIBI notationmore
corvenientfor our purposes.

Thatis, evenwith only n*=109° nondeterministienoves,
thereis still anon-lineartime separatiorof nondeterminism
from deterministicsmallspace.This theoremhastheinter-
estingcorollary thatfor all k, Booleancircuit satis ability
for circuitswith n inputsandnk gatesandwires cannotbe
solvedin nk* °@ time andsmallspace.

In orderto achieve a contradiction,we needa relation-
shipbetweerclasseso contradict. Thefollowing hierarcly
theoremfor time andbits sufces.
Theorem9 For any polynomialt(n) , n, andfor all ra-
tional" 2 (0;1),° 2 (0;1),

cOoNTIBI[tY" ";t"*"]1* NTIBI[t;t']:

Proof. Standarddiagonalization. First, obsere one can
enumeratehe setof randomaccesguring machines Mg
usingt(n) time andt”(n) nondeterministidits in a stan-
dard way (perhapsthe only dif culty in the proof is that
t"(n) is computablgn O(t(n)) time). De ne M ° thaton
x determinesM,, universallyguesses’*° (jxj) bits on a
specialtape,then simulatesM 4 (x) with the specialtape,
returningthe oppositeanswer It takes O(t"*") time to
write down the bits, andsimulationof a deterministictime
t machinecan certainly be donein O(t**") time. Since
M Yx) = : My (x), it is clearthatif M is nondeterminis-
tic andM % is co-nondeterministicthen M, (x) acceptsff
M Y(x) rejects. a
Proof of Theorem 8. Assumethe oppositefor con-
tradiction, i.e. thereis " > 0, suchthat for all ¢ >
1, NTIBI[n;n"] p DTISP[n®;n°D].  Choose"® 2
(0; minf"; c=2g) andt(n) , n=".

By padding,NTIBI[t; t"] u DTISP[t¢; t°® ] for all ¢ >
landt(n) , n. SinceDTISP is closedundercomplement,
we have coNTIBI[t; t'] p DTISP[t¢; t°d ] aswell. Now, a
time t¢ andspacet®® machineM canbe simulatedby a
8, machineof thekind

[Ci, 1 leadsto C; in t¢ " time];

whereCq andC,-o,, arethe initial andacceptcon gura-
tions, respectiely. The secondand third lines describing
the§, computatiorabore is acoNTIBI[N (i “)=""; logN ]
computation,whereN = t'° + n 2 O(t'"). There-
fore the second and third lines can be simulated in
DTIME[N &(¢i ")="°] by assumptior(andthatcj "°> "°
since"?< ¢=2). Thustheaboveis equivalentto acomputa-
tion of theform:



whichis anNTIBI[te(¢i " t"™ o@ ] computation.
Thereforewe obtain

cONTIBI[t; t'] p NTIBI[t(i ") ¢"* o@)]:

If c(ci "9 < 1, thenwe have acontradictionwith Theorem
9, asthis implies coNTIBI[t; t"] u NTIBI[tY “;t"i °] for
some® > 0.

It remainsfor usto shaw that,givenan"®> 0 thatthere
isc > 1suchthatc(cij "9 < 1. Note g(d | "0 =1
hasthe uniquepositive solutiond = ("°+ = ("92 + 4)=2.
Thereforefor ary "°> 0Owegetd > 1, soary ¢ 2 (1;d)
sufces. o

Noticein theabovre we neededxactlythate(cj "9 < 1,
"0< " and"®<,c=2. Sothemaximum" andc we could
haseare" < 1= 2andc < 2. (To seethis, notethatc
is maximizedby making"° aslarge aspossible.changethe
inequalitiesto equationsandsolve.) For someexamplesof
concretec > 1, we givethemaximum" > 0 allowedby the
above:

2 NTIBI[n;n"z' "]* DTISP[nL414; no)]
2 NTIBI[n; n®*51] * DTISP[n25; no® |

2 NTIBI[n; n%019°] * DTISP[n*:0%; no®]

Theseseparationdiave applicationto real satis ability
problemsaswe now demonstrate.

Lemma6 Fix k , 1. If Boolean satis ability on
circuits with N inputs and N¥ gates and wires is in
DTISP[n®; n°®] for somec , 1, thenNTIBI[n; n™] p
DTISP[n®poly(log n); n°® 1.

Proof. (Sketch)PippengerandFischershav thatfor deter
ministic multitapeM runningin time t thereis a Boolean
circuit C of O(tlogt) gatessuchthatM (x; y) acceptgff
C(x;y) = 1. Let Cx be C with theinput bits of x hard-
coded. Moreover, C, canbe constructedn O(t(logt)?)
time andO(logt) spaceg(cf. Tourlakis[18]).

Supposehe problemof thelemmais solvablein n® time
andn°® space.Take M °to be an arbitrary TM usingn’
nondeterministidits runningin O(n) time, soM Yx) ac-
ceptsiff thereis ay of lengthjxj suchthat M (x;y) ac-
cepts,for somedeterministiclineartime M . ThusM qx)
acceptdff thereis aninputy suchthatCy(y) = 1. Hence
to simulateM © on x, we can reduceit to the circuit Cy
of O(jxjlogjxj) gateswith jxj input size (note this is
a logspacereduction),then solve the circuit satis ability
problemfor C, in O(jxj°poly(log(jxj))) time andjx;j°®)
spaceby hypothesis. o

Corollary 7 For all k , 1, there existscy > 1 sud that
Booleansatis ability oncircuitswith n inputsandnk gates
requiresnk®« time on a deterministicrandomaccessna-
chineusingn®® space

7 Conclusion

We have demonstratedninductive methodfor utilizing
the polynomialhierarcly in proving lower boundson con-
creteproblemssuchasSAT. Ourapproachs extremelygen-
eral,andcanessentiallybe appliedto ary lower boundon
8 TIME wheretheclassCbeingshavn asweakis spedup
usinga nite numberof alternations We alsoshaved how
existing lower boundargumentscanyield lower boundson
boundednondeterminisntlassesdueto the O(log n)-bit
universalquanti er insidea § , TIME simulationof DTISP.

Almost surely we have notyet completelyexploitedthe
full “power of inductive thinking” in theresultsgivenhere.
In fact, we conjecturethat a quadratictime lower bound
for SAT on small-spac&kAMs is not only possiblebut also
achievablevia currenttechniques.The succes®f this in-
ductive methodraisescompellingresearctguestions. For
example,givena classC to prove lower boundson, which
classseparationaremostusefulin anindirectdiagonaliza-
tion agumentagainstC? Theresultsof this papersuggest
that, for mary casesthe questions answeris simply: as
manysepaationsaspossible
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9 Appendix

Proof of Lemma 2. (Sketch) Fix a deterministicma-
chine M using time t(n) and spaces(n). We rst
shav how to get (tski )17k time with 2k quanti ers (a
§ o« TIME[(ts*i 1)7] machine)then shav how the con-
structioncanbemodi ed to getonly §  TIME[(tski 1)17K].
The key idea is to simulate the well-known proof that
SPACHS] 4 ATIME[s?], but to guessmorecon gurations
up front, reducingthe numberof alternationsoverall. A
machineN with 2k alternationss asfollows.

N (x): Let Co andCi+1 be the unigueinitial and accept
con gurationsof M (x). ReturnSimulate(Cy; Ct+1 ; k).

Simulate(C;; Cj;j):

If j = O thenacceptiff C; leadsto C; in at most
(tski 1)1 steps.
Else:
2 Existentiallyguesson gurationst Ll Citzs)hk of
M (x). If C} & Ci thenreject If C_,... & Cj then
reject

2 Universally chooseij 2 f1;:::;(t=s)kg, and
Simulate(C] ;C! .1;j i 1)

It is straightforvard to verify thatthis procedurevorks
just like Savitch's theorem,except we are guessingmore
“midpoint” con gurationsbeforeeachrecursve call.

Simulate with j := k clearlyhas2k alternationsguess-
ing O((t=s)¥7k ¢s) = O((tski 1)17K) bits existentiallyand
O(logt) bits universally betweeneachrecursve call, and
running for O((ts*i 1)17) deterministictime in the base
case(on a RAM). Thusthe procedurgakesO((tski 1)17%)
time overall.

How do we reducethe numberof alternationdrom 2k
to k? We canexploit thefactthatthe computations deter
ministic. We couldjustaseasilyrewrite Simulate to be:

Simulate2(C;; Cj ;j):

If j = 0 thenacceptiff C; leadsto C; in at most
(tski 1)1 steps.
Else:
2 Universally choosecon gurations c! ;.: i Cgt:s)hk
of M (x). If C} & Cj thenaccept If C_ .. = C;
thenaccept

2 Existentiallychoosd; 2 f1;:::; (t=5)1*g.

2 SimulateZ(Cijj ;Ci"j vasli .

To verify thatC; leadsto C;, we considerall sequences
of con gurationswherethe rst con gurationis C;, but the
lastoneis not C;. We verify thatfor ary suchsequence,
therearetwo adjacentcon gurationsthatdo notleadfrom
oneto theother Sinceall sequencefom C; to someCj0 6
C; fail to work, it mustbe that C; leadsto Cj. Clearly,
Simulate2 runsin the sametime boundas Simulate, but
thequanti ersstartwith a8 instead.

Our nal solutionis to make the two proceduresnutu-
ally recursve: rewrite Simulate sothatit calls Simulate2,
andvice-versa. Then,the numberof alternationsn N (x)
becomesxactlyk. o



