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Abstract

The method of logical relations assigns a relational interpretation to types that expresses operational in-
variants satisfied by all terms of a type. The method is widely used in the study of typed languages, for
example to establish contextual equivalences of terms. The chief difficulty in using logical relations is to
establish the existence of a suitable relational interpretation. We extend work of Pitts and Birkedal and
Harper on constructing relational interpretations of types to polymorphism and recursive types, and apply
it to establish parametricity and representation independence properties in a purely operational setting.
We argue that, once the existence of a relational interpretation has been established, it is straightforward
to use it to establish properties of interest.
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1 Introduction

It is a pleasure to contribute this paper in honor of Gordon D. Plotkin on the occa-
sion of his sixtieth birthday. Plotkin’s research on the mathematical foundations of
programming languages is singularly influential, providing the foundations for much
subsequent work and establishing new approaches to neglected or ill-understood
problems. Several themes have direct bearing on the work described herein.

One important theme is the use of operational semantics for defining and ana-
lyzing programming languages. Plotkin’s structural operational semantics [25,24] is
particularly influential. Execution is modelled as a transition system whose states
are programs. The transition relation is inductively defined by a collection of in-
ference rules that mirror the structure of the program. The transition rules specify
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both the individual steps of execution and the order in which these steps are exe-
cuted. Properties of the execution behavior of programs, such as type safety, may
be proved by induction over the transition rules.

Another theme in Plotkin’s work is the analysis of observational equivalence be-
tween program fragments. Applying Leibniz’s Principle of Identity of Indiscernibles,
two program fragments are observationally equivalent iff they engender the same
observable outcomes however they may be used in a complete program. Being the
coarsest consistent congruence, one may use coinduction to prove that two frag-
ments are observationally equivalent. But in practice such a direct proof is rarely
effective; a more tractable characterization is needed. Plotkin, in his seminal study
of PCF [22], considered denotational methods that turned out to provide sufficient,
but not necessary, conditions for observational equivalence. This requires proving
computational adequacy of the denotational semantics relative to the operational
semantics of PCF, which Plotkin proved using the method of logical relations [32].

Pitts showed that logical relations may also be used to obtain a useful characteri-
zation of observational equivalence [18]. Associated with each type is an equivalence
relation, called logical equivalence, that is defined by assigning an action on relations
to each type constructor. The relational action is defined so that logical equivalence
is a consistent congruence, so that it is a sufficient (and, in many cases, necessary)
condition for observational equivalence. For simple type systems logical equiva-
lence is defined by induction on the structure of types, leading to an elegant proof
method for establishing observational equivalences. But in richer type systems more
complex methods are required.

One complicating factor is impredicative polymorphism, as introduced by Girard
and Reynolds [7,8,28]. The concept of relational parametricity [29] generalizes log-
ical equivalence to polymorphic types. As in simpler cases, parametricity may be
used to characterize observational equivalence for polymorphic languages. Through
Mitchell and Plotkin’s account of abstract types as existential types [16] (which
may be encoded using only polymorphic types), relational parametricity may be
used to prove representation independence for abstract types [15]. This may be
seen as a generalization of Hoare’s method [10] of proving correctness of abstract
type implementations.

Recursive types present further complications for the method of logical relations.
Here again we encounter central themes in Plotkin’s research, namely solving re-
cursive type equations, and developing the theory of parametricity in the presence
of recursive types. Building on Scott’s lattice models for the untyped A-calculus,
Plotkin developed the denotational semantics of recursive types [23]. In particular,
his work with Smyth [31] initiated the category-theoretic study of recursive types,
leading to Freyd’s universal characterization of a recursively defined type as a min-
tmal invariant. Abadi and Plotkin studied relational parametricity in the presence
of recursive types in a denotational setting, proposing a partial equivalence relation
interpretation [1] and developing a logic for parametricity in this setting [26].

All of these themes of Plotkin’s research figure into the present work. We con-
sider a call-by-value operational interpretation of the Girard-Reynolds polymorphic



typed A-calculus [7,28] extended with general recursive types. Our main result is a
complete characterization of observational equivalence—in which we observe termi-
nation at unit type—in terms of logical equivalence. We then use logical equivalence
to state and prove parametricity properties of the language. In particular, we re-
produce an example from Sumii and Pierce [33] to provide a comparison with their
bisimulation technique.

The main technical challenge is to define logical equivalence for such a rich type
system. We wish to provide a definition that is sound and complete with respect to
observational equivalence, and that permits us to derive parametricity properties of
polymorphic types. To account for recursive types we work over a complete lattice
of admissible relations over terms that are pointed, respect observational equiv-
alence, and support reasoning by fixed point induction (see Section 2 for precise
definitions). We assign to each type constructor an admissible action on this space
of relations that ensures that logical equivalence is a congruence, and hence con-
tained in observational equivalence. Since admissible relations respect observational
equivalence, the desired complete characterization follows.

The crucial problem is to define an admissible relational action to each type
constructor of the language. The relational action for the function type construc-
tor relates functions that map related arguments to related results. To assign a
relational action to polymorphic types we use a variant of Girard’s method, with
admissible relations as candidates. The action relates two polymorphic expressions
if corresponding instances are related for each choice of admissible relation between
those instance types. Following Pitts [19], the relational action associated with a
general recursive type relies on an operational version of Freyd’s minimal invariant
characterization of the solution of a type equation. This property, called syntactic
minimal invariance, was proved by Birkedal and Harper [4] for a simply typed lan-
guage with a single recursive type using ciu equivalence [14]. Here we give a new,
streamlined proof based on applicative equivalence [12]. Logical equivalence is then
constructed by exploiting syntactic minimal invariance to handle recursive types,
and Girard’s method for polymorphic types.

Logical equivalence is particularly convenient for proving parametricity and
representation independence properties of the language. Arguing that logical
relations-based methods for deriving these properties are overly complex, Sumii
and Pierce [33] have developed a new method based on a novel form of bisimula-
tion. We argue, on the contrary, that the main complication is in justifying the
definition of logical equivalence, which can be done once and for all. We show in
Section 6 that deriving representation independence properties using logical equiv-
alence is straightforward. For example, we show how to obtain the results of Sumii
and Pierce by exploiting relational parametricity. The proof reduces to choosing
a suitable admissible relation, and proving that this relation is preserved by the
operations of the abstract type.



Types 1T u=al|l|m — 7 |Yar | par
Terms e = x| x| x:T.e|eea | Aa.e|e[r] | inga.re | oute
Values v = x| x| Ax:Te | Aae | inga 70 |

Typings T w=¢€|T,a |,z

Fig. 1. Syntax

2 Preliminaries

2.1 The Language

The syntax of the language is given in Figure 1. The static semantics is given
in Figure 2 and the operational semantics is given in Figure 3. The operational
semantics consists of a small-step, call-by-value transition relation between closed
terms, written e — €’

We define the set of types and the type-indexed family of sets of expressions as
follows:

Type def {T |k 7 type}
Exp, o {e|Fe:T}

We write capture-avoiding substitution of F for X in E’ as E'[E/X]. As usual, we
identify expressions that differ only in the names of bound variables.

The language enjoys the usual type safety properties, as expressed by the fol-
lowing lemmas, which we use throughout without explicit reference.

Lemma 2.1 (Type preservation) If Fe: 7 and e — ¢ thent ¢ : 7.
Lemma 2.2 (Progress) If - e: 7 and e is not a value, then (for some €') e — €.
Lemma 2.3 (Unique types) IfT'Fe:7 and T e: 7' then =17,

We will employ the abbreviations in Figure 4. Justified by unicity of types, we
will sometimes omit the type subscripts from these abbreviations when they are
clear from context. These elementary properties of the dynamic semantics will be
of use in the sequel:

1, 2 1
fiwr o F —? Nymi . F (fix F)y  (for values F)
fiztl F — Xy F(fis' F)y  (for values F)

T1—T2



F e context

FT context T'k 7 type ¢ Dom(T) F T context o ¢ Dom(T")
F T, z:7 context FT', o context

F T context FV(7r) C Dom(I")
T'F 7 type

FT context I'(z)=r7 F T context

'Fx:7 T'kF=x:1
zrmbFe:n 'ter:mm—m T'kFey:m
I'FAxime:m—m I'Feer:m
Nake:r '+e:Va.r TF71 type
I'F Aace : Va.r I'ke[r]:7'[T/a]
I'te:r{pa.t/al I'ke:par
I' inga.re: pout I'Foute: 7[ua.T/a]

Fig. 2. Static Semantics

!
€1 — € e e

ereg — €} es veruve' (Ax:T.e)v — elv/x]

elr] — €'[7] (Aace)[r] — e[T/q]

er e e e
inge e — ing r€ out e — out e’ out(ingq.,v) — v

Fig. 3. Structured Operational Semantics

2.2 Applicative Equivalence

The relational interpretation of types will be defined over equivalence classes of
terms taken modulo applicative equivalence [11], a convenient form of operational



., def
id, = \v:T.x

J_T ()\l‘ T.(out z) x) (inp(Ax:T. (out ) x))

(where T' = pa.av — 1)
ef .
fitr,—ry, = (out(ingv))(ingw)
(where v = AT/ \f:T — T.  y:my. f ((outz) z f) y

and T =71 —n

and T =pa.a—(T—-T)—T)

def
ﬁx%ﬂrz = A:((11 = ) = 11— ). Ay L,

fiwith L, A ) — 7 ) My f (figd o )y
def
ﬁxfl—ﬂ'z _e ﬁ T1—T2

Fig. 4. Abbreviations

equivalence. (In Section 5 we show that applicative equivalence coincides with
contextual equivalence, the coarsest consistent equivalence relation on expressions.)

Applicative equivalence of open terms is defined by considering its closed substi-
tution instances. For this and other purposes we need the notion of a substitution
for the variables in a typing context.

Definition 2.4 We define a substitution to be a mapping from type variables to
types and from term variables to terms. A substitution o satisfies a context " (writ-
ten ko :T) if:
e T context, and
* Dom(c) = Dom(T"), and
e foralla e, - o(a) type, and
e forallxz:7el, Fo(x):o(r).

Applicative approximation is coinductively defined to be the largest pre-order
satisfying conditions determined by the elimination rules for each type. We dis-

tinguish between approximation of computations, which may not terminate, from
values, which are fully evaluated.

Definition 2.5

(i) Applicative approximation is defined to be the greatest relation b e; = e : T
over closed terms such that:
e e <ey:Tonlyift e, es: T, and eq —* v implies that es —* vy for some
vy such that b vy <yq vo : T, where
o w1 Rpa Vo i T if and only if F vy, ve T, and



-17=1, or

- T =11 — 12 and (for all v such thatt- v : 1) viv S vV : 79, or

- 7 =Va.r" and (for all 7" such that = 7" type) b v1[7"] 2 vo[r"] : T[7"/al],
or

- 7= po. and F out v < outwy : 7[1/al.

(ii) We extend applicative approximation to open terms as follows: I'e; <eg: T
if 'Fep,eq: 7, and (for all o such thatt o :T') Fo(e1) X o(e) : o(7).

(iii)) Two terms ey and ey are applicatively equivalent at type T in context I' (written
F'tegm~ey:7)ifTFe; Rexg:TandT'key <ep: 7.

(iv) Ift ey, eq : T then we write e < eg to meante; < e : 7. IfT'Fey,eq: T then
we write ' ep ey to meanT'He; <eg:T.

(v) Similarly, if = e1,ea : T then we write e; = ea to mean b e; ~ eg : 7. If
I'ey,eq: 7 then we writeI' ey =~ ey to mean ' Fe; =~ ey : T.

Note that the “only if” conditions on applicative approximation become “if and only
if” for applicative equivalence defined as the greatest fixed point of these conditions.
The following elementary properties follow readily from the definitions.

Proposition 2.6

o Applicative approzimation and equivalence are reflexive (over appropriately typed
terms) and transitive.

e Applicative equivalence is symmetric.

o Ife1 is well-typed and ey — eo then e; = es.

Lemma 2.7 (Substitutivity and Congruence) Applicative approzimation is
substitutive and a congruence, in the following sense:

o IfT o,V ep =€) and Tk ey < eh: 7 then I, TV I eq]ea/x] < €)[e}/x].

e Applicative approximation is closed under the following rules:

Dxrthke=<eé ke <€ They=é
T A\zite < Azi.e Ik ejeq < €)é
Make=<e¢ IF'Fe=<e¢€

'k Aa.e < Aa.e T'Fe[r] X €]

F'Fe=<eé F'Fe=<eé
I'Finggre < ingg € I'Foute < oute
Proof. By a straightforward application of Howe’s method [11]. O

7
T1—T2

Corollary 2.8 For all well-formed types T and 2, if © < j then fix
ﬁ‘r“jrl~>72 j ﬁle—VTQ'



Applicative equivalence is established by exhibiting a relation satisfying the re-
quirements of Definition 2.5.

Lemma 2.9 (Coinduction for Applicative Approximation) Suppose R is a
type-indezxed relation such that for all T € Type, R; is a binary relation over Exp..
Suppose further that:

(i) if e R. € and e halts then €' halts, and

(ii) if e Ry 7, € and v € Exp,, then ev Ry, € v, and
(iii) if e Rya.r € and 7" € Type then e[7'] Ry q) €'[7'], and
(iv) if e Rya.r € then oute Rij,q.+/q) Oute

Then e R, €' implies e < €’.

Proof. Let R’ and R’v . be the relations defined as follows:

et e R ey : 7 if and only if F ej,eo : 7 and there exists €}, €, such that
e1 e} Rebh~es.

e kv R, vo: 7 if and only if - v, v9 : 7, and
-T7=1,o0r
- 7 =11 — 79 and (for all v such that v :7) Fviv R vav : 79, or
- 7 =Va.7" and (for all 7”7 such that = 7" type) b v1[7"] R vo[r"] : 7'[7" /a], or
- 7= pa.7 and - out v1 R out vy : 7'[7/a.

We claim that if e; R’ e and e; —* vy then es —* vy for some vy such that
v R}, vo. It follows by coinduction that e; R’ ey implies e; < eg, since R’ fits the
specification of <X, and < is the greatest relation fitting its specification. The result
then follows by the reflexivity of ~.

Suppose e; = €] R e}, ~ ez and e; —* v;. Then €/ |, and by condition 1, €], so
ea]. Thus, let eg —* vy. Note that v1 = €] and vy ~ €.

It remains to show that F v R’wl vo : T, where 7 is the type of v1 and ws.
We proceed by cases on 7. Suppose 7 = 71 — 7. Let F v : 7y be arbitrary. By
condition 2, €jv R ehv. Thus, using congruence, v1v & €jv R ehv ~ vyv. Hence
v1v R vov, and consequently vy R, va. The other cases are similar or trivial. O

2.8 Compactness

The operational analogue of fixed point induction relies on compactness, which states
that in a terminating computation only finitely many “unrollings” of a recursive
function are necessary for the result. However, in the presence of higher types, the
precise statement must account for residual occurrences of recursive functions in the
result. We can elegantly manage such residual occurrences by expressing unrollings
up to applicative approximation, rather than equality. This device helps because
we may observe that a term with residual occurrences dominates a similar term
without them, and thereby neglect those residual occurrences.

This focus on applicative approximation leads us to prove a stronger, least upper
bound theorem (Theorem 2.11 below). From that theorem we can obtain compact-



ness as a simple corollary. However, we will find that many later results are more
conveniently obtained by using the least upper bound theorem directly.

Notation Let w be a distinguished variable. Then efll is defined to mean
e[fiz! f/w]. Note that by Corollary 2.8 and congruence, if i < j then e/l < fll <
el (provided the three terms are closed and well-typed).

Lemma 2.10 (Simulation) Suppose f is a value, and suppose ellvl —* o (where
el is closed and well-typed). Then there exist j, v' such that v = T and for all
k' Z j} ef[k} i v/f[k_.ﬂ.

Proof. Let e/l?] —! 4. The proof is by induction on [/, with an inner induction on
the structure of e. If e is a value, the result follows trivially by letting v' = e. We
proceed by cases on the non-value forms of e.

Case 1: Suppose e = w. Then e/ = fiz f. Since /¥ is well-typed, f must have
function type, solet b f : 71 — 7. Then v = Ay:7y. f (fix f) y. Let o' = Ay fwy,
and let j = 1. Then v = v/, Suppose k > 1. Then:
el = figk f
—t Xy f(fie* L f)y (since k > 0)

= fU,f [k_ 1]

Hence el k] = o/ flk=i],

Case 2: Suppose e = e1es. Then:

oflw] — e{[w}eg[w]
" vlegM (for some m < )
=" v1vy (for some n < 1)
-

By induction, there exist i1, v}, 42, v4 such that (for p = 1,2) v, = v;f[w] and for

all k > iy, eg[k] - v;f[kfip}. Observe that v{ must be of the form Az:.e|. Let
e/ = e} [vh/x]. Then:

R

= Az ellf M) véf ]
s ellf[w] [v;fM /2]
—  /flW]

= v (for some o < 1)



By induction, there exist i, v’ such that v = v/} and for all k > 4, /Tl = /fTk—il,
Let j =i+ 41 + i2 and suppose k > j. Then:

oflk — e{ (%] eg (%]

= o [k_mvlzf (ko] (by congruence)
- viﬂk*il*iﬂvgf{k*irm (by congruence)

()\:U:T.ellf[k_il_m)v;f[k_il_m

. ellf[k—il—izl[U;f[k—il—%é]/x]

(€} [vh /]I o= 2]

— e/f[k—’il—iz]
= o fl(k—i1—iz)—i] (since k — iy —ig > 1)
— U/f[kf.ﬂ

Hence e[kl = ¢/ flk=i],
flwl
1

Case 3: Suppose e = in,q.re1. Then v is of the form in,q ,v1, where e —* 1.

By the inner induction, there exist j, v} such that v; = v;f “I and for all & > 7,

e{[k} - vllf[k_ﬂ. Let v/ = in,a,v. Then v = v/¥ and for all k > j, e/l =

inpa.‘re{[k] = inua,fvif[kfj] — o/flF=J] by congruence.

The other two cases are similar. O

Lemma 2.11 (Least Upper Bound) Suppose f halts.® If Vj. eflil < ¢ then
efll < ¢,

Proof. Since f halts, by congruence we may assume, without loss of generality,
that f is a value. Let R and R,y be the relations defined as follows:

e -e; Reg:7ifand only if - e1,es : 7, and e; has the form ellf[w] where Vj. 6/1f[ﬂ =
€9.

e F vy Ryy vo: 7 if and only if F vy, v9 : 7, and
-7=1,o0r
- 7 =1 — 72 and (for all v such that - v : 7)) F vjv Rvgv : 7o, or
- 7 =Va.7" and (for all 7”7 such that = 7" type) b v1[7"] R va[7"] : 7'[7" /], or
- 7= pa.7 and F out v1 R out e : 7'[7/a].

We claim that if e; R ey and e; —™* v; then ey —* vy for some vy such that
v1 Ryq; v2. The result follows from this claim by coinduction, since R therefore fits
the specification of <, and =< is the greatest relation fitting its specification.

Therefore, suppose e; R eo and e; —* v1. Then e'lfM —* v1. By Lemma 2.10,

there exist j, v] such that vy = vllf “I and vk > j. v;f (k=] = ellf k], By assumption,

3 The lemma can also easily be seen to hold if f does not halt, since (for all k) fiz | ~ fizh L.



transitivity, and a change of variables (letting i = k — j), Vi. Ullf g =< eo. Therefore
11l &
1

es —* v9 and (since evaluation is deterministic) Vi. v val V2. It remains to show

that v1 R,q v2. We proceed by cases on the type of vy:
Case 1: Suppose Fvq : 1. Then v Ryq vo.

Case 2: Suppose - vy : 71 — 7 and suppose - v : 7. Then viv = (v’lv)f[“’].
But for any 1, (U’lv)fm = (v;f[z])v = vov by congruence. Thus viv R vov and hence
v1 Ryal v2.

Case 3: Suppose - v; : Ya.r and suppose - 7/ type. Then v[r'] = (v}[r'])71].
But for any i, (v;[7'])/l = (vllfm)[T’} =< va[7'] by congruence. Thus vi[7'] R va[7']
and hence v1 Ry vs.

Case 4: Suppose - v; : pa.r. Then outv; = (out v’l)fM. But for any 4,
(out v})/ ] = out(vif M) =< out vy. Thus out v; R out vy and hence v1 Ryq vo. a

Corollary 2.12 (Compactness) Suppose f halts. If e/l halts (and is closed and
well-typed) then there exists j such that el halts.

Proof. Suppose, for contradiction,? that e/[*!| and for all j, eflUl7. Then for all j,
e/l < 1., By Lemma 2.11, ef“l < 1 and hence e/[“!1, but this contradicts the
assumption. O

2.4 Admissibility and Strictness

We will restrict attention to the class of admissible relations, defined by operational
analogues of the chain completeness conditions arising in denotational semantics.
The type-tuple-indexed sets of expression class vectors and relations are defined

as follows:

def
ECV4 . 7 = (Expn/%n) X X (Exan/%Tn)

CpECY,, ..

Definition 2.13 A relation R € Rel;, . r, is admissible if it satisfies the following

two conditions:®

e (Pointedness) (L,,...,1.)€ER

* (Completeness) Suppose (for k=1,...,n) 7,7 € Type and w:r, — 7] F ey :
T and & fy (1], = 7)) — 1, — 7. If for all i there exists j > i such that
(e{lm, . ,eq{"m) € R, then (e{lM, ey 6£n[w]) €R.

Definition 2.14 A relation R € Rel,, . ., is strict if whenever (e1,...,ep) € R

and for some i, e;], then for all i, e;].

Reln,...,‘rn

4 If one prefers, a constructive proof can also be derived directly from Lemma 2.10.

5 The pointedness condition is stated in this manner for simplicity, without regard for constructivity. The
theorems in this paper may be carried out constructively if it is replaced by the (constructively stronger)
proposition ((Ji.e;| ) = (e1,...,en) € R) = (e1,...,en) € R. These conditions are equivalent in a classical
setting.



The lattice properties of the class of relations are necessary for the interpretation
of recursive types.

Lemma 2.15 For any 71,...,7 € Type, the set of strict, admissible relations in
Rel;, .. . forms a complete lattice, with bottom element {(e1,...,ep) € ECV 4 . - |
eil A=~ ANepl}, top element {(e1,...,en) € ECV .. - | (Fi.e;sl) = (Viieil )},
meets computed by intersections, and joins computed by intersection of all upper
bounds.

Lemma 2.16 (Fixed Point Induction) Suppose R € Relr, 71 rprr 1S ad-
missible, Fy,...,F, halt, and (for 1 < i < n) - F : (1, — 7)) —
i = 1. If ALy, Anm. L) € R oand, for all (fi,....fn) € R,
(Az:my. Frfiz, ..o, Aximy. By fox) € R, then (fix Fy, ..., fir F,) € R.

Proof. Observe that w:ry, — 7, - w : 7, — 7. We show by induction that

for all i, (wfll, ... w™ll) e R. By the first assumption, (w1l .. . w0 =
(i’ Fy, ..., fiu" F,) =~ (/\x:Tl.J_T{,...,)\x:Tn.J_T;l) € R. Suppose, for induction,
that (w™l, . wfl) = (fiz' Fy, ..., fir? F,) € R. Then (wflit  wfali+l]) =

(fir™ By, finVE) ~ O Fu(fist Fy)x, .. AT, Fu(fis Fy)x) € R by
the second assumption. Hence, for all i there exists j > ¢ (namely ¢ itself)
such that (wFl[j],...,wF”[j]) € R. By completeness of R, (fiz Fy,...,fir F,) =
(whll, . wfl) e R, O

Notation We write fiz g(z:71):72.€ to mean fir(Ag:m1 — 72. Aw:71.€). Also, when f
is of the form fir g(2:71):m2.e, we write f* to mean fiz"(\g:1 — T2. Aw:71.€).

Corollary 2.17 (Fixed Point Induction) Suppose R € Rel., ../ ;, .1 is admis-
sible and (for i = 1,2) g:(mi — 7)), w7 & e+ 7. If A\mim Ly Azme. L) €

R and, for all (fi,f2) € R, (Axm.ei[fi/g], \x:m.e2|fa/g]) € R, then
(fix g(z:11):71 €1, fix g(x:72):75.€2) € R.

3 Syntactic Minimal Invariance

In a domain setting the solution to a mixed-variance recursive domain equation
may be universally characterized as a minimal invariant i : F(D,D) = D of a
bifunctor F over a category of domains and its opposite [6]. The minimality of 4
ensures that every element of D is the limit of its finite projections; this amounts
to the requirement that a certain recursively defined function associated with the
equation is the identity. Pitts [19] showed that the existence of the minimal invariant
is sufficient for the construction of relations over a recursive domain, and uses this
to prove adequacy of a denotational semantics using a logical relations argument.
Following Birkedal and Harper [4], we prove an operational analogue of the min-
imal invariance condition, called syntactic minimal invariance. The key observation
is that the finite projections alluded to above are definable in the language, as is
their limit, which is a recursively defined function. We then show that this limit
is applicatively equivalent to the identity. The argument we give here is an exten-
sion to and an improvement on the proof of syntactic minimal invariance given by



o
Tory =1 dof A — ). e, (f (77, 2))
Mo © M:(Vour). A (m-[ida/pal) (fla])
Tpar def fix f(x:poet):poet.ingg - (77 [peet, f /o, pal) (out x)))

def
T = Azl

Fig. 5. Syntactic Projection Functions

Birkedal and Harper. The extension consists of considering general recursive, as
well as polymorphic, types, rather than a single, fixed recursive type. This requires
a bit more machinery, but proceeds along substantially the same lines as before.
The technical improvement is that the argument is streamlined by considering a
range of possible “decorations” of terms with syntactic projections, which affords a
stronger induction hypothesis (see the proof of Lemma 3.13).

To begin with, we define the syntactic projection function m, : 7 — 7 for each
type 7 as shown in Figure 5. Note that for type variables the syntactic projection
functions defer to identified term variables of the form p,. An appropriate projec-
tion function is later substituted for p,—the identity in the case of polymorphic
variables, and the projection itself in the case of recursive type variables.

Lemma 3.1 If 51,...,8, F 7 type then B1,..., B0, 08,:61 — B1,- - 08,00 — Bn =
Ty T —T.

Lemma 3.2 The terms 7|7/, 7/, po] and Trlr Ja] @rE syntactically identical.

3.1 Projections Approximate the Identity

It is relatively straightforward to show that the projection 7, applicatively approxi-
mates the identity function on type 7. The argument proceeds by an outer induction
on the structure of 7, with an inner fixed point induction in the case of recursive

types.

Lemma 3.3 Suppose Bi,...,0, = 7 type, and for all 1 < ¢ <n, Fv; 2 id;, : 7.
Then 17, /F,pg) = id, x5 : 717/ 5] — 77/B).

Proof. By induction on 7. Let o = [T, 17/5, pﬁ].
Case 1: Suppose 7 = ;. Then 7.0 = pg,0 = v;. By assumption, v; =< id,.

Case 2: Suppose 7 = 1. Then 7.0 = Az:1.x = id;.

-

Case 3: Suppose 7 = 11 — 72, and let 71 — 75 = (11 — 7)[7/8]. Then w0 =
Af:(m] = 15). vty (7o) (f((77,0)x)). Suppose F v : 71 — 75. We wish to show
that A\x:7]. (7,0)(v((7r,0)x)) <ya v. Suppose b v’ : 7. Then it suffices to show



that (mr,0)(v((7r0)v")) < vo'. By induction, mr0 < idy, so (7r,0)
congruence, v((mr,0)v’) X vv'. By induction, 7,0 =< id.;, so (7r,0)(v(
v((mr o)) v

v/ <. By
(mro)v')) <

-

Case 4: Suppose 7 = Var; and let 71 = mn[7/8]. Then mo =
M :(Va.r]). Aa. (7, 0lido/pa))(fl]). Suppose - v : Va.r{. We wish to show
that Aa. (77, 0[ido/pa])(v[a]) = v. Suppose = 7/ type. Then it suffices to show
that (707, id /o, pa])(v[T’]) 2 v[r]. Certainly id,, < id,, so by induction,
o[ idy o, pa] =< id [+ /), and the result follows.

-

Case 5:  Suppose 7 = pa.m and let 71 = 71[7/f]. Define 7 = 7,0 and note that 7
is a fiz value. We show by induction that for all i, 7 < id pa.r|- The result follows
by the Least Upper Bound lemma.

The base case is trivial. For the inductive case, assume that 7' < id par] - Sup-
pose F v : pa.t{. We wish to show that inW_T{((ﬂTla[,ua.T{,Tri/a,pa])(out v)) =
v.  Since 7 < idyor, by the outer induction, T olpa.t], T/, pa) =
it pa.r! jo)-  Thus '(WTla[ua.T{,ﬂ’/a,pa])(out v) =< outw. By congruence,
iy ((7rolpoet], 7 /a, pa])(out v)) < inq - (out v). But, v must be of the form
inyq..v' 80 inyq 7 (0ut v) = ing, 0" =v. Thus in,, - (outv) <. 0

3.2 Projections Dominate the Identity

To prove that projections applicatively dominate the identity requires a slightly
more complex argument. Intuitively, the evaluation of m,e may result in a term
containing many further occurrences of projections at arbitrary places in the term.
Call each of these a decoration of the underlying term by some number of pro-
jections, and note that m,e is one such decoration. We show that an expression
is applicatively dominated by all of its decorations, from which the result follows
directly.

The decoration of a term is determined by its type. To account for substitution
during type checking, we must consider all possible ways that the type of a term may
arise as a substitution instance of another, which we call factorings. Moreover, for
the sake of the induction we must consider all possible compositions of projections
based on factorings. This leads to the following definitions.

Definition 3.4

o When 7 is a type and o is a substitution on types, we say that (T,0) is a factoring
of T (written 7' < (1,0)) if To = T'.

o If o = (1,[7/d)) is a factoring and the free variables of T[7/d)] are 3, then Ty 18
defined to be [T, idz, id 3/, p&,pﬁ] T|T/d] — T[T/d].

e We write 7 < @1,...0n to mean T < @; for every 1 < i < n, and we write
Tot,eipn €] t0 mean o, (- (mp,€)),

Proposition 3.5 If ¢ factors T then for any type substitution o there exists a
factoring ¢' of To such that w0 = Ty



The possible decorations for a term is determined by a syntax-directed collection
of rules.

Definition 3.6

e The decoration relation T' e < €' : 7 is defined as follows:

(IT(z) =7 and 7 < @) (1< @)

Pz <amgla]:T FEx<mgl+] o1

I'embe<eée:m™ I'Em type I'F 1y type

D I d ]
I'EAzime < mg[Arime] i1 — 1 (v ¢ Dom(I') and 71 — 7> < )

'Fer<er:mm—mn T'hFexdeéey:n
F|—€1€2<7T¢’[élég]:7'2

(12 < &)

TNaFe<e:r
' Aa.e < mg[Aae] : Va.r

(v ¢ Dom(T") and Va7 < @)

I'e<e:Var T'F7 type
I+ el[r] < mgle[r]] : 7[7"/a]

(r[r'/a] < @)

F'Fe<e: t[pa./a]
I'Finggre < mp[ingg. €] @ po.t

(noet < @)

I'Fe<e: pa.r

I' - oute < mzlout €] : 7pua.7/aj (T[pa.7/a] < @)

e Since terms have unique types, we may write I' F e < €' (or e < € for closed
terms) without ambiguity.

The decoration relation is compositional in the sense that it commutes with
substitution.

Proposition 3.7

e flFe<ée:Tthenl'Fe:Tand'Fe:T.

e fTa,I"Fe<é:7 and '+ 7' type then T, (I'[r'/a]) F e[7'/a] < e[r'/a] :
T[T /al.

e IfT oz, T"Fe<e:m and T e <& 7 then T, T Fele’ /z] < ele/z] : .

The decoration of a value is not a value, but is tantamount to a value.

Lemma 3.8 If - v : 7 then w v halts.



Proof. By induction on the structure of v, with an inner case analysis on 7. Note
that 7 cannot be a.

Case 1: Suppose T is 71 — 79, Va7’ or 1. Then m,v halts after a single step.

Case 2: Suppose 7 is pa.7’. Then v has the form in,v’, for some v’ where
o' : 7'[1/al. Hence:

rov = (fir f(em)r ine(mor, /o pa])(out 2))) (1n70/)
—* inT((ﬂ'q—/[ﬂ WT/aapocD(out(in’rU/)))
= in’?’(ﬂ-T/[T/a] (OU‘t<in7'U/)>)

= ing (Tr’T/[T/Oé] ’U/)

By induction /[ /q] v’ halts, and therefore 7 v halts as well. O
Corollary 3.9 Ifv < é then € halts.

Proof. Observe that € must be of the form mzv’. The result follows by induction
on ¢, using Lemma 3.8. O

The next three lemmas are preparation for the coinduction in the proof of Corol-
lary 3.14. We rely on the flexibility in choosing decorations in each case.

Lemma 3.10 Suppose z:11 b e : 75 and - v : 7, and suppose ¢ > 11 — T2, and
e e, and € > v. Then there exists € such that mg[A\z:1.ele’ = € and €” > e[v/x].

Proof. By induction on ¢. Note that by Corollary 3.9 any decoration of a value
halts, so we may employ beta reduction when any such appears as an argument.

Case 1: Suppose @ = e. Then, using beta-reduction:

mg[Av:Ti.ele’ = (AwiTi.e)e

~ ele’/x]

and ele’/z] > e[v/z].

=

Case 2: Suppose g = (a, [r1 — 2/a]), . Then, using beta-reduction:

g \v:my.€le’ = (idr ., Tg [Ax:T1.€]) €

R T [/\a::n.é] e

The result follows immediately by induction.

Case 3: Suppose g = (11 — 74,0),¢ . Then (7{,0) > 7 and (75,0) > 2. There-



fore, using beta-reduction:

T A:T1.Ele" = (T(7) py o) T [A2:T1.E]) €
R T (7},0) (7‘('951 [Am‘:Tl.é] (W(T{’G)é/))

Since 7(;/ 7)€ > v, by induction and congruence the latter is equivalent to 7 ;) &”
for some €” &> e[v/z]. Finally, 7, 5)€" &> e[v/x]. O

Lemma 3.11 Suppose at e : 7 andt 7'type, and suppose g > Va.T anda € > e.
Then there exists € such that nz[Ao.€][r'] = & and & > e[r"/a].

Proof. By induction on . Note that by Corollary 3.9 any decoration of a value
halts, so we may employ beta reduction when any such appears as an argument.

Case 1: Suppose @ = e. Then, using beta-reduction:

ng[Aae][r'] = (Aa.e)[r']
e[’ /a]

%

and e[’ /a] > e[7'/al.
Case 2: Suppose g = (8, [Va.7/3]),#". Then, using beta-reduction:
nz[Aa.€][T"] = (idva.r Tg[Ao.€])[r']
~ 7T¥3/ [AOé.é] [T’]

The result follows immediately by induction.

Case 3: Suppose g = (Va.7”,0), 7. Then, using beta-reduction:

mglAael[r'] = (T(va.r 0 T [Aa.e])[7]
(T(7r,0) [T, il /s pa]) (mg [Ace.e][7])
[

= 77(7—”,0[7’/04]) <7T(15/ [Aa 6] T/}

Q

By induction and congruence, the latter is equivalent to m(» [,/ /a])é’ for some &’ >
e[r'/a]. Since (7", 0[7’/a]) factors 77’ /a], we conclude (. 5[r1 /)€ B> e[T'/a]. O

Lemma 3.12 Suppose - v : T[pa.7/c, and suppose G > pa.T and € > v. Then

there exists € such that mz[in,q €] ~ in,, € and € > v.
L0y i

Proof. By induction on . Note that by Corollary 3.9 any decoration of a value
halts, so we may employ beta reduction when any such appears as an argument.
Also note that in,,.re| whenever e].

Case 1: Suppose @ = €. Then the result is immediate; choosing &’ = e.



Case 2: Suppose @ = («, [ua.7/a]),#. Then, using induction, congruence, and
beta-reduction:

W@'[inya.‘ré] = id,ua.‘rﬂ'@" [in,ua.fé]
A id o (inga.r€)
A ingg €
for some & > v.

=

Case 3: Suppose g = (pa.v,0),g.
beta-reduction:

Then, using induction, congruence, and

Tg[inua.r€] = T(ua.r o) T@ [i0ua.re]
N T(pa.r o) (104a.r€)
~ inpa.r (M7 o) [HOT, Tt o)/ @ Pal) (0ut (inga.r€')))
= inja.r (T(r o ja],0) (0U(i04a.r€')))

~ ingar (W(T’[ua,‘r’/a],o) é/)

for some &' > v. Finally, (7'[pa.7'/a], o) &> T[pa.T/a] 80 T(rjuar ja],0)€ B> V- O
It is crucial to the argument that decoration respect evaluation.
Lemma 3.13 If ey — e then for all €1 > ey there exists €3 I> eg such that €1 = és.

Proof. By induction on e;.
Case 1: Suppose e is A\x:71.€], Aa.e], or . Then e; 1/ es.

Case 2: Suppose e is ing, €. Then ey is ing €5 where €] — €. Also, é€;
is of the form 7mz[in,q.r€]] for some @ > po.7 and € > €. By induction there
exists €, > ey such that € ~ e,. Then e ~ mg[inuq.-€5] by congruence and
ez < Tglingq.r€5).

Case 3: Suppose e; is €je where €] is not a value. Then ey is ehe where €] — eb.

Let ey : 7. Then é; is of the form 7€) €] for some @ > 7, & > €, and € > e. By

induction there exists € €5 Suc at e; =~ e,. en e &~ mz|ése congruence
duction th ts & > ¢} such that & ~ &. Th 412, by

and ey < mg[ehe]. The cases where ey is vel, €|[r], or oute], where €] is not a

value, are similar.

Case 4: Suppose e; is (Az:71.e)v, where x:11 = e : 7o. Then ey is e[v/x]. Also,
e1 is of the form ny[rz[Az:mi.e]e’] for some G > 71 — 1o, F > T,z F e > e,
and € > v. By Lemma 3.10, mz[A\z:71.€]é’ ~ &” for some €’ > e3. By congruence,

€1 R Ty [é//] and T [é”] > e2.

Case 5: Suppose e; is out(inge.rv). Then ey is v. Also, €; is of the form
g lout(mging. +€'])] for some ¢ > pa.r, F > Tlpot/al, and € > v. By
Lemma 3.12, 7mg[ing,.-€] ~ ing,€ for some & > v. By congruence and
beta-reduction, out(mz[in,q.-€]) ~ €. Finally, by congruence, & ~ mg[e'] and



T [é/] > .

Case 6: Suppose €1 is (Aa.e)[7']. Then eq is e[7’/a]. Let - Aa.e : Va.r and note
that 7' is closed (since - 7’ type). Then é; is of the form 7z [rz[Ac.€][7']] for some
G > Va1, g > 7[r'/a], and a - € > e. By Lemma 3.11, mz[Aa.e][7'] = € for some
e’ > ex. By congruence, €; ~ mz[€'] and mg[€'] > ea. 0

Corollary 3.14 Ife < e thene < e.

Proof. First we establish that if e < € and e] then €|. Suppose e —* v. By
Lemma 3.13 and an easy induction, there exists ¢ > v such that ¢ ~ €. By
Corollary 3.9, €|, and hence é].

The proof now proceeds by coinduction (Lemma 2.9). The first condition has just
been established; the others are immediate from the compositionality of decoration
(Proposition 3.7). O

The main theorem of this section states that the projections associated to each
type are the identity at that type. This expresses the universal property of recursive
types in an operational setting.

Theorem 3.15 (Syntactic Minimal Invariance) Suppose T' - 7 type, and let
o be a substitution such that for all € Dom(I'), - o(a) type and o(pa) = idy(q)-
Then o(mr) = idy(7)-

Proof. By Lemma 3.3, o(n;) X idy;). Note that id,;) and o(n,) halt. Thus,
to show id,(;) =< o(m,) it is sufficient to show that v < o(7;)v for all v such that
Fov:o(r). Suppose - v : o(7). Clearly (7,0) is a factoring of o(7), so v < (o(7,))v.
By Corollary 3.14, v < (o(7;))v. O

4 The Logical Interpretation

The method of logical relations associates a relational action to each type construc-
tor in such a way that (a) every type is assigned a relational interpretation, and (b)
every well-typed term stands in the relation assigned to its type. In the presence
of impredicative polymorphism and unrestricted recursion the assignment of the
relational action requires a combination of Girard’s Method [8] and Pitts’s analysis
of relational properties of domains [19], adapted to the operational setting [4].

4.1 Construction of the Relational Interpretation

The type-pair-indexed, partially ordered sets of admissible relations and birelations
are defined as follows. Admissible relations are ordered by inclusion as usual, and
(—)°P reverses a set’s ordering. For notational convenience, we restrict our attention
to binary relations.

def

ARel;, 7, = {RC ECV, 5, | R is strict and admissible}
def

Birel;, -, = ARel?’  x ARel; 1,

T1,T2



Note that ARel;, , and Birel, -, both form complete lattices.

Definition 4.1 Suppose S is a set of type variables. A type environment over S is a
function from S to pairs of well-formed (closed) types. A relation environment over
S is a function from S to strict, admissible relations and a birelation environment
over S is a function from S to birelations. A relation environment x over S respects
a type environment & over S if, for all a € S, x(a) € ARelsyy. Similarly, a
birelation environment n over S respects a type environment § over S if, for all o €
S, n(a) € Birels(q). Relation and birelation environments are ordered pointwise.

Definition 4.2 If S is a set of type variables, then TEnvg is defined to be the set of
type environments over S. We will use contexts as sets of type variables by ignoring
their value variables. If § is a type environment, then REnvs is defined to be the
set of relation environments over Dom(0) that respect §, and BEnvs is defined to
be the set of birelation environments over Dom(d) that respect §.

Notation Type environments are used as pairs of substitutions over types (result-
ing in pairs of types) in the obvious manner. When ¢ is a type environment over
S, we also write dje and 445 for the substitutions returning the left and right
components of §(a) on each o € S.

Notation Suppose 7 is a birelation environment and, for all & € Dom(n), n(«) =

(R, RY). Then n°P is the birelation environment defined by 7°P(«) &f (RY,Ry),

and n* and 1~ are the relation environments defined by n*(«) def RZ.
We can now define the primary tool for building logical relations:

Definition 4.3 Suppose I' - 7 type, d € TEnvr, and n € BEnvs. Then the
relational interpretation of 7, written [[7']];57 (and intended to belong to ARels(;),
according to Lemma 4.4), is defined as in Figure 6.

In the definition of the relational interpretation we permit 7 to be any member
of BEnvg; in particular, we permit n~ and n* to differ. However, we are ultimately
interested in the logical interpretation only in the case when n = n°?. With the
exception of a few early lemmas, we will restrict our attention to that case.

Lemma 4.4 Suppose I' b 7 type, § € TEnvr, and n € BEnvs. Then [[7']]?7 is
well-defined, respects applicative equivalence, and belongs to ARels,y. Moreover, if
n' € BEnvs and n E 1/ then [[T]]f7 C [[T]]g,.

Proof. By induction on 7. a

Definition 4.5 Suppose 7,7" € Type and Ri,Ra € Rel, . Then f, " : Ri C Ry if
Ffir—71andb f' o7 — 7" and (for alle € Exp., ¢ € Exp.) e Ry € implies
feRy f€.

Lemma 4.6 Suppose 7,7" € Type, Ri, Ry € Rel; ., and Ry is admissible. Then
the set {(f, f') | f,f' : R1 € Ra} is admissible.

Proof. Let S = {(f,f') | f,f' : R1 C R2}. Suppose (e,e’) € Ry. Then L, ;e ~
1, and L€ =~ L. Therefore (L,_e, L _e') € Ry, since Ry is pointed.
Hence L., L : R C Ry, so S is pointed.



[, <t
[1]; ' {(er,e2) € EOV 1y el & eal }
[r1 = 721’ < {(e1,e2) € EOV sz, ry |
e1l e ex| A
Vel,eh € BCVsr,). (€),€h) € [rilyor = (e1€], e2¢h) € [r2]}
Var]) % {(e1,e2) € ECVsvan |
e1l e el A

Ofa— (11 ,7'2)]}

V11,19 € Type. YR € ARel,, ,. (e1[11], e2[m]) € HTHn[aH(R,R)]

where o & Dom(0)
[[/we.T]]f7 L A+
where (A7, A1) = fp U8
and WS(R™, R*) = (Uyon (R*, R™), Uy (R, RY))
and ¥, (R™, RT) = {(e1,e2) € ECV 5401 |

Slor—d(pa7)] }

(out ej,outeg) € [[T]]n[aH(R*,RJF)]

and a ¢ Dom(J)

Fig. 6. The Relational Interpretation

Let wrp wmbFg:7—7and wir b g¢ 7 -7 andlet - h: (1 —
) — 1 — 1 and - R : (1] — 74) — 71 — 74. Suppose for all i there exists j > i
such that (¢"V], ¢"'ll) € S. We wish to show that (¢"], ¢""'l) € S. Suppose
(e,e’) € Ry. Then, recalling the definition of S, for all i there exists j > i such
that (g"Ule, g"'Ule/) € Ry. Since Ry is complete, (¢"“le, ¢ “le’) € Ry. Hence
g"el gM'wl s Ry C Ry, as desired. O

Lemma 4.7 Suppose I' = 7 type, 0 € TEnvr, n1,m2 € BEnvs, and 0iepy, Origns are
substitutions on terms such that Dom(oiep) = Dom(oright) = {pa | @ € Dom(I')}.
Additionally, suppose that, for all & € Dom(T), et (Pa)s Tright (Pa) = 17 (@) T n3 ()
and Uleft(poz)ao—right(pa) : 772_(04) C un (OJ) Then Uleft(dleft(ﬂ—T»aUright((sright(ﬂT)) :
[[T]]fh = [[T]]gz'

Proof. For any 7, let Tr = 0yeft (dieft (7)) and @ = Gright (Opight (7).

Case 1: Suppose 7 is @. Then 7o = 0eft(pa) and T, = 0pight(pa), and by
assumption o (Pa), 0right(Pa) = 1 (@) T 0y (a), but [[oz]]gi = 1 («). Therefore

_ - 8 0
Ta: ot [y, T [af;,-



Case 2: Suppose 7 is 1. Note that 7 = 7} = m = Ax:1.x. Suppose (ej,es2) €
[[1]]21. Then e | < e2|. Suppose Tie1]. Then eg], so ea] so Tez|. Similarly 7jea]

implies 71e1]. Thus (T1e1,Te2) € [[1]]?72 and consequently 71,7} : [[1]]‘:]1 C [[1]]22.
Case 3: Suppose 7 is 71 — 7. Suppose (ej,e2) € [r — Tg]]fh. When
called, 7, -, and 7?;1%72 immediately return values, so 7., €1l & €1l & ea] &

T ea]. Suppose (€],¢eh) € [[Tl]]ggp. By induction 7., 7. : [[Tl]]ggp C [[Tl]]fﬁp,

T1—T2 T1

so (7€), 7l ey) € [[Tl]]g;)p. Therefore (e1(77,€]), e2(7,, €5)) € [[Tg]]fh. By induc-

tion 7, 74, ¢ [r2]), T [r2]),. 50 (Fry(e1(7ri€h)), 7y (ea(7h €h))) € [r2]),. Since
Tr—me1€] = Tr(e1(Tr€))) and 7 eseh =~ 7 (e2(7) e5)), we may conclude

that (7, _re1€], T, ., e2€h) € [[TQ]];SD, and thus (7, —re1, 7, ., e2) € [11 — Tg]]fu.

_ , , 5 5
Therefore 77, ry, 77, ., 2 [71 — Tz]]m C [ — 72]],72-

Case 4: Suppose 7 is Va.7' (choosing so that a ¢ Dom(I')). Suppose
(e1,e2) € [[Va.T']]fh. When called, 7yo., and @, ., immediately return val-
ues, SO TMyare1le eile el & 7, ex]. Suppose 7,75 € Type and R €

ARely, r,. Let 0" = dla — (m,m)], nj = nila — (R,R)], 04 = olpa —

idr], and o = 0o[pa — idg]. Then (e1][r],es[m]) € [[T’]]f]l,l. Certainly

right
idr,idr, © R T R, so by induction 0.4 (8.5 (7r)), 000 (07500 (777)) [[TI]]Z/ C

1

[71%, Then (0], (8 () (€1 (1) gy (Bligne (m)) (e2(ma])) € [']7,. Rearrang:
é

. —_ —_ ! _ —
ing, (va.r e1[71], T, . €2[m2]) € [[T,ﬂf]é, and thus (7ya., €1,7y, . €2) € [[ch"]]m.

Therefore Tyq. 7, Ty, [[\V/Q.T/]]gl C [[‘v’a.T’]]gz.
Case 5: Suppose 7 is pa.7’ (choosing so that a ¢ Dom(I')). Let ¥, be de-
fined as in Definition 4.3, let W¥(R~, RT) = (yor (RY, R7), ¥y, (R™,RY)), and
let (A7, Af) = Ifp \If§ Note that [[,ua.T’]]gi = Af. We show by fixed point in-
duction that ﬁuaﬂ,ﬁl’mﬂ : A7 C A and fr#aj/,ﬁl/mj, : Ay C A7. (Note
that the relation {(f,g) | f,g : A7 T AJ and f,g : Ay T A7} is admissi-
ble by Lemma 4.6 since the set of admissible relations is closed under intersec-
tion.) Certainly Az.L,Az.L : A7 C AJ and Az.L, \z.L : Ay T A], since A;“
and A] are pointed. Suppose, for fixed point induction, that f,g : A] T AJ
and f,g : A; T A]. Let f' = )\xzéleﬁ(T).ingleﬁ(T)(ﬁff[éleﬁ(T),f/oz,pa](outw))
and g' = Az:0pight (7)-105 ., () (T2 [0right (T), g/ @, pal(out x)). We wish to show that
g AT CAJ and f/,¢' : Ay C AT

Suppose (e1, e2) € Af. Let &' = 6[a — 6(ua.m)], i = nifa — (A7, A;r)], O';eft =
Oleft|[Pa — f] and J’”.ght = 0right[Pa — g]. Since AT = U, (A7, AY), it follows that

(out ey, outey) € [7]%,. Now let & = Oleft Opepe (7)) and @ = o, 5, (07,00, (7).

m
By induction, 7,7 : [[7"]]2/1 C [[T/]]gé. It follows that (7(outeq), 7 (outesz)) €
[[T/]]f]é, so (out(ing,,(r)(7(outer))),out(ing, , () (7' (outes)))) € [[T,]]gé. Thus

(ing,, () (T(outer)), ins . () (7 (oute2))) € AJ. Rearranging, (f'e1,g'es) € AJ.
Thus, f/, ¢ : AT C AF.



Symmetrically, suppose (ei,e2) € Aj. Since A, = \I/ngp(A;,AQ_),
it follows that (outej,outey) € [[T/:Uf]//op. Again by induction, 7,7
2

[ ]]f]léop cC [ ]]f]//lop. Then (7(outey), 7 (outes)) € [7 ]]f]//lop. Thus

By fixed point induction we may conclude that 7, ,/, 7?; w AT C AT (Also

that 7,.,/, ﬁiwm/ : Ay T A7, but we do not need this fact.) That is, T’rw_T/,TrLa'T/ :
mo mo .

[nor'];, € [pa.r'];,, as desired. O

As a corollary we can obtain the main lemma needed to prove the unrolling
theorem. It states that the syntactic projection function m; takes [7],op to [7],.
Combined with Syntactic Minimal Invariance, this gives that [7],0, & [7],. For
convenience, the lemma is stated in a slightly stronger fashion than needed. It
allows n~ and 7T to differ on any argument, but in our use of the lemma, they
differ on at most a single argument. (In fact, when all is said and done they can be
shown to agree on that argument as well.)

Corollary 4.8 (Main Lemma) Suppose I' - 7 type, § € TEnvr, n € BEnuvy,
and Ojef, Orighy are substitutions on terms such that Dom(oiep) = Dom(oyign) =
{pa | @ € Dom(I")}. Suppose further that, for all « € Dom(I"), 0ept(Pa), Oright(Pa) -

n~(a) Tt (a). Then o (Siefe (7)), Oright (Sright (7)) : [[T]]fiop - [[T]]f;
Proof. Immediate from Lemma 4.7, using n; = n°P and ny = 7. O

Lemma 4.9 (Compositionality) Suppose I',at+ 7type, I' - 7' type, 6 € TEnovy,
and n € BEnvs. Then:

/ 5 S[ar—d(1")]
[/l = 1T ot 10

Proof. By induction on 7. a

Next is the key result of the construction:

Theorem 4.10 (Unrolling) Suppose I';a + 7 type, 6 € TEnvp, and n €
BEnvgs, and suppose that n = n°P. Then [[/,LOé.T]]g = {(e1,e2) € ECVs(uary |

(outej,outey) € [[T[ua.r/a]]]g}.

Proof. Let A=, AT, ¥8 and ¥, be defined as in Definition 4.3. Note that
(A7, AY) = B3(AT,AT) = (T,op(AF, A7), T, (A7, AT)). We claim that A~ =
AT. Tt then follows that:

[[,uoz.T]]f] = At
=, (AT, AT)
= {(e1,e2) € ECV §(40.7) | (outer,outer) € [[T]]z[@:?gfﬂn}

= {(e1,€2) € ECV 5.y | (out €1, 0ut €3) € [r[pa.7/a]])}



We freely use the fact that n = n°P. The last line follows by Lemma 4.9. It remains
to prove the claim. We will first show that AT C A~ (this will be easy) and then
show that A~ C AT (this is the main technical point).

For the first inclusion, observe that (AT, A7) is a fixed point of W8

TE(AT, A7) = (Uyop (A7, AT), T, (AT, A7)
= (T, (A7, AT), Tpop (AT, A7))
= (At A7)

Since (A~, A%) is the least fixed point of W8, it follows that (A=, AT) C (AT, A7).
By the ordering on birelations this means that A*™ T A~

For the second inclusion, let op(pg) = ids,, 3 and Oright(D3) =
ids, .3 for all B € Dom(I'). We show by fixed point induction that
Tleft (Oteft(Tpa.r)), Oright (Oright (Tpa.r)) = A7 C AT, Certainly Az.L : A~ T AT,
since AT is pointed. Suppose, for fixed point induction, that f,g : A~ £ AT,
Let 0' = dla — d(pa.7)], let ' = nla — (A7, A")], and let 07,4 = Olepe[pa = f]
and 0, = Oright{pa — g]. Suppose (e,€¢’) € AT = ¥yop(AT,A7). Then
(oute,oute) € [[T]]gl,op. Since n = 1P, ids, ,(g), ids,,..3) : 1~ (B) E 0T (6), for all
B € Dom(T"). Therefore, by Corollary 4.8, (¢/(8'(7;))(oute), o’ (8'(7;))(oute’)) €

[[T]]gl/. It is then easy to show that (f’e,¢g’¢’) € AT where
! = AT O1ef (7). ing, (uevr) (Tleft (Otee (mr [T, f /e, pa])) (out ¥))  and
9’ = )\x:dright (NQ-T) 'inénght (pa.T) (Uright (5right (7TT [,U/OAT) 9/047 poz])) (OUt $)) .
Therefore f',¢ : A~ C AT, and by fixed point induction

Tleft (Oteft (Tpa.r))s Oright (Oright (Tpar)) = A7 T AT, Syntactic Minimal Invariance

dictates that Uleft((sl@ft (WHOAT)) ~ idéleft(ua.T) and Uright((sright(ﬂ—ua.r)) ~ idéﬂght(ua,ry
Since AT must respect applicative equivalence, we conclude that A= C AT, O

Notation Suppose x is a relation environment. We will view y as a birelation
by mapping each « to the pair (x(«),x(«)). Thus we may speak of [[T]]i, the
interpretation of a type relative to a relation environment.

4.2  The Fundamental Theorem

Definition 4.11 We write = 6, X, Ojeft, Oright = I' to mean that § is a type environ-
ment over I', that x is a relation environment respecting 6, and that o and o rign

are substitutions for the term wvariables bound by I such that for every xz:7 € T,
(Uleft(x)ao—right(x)) € [[TH(SX

Definition 4.12 Suppose I' F e,¢/ : 7. Then e and €' are logically equiva-
lent in I' and at 7 (written I' - e < € : 7) if for any & 8, X, 0epr, Opight = T,

(T test (Bregt (€)), Tright (Srighe (¢'))) € [7]2.

Theorem 4.13 (Fundamental Theorem of Logical Relations)
Suppose 'Fe:7. ThenT'Fe<se:T.



Proof. By induction on the derivation of I' - e : 7. Let & 6, X, 0jeft, Opignt = I' be
arbitrary.

Case 1: Suppose the last rule applied is:

FT context TI'(z)=r7
'Fz:7

The result is immediate from the assumption.

Case 2: Suppose the last rule applied is:

F T context
I'kx*x:1

Then e (%) = * = rignt (%), and (x, %) € [[1]];5(.
Case 3: Suppose the last rule applied is:

zrhke:r

F'kFXxire:7—71

Let 0yeft(0re(Ax:7.€)) be Ax:Ti.e1, and let oright (Oright(Ax:7.€)) be Ax:imp.ea. Note
that both terms halt. Now suppose (€},eh) € [[T]]i. We wish to show that

(A\z:7ie1)el, (Azima.ea)eh) € [
Suppose €} diverges. Since [[T]]i

1 and (Az:79.e3)el, ~ L. Since [[T/]]i is admissible (and hence pointed), (L, 1) €

is strict, e} diverges as well. Thus (Az:7y.e1)e] =~

[ ]]f( The result follows since the logical interpretations are closed under applicative
equivalence.

Alternatively, suppose €] halts. Then €}, halts as well. Thus (Az:71.e1)e] ~
eifey/x] and (Azimp.ex)ey =~ esles/x].  Let o4 be opplr — ej] and let
/

Oright D€ Trigntlr — eb].  Then + (5,X,a;eﬁ,a/”ght : (D,a:7). By induction,

1) . 1)
(Tlefi (Gtefe(€))s Trigni (Origne(e))) € [r']5. That is, (e1[e}/a], ealer/a]) € [7]}. The
result follows by closure under applicative equivalence.

Case 4: Suppose the last rule applied is:

'Feg:mm—m T'ke:m
Fl—elegtTQ

By indUCtiona (Jleft (5l€ft (61 ) ) y Oright (5right (61 ) )) S [[7_1 - 7_2]];1
and (Uleft (5left (62 ) ) > Oright (5Tight (62))) € [[7_1]];;(' Therefore
(Uleft (5l€ﬁ(61))0l€ﬂ(5l€ft(62))7 O right (6right(el))07’ight (6right(62))) € [[7-2]];5(‘ That

is, (Tueft (Oreft(€1€2)), Oright (Orignt (€1€2))) € [[Tz]]i-

Case 5: Suppose the last rule applied is:

INate:r
' Aae:Va.r




Let 0yt (01ee(Ar.e)) be Acver, and let orign(Orignt(Acv.e)) be Aa.es. Note that
both terms halt. Now suppose 71,72 € Type, and suppose R € ARel; r,. Let
§' be dla — (m1,72)] and let x’ be x[a — R]. Then we wish to show that

(Acer)[r1], (Aavea)[m]) € []2.

Observe that (Aa.ep)[r1] = ei[r1/a] and (Aa.ex)[me] ~ ea[r2/al]. Also, ¢’ is a
type environment over (T, ), and x’ respects &', so = &', X', 0uefr, Origne = (T'; ). By
induction, (Uleft(égeft(e))aO-Tight(é;ight(e))) € [[T]]i" That is, (61[7'1/0(],62[’7'2/0(]) €
[[T]](:,. The result then follows by closure under applicative equivalence.

Case 6: Suppose the last rule applied is:

I'e:Var' T F7 type
T'Felr]:7[r/q]

By induction, (oef (diepi(€))s Tright (drigne(€))) € [[Va.T’]]i. Therefore:

(T1eft (Stegt (€)) Otefe (7)), Trighe (Srignt (€)) Brigra(7)]) € [r7 2]

Xla—[r13]

That is, using substitution and rearranging;:
é
(Uleft (5left (e[])), O right (5right (e[]))) € [[TI [T/O‘]HX

Case 7: Suppose the last rule applied is:

I'ke: tlpa.t/a

' ingq e pot

Let oiefi(0iefe(e)) be er, and let opigni(drigne(€)) be ea. Then, using the Unrolling
Lemma, it suffices to show that (out(ine;),out(ines)) € [[T[ua.T/a]]]i. Observe
that out(ine;) ~ e; and out(ineg) &~ ey. By induction, (e1,es) € [[T[/LO&.T/CVH];S(.
The result then follows by closure under applicative equivalence.

Case 8: Suppose the last rule applied is:

'kFe:par

'k oute: 7[pa.7/a]

By indUCtiona (Uleft (5left (6)) y Oright (67’ight (6) )) € [[IUO“T]] i . Using the UDI’OHng

Lemma, (out ojef(diepi(€)), out oright (drigne(€))) € [[T[ua.T/a]]]i. The result then
follows by rearrangement. O

Theorem 4.14 (Applicative Equivalence implies Logical Equivalence)
IfTFe~eé :TthenTFes e :T.

Proof. Suppose I' - e = ¢ : 7 and let - 8, X, 0uept, Opignt : I' be arbitrary. By
the Fundamental Theorem, (0ef; (d1eft(€)), Tright (Oright (€))) : [[T]]f(. By the definition
of applicative equivalence on open terms, orignt (Oright(€)) = Oright (Orignt(€')). Since



C:I"kr)y=(TFnr)

C:I"k7)= T,z F 72)
J:CFn)=TF7r) JdmnC:IF7)= Ckn—m)

C:I"F7)Y=TFn—>mn) Ikte:n
Ce:(I"F7)= Tk )

C:I"k7)=TFn) Tre:m—m
eC:IT'F7)=(TFmn)

C:T'F7)=(T,at71) C:I'F7)=(TFVYar) T'Fmr type
Aa.C: (I"F7) = (T F Va.7) Clr]: (T"F 1) = (T'F mi[r2/al])
C:(I"k7)= (Tt 7lpa.t/al) C:(I"k7)= (Tt pa.7)

inga-C: (I F71") = (T'F pa.r) out C: (I"+7') = (T + 7pa.7/a])

Fig. 7. Context Typing

[[T]]i respects applicative equivalence, (o (0ieft(€)), Tright (Orignt (€))) : [[T]]f(. Hence
Fese T O

5 Contextual Equivalence

Two open expressions of the same type are contertually equivalent [18] if and only
if they are indistinguishable by closing contexts of unit type in that the result
closed programs either both halt or both diverge. Contextual equivalence, logical
equivalence, and applicative equivalence coincide for our language.

To begin with we define the syntax of contexts by the following grammar:

Contexts C =[] | Ax:7.C | Ce|eC | Aa.C | C[1] | inua.-C | out C

Instantiation of contexts (written Cle]) and composition of contexts (written
C o (') are defined in the usual manner. Typing rules for contexts are given in
Figure 7.

Proposition 5.1
e IfC:I"F7)=(Tk7)andT"tFe: 7 thenT F Cle] : 7.

e IfC:Tokm)=T1F7n)and C': (T'st 13) = ([a F 1) then CoC': (T3 +
7'3) = (Fl = ’7‘1).



Two terms are contextually equivalent if no type-appropriate context can dis-
tinguish them:

Definition 5.2 (Contextual Equivalence) Suppose I' - e,¢’ : 7. Then e and ¢’
are contextually equivalent in I' and at 7 (written I' F e = ¢’ : 7) if C[e] halts if and
only if Cle'] halts, for every C': (I'F7) = (e F 1).

Proposition 5.3 Contextual equivalence is reflexive (over appropriately typed
terms), symmetric, and transitive.

A type-indexed equivalence is consistent iff it relates two closed expressions of
unit type only if they either both diverge or both converge.

Proposition 5.4 Contextual equivalence is the coarsest consistent congruence on
terms.

5.1 Contextual Equivalence implies Applicative Equivalence

The conditions defining applicative equivalence amount to consideration of partic-
ular contexts. It is therefore no finer than contextual equivalence, and can be no
coarser, since it is a consistent congruence.

Lemma 5.5 If FeX¢ :7 thenkereé : 7.

Proof. By Lemma 2.9, it suffices to check four conditions:

* Suppose e = ¢ : 7 and e halts. Observe that (Az:7.%)[] : (e - 7) = (e F 1), so
(Az:7.x)e halts if and only if (A:7.x)e’ halts. Therefore ¢’ halts.

e Suppose Fe=¢e i1 —mand Fv: 7. Let C: (e 1) = (e - 1) be arbitrary.
Then C o ([Jv) : (e 71 — 72) = (e F 1). By contextual equivalence of e and ¢/,
it follows that Clev] halts if and only if C[e’v] halts.

* The remaining cases are similar

Thus - e = ¢ : 7 implies - e < € : 7. The result follows by the symmetry of
contextual equivalence. O

Lemma 5.6 Suppose o is a substitution, and let Ct be defined as follows:

C.  E]
Cro = Cr{Aa.[]]lo(a)]
CF T = CFP‘:ET[HO-(x)

B

If -0 : T then
(i) for any '+ 7 type, Cr: (' 7) = (e o(7)), and
(ii) for anyI'Fe: 7, Crle] = o(e).

Proof. By induction on I'. a



Theorem 5.7 (Contextual Equivalence implies Applicative Equivalence)
IfTtexe 7 thenT Fe~é 1.

Proof. Lett o : I be arbitrary. By definition, we wish to show that - o(e) ~ o(€’) :
o(7). Let Cr be defined as in Lemma 5.6. Since Cr[e] ~ o(e) and Crle'] =~ o(€'), it
suffices to show that F Crle] ~ Cre/] : o(7). Finally, by Lemma 5.5, it suffices to
show that F Crle] = Crle'] : o (7).

Thus, let C': (e o(7)) = (e - 1) be arbitrary. By Lemma 5.6, Cr : (I't-7) =
(e o(7)). Hence CoCpr: (' 7) = (e 1). Since e and €’ are contextually equiv-
alent, we may conclude that C[Cr[e]] halts if and only if C[Cr[e/]] halts. Therefore
F Crle] & Crle'] : o(7). O

5.2 Logical Equivalence implies Contertual Equivalence

Logical equivalence is a congruence, and is consistent by definition. The reader may
note that the proof of this is very similar to that of the Fundamental Theorem.

Lemma 5.8 [f['Fes e 7 and C: (I'F7)= (k1) then T+ Cle] < C[e¢] : 7.

Proof. By induction on the derivation of C': (I'+#) = (I F 7). Suppose I' e &
e’ : 7 and let - 8, X, Oyeft, Orignt : I' be arbitrary.

Case 1: Suppose the last rule applied is:

[[:TF7)=(TkFT)

Then the result is immediate.

Case 2: Suppose the last rule applied is:

C:(T+7)= T,zr k1)
Aer.C:(TF7) = (TFT—7)

Let et (0reft (Az:7.Cle])) be Ax:mi.e1, and let opight (dyignt (Az:7.C[e'])) be Az:mo.ea.
Note that both terms halt. Now suppose (e},¢€}) € [[T]]i. We wish to show that

(Az:rier)el, (Azima.en)e) € [

Suppose €} diverges. Since [[T]]i is strict, e} diverges as well. Thus (Az:7y.e1)e] =~
1 and (Az:72.e2)el, ~ L. Since [[T/]]i is admissible (and hence pointed), (L, 1) €
[ ]]f( The result follows since the logical interpretations are closed under applicative
equivalence.

Alternatively, suppose €] halts. Then e}, halts as well. Thus (Az:71.e1)e] ~
eilel/z] and (Azim.en)ey ~ esles/x]. Let o). be oip[r — €] and let o7,
be opignt[r — €5]. Then 5,X,a;eﬂ,0’m9ht : (I,2:7). By induction T',z:7 +
Cle) & Cle) 7, 50 (@ Gue(Clel)): 0l Grigna(CIN)) € [ That s
(e1]e)/x], ealeh/x]) € [/ ]]f< The result follows by closure under applicative equiva-
lence.



Case 3: Suppose the last rule applied is:

C:TF#)=@kmn—mn) Tke:n
Cey:(TH7) = (DFm)

By induction, I' - Cle] < Cle'] : 71 — T2, 30 (0ieft (Vi (C€])), Tright (0right (C1€']))) €
[ —>Tg]]f<. By the Fundamental Theorem, (oeft (01eft(€2)), Oright (Oright (€2))) € [[Tl]]i.
Therefore (Uleft (5left (C[e]))aleﬁ (5left (62))7 O right (5Tight(c[e/])>aright (5right (62)>) S
[721}- That is, (e (Sie(Clelea)), Oright (Brignt (Clele2))) € [

Case 4: Suppose the last rule applied is:

C:(IF)=>Tkmn) The:m—mn
e1C:(TF7)= (k)

By induction, I' - C[e] = C[el] : T1, SO (o-leﬁ((sleft(c[e]))v O-Tight((sright(c[el]))) S
[[Tl]]i. By the Fundamental Theorem, (oef (01eft(€1)), Tright (Oright (€1))) € [1 —>7'2]i.
Therefore (Jlﬁft (5l€ft (61 ))Uleft (5l€ft (C[e] )) y Oright (6right (61 ) ) O right ((5right (C [6/] ) )) S
[72]3- That is, (s (iese(€1C[€])), Tright (Brigni (e1C[€]))) € [m]3.-

Case 5: Suppose the last rule applied is:

C:(TF7)= T,ak7)
Aa.C - (

>
TS
>
\
H
T
<C
Q
2

Let 0yef (01 (Ac.Cle])) be Aaer, and let opight(drignt(Aa.C[e])) be Aa.es. Note
that both terms halt. Now suppose 71,72 € Type, and suppose R € ARel;, r,.

Let &' be d[a — (71,72)] and let X’ be x[a — R]. Then we wish to show that
(Aaver)[r], (Aavez)[r]) € [7]5.

Observe that (Aa.ep)[r1] = ei[r1/a] and (Aa.ex)[m] ~ ea[r2/al. Also, &' is a
type environment over (I',«), and x’ respects &', so &= &', X', 0epr, opignt : (T, ).
By induction, T',a F Cle] & Cle'] : 7, so (O'left((;;eft(c[e]))aO-right(a;ight(c[el]))) S
[[7']](;,. That is, (e1[m1/a], e2[r2/a]) € HTHiI/. The result then follows by closure under
applicative equivalence.

Case 6: Suppose the last rule applied is:

C:(F#)= (T'+VYa.r) Tk type
Clr]: T+ 7) = (TF7'[r/a))

By induction, I' - Cle] < Cl[e'] : Vou.7’, 50 (01eft(1ef:(Clel])), Tright (Orignt (C€']))) €
[[VO(.T/]];S(. Therefore:

(T1eft (Btege (CLeD) Brepe (7], G right (Bright (CLeN) Brigne (7)]) € [0

Xla—[r13]



That is, using substitution and rearranging:
(O teft (B1egt(CLe] (7)), Oright (Grigne (Cl€N[7]))) € [7'[r/ ],

Case 7: Suppose the last rule applied is:

C:(TF7) = (TF r[ue.t/al)

ing,,C: (0F7) = (0F pa.r)

Let 0yef(01eft(Cle])) be er, and let opignt(drignt(C[€'])) be ea. Then, using the Un-
rolling Lemma, it suffices to show that (out(ine;),out(inesz)) € [[T[MO(.T/O[”];S(.
Observe that out(ine;) &~ e; and out(ines) ~ ey. By induction, I' - Cle] & Cle'] :
Tlpa.T/al, so (e1,e2) € [[T[ua.T/a]]]i. The result then follows by closure under
applicative equivalence.

Case 8: Suppose the last rule applied is:

C:(TF7)= T+ par)

~

outC: (I'7) = (T'F 7]pa.T/al)

By induction, T+ Cle] <& Cle] : par, so (0wp(0wep(Cle])),
Oright (Orignt (C€']))) € [[,uoz.T]]f(. Using the Unrolling Lemma,
(out oyef (01efe (Cle])), out oright (Orignt (C1€']))) € IIT[,U,O[.T/OéH]i. The result then
follows by rearrangement. a

Theorem 5.9 (Logical Equivalence implies Contextual Equivalence)
IfTFese 7 thenTkFeXe 7.

Proof. Suppose ' Fe < ¢ : 7 and let C : (I' b 7) = (e F 1) be arbitrary. By
Lemma 5.8, - Cle] & Cle'] : 1. Let dp, xo, 0o be the empty type environment,
relation environment, and substitution. Then + dy, x0, 00,00 : €, so (Cle],C[¢/]) €
[[1]];5(%. Hence C|[e] halts if and only C[e/] halts. O

Corollary 5.10 Applicative, logical, and contextual equivalence coincide.
Proof. Immediate from Theorems 4.14, 5.9, and 5.7. O

Note than an immediate consequence of the coincidence of applicative and logical
equivalence is that logical equivalence is a congruence, in the sense of Lemma 2.7.

6 Applications

Logical relations may be used to derive equivalences governing well-typed terms. Of
particular interest are equivalences arising from parametricity, giving rise to “free
theorems” [35,21,20] and consequences of representation independence for abstract

types.



6.1 Defined Types

We may extend our results beyond our small set of primitive types using the usual
Church encodings. We will omit the type annotations from these derived forms when
they are clear from context. The reader is cautioned that the encodings given here
do not satisfy the universal characterizations ordinarily associated with these types,
essentially because functions in the language are partial, rather than total, and are
call-by-value. We will state and prove the properties we need for the examples we
consider.

Definition 6.1 (Products)

1L X T def VB.(mm— 12— B) — [ (0 fresh)

(e1: 71,60 70) & ABAfi(Ti = 72— B).fer e (B, f fresh)

:T1XT2

prjit” e o e[r]( Az . Ay:mo.x)

sT1XT2

def
pPrjs e = e[ro](Az:1 . Ay:12.)

Definition 6.2 (Sums)

7 E VB =)= (=) =B (5 fresh)
inji' e € ABAfi(r1 — ) Agi(r — B).f € (B, f,g fresh)
inj "¢ © ABAS(1 = §).Agi(r2 — B).ge (8, f.g frosh)

case’ (e, z:T1.€1, T:T2.€2) &f e[r)(Az:m1.e1)(Az:Te.€2)
Definition 6.3 (Existentials)

Ja.r ¥ VB (Va.r — B) = 3 (8 fresh)

pack (7,e) as Ja.1y = ABAf:(NYa. 11 — B).f[r]e (B, f fresh)

unpack” (o, z:7) = eine’ & e[r](Aa. x:7.€)

We may derive logical equivalences over the defined types using the following
lemmas:

Lemma 6.4 (Logical Equivalence for Product Introduction)
If (e1,¢}) € [n], and (e, €h) € [m], then ((e1, e2), (e}, €h)) € [r1 x 5.

Proof. Suppose (ej,€e}) € [[71]];5< and (e2,eh) € [[Tg]]i. Both (ej,e2) and
(€h,e5) halt, so let 7,7 € Type and R € ARel,, be arbitrary. We wish

to show that ({e1,e2)[7], (e}, e5)[7"]) € [(1 — 72 — B) — ﬁ]]é[ﬁH(T’T/)]. Both

x[B—F]
terms halt, so let (m,m') € [ — 7 — ﬁ]]i[[%:g]ﬁ . It suffices to show that

({e1, e2)[T]m, (€], €5)[7Im') € R. We may assume that m and m’ halt (otherwise
the result is immediate, since R is pointed). Thus, it is sufficient to show that



(mey ez, m' €] ely) € R which follows from the assumption (since [ is not free in 7
or 7). O

Lemma 6.5 (Logical Equivalence for Sum Introduction)

o If(e,e) € [[Tlﬂi and 1o € Type then (inj,e,inj€’) € [ —i—TQ]]i.

o If(e,e) € [[Tgﬂf( and 7 € Type then (inj,e, inj.€’) € [ —i—TQ]]i.

Proof. Similar to Lemma 6.4. O

Lemma 6.6 (Logical Equivalence for Existential Introduction)
If r,7" € Type and R € ARel, . and (e,€') € [[7'1]]6[0"_’(7” )]

x|a—R]
then (pack (7, e) as Ja.1y, pack (7, ¢') as Ja.1y) € [[304.7-1]];5(.
Proof. Suppose 7,7 € Type and R € ARel,, and (e, ¢) €

Sla—(7,7")]
[[ Hx[ou—»R] :

o,0/ € type and Q € ARel,, be arbitrary. We wish to show that

((pack (7, e) as Ja.71)[0], (pack (77, ¢') as Ja.11)[0']) € [(Va. 71 — B) — m]i[[%:gja/)].
3[B—(a,0")]

Both terms halt, so let (m,m’) € [Va.7y — ﬁﬂx[ﬁHQ] . It suffices to show that
((pack (7, e) as Ja.71)[o]m, (pack (77, €’) as Ja.1y ) [0’]m') € Q. We may assume that
m and m’ halt (otherwise the result is immediate, since @ is pointed). Thus, it is
sufficient to show that (m[r]e,m'[7']€') € Q.

Using the definition of the logical relation, we may obtain:

Both pack(7,e)asJa.7y and pack(7’,e’)asJa.7y halt.  Let

8[B—(o,0")][a— (7,7’
(m[r],m 7)) € [n — Bl Gr )

Using our assumption and the fact that § is not free in 7, we have:

(e.) € B G

Therefore, as desired:

(m[rle,m[r']¢) € [Pl G e 0™ = @

O

In conjunction with Corollary 5.10, Lemma 6.6 gives us a powerful tool for
establishing representation independence results.

It is natural to ask whether the converses of the above lemmas hold as well.
For products and sums, it is not difficult to prove that the answer is yes.® For
existentials, however, the answer is probably not, as we illustrate in Section 6.4.

In light of that, it is also natural to wonder whether the constructions in this
paper might be carried out with a primitive existential type. They cannot, and

6 Note that this is a distinct question from the one as to whether any value of product (sum) type must
take the form on a pair (injection) up to equivalence. We leave the latter question open.



in fact the problem arises quite early. Our proof relies critically on applicative
equivalence and it is unclear how even to define it in the presence of existential
types. The obvious definition would require that applicatively equivalent existential
packages share the same hidden type, but such a definition clearly cannot coincide
with contextual equivalence.

6.2 Free Theorems

One of the powers of relational parametricity is to prove free theorems [36], theorems
regarding the behavior of programs that can be ascertained merely by looking at
the program’s type. Two simple examples of free theorems are the following, which
show that the types Va.a and Va.a — « contain only trivial members.

Theorem 6.7 If Fe:Va.a then e < Aa. L.

Proof. Note that Aa.L halts. Therefore, suppose 7 € Type. We wish to show that
e[r] < L, that is, that e[r] diverges. By the Fundamental Theorem, (e, e) € [Va.o].
Let R={(p:71,q:7)|pl Aql}. Observe that R is pointed, complete, and strict.

Therefore, (e[],e[7]) € [a] {z:g]ﬂ] = R. Hence e[7] diverges. O

Theorem 6.8 If e :Va.a — a then e <X Ao \z:a.x.

Proof. Note that Aa.Az:a.x halts. Therefore, suppose 7 € Type. We wish to show
that e[r] < Az:7.z. Again, not that A\z:7.z halts. Therefore, suppose - v : 7. We
wish to show that e[r]v < v. By the Fundamental Theorem, (e, e) € [Va.a — «].
Let R={(p:7,q:7) | p~qAp=<uv} Observe that R is pointed, complete, and

strict. Therefore (e[7],e[7]) € [a — ] E:g]ﬁﬂ‘ Since (v,v) € R = [[O(]]{Z:g%—]fr)]a it

= R. Hence e[T]v < v. O

[a—(7,7)]

follows that (e[r]v,e[T]v) € [ [a—R]

We can also show that any function with type Va.a — 7 for closed 7 is either a
constant function or some flavor of nonterminating function.

Theorem 6.9 If -7 type and F e : Va.ao — 7 then, up to equivalence, e is one of
the following: 1, Aa. L, Aa. x:a. L, or A x:a.v (for some v : 7).

Proof. It suffices to show that (1) if e[7’] halts for any 7’ then it halts for every
7', and (2) if e[7']v halts for any 7" and v € Fzp, then it halts and returns an
equivalent value for every such 7’ and v.

Suppose e[ry] halts, for some 7 € Type. Let 19 € Type be arbitrary. By the
Fundamental Theorem, (e,e) € [Va.ao — 7]. Let R be any strict and admissible
relation on 7 and 7. (We are permitted to choose R but the choice does not
matter.) Then (e[r1], e[r2]) € [a — 7] {Z:g}l’m)]. By Lemma 4.4, the latter relation
is strict, so e[ry] halts.

Now suppose e[ri|v; —* v}, for some 71 € Type and vy € Ezp, . Let 7o € Type
and vz € Ezp,, be arbitrary. By the Fundamental Theorem, (e,e) € [Va.a — 7].

Let R={(p:711,9:72) | (pT Aql) V (p = v1 Aq=wv9)}. Then (e[r1]v1,e[m]vs) €



[l G,

that e[r]v; = e[ra]va. Thus e[ra]vy —* v} for some v} ~ v]. O

Since 7 is closed, we may conclude that e[r]v; < e[m2]v2, and hence

For a more interesting example of a free theorem, we borrow from Wadler [35].
Consider the function head, which extracts the first element of a list or diverges if
the list is empty. One theorem regarding head is that mapping a function f over
head’s argument is equivalent to applying f to head’s result. This theorem is free,
because it can be ascertained without looking at the code for head; it applies to
any function with the type Va. alist — a.

Theorem 6.10 Let us define:

Tlist o pol + (7 X @)

def . .. . ..
le1,...,enlr de inriist(injsg{er, ... inr1ise(injo(en, inr1ise(inj %)) .. .))

Suppose that + h : Va.alist — «. Suppose further that - vi,...,v, : T
and that & f : 7 — 7' halts and is a total function. Then f(h[r][vi,...,v,];) &

h[T’] [fUl,...,fvn].,-/.

Proof. By the Fundamental Theorem, (h,h) € [Va.alist — a]. Let R = {(p
) | fp = q}. Observe that R is pointed, complete, and strict. Therefore

(h[7], h[T"]) € [alist — ] for= (7). Using the Unrolling theorem and Lemmas 6.4

[av—R]
and 6.5, we can show by induction on n that ([vy,..., v, [fv1,...,fo,dl) €
[ llst]]{a:gf )1 Therefore (h[r]v1, ..., v )7 B[T] [ fv1,..., foad) € R. By the
construction of R, f(h[r][v1,...,v,]7) = h[T'|[fv1,..., fon], as desired. O

6.3 Representation Independence

The use of logical relations to establish representation independence results in the
absence of recursive types is well-known. Using our technique we may also obtain
results that exploit recursive types, including ones in which the recursive variable

is used negatively. To illustrate we adapt an example from Sumii and Pierce [33].

Let us define nat & uoz 1+ « and bool def + 1, and suppose that zero : nat,

succ : nat — nat, even : nat — bool, true : bool, false : bool, and not :
bool — bool are implemented in the obvious manner. Then consider the following
type for flag objects:

flag ' Jst. puself.st x ((self — self) x (self — bool))

A flag object has an instance variable (belonging to an abstract type st), and
two methods. The first method returns a new object whose flag is reversed, and
the second method returns the state of the flag. Note that both methods access the
instance variable only through the recursive self variable.

We consider two different implementation of flags, one in which the hidden state
is a bool and one in which it is a nat:



fields, = puself.a x ((self — self) x (self — bool))

boolflag def pack (bool, infie1ds,,, (true, (boolflip, boolret)))as flag
f
boolflip ©f N\t 1e1dSpoo1-iNfieldsy, (ROt (Prj (out x)), prj,(out x))
boolret & Az:fieldspeo1.prji(out z)
natflag & pack (nat, ing;e1ds,,, (zero, (natflip,natret))) as flag
f
natflip ©f ot ieldspat.iDfields,,, (Succ(prji(out z)), prj,(out z))
natret % \g:f ieldspat.even(prj;(out x))
Using Lemma 6.6 we can show that boolflag and natflag are logically equiva-

lent. It will then follow by Corollary 5.10 that they are operationally indistinguish-
able.

Theorem 6.11 F boolflag < natflag: flag

Proof. Unwinding the definitions, we wish to show that (boolflag,natflag) €
[3st.fieldsst]. By Lemma 6.6, it suffices to exhibit a relation R € ARelpoo1 nat
such that:

(infieldsy,,, (true, (boolflip, boolret)),

ingjelds,,, (zero, (natflip,natret))) € [[fieldsstﬂi

where x = [st — R] and § = [st — (bool,nat)]. Letn o succ(-- - (succzero) - - ),
—_———

n times

and let:

R={(p:bool,q: nat) | pl & ql
Apl= Tnat € N.(p~ true A g~ 2n)V
(p~falseANqg~2n+1)}

Observe that R is pointed, complete, and strict. By the Unrolling theorem, and
cancelling the recursive roll and unroll on each side, it is sufficient to show that:

({(true, (boolflip, boolret)), (zero, (natflip,natret)))

€ [st x ((fieldsgy — fieldsgt) X (fieldsgy — bool))]}f<

Using Lemma 6.4, it remains to show equivalences for each field:



 Clearly (true,zero) € R = [[st]]i.

e We wish to show (boolflip,natflip) € [fieldssz — fieldsst]]i. Both

terms halt, so suppose (m,m’) € [[fieldsst]]i. By the Unrolling the-
orem, (outm,outm’) € [st x ((fieldssy — fieldssy) X (fieldsgy —
bool))]]i. It follows” that (prj,(outm),prj,(outm’)) € [[st]]f< = R and

(prjy(out m), prjy(out m’)) € [(fieldssy — fieldssy) X (fieldsgy — bool)]]i.

By the construction of R, (not(prj,(outm)),succ(prj;(outm’))) € R =
[[st]]f(. Re-assembling the pieces, we obtain:

((not(prj; (out m)), prj,(out m)), (succ(prj, (out m’)), prj,(out m’)))
€ [st x ((fieldse — fieldss) x (fieldse — bool))]]

Again using the Unrolling lemma and cancelling rolls and wunrolls, we
may conclude that (boolflip m,natflip m) € [[fieldsst]]i. Therefore,

(boolflip,natflip) € [fieldsgy — fieldsst]]i, as desired.

e We wish to show (boolret,natret) € [fieldsg, — bool]]i. Both terms halt, so
suppose (m,m’) € [[fieldsst]]i. By the Unrolling theorem, (outm,outm’) €
[st x ((fieldsgy — fieldsg) X (fieldsgy — bool))]]i. It follows that
(prji(out m), prj, (out m’)) € [st]} = R.

By the construction of R, prj,(outm) = even(prj,(outm’)). Since

the logical relation respects applicative equivalence, we may conclude that
(boolret m,natret m) € [[bool]]i. Therefore, (boolret,natret) € [fieldss —

bool]]i, as desired.
O

Corollary 6.12 boolflag and natflag are contextually equivalent.

Proof. Immediate, by Corollary 5.10. a

6.4 Limitations Regarding Existential Types

Corollary 5.10 implies that logical equivalence is a general strategy for proving con-
textual equivalences. The preceding example illustrates the use of that corollary
in conjunction with Lemma 6.6 (logical equivalence for existential introduction) to
prove an contextual equivalence result for two existential packages. A natural ques-
tion to ask is whether this is a general technique for proving contextual equivalences
of existential packages.

Unfortunately, the answer is probably not. Consider the following example, due

to Pitts [17, 7.7.4]. Let void def pna.a, and note that void contains no values, and
hence no terms that halt. (Since in is strict, it is easy to prove this by induction on

7 Using an easy argument regarding logical equivalence and product elimination.



typing derivations.) Also, let if-then-else and andalso be defined in the obvious
manner. Then, define two existential packages, voidpkg and boolpkg:

T 3 Ja.(a — bool) — 1
voidfn Af:void — bool. L
boolfn Af:bool — bool.if f true andalso not(f false)

then * else L
voidpkg def pack (void,voidfn)as T

boolpkg def pack (bool,boolfn)asT

These two packages appear® to be contextually equivalent. Intuitively, the
packages should be contextually equivalent because any surrounding context can call
the enclosed function only on a parametric function o — bool. Up to equivalence,
the only such functions are the two constant functions, the everywhere divergent
function, and L. (Recall Theorem 6.9 above.) For each of these, voidfn and
boolfn behave the same, because boolfn is crafted to diverge when given a constant
function.

However, the contextual equivalence of these packages cannot be proven using
Lemma 6.6. To use the Lemma, we need to exhibit an R € ARelyoid41001 such that

(voidfn,boolfn) € [(a — bool) — lﬂ%z:%ﬁd’boom
that halt, the only strict relation on void and bool is {(p : void, ¢ : bool) | pT AqT }.
Let R be this relation.

The problem is that R provides no assistance in narrowing the set of functions
a — bool that might be used as arguments to voidfn and boolfn. In particular,
observe that (Az:void.true, Az:bool.z) € [a — bool]][Zj%Oid’bwl)]. Since voidfn
and boolfn do not behave the same on these two functions, we must conclude
that (voidfn,boolfn) ¢ [(a — bool) — 1]][QH(V°id’b°°1)}.

. . [cwv—R)]
inapplicable.

. Since void contains no terms

Hence, Lemma 6.6 is

It is not clear how important this issue is. The example seems to rely crucially
on the fact that the type T contains no strictly positive occurrences of the hidden
type variable . This is a situation that would arise rarely if ever in normal use
of representation independence in modularity, for example, in proving equivalence
of two implementations of an abstract data type. Thus, we might conjecture that
the characterization of existential types in Lemma 6.6 is complete for types da.7 in
which « has a strictly positive occurrence in 7.

7 Related Work

There is a large body of work on the use of logical relations in the study of the
syntax and semantics of typed languages. Of most immediate relevance is the work

8 We have not proven this, but Pitts [17] sketches a proof for a different but similar language.



of Pitts on developing operationally based theories of expression equivalence for
PCF-like languages [18]. In that setting, as here, logical, contextual, and applicative
equivalence coincide. More recently Pitts has extended this work to polymorphic
languages [21] and languages with abstract types [20]. Rather than work with
admissible relations as we do here, Pitts relies on a related closure condition that
facilitates handling of the continuation-based elimination form for existential types.
Using this he obtains a complete characterization of contextual equivalence in terms
of logical equivalence, and uses this to obtain examples similar to those considered
here.

The methods used here are influenced by Pitts’s work on relational properties of
domains, and by Birkedal and Harper’s [4] operational account of logical relations
for a functional language with a single recursive type. The present work generalizes
this earlier work to account for impredicative polymorphism and unrestricted re-
cursive types, and, en passant, gives a new, streamlined proof of syntactic minimal
invariance that may be of use in other settings. The treatment of projections for
abstract types as the identity was inspired by Riecke [30].

Ho [9] and Filinski [5] each exploit Pitts’s technique in building a domain-
theoretic semantics of recursive types for the purpose of proving results in op-
erational semantics. In Ho, the central result is the algebraic compactness of a
“syntactic” category, in essence proving syntactic minimal invariance by way of an
adequate operational semantics. In Filinski, the central result is a re-presentation
of Reynolds’s seminal result [27] on the coincidence of direct and continuation se-
mantics. Both find that in the construction of the relational interpretation, it is
necessary (or at least beneficial) not to use the entire category C°P x C, but its full
subcategory consisting of objects along the “diagonal” (that is, objects (A, A) for
objects A of C). In our setting, this corresponds to the proviso in Theorem 4.10
that n = n°P.

Vouillon and Mellies [34] use a technique similar to Birkedal and Harper to
construct an ideal model for quantified types in the presence of subtyping. Like
Birkedal and Harper’s construction, and in contrast to ours, their construction is
based on a single recursive type (representing the universal domain of untyped terms
in Vouillon and Mellies’s case) rather than a general recursive type operator.

Appel and McAllester have also considered an operationally-based relational
interpretation of types, but with the emphasis on proving safety, rather than equiv-
alence, and for low-level, imperative languages, rather than high-level functional
languages [3]. Their approach is based on a form of indexed semantics that is
broadly similar to our use of projections, but the precise relationship is not clear.
In particular Appel and McAllester do not need to quotient terms by an operational
congruence as we do here; for us, this is essential to the proof of syntactic minimal
invariance. An open question regarding Appel and McAllester’s relational interpre-
tation is whether it is actually an equivalence relation; in particular, whether it is
transitive. Ahmed [2] gives a related construction that enjoys transitivity by adding
additional typing assumptions, and also extends the method to support quantified

types.
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