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1 Variable Types

In the A-calculus every well-typed expression must have a unique type. As a consequence, a function
expression must have unique domain and range types. This limitation keeps us from writing functions of
generic type. For example, we cannot write a function that composes the two functions of appropriate
type. This motivates variable types (a.k.a polymorphism or generics), which are the means by which we can
capture type uniformities in programing.

Jean-Yves Girard and John Reynolds independently worked on developing a logic with variable types.
Girard developed his logic for the consistency of the second-order arithmetic and called it System F. Reynolds
developed his logic for polymorphic programming and called it the polymorphic typed A-calculus or the
second-order A-calculus.

2 Polymorphic A-calculus
2.1 Abstract Syntax
The abstract syntax for the polymorphic A-calculus is as follows:

Tuo=X |1 o |VX.T (1)

ex=zx|AriT.e|erex | AX. e | e[T] (2)
The static and dynamic semantics of the polymorphic A-calculus are as follows.

2.2 Static Semantics

Before we can give the judgments for the static semantics of the polymorphic A-calculus, we need to give the
rules for type formation and typing expressions:

Type Formation

A, X type X type

A F 71 type A F 1 type

AF 1 — 79 type
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A, X type b T type T #A
AFVX.T type

Typing Expressions
VANS) 0 ol ol R

AT e Fe:m z# T

A;TEAzim.e:m — 7o

AT'Fey:img— T A;THes:my
A;TFees: 7

A X type;THe: T X #A
A THFAX. e: VX T

ATFe:VX.T AFo
AT Felo]:[o/X]T

(10)

Rule (10) states that we can instantiate a polymorphic function at any type. If we let e to be the identity
function, i.e. let e:¥X. X — X, then we would have e[VX. X — X]:VX. X — X — VX. X — X. Note that
the type of e[VX.X — X] is larger than that of e. At the first glance, it appears that using this rule we
could write an infinite loop in the polymorphic A-calculus, thus threatening the consistency of the logic. But
applying e[VX. X — X] to e again results in an expression of type VX.X — X, which is the same as the
type of e itself. This property of the polymorphic A-calculus— that we can instantiate polymorphic types
with other polymorphic types — is called impredicativity and is the source of the expressive power of this
language.

We will now turn our attention back to the static semantics. The statics consist of two hypothetical
judgments:

A b T type (11)
A;Tke:r (12)

where meta-variable A ranges over finite sets type variable formation hypotheses, and I' ranges over finite
sets of expression variable typing hypotheses.

2.3 Dynamic Semantics

The dynamic semantics of the polymorphic A-calculus is as follows (note that it extends the dynamic seman-
tics of the A-calculus by just adding two structural operational semantics rules):

ey value

(Ax:T.€e)eq — [ea/x]e

(AX.e)[r] — [t/X]e
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3 Hacking in System F

We define the unit, empty, product, sum, and natural types as follows:
o Unit Type: 1:=VX. X - X
— Intro: () := AX. \z:X.x
— Elim: None.
o Empty Type: 0:=VX. X
— Intro: None.
— Elim: abort :== AX. Az:0. z[X]
o Product Type: 71 X T2 :=VX. (11 > 2 > X) > X
— Intro: {(ej,es) ;== AX. Apiry — 10 — X.p ejes.
— Elim:

1. fste := e[ |(Az:T1. Ay:T2. )
2. snde = e[r](Az:T1. \y:T2. y)

o Sum Type: 1 + 172 :=¥X.(n—=>X)—> (= X)—> X
— Intro:
1. dnl(e) .= AX Ay — X Arime — X (e)
2. inr(e) .= AX. Ay — X Arimg — Xor(e)

— Elim: case; e {inl(z:11) = e1 | inr(y:m2) = ea} := e[r](Ax:7y. e1)(Ay:72. e2)
e Nat Type: nat . =VX. X - (X - X) > X

— Intro:

1. zero := AX. A\0:X. As: X — X.b
2. succe := AX. Ab:X. As: X — X. s(e[X](D)(s))

— Elim: rec(e, eg, x:7.€1) := e[7](ep) (Ax:T. €1)



