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Abstract

Completelyannotatedambdaterms(suchasarearrived at via the
straightforvard encodingf varioustypesfrom SystemF) contain
much redundantype information. Consequentlythe completely
annotatedorms are almostnever usedin practice,sincepartially
annotatedorms can be definedwhich still allow syntaxdirected
type checking. An additional optimizationthat is usedin some
proofandtypesystemss to take advantageof the context of occur
renceof termsto furtherelide type informationusingbidirectional
type checkingrules. While this techniques generallyeffective, we
shaw thatthereexist bidirectionaltermswhich exhibit asymptotic
increasesn the sizeof their type decorationsvhensequentialized
into anamed-forntalculus(acommorfirst stepin compilation).In
this paper we introducea refinemenbf the bidirectionaltype sys-
tem basedon strict logic which allows additionaltype decorations
to beeliminated,andshaw thatit is well-behaedundersequential-
ization.
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1 Intr oduction

Type systemdfor statically typedlanguagesare generallydefined
for programswhich areannotatedvith a certainamountof typein-
formationsothattype checkingis a syntaxdirectedprocessSome
sourcelanguagegsuchasStandardML, OCaml,andHaslell) per
mit almostall type informationto be elided on the externalform,
freeingthe programmeifrom thetaskof explicitly writing typein-
formation. An explicitly annotatedorm of a type-freeprogram
is generallyreconstructedby the compiler prior to type checking.
This ability to elide type informationmakesthe sourcecodemore
conciseand compact,at the expenseof substantiallycomplicating
the type checkingprocess. For more powerful type systemsfull
type reconstructioris not possible,and somework hasbeendone
onfinding morelimited forms of type reconstructiorthatarecom-
patiblewith morepowerful type systemg5].

Compactnessf syntacticrepresentatiois of interestin numerous
other contets aswell, suchas proof systemsand typed compil-

ers. Type preservingcompilerssuchasthe TILT andFLINT Stan-
dardML compilersmake useof multiple typedintermediatelan-

guagesin the processof compiling sourcefiles to machinecode.
Typeinformationin suchcompilerscanusedfor validation,certifi-

cation,andoptimization[4, 3, 8]. A key issuein typedcompilation
is controlling the size of the type informationon the intermediate
forms, and numerougechniqueshave beenproposedor address-
ing this [6, 3, 7]. While someapproachesely on meta-level rep-

resentatioriechniquesuchashash-consingotherapproachetake

adwantageof carefuldesignof the objectlanguageo eliminatere-

dundantnformationandto expresssharinginternallyto the calcu-

lus. Becauseof the complexity of full type reconstruction{andits

impossibilityin moregeneratypesystemsjull typereconstruction
is generallynotusedin theselanguages.

In this paperwe examinea type systembasedn strict logic which
takes advantageof contextual type informationwhile still permit-
ting syntax-directedype checking. The most basic notion of a
programconsidereds onein which termsarefully annotatedvith
typeswherever necessaryor simple syntax-directedype check-
ing. A well-known approactto makingthe syntaxmore compact
involvesusing a bidirectionaltype systemin which termsare di-



vided into synthesigerms for which uniquetypesmay be deter
mined “synthetically;” and analysisterms which may be verified
“analytically” to have particulartypes.Suchtypesystemsnjoy the
simplicity of syntax-directedype checkingwhile still successfully
eliminatingmuchunnecessartypeinformation.

A first cut at a type systemfor a compilerintermediatdanguage
basednthisideacauseshetypeannotatiorsizebenefitwof a bidi-
rectionaltype systemto be lost. For the purposesf optimization
it is importantthattheintermediatdanguagemaintainprogramsn
a sequentializedorm in which all intermediatecomputationsare
boundto variableg[1]. This structuredform is importantfor opti-
mizationand codegeneration.In the processhowever, new type
annotationsaregeneratedvhenone comple expressions broken

into mary simple expressionsn the processof sequentialization.

Thesenew expressiongreassignedo temporaryariablesn linear
order away from the contet that allowed inferenceof their types
in thesourcecode.

Thelocalinferencepropertieprovidedby bidirectionaltypecheck-
ing arelostwhentermsarebrokenapartby sequentializationin the
remaindenof this paperwe suggesa solutionto this problembased
on strict logic. In orderto explore theseideaswith the minimum
of syntacticoverheadwe phrasehis expositionentirelyin termsof
the simply typedlambdacalculus. We do so with the full aware-
nesshattherearesimplertechniquedor dealingwith thetypesize
problemin this domain. As we discussfurtherin section3.3, the
intentionis to usethis simplesettingto developaframewvork which
generalizego dealwith termswhich do not admit simple ad-hoc
solutions,and which also generalizego incorporatehigherorder

types.

2 BaselLanguage

We begin by definingthefully annotategimply typedlambdacal-
culus[2].

Types: 1,0 == b|T1—o0
Variables: x,y,z

Terms: e I= X|AynXe|le@yq,e
Contexts: r == -|rhx:t

In this simplelanguagewe candefinea derivedlet form aslet x:
To =€ in (& : T1) With (A, 1,X.€2) @1, 1, €1, Where- F e1:T5 and
X:ToF ety

2.1 Typing Judgments
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3 Bidir ectional Language

It is well-known that with a slightly differentformulation of lan-
guageandjudgmentsit is possibleto elide mosttype annotations.

We extendthe languageto supporttwo differentmodesof typing
judgment:l’ - et T meanghatthetypert is synthesize@s“output”
fromthetermein context I'. I - a |l T meanghattheterme may

be verifiedto have the type T (thoughtof as“input”) in context I'.
This motivatesthe additionof somenew termsandthe division of
termsinto synthesisandanalysisformsasfollows:

SynthesisTerms: ms = X|ms(ma) | [Ma:T]
AnalysisTerms: my = mg|AX.Mmy
Expressions: e = ms|my

3.1 Typing Judgments
FrNEmgfit FrEmg it F(x):rv
TFmedt 2 TF[matft TExft v
Mx:tkF o
MV | mbeh

Fr’EAXmgllt—o

Fr’Emgfft—o FeEmgt
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The principaladwvantageof this type systemover othersystemsan
be seenclearly in the caseof nestedfunctions. For example,con-
siderthe standardermA; g_.tX.Ag 1y.X OCCUrringin a context such
that its type is uniquely fixed by the surroundingterms. In this
case,the context of occurrencedefinesthe type of the function
completely and hencethe type decorationson the functions are
completelyredundant. In the bidirectional system,we can elide
all of this informationentirely This canbe seenin the following
typing derivation which shavs the analysisof the function at its
contectually-providedtype:

FxX:ty:oFx{t \sr
rx:ty:oFx{rt

Lambaa
MXxX:tHEAyxljlo—1 Lambd
Fr=AXAyx|t—o—rt am

While thebidirectionalsystempresentedhereis quite simple,bidi-
rectionaltype checkingextendseasilyto handlehigherorderpoly-
morphismandotheradvancedanguagdeatured5].

3.2 Typeannotation sizebenefits

Thebidirectionallanguagellows usto expressermsfrom thebase
languagewith asymptoticallylesstype annotation. To formalize

this, we definea family of functionsthat mapterms,expressions,
andtypesto measuresf theamountof typeinformationthey con-

tain.

Sza(b) = 1
Sza(t—o0) = 1+Sza&(1)+Sza(0)
Sze.(x) = 0
Sze. (Ar,1,x€) = 1+9za(11)+9ze (12)+Sze.(e)
Sze (1@, 1,&2) = 1+ 9z (11)+Sza (12)+Sze (1)
+ Sze (e2)
Sze,(x) = O



Sze, ([ma:1]) Sze, (M) + Siz& (1)
Size, (Ms(ma)) Sizes (ms) + Size, (Ma)
Size, (ms) Size; (ms)
Sze, (Ax.mg) Sze, (My)

The extra “1” termsin the casesfor fully annotatedunction ab-
stractionsandapplicationgreatthesetermsasif they hadimplicit
arraws. This makesthe definitionssatisfyintuitive propertiessuch
asthatAq, 1,x.€ and[Ax.e1; — To] shouldhave the sametype an-
notationsize.

In thelastsectionwe shavedasmallexampleof atermthatwe can
typecheckmoreefficiently with thebidirectionalsystemusingcon-
textual information. In fact, the bidirectionallanguagepermitsrep-
resentationshat containasymptoticallylesstype informationthan
thefully annotatederm. To demonstratéhis, we begin by defining
anindexedfamily of termsfor which thesizeof thetypeannotation
grows quadraticallyin theindex.

Let 1 beabasetypeandx avariableboundto avalueof typel, and
let T besomeunspecifiedype. Define:

© =1

[+ -
K =

K= AppxiK
kg = x

ki = Axikh

1T is a function type with i levels of nesting. ki denotesa curried
functionthatreturns= for ary valuesof its i parametersf typeT.
kg is the bidirectionalanalysistermequialentof k'. For example,

k& = Axg.Axg.x andt® = T — (1 — 1).

If we alwaysanalyzeky att', we save significanttype annotation
size over ki, with Size, (k') = ©(i?) and Size, ([ki : T']) = O(i).

We canexplainthereasorfor this succinctly:in thestandarderms,
every functionparametes typeis replicatedfor every functionab-
stractionup to the abstractiorthatbindsit. 1t shouldbe clearthat
usingthe bidirectionalsystemleadsto similar savings with mary

otherterms,andthatabidirectionaltermneedneverhave moretype

annotatiorthanits fully-annotateccounterpart.

3.3 A half-annotated form

Thefully annotatedanguagewe useasa baselinefor comparison
is almostnever usedin practice. Thinking of the typing judgment
as producingthe typesas outputsandtaking the restof its places
asinputs, it is clearfrom the rulesin section2 thatthe only type
annotatiorthatis necessaryo allow syntax-directeaheckingwith
thoserulesis theparametetypefor alambdaabstractionTermsof
the fully annotatedanguagecanbe viewed astargetsof a simple
type reconstructioralgorithm operatingon termsin other forms.

Thisrelaxationof annotationgdmitsa particularlyobviousmethod
of regaining all of the neededypes,andsoit is usuallytakenasa
startingpoint. Formally, it modifiesthe setof termsto be:

Terms: e = X|AxT.e|e(e)

Thistechniqueof annotatingermswith only theirincrementaton-
tribution to the overall type of thetermis alsocommonlyusedfor
injectionsinto sumtypes,which in their fully annotatedorm ex-
hibit the samebad behaior asthe fully annotatedambdaterms.
This is not possiblefor all terms,howvever. A simple exampleof
this canbe seenwith recursve functions. The half-annotatiorap-
proachreliesontheability to synthesizetypefrom thebodyof the
lambda:in the casethatthe body may containrecursve references,
this synthesidgs not possiblewithout knowing the full type of the
function(or withoutdoingmorecomplicatedunificationbasedype
reconstruction).For this reasonrecursve functionsare generally
written usingafully annotatedorm.

A moresubtleexampleof this arisesin the caseof operationson
recursve types. Consideras an examplethe following nestedre-
cursivetype.

H(a). (o +p(B).(B+H(y)-(Y+1)))

Consideralsoa term of this type (ignoring for the time beingthe
typeannotation®n the suminjections):

fold[u(a). (o + p(B)-(B+ K(y)-(Y+1)))]
inr fold[p(B).(B+ u(y)-(y+1))]

inr fold[u(y).(y+ 1)
nr s

This exampleclearly exhibits exactly the samequadraticbehaior
seenin the previoussectionin the contet of curriedlambdaterms.
Unlike lambdaterms,however, thereis noincrementabpproacho
markingthetypeannotation®nfold operationghatmightalleviate
the problem. The problemonly getsworsewhenwe addin the
annotation®n the suminjections.

fold(p(at). (ot + p(B). (B+ H(Y)-(Y+1)))]
inr [u(a).(a+u(B).(B+uy).(y+1)))]
fold[u(B).(B+ u(y).(y+1))]
inr [u(B)-(B+K(y)-(y+1))]
fold[(y).(y+1)]
inr [u(y).(y+ 1)] *

Thisis the caseevenwhen(ashere)we usethe half-annotateder-
sionof suminjections,wheretheinr constructoiis decoratednly
with theleft half of the sumtypeinto which it injects, relying on
synthesigo producethe right half of the sumtype from the sub-
term. Comparethis termwith the bidirectionalversion,in which
theentiretype needbe written only once.

[fold inr
fold inr

foldinr =« : p(at). (o +p(B).(B+H(y).(v+1)))]

The advantagehereis clearly substantial. While for expositional

purposesve continueto uselambdatermsasa running example,

it shouldbe clearthattheideaspresentedjeneralizeeasilyto more

significantproblemdomainsin which the incrementalannotation

techniquesisedfor simplelambdatermsarenot available.
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Figure 1. An examplesequentialization

4 The SequentialLanguage

The sequentialanguageis a subsetof the bidirectionallanguage,
with all the sametypes. Whereaghe languagesiandledsofarin-
volve no mutationor othersourcef effects,they easilyextendto
admit suchpossibilities. In arny case,in practicea compilergen-
erally mustchoosesomeexplicit orderin which to evaluateterms.
The sequentiaform of theselanguagegiven herecanbe thought
of asacompilerintermediatdanguagehatmalkestheorderof term
evaluationcompletelyexplicit.

Synthesigerm: Ms = Xx|x(y)
Analysisterm: My = Ms|AxE
Expression: E = X|x=MgE
|X:1T=MgE

The multiple bindingsthatarenow requiredareidentifiedwith in-
termediatecomputations.Note thatin orderto type checksucha
term, we musthave a type available with which to analyzeevery
analysisterm (since thesetermsrely on contetual information,
ratherthandecorations)Thisis achiezedhereby forcingtheinclu-
sionof typeannotationsvith bindingsof termswhosetypescannot
be synthesized.

For example,considerthe bidirectionalterm [Ax.x:1 — 1] (x). An
equivalentsequentiatermis f : 1 — 1= Ax.x; f (x). We seethatthe
evaluationof thetermhasbeendecomposeihto atomicoperations.
In this case,we canthink of the operationsasthe allocationof a
closurecalled f andtheapplicationof f to x.

4.1 Typing Judgments

Var
Mgt MFEx{t
Mx:tFElO
Lambada

rN-Axglt—o

rx)=1t—o =t
rex(y)fro

rNEMsfto Mx:oFEfT
Ex=MgETfT

App

LetS

r’NEFMallo IoxiokFEfT
FEx:o=MgE1fT

LetA

The typing rulesfor this languageare straightforvard. As an ex-
ample thewell-typednessf theexamplefrom theprevioussection

canbederivedasfollows, assuminghatl” assignghetype1 to x.

rx:1Exf1 \sr Ff:l-1(f)=1-1

rx:1Fx{1 (Mf:l-1)(x)=1

TEaxll—1 2™ T 1o 1rf(ond
FEf:l-1=Axxf(x) 11

App
LetA

4.2 Sequentializationof the bidir ectional lan-
guage

A sourcetermis transformednto a sequentialersionduringcom-
pilation. Sequentiatepresentationmore closelymodelthe struc-
ture of theunderlyingcomputatiorandareimportantfor optimiza-
tion passesndfor codegeneration.

We now specifyhow the bidirectionallanguagemay be translated
to a sequentiaform. Translationis definedby two injections,one
for translatingsynthesigermsandonefor analysiserms.Relation
I - ms ~~ E meanghatin contet ' synthesigermmg translateso

sequentiabxpressiorE. Relationl" - my:T ~~ E hasananalogous
meaningwith thetypet atwhich to analyzethetermm, included.

Hereandin othersectionsyewill overloadthesemicolomotation.
We useb to denotezeroor morebindingsof variables,including
both annotatedand un-annotatedindings. b; E indicateszeroor
morebindingsfollowed by the expressionE. In particular it may
denotekE alone.

Mx:oFmgt~E
FEX~X TEFAXMROo—T~2Z:0—-T=AXE;z

FrNFEmsfto—t FTFEmg~byx THmgo~ by
I Ems(ma) ~ by z=x(y);z

FTFMmaT~E TFmg~E
M-Mmet~E TFmgt~E

Figure 1 shawvs a sequentializatiomerivation for our running ex-
ample.

4.3 Terms that translate poorly to sequential
form

Thereexist classef bidirectionaltermsfor which thereis anas-
ymptotically significantincreasen the size of requiredtype anno-
tationsafter sequentializationTo demonstratehis, we first define
type annotationsize functionsfor the analysistermsand expres-
sionsof the sequentialanguage.Synthesisgermscontainno type
annotationssothereis no needto definea sizefunctionfor them.



Szey,(Ms) = 0
Szey, (AXE) = Sze(E)
Szee(x) = O
Sze (Xx=MgE) = Sze(E)

Sze: (X:T=MgE) = Sz (1)+Szey,(Ma)+Sze: (E)

For analyzingsourcelevel languagescasedike the k' family dis-
cussecdkarliermale bidirectionaltype checkinga clearwin. How-
ever, whentheseechniquesireappliedto sequentialorms, mostof
the benefitsdisappearConsiderthe sequentializatiownf k. Defin-
ing yo = *, we have:

F kG0

KT~ Ej

T RET sy g T = A B i

Thus,k3 sequentializeatt? to:
2:T—=(T=1)=M.(22: T—=1=AX.%;22); 21

Thetyping informationfor the innerfunctionis replicatedunnec-
essarilyThis patternaddseven moreexcessannotatiorfor kg with
highervaluesof i. Eventhoughwe may analyzethe sequential-
ization of ki; at T, the type annotatiorsize hasreturnedto O(i?).
Insideof nestedunctionslike ki, the bidirectionaltype systenre-
lies on contet to infer someinformation. In the sequentiaform,
thisnestingstructurehasbeerreplacedwvith alinearform thatmore
accuratelyreflectsthe structureof realcomputationsforfeiting the
adwantagesestinggave us.

5 Strict typing

Theproblemin theprevioussectionarisedrom thefactthatsequen-
tializationseparatetermsfrom their context of use.Sincethe con-
text of useprovidesthetype atwhich thetermis analyzedremor-
ing thetermfrom its context of useforcesit to be annotatedvith a
type. Notethoughthattheuseof thetermremainsunchangedinder
sequentializationwWhile thetermis boundto a variableandmoved
to a new location, the variableis usedin the samecontet asthe
originalterm. Thebidirectionalsystemcannotusethis factbecause
it takesadwantageonly of thelocal context of occurrencef aterm.
The solutionto the sequentializatioproblemlies in removing this
constraint:designinga type systemto take advantageof non-local
contets. Solong asatermis boundto a variablewhichis usedin
acontet which uniquelydefinests type, thereis no needto give a
typeexplicitly for theterm,sinceits typeis uniquelydefinedby its
non-localuse.

This idea can be madepreciseusing a typing formulation based
on strictlogic. In strict logic, asin linear logic, every hypothesis
mustbe used: that is, the storeof strict hypothesesloesnot ad-
mit wealening. Unlike linearlogic, strictlogic permitshypotheses
to be usedmultiple times: thatis, the division of the storeof hy-
potheseamongthe premiseof aderivation permitsduplicationof
hypotheses.

This notion of strictlogic givesrisein the naturalway to alambda
calculuswith the notion of a strict variable. Strict variableshave

the propertythatthey may be usedoneor moretimes,but mustbe

usedat leastonce.Usingthis property we canrecover the benefits
of bidirectionaltype checkingeven whenterm locality is lost via

sequentialization.

At a high level, we do this by extendingthe sequentialanguage
with au = Mjy; E expressiorform correspondingo a strictvariable
binding. This strict binding form omits the type annotatiorfor the

term, eventhoughthe termis an analysisterm from which we are
unableto synthesizea type. In this new system thetype atwhich

to analyzethis termwill be determinedby examiningthe context

of occurrenceof the strict variable. The strictnessof the variable
guaranteeshatthereis suchan occurrenceandthe syntaxof the

language=nsureshattheoccurrencevill bein ananalysigosition,
correspondingntuitively to the “original” locality of the term to

whichit is bound.

5.1 A strict lambda calculus

Standardariable:  x,y,z
Strictvariable: u,v,w
Variable: q,r,s == XY,zZu,v,w
Strict synthesigerm: Ts = x|x(y)|x(u)
Strictanalysisterm: Ta = Ts|u|AxS
Strictexpression: S = Xx|u|x=TgS
[X:1=TyS
|lu=Ty;S

We formalizethis ideaasfollows. In additionto the usualtyping
contet I, we includein typing judgmentsa strict context A which
is afinite mappingto typesfrom a setof strictvariables.Intuitively,
A containsvariableswhich mustbe analyzedat leastoncein sub-
judgmentsdn orderto provide atypefor thetermto which they are
bound.In analgorithmicsensethetypesin A arefilled in usingthe
typesatwhich thevariablesareanalyzedn sub-judgmentandare
propagtedbackwardsto thevariablebindingsites.

We definel; A+ Ts 1} T to meanthatin typing context I' andstrict
context A, thetype of Ts may be synthesizedast. IMAF T T
meanghatin typing context I andstrict context A, T, maybeana-
lyzedto have typet. A; UA; denoteshemappingfrom avariablex
toAp(x) if xis presentn Az orto Ax(x) otherwise Thetwo contexts
joinedmay not mapthe samevariableto differenttypes.

rx) =t

W Sar ————— SvarS

Mu:tkulrt
AT T
MAFTsUT

Mx:0,AFS{T1

FAFAKS|o 1 rambad

rxy=0—1 ry)=0
FOEXx(y) T

SApp
rx)=0—rt
Mu:okEx(uft

MAFETsto Tx:oMFS|T
MALUM EX=Ts S| T

SAppS

SLetS



MAFTalo T Au:oFS|T
MAIUA FU=Ty S|t

S eAS

MAMFTao Tox:oMFSyT
A UM X 0=Ty ST

SLetA

The key ideabehindthis systemcanbe seenin the strict variable
typingrule (S\arS). Noticethatthisrule requireghatthestrictcon-
text (A) containonly the variablebeingchecled,andnothingelse.
Crucially, thisimpliesthatthereis noimplicit wealeningfor strict
variablesin this system- thatis, every strict variablemustbe used
by the S\ArS or SAppSule alongat leastonebranchof the deriva-
tion. Sinceboth of theserules placethe strict variablein analy-
sispositions this correspondsxactly to therequirementhatevery
strict variablemustbe usedin ananalysispositionatleastonce.

Thetyping rulesfor thelet constructsllow the strict context to be
divided up amongsub-termsas necessaryia the union operation
on strict contets. The definition of strict context union (above)
permitsvariablesto be usedin multiple sub-termsput enforceghe
propertythatthey mustbe usedat the sametype.

As an example,considera typing derivation for a strict versionof
thetermkg describecarlier Notice how theuseof astrictbinding
savesusthe useof a superfluousypeannotation.

X L Fefl &

Fx:1-Fxy1 a Svars

NPl —1 M Pyl otrugli—g V&
SLetAS

M-Fu=Axxull—1

It may appearat first that this type systemis not very practi-
cal. If we think of it in the sameway as previous judgmentsys-
tems,it seemsasthoughanalgorithmfor type checkingmustnon-
deterministically‘guess”atypefor u, eventhoughthe point of this
systemis to avoid ary needfor non-syntax-directethference.This
is in factnotthe case:thereis a straightforvard algorithmthatwe
canuseto type checkstrict terms,using only local and composi-
tional analysis.The reasorfor this lies preciselyin the previously
discussegbropertyof thetype system:thatit forceseachstrictvari-
ableto occurat leastoncein an analysiscontext. Formally, this
enforcesthe propertythat thereis a uniquechoicefor the type at
which a strict variableappearsn the strict contet. Intuitively, we
may think of the strict context asan outputof our algorithm. Type
checkingof a strictlet binding proceedsy first checkingthe body
of thelet expressionTheresultingstrict context tells ustheunique
type at which the strict variableoccurs,which canthenbe usedto
checkthetermto which the strict variableis bound.

5.2 An algorithm for type checking strict
terms

Theorem

1. For givenT andTs, thereis at mostoneA, T pair suchthat
MAFTs T

2. Forgivenl, Ty, andt, thereis at mostoneA suchthatl"; A+
Tad T

3. ForgivenTl, S andt, thereis at mostoneA suchthatl"; A+
S|T.

Proof: By simultaneousnductionon termsTs and T, andexpres-

sionsS

CaseTy = Ts: Theonly wayto derve ;A Ts || Tis by SSy. By
theinductionhypothesiswe have thatthereis atmostoneA, T pair
for whichthisis true,soA is uniquelydetermined.

CaseTs = x: Theonly waytodervel ;A x4 Tis by SVar, which
requirest = I'(x) andA = 0, uniquelydeterminingthesevaluesas
required.

CaseTy = u: I';AF ull T mustbederivedby SvarS, constraining
Atobeu:T.

CaseTa = Ax.T,: If T;AF Ta | 1, this musthave beenderived
by SLambdh, soT =11 — T2 andl,x: 13;AF T3 |} 2. By the
inductive hypothesis,such a judgmentabout T; is possiblefor
at mostoneA. Sinceary analysisjudgmentof T, requiressuch
a judgmentas a premiseto a single candidaterule, we have the
requiredresult.

CaseTs = x(y): If [;AF x(y) f+ T, SApp musthave beenused.
This meanghatA mayonly be 0, andt is uniquelydeterminedby
I (x).

CaseTs = x(u): If I;AF x(u) f T, SAppS musthave beenused.
Thismeanghatl (x) = 0 — T, uniguelydeterminingt, andA may
onlybeu: o.

CaseS=x=TgS: If ;A S| 1, thismusthave beenderived by

S eS sol; A - Tsfhoandl,x: 0;A, - S | T for someo, Ay, and
A with A = A1 UA,. By theinductive hypothesidfor Ts, Ay ando

areuniquelydeterminedandthusA; is aswell, by the hypothesis
for S. This meansthatA is uniquely determined.Any judgment
thatanalyzesSto have typet mustuseS etSwith premiseof the

sortsdescribedabove, sowe have therequiredresult.

CaseS=x:0=T,;S: If [;A+ S| 1, thismusthave beenderived
by SLetA, sol; A1 =T, | o andl,x: 0;82 = S || T for somel;
and A, with A = A UA,. By the inductive hypothesesfor T,
andS, A; andA; areuniquely determined.This meansthatA is
uniquelydetermined Any judgmentthatanalyzesSto have typet
mustuseSLetA with premisef the sortsdescribedabore, sowe
have therequiredresult.

CaseS=u=T;;S: If ;A S| 1, this musthave beenderived

by SLetAS so ;A1 F T3 b 0 andF;A,u: 0 = S | 1 for some
g, Ap, andAy with A = A; UA,. By theinductive hypothesisfor

S, A, ando areuniquely determinedandthusA; is aswell, by

the hypothesisfor T;. This meansthatA is uniquely determined.
Any judgmentthatanalyzesSto have typet mustuseSLetASwith

premisesof the sorts describedabove, so we have the required
result.0

Thus, the strict typing rulesdescribea deterministicalgorithmfor
type checkingstrict terms. The elementsof judgmentsshovn to



be uniquelydeterminedare outputsandthe restinputs. The order
in whichinductive hypothesesireappliedabore suggestsheorder
for checkingsub-termswith recursve applicationsof thealgorithm.
As anoptimization,the unionsof strict contets foundabove could
bereplacedy incrementamodificationof astrict context, takingit
asaninputto thealgorithmandoutputtinga strengthenedersion.

5.3 Sequentialization

Now we may definea sequentializatioprocesghatproducesstrict
terms. Whereb is a prefix of a strict expression,x is a regular
variable,t atype,andu a strict variable,b[x : T/u] denotesh with
thebinding of u changedo bind x with annotationt andwith later
occurrencesf u changedo occurrencesf x.

Thekey insightis this: Sincewe restrictedfunction abstractiongo
be analysistermsin the original bidirectionallanguage we know
that context will alwaysdeterminetheir types. Therefore we can
bind eachintermediatdunctionvalueto a strict variable,eliminat-
ing the needfor annotations.

MNEX— X

FrNEmsfo—t1 FTFmg—byy TEmgo—by;r

M Fms(ma) — by x=y(r);x

rNFmg—S Mx:oFmgt— S
MNFEmgt—S TEAXMao — 11— u=(AX.S);u

I mgt— b;x Mr-mgt—bu
M [mat] —bix T [mat] — blx: 1/u);x

It is worth mentioningwhy the applicationrule is complete.lt re-
quiresthat a particularsynthesisterm linearizesto an expression
endingin a standardvariable. Thoughwe don't prove it here,it's
nothardto seethatany synthesigermsequentializes suchaway.

5.4 Translation sizebenefits

We cannow revisit the earlierexampleof a classof bidirectional
termswith an asymptoticallybad type annotationsize blowup in
sequentializationWe shav how our runningexampleis betterhan-
dled with this new sequentializatiorio give anintuitive ideaof its
benefitsandwe prove a generatheoremin the next section.

First, we definea reasonableneasureof the size of type annota-
tions on strict analysistermsand expressions.The strict language
is formulatedsothatthesearethe only sizesworth defining,since
synthesigermscontainno typeannotations.

Szer,(Ax.§) = Sz& (S
Szer,(Ts) = 0
Sze;s (x=Tgs;S) = Sze5(9
Szes (U=Ty;S) = Szer,(Ta)+Szes (S
Szes (x:1=Ty S = Szer,(Ta)+Sze (1)
+Sz65 (9

With thestrict translationwe have:

s S S Y
RS0 kG U= (A.S_1); U

It is easilyverifiedthatSizer, (S) = Size, (Kj), with - - ki:T' — S
for every i, in contrastwith the asymptoticallysignificantannota-
tion increasewith the earliersequentialization.

5.5 A bound on type annotation size of a se-
quentialization

It is now possibleto prove that the benefitobsered in the abore
caseholdsfor all terms. In particular sequentializinga basebidi-
rectionalterminto astricttermwill neverleadto anincreasen type
annotatiorsize.

Combination Lemma: For strict expression prefixes
b: and by, variables g and r, and strict expression S
Sizes (by;bp; S) = Sizes (by; q) + Szes (by;r) + Szes (9).

Proof. By a straightforvard induction over the lengthsof by and
by. O

Theorem:
1. Forgivenl andm, if ' - mg+— S then
Sizes () < Size; (ms)
2. Forgivenl', my, andt, if I - my:T+— S then
Szes (S) < Sze, (Ma)

Proof: By inductiononthe structureof termsms andmg:

Casemy = mg: For givenT, if I - ms:T — S thenit mustbe that
I - ms— S Theinductionhypothesisyieldsthedesiredresult.

Case mg X: For given ', we have ' - X — X

Szes (X) = :g 0=9ze(X).

Casemy = mg(m,): If I'=my — S it mustbethatl Fmgf} 0 — T,
[ Fms— by;q, andl - ;0 — by;r, with S=by;by; x = q(r); x.
By the CombinationLemma:

Szes (9)

= Sizes (by; ) + Sizes (by;r) + Sizes (x=q(r); )
= Szes (by;q) + Szes (byir)

By hypothesis,

Szes (b1 q) < Size (ms)
and

Sizes (by;r) < Sze; (mp)
By definition,

Size, (my) = Size, (mg) + Size, ()



Therefore,

Szes (S)
= Sizes (by;q) + Szes (
< Size () + Size, (M) = Size, (my)

Whichis the neededesult.

Case my = Axm: If T Fmgo — 1+~ S it must be that
Mrx:okFmyt— S and S= u = (Ax.S);u. By definition,
Sizes (S) = Szes (S) andSize, (mg) = Size, (M,). By hypothesis,
Sze; (S) < Sze, (). Thus Size_;,( S) < Sze, (My).

Casemy = [m:1]: If T Fmg— S it mustbethatl” - Tt — S,
whereS = b;q.

If gis somenormalvariablex, thenS= b; x. ThismakesSizes (S) =

Szes (S). By hypothesisSzes (S) < Sze, (). Thereforesince
Sze, (my) = Sze, (M) + 9ze (1), we have theneededSzes (S) <

Size, (Ma).

Otherwise( is somestrictvariableu, andS=b[x: T/u]; x for anew
x. ThismeansSzes (S) = Sizes (S) + Sze (). Usingthe hypoth-
esisSzes (S) < Sze, (M) agin with Size, (my) = Size, (M) +
Sze (1), we have theneededSizes (S) < Sze (my). O

6 Conclusion

We have shawn thatthereexist transformation®n programsunder
whichthefolklore techniqueof bidirectionaltypecheckingbehaes
poorly, andshovn thatwith someadditionalmechanisnit is possi-
ble to recover the original asymptoticbehaior in arelatively sim-

pletypesystenrequiringno unification. Thestricttype systemand

languagepresentedchereprovide a compactformat for expressing
intermediat€forms of sourcelevel programs.lt is straightforvard

to translatetermsin a languagewith a standardbidirectionaltype

systeminto strict termswithoutinflating the amountof spaceused
to storetype annotations.

In addition to the function typesusedas an expository example
here,the strict bidirectionalsystemextendseasilyto handlepoly-
morphism, dependenfunction types, recursve types, recursve
functions,andary otherconstructhatcanbehandledwith anormal
bidirectionaltype system[5]. Thereasorfor this extensibility can
be understooddy observingthat bidirectionaltype checkingsim-
ply providesa framawork for eliminatingredundantnformationin
terms,without regard to the particularnatureof the termsor their
types. The strict variantof the bidirectionalsystemthenprovides
amechanismnior usinginformationfrom non-localcontexts within
thebidirectionalframework.

The original motivation for the studyof this type systemaroseout
of the needfor more compactrepresentation the TILT inter
nal language and we believe that the use of strict typing canbe
usefulin this and other similar contexts. We also believe that it
may beinterestingto considerusesof stricttypingin languagede-
sign. Pierceand Turner[5] studieda numberof suchpartial type
reconstructiortechniquesjncluding the bidirectional systemthat
providesour startingpoint. Strict bidirectionaltyping extendsthis
work naturallyto allow bidirectionallocal type inferenceto take
adwantageof non-localusesof termbindings.
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