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1 Covariant action of type operators

In this section, we are going to recap the covariant action of type operators. For
this question, we are concerned with the following open types (open because
they may include a type variable):
Types A = X|1|O|A1—>A2|A1+A2|A1><A2
Terms m == x| {)]|aborta(m) | Az:A.m | ap(mi;ms)
| {mi;mo) [ £st(m) | snd(m) | inla, a,(m)
| inrg, a,(m)|case m{inlz = m; | inr y = ma}
Here X denotes a type variable. A positive type operator X.A is defined using
judgment of the form A - X.A pos, where A is a context of type variables:

Ax=-]AX (X €A)

AF X. A pos AF X.A; pos
AF X.X pos AF X. Ay x As pos

A+ X.A; pos A+ X. Ay pos A+ A type A, X F X.A; pos
AF X.A; 4+ As pos A X FX.Ay — As pos

At X.1 pos A+ X.0 pos

In the above definition, we need an auxilliary judgment A - A type, which
says that A is a type under the context A.

A A; type At A; type

A+ 1 type A 0 type Ak Ay — Ay type
AF A type A Ay type AF A type A A type
AI—Alegtype AI—A1+A2type
A, X F X type



The action of type operator X.A on a type B, denoted by Map[X.A](B), is
simply [B/X]A.

Notice that for a type operator of the shape X.(A; — As) to be positive, 4,
should not contain any occurrences of X. This in turn implies the following:

Lemma 1 (-do not prove-). If X - X.(A; — As) pos then

The action on functions is defined inductively below:

(1-map) (0-map)

map[X.1](m) = Az:1.() map[X.0](m) = Az:0.abortg(x)

——— (X ma
map[X.X](m) = m( p)

m:Bi — Bz map[X.As](m) =m' (— -map)
map[X.A41 — Az](m) = i
AfMap[X.Ay — Ag](B1).Az:Map[X.A1](Bz).ap(m’; ap(f; 7))

m: By — B> map[X.A1](m) = m map[X.As|(m) = mo
map[X.A1 X Az](m) = Az:Map[X.A1 X A2](B1).{ap(m1; fst(z)); ap(mz; snd(x)))

(>< -map)

m: By — Ba map[X.A1](m) = mq
map[X.Az](m) = mo Al =Map[X.A1](B2) Al = Map[X.Az2](Bz2)

map[X.A; 1 Ao)(m) = (-+-map)

Az:Map[X.Aq + A2](B1).case z{inl z = inl g ap (ap(mi;z)) | inr . = inr s 4y (ap(meo;z))}

Task 1. Prove that if X - X.A pos, and, m : By — Bs, and, map[X.A](m) =m’,
then m' : Map[X.A](B;) — Map|[X.A](Bs).

2 Regular Trees

2.1 Definition

A regular tree is an infinite structure that is “closed” under the following oper-
ations:

e node(m) returns the element at the root node. We will consider trees with
natural numbers at the nodes.

e left(m) returns the left sub-tree, and
e right(m) returns the right sub-tree.

Let us introduce a new type rtree for regular trees. We define this type
co-inductively using the following elimination forms:



I'Fm:rtree I'Em: rtree
————— (rtree-E,)
I'F node(m) : w 'k left(r) : rtree

(rtree-Ep)

I'Em: rtree

'k right(r) : rtree

(rtree-E;)

The introductory form assembles a tree by having a seed element that serves
as the internal state, and two functions, to describe the evolution of the left and
right parts. In addition there is a function to map the internal state to a natural
number:

'Em:A 'kn:A—-w r-i:A—- A4 'kr:A— A
'Ftreem.{nd=>n&lt= l&rt = r}:rtree

The dynamic semantics is given by the following rules:

(rtree ~vp)
node(tree m.{nd = n & 1t = [ & rt = r}) ~ ap(n;m)

rtree
left(treemfnd=n&lt = &t = r}) w( ~1)

treeap(l;m).{nd=>n&lt= [ &rt = r}

(rtree ~;)
right(treem{nd=n&lt= [ &rt= r})~

treeap(r;m){nd=>n&lt= l&rt= r}

Task 2. What terms represent the following regular trees:

1. T(z) where
T(n) ::= Tree(n,T(2n + 1),T(2n + 2)). The notation Tree(n,Ty,Ts) rep-
resents a tree with n being the node element, and Ty and T being the left and
right sub-trees respectively. We assume multiplication and addition operations
on elements of type w without defining them.

2. The tree depicted in the following figure, which has a similar structure as the
previous tree, except that for every node n, the left child of the left child of n is n.

2.2 Characterization using co-inductive types

In the class, we gave an account of the type w of natural numbers in a language
with inductive types. We will do a similar formalization of the type rtree
here, but using co-inductive types instead. We use the language £{; ¢ } from
Chapter 19 of PFPL. Please refer to the chapter for its definition. We use the
notation v X.A from the lecture to denote co-inductive types, instead of the
book’s notation pus (¢.7).



Task 3. Characterize the type rtree as a co-inductive type, vX.A. Check for yourself
that X.A in your definition is a positive type operator.

A co-inductive type T = vX.A has an associated unfold[X.A](m) opera-
tion. We saw in the class that for any term z.m : B — Map[X.A|(B), there exists
a unique term gen[X.A|(z.m1; m2) for which the following diagram commutes.
Here Map and map are the covariant actions of the type operator on types and
abstractors resp. (we did not show uniqueness and will ignore it for the time
being).

a.ap(f;x)

Map[X.A|(T) < Map[X.A](B)

y.unfold[X.A](y) x.m

T < B
y.gen[X. A|(xz.m;y)

where map[X.A|(A\y:B.gen[X.A](x.m;y)) = f.

In the diagram, we use the notation A ™ B to denote a term m of type
B with a free variable x of type A. Sequential composition of arrows denotes
composition; thus A =™ B Y™ ¢ denotes the term x.[m/y|n, after suitably
renaming x, y to avoid capture.

Task 4. Express the introductory and elimination forms of the type rtree in terms
of unfold[X.A]() and gen[X.A](x.m; ), where X.A is the type operator you defined
in Task 3. In order to express 3-tuples, you can generalize pairs to n-ary products as
given in Appendix.

A Products
T'tmy: Ay I'tm,:A, 'tm:A x...x A, .
(i € [1..n])
I‘F(ml,...,mn>:A1x...><An I‘Fm(m)Al



