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We study the /\gzs calculus, which contains singleton types S(M) classifying terms of base type
provably equivalent to the term M. The system includes dependent types for pairs and functions
(X and II) and a subtyping relation induced by regarding singletons as subtypes of the base type.
The decidability of type checking for this language is non-obvious, since to type check we must
be able to determine equivalence of well-formed terms. But in the presence of singleton types,
the provability of an equivalence judgment I' = M; = Ms : A can depend both on the typing
context I' and on the particular type A at which M; and Mz are compared.

We show how to prove decidability of term equivalence, hence of type checking, in )\EZS by
exhibiting a type-directed algorithm for directly computing normal forms. The correctness of
normalization is shown using an unusual variant of Kripke logical relations organized around
sets; rather than defining a logical equivalence relation, we work directly with (subsets of) the
corresponding equivalence classes.

We then provide a more efficient algorithm for checking type equivalence without constructing
normal forms. We also show that type checking, subtyping, and all other judgments of the system
are decidable.

The AEES calculus models type constructors and kinds in the intermediate language used by the
TILT compiler for Standard ML to implement the SML module system. The decidability of )\EZS
term equivalence allows us to show decidability of type checking for TILT’s intermediate language.
We also obtain a consistency result that allows us to prove type safety for the intermediate
language. The algorithms derived here form the core of the type checker used for internal type
checking in TILT.

Categories and Subject Descriptors: F.3.3 [Logics and Meanings of Programs]: Studies of
Program Constructs—Type structure; F.4.1 [Mathematical Logic and Formal Languages]|:
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Language Classifications—Applicative (functional) languages

General Terms: Languages, Theory

Additional Key Words and Phrases: Singleton types, Logical relations, Equivalence algorithms

Parts of this work occurred while the first author was at Carnegie Mellon University. It was
supported in part by the US Army Research Office under Grant No. DAAH04-94-G-0289 and
in part by the Advanced Research Projects Agency CSTO under the title “The Fox Project:
Advanced Languages for Systems Software”, ARPA Order No. C533, issued by ESC/ENS under
Contract No. F19628-95-C-0050. The views and conclusions contained in this document are those
of the authors and should not be interpreted as representing the official policies, either expressed
or implied, of the U.S. Government.

Permission to make digital/hard copy of all or part of this material without fee for personal
or classroom use provided that the copies are not made or distributed for profit or commercial
advantage, the ACM copyright/server notice, the title of the publication, and its date appear, and
notice is given that copying is by permission of the ACM, Inc. To copy otherwise, to republish,
to post on servers, or to redistribute to lists requires prior specific permission and/or a fee.

© 20TBD ACM 1529-3785/20TBD/0700-0001 $5.00

ACM Transactions on Computational Logic, Vol. TBD, No. TBD, TBD 20TBD, Pages 1 47.



2 . C. A. Stone and R. Harper

1. INTRODUCTION

Lambda-calculus models of programming languages are of both theoretical and
practical importance. On the theory side they support formal reasoning about
the language, including type safety and equational properties. On the practical
side they support certifying compilation through type-directed translations between
typed intermediate languages [Tarditi et al. 1996; Morrisett et al. 1997].

Conventional type systems such as F“ go a long way towards modeling pro-
gramming language constructs such as polymorphism, but they do not provide an
adequate account of type definitions. For example, although it is well-known how
to define local definitions (let) in terms of function application, this does not di-
rectly translate for definitions of type variables. If we have the polymorphic identity
id : Ya.a—« then the expression

let @ = intxint in id[a](3,4)
seems unobjectionable, whereas the corresponding application
(Ac.id[a](3,4))[int X int]

is ill-typed because its subterm Ac.id[e](3,4) is not well-formed.
More complex type definitions occur in the Standard ML module language, where
we can have a structure Set with the signature
sig
type elem = int
type set
type setpair = set * set

val empty : set

val insert : set * elem -> set
val member : set * elem -> bool
val union : setpair -> set

val intersect : setpair -> set
end

specifying definitions for the types Set.elem and Set.setpair, where the latter
has a dependency on the abstract type Set.set. Even if assume we have the
rest of the program available, i.e., that we are not doing separate compilation,
we cannot simply eliminate these definitions by syntactic substitution, replacing
all occurrences of Set.elem by int. Type components in SML can be referenced
indirectly. For example, if we were to define

structure Set2 = Set

then the type components of Set2 are equal to those of Set. We must thereafter
treat Set2.elem as equal to Set.elem (hence equal to int), Set2.set as equal to
Set.set, and Set2.setpair as equal to Set.setpair. Functors (parameterized
modules) return modules whose types depend on the types in their argument, and
hence have even more complex type propagation behavior. The theory of any such
language must be able to track the relations between types.
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One can formally define languages allowing definitions of type variables [Severi
and Poll 1994], or allowing type definitions in module interfaces [Harper and Lil-
libridge 1994], or even allowing type definitions within arguments of polymorphic
abstractions [Minamide et al. 1996]. A more uniform approach is to allow defini-
tions anywhere types are described, by making definitions part of the kind system
of the language. A natural way of doing so is to add a kind S(7) to classify exactly
those types equal to 7.

Singletons can then be used to describe and control the propagation of type
definitions and sharing. The type 7 has kind S(o) if and only if the types 7 and o
are provably equivalent, so the hypothesis that a variable o has kind S(7) expresses
that « is a type variable with definition 7. This models open-scope (non-delimited)
definitions in the source language.

Furthermore, singletons provide “partial” definitions for variables. If § is a pair
of type constructors with kind S(int)x* then the first component of this pair, 713,
is int. However, this kind tells us nothing about the identity of the w53, except
that it has kind %, the kind of ordinary types. As in the above example, partial
definitions allow natural modeling of definitions in a modular system, where some
components of a module have known definitions and others remain abstract.

The TILT compiler for Standard ML [Petersen et al. 2000] uses a typed inter-
mediate language based on predicative F,, extended with singleton kinds. Modules
are represented in this language using a phase-splitting interpretation [Harper et al.
1990; Shao 1998]. The main idea is that modules can be split into type constructor
and a term, while signatures split in a parallel way into a kind and a type. Single-
ton kinds are used to model definitions and type sharing specifications in module
signatures, dependent record kinds model the type parts of structure signatures, de-
pendent function kinds model the type parts of functor signatures, and subkinding
models (non-coercive) signature matching.

A crucial property of typed intermediate languages is that type checking be
decidable. For many languages this reduces to checking equivalence of types. We
are therefore concerned with establishing the decidability of equivalence in the
presence of singletons, ideally by showing the correctness of a practical algorithm.

1.1 From Singleton Kinds to Singleton Types

Since ordinary expressions in the TILT typed intermediate language have no effect
on equivalence of type constructors, we abstract the problem to a simpler two-
level calculus AY*% and study term equivalence in a language with singleton and
dependent types. These levels correspond to the type constructors and kinds of
TILT, but AB*S is of general interest in its own right.

In Section 2, we define the A*% calculus. The fact that any two terms having
the same singleton type are equal is a form of extensionality, and so it seems natural
for A\I>% to define equivalence of functions and pairs extensionally as well.

This leads to a very interesting equational theory; for example, [(-equivalence
becomes admissible. More importantly, whether two terms are provably equivalent
can depend on both the typing context and — less obviously — on the type at which
the terms are compared. The identity function and a function always returning
some constant ¢ are naturally inequivalent, but if we consider them as functions of
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