


our trees, but since we require our rectype declarations
to have an ML type on the left-hand side of any —, this
extension turns out to be benign. We do not know of
any useful examples which would be ruled out by this re-
striction. Algorithms for dealing with such declarations
in Sublyping Recursive Types by Amadio and Cardell
[AC90] do not appear to apply directly to our situation.

Let us return to the declaration of bitstrings in stan-
dard form discussed above.

datatype bitstr =
e | z of bitstr | o of bitstr
rectype std = e | stdpos
and stdpos = o(e) | z(stdpos) | o(stdpos)

Because we need to assign a refinement type to each con-
structor, we need to consider a lattice with more types
than just std and stdpos. For instance, this rectype
declaration requires the constructor o to map stdpos’s
to stdpos’s, and e’s to stdpos’s. We can only express
this as a refinement type if we create a refinement type
containing just e, which we shall call 7e. After creating
this new refinement type, we can give this type for o:

o:%7e — stdpos A stdpos — stdpos

Thus the refinement types of bitstr are bitstr, std,
stdposg, and 7e. Using straightforward generalizations
of the algorithms for manipulating regular tree gram-
mars, we can infer that these four refinement types {plus
1) are closed under intersection and union, and they
form this lattice:

bitstr

std

N

‘e stdpos
L

In general, closure under intersection and union may
add many new elements to the lattice—a fact which,
in an implementation, must be addressed through com-
pact representation methods such as those described in
“Graph-Based Algorithms for Boolean Function Manip-
ulation” by Bryant [Bry86].

The types for the constructors in this example are
calculated as

e: e

o:%7e — stdpos A stdpos — stdpos
z : stdpos — stdpos
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Note that, even though e also has type std, we do not
need to write e : 7e A std, since 7e A std is equivalent
to Te.

The case statements for elements of the datatype
bitstr will look like

case E of
e => E1
| o(m) => E2
| z{(m) => E3

which we will treat as the following function call:

CASE bitstr E
(fn () => E1)
(fn (m) => E2)
(fn (m) => E3)

The algorithm which analyzes recursive type decla-
rations assigns the type appearing in Figure 1 to
CASE bitstr. For an explanation of the type quanti-
fiers in this figure, see Section 5.

4 From Datatype Lattices to
Function Types

The datatype lattice is a representation of the subtype
relationship and the behavior of intersection and union
of refinements of an ML datatype. Next we need to
consider function types. More specifically we will deal
with how the subtype relationships, intersection, and
union behave on the more general class of refinement
types including “—".

The basic principle underlying most subtype systems
allowing higher-order functions is that of “contravari-
ance”: gy — 11 <09 — 1 i1 <71y and oy < oy, If we
think of o7 — 71 as a set of functions and < as subset,
we can see why: a function accepting o as type-correct
input can certainly be given any element from a subtype
of o1, and since it then produces a value in 7, this value
will also be in 7. We say the type constructor “—" is
contravariant in its first argument and covariant in its
second argument.

Defined datatype constructors may also be covariant
or contravariant in their arguments, and our subtyping
algorithm keeps track of this information in order to
determine, for example, that stdpos 1list is a subtype
of std 1list. In the rare case that the constructors for a
datatype are neither all covariant nor all contravariant
no useful subtyping information can be calculated by
our algorithm. An example of this is the declaration

datatype o mixed = C1 of @ | C2 of @ — bool

For defining subtype relations arising out of these ba-
sic observations and for the presentation of the type



CASE bitstr: Va.Vra; :: a. Yrasy : a. Vraz i@ a.

Te — (unit — ra;) — (bitstr — ray) — (bitstr— ras) —ra; A
stdpos— (unit — ra;) — ((Te V stdpos)— ras) — (stdpos— rasz) —(raz V ras) A
std  — (unit — rai) — ((Te V stdpos)— raz) — (stdpos— raz) —(ra; vV raz Vras) A
bitstr— (unit — ray) — (bitstr — rag) — (bitstr— ras) —(rai V raz V ras)

Figure 1: Type for CASE_bitstr.

inference algorithm in the next section, it is convenient
to convert types to a normal form. We can do this
by rewriting the type according to the following rewrite
rules for any refinement types p, o, and :

pA(evT)= (pAT)V(PAT)
(pveo)y—1=(p—T)A (00— T)

Thinking of function types as sets of functions provides
some insights about why these are valid transforma-
tions. Also, for any refinements of data types p, o, and
T such that p = ¢ V 7, we rewrite p to o V 7. After we
apply these rewrites, the refinement types will fit the

grammar
unf u=inf | unf V unf
inf 1= < unf > reftyname | inf A inf |

inf — unf | reftyvar :: mltyvar

where unf stands for union normal form and inf for
intersection normal form.

We now define the subtype ordering ¢ < 7 for unf
refinement types o and = where ¢ and 7 are refinements
of the same ML type. We have two cases, either their
common ML type is a datatype or it is a function type.

If the bounding ML type is a datatype, the subtype
relationship is determined by the partial order of the
lattice.

If the bounding ML type is a function type, the unf
refinement types have the form of a union of inf refine-
ment types o; and 0";, and we have the rule

oLVoaV...Vo, <ol VayVv...Vol,
if for each o; there is a a'J'- such that o; < 0';-.

which leaves us with the problem of comparing inf re-
finements of functional types.

Given inf refinements for a function and its argument,
we can compute a refinement type for the value of the
function application: if the function has type o = (p1 —
) A (p2 = ™) A ... A(pn — T7,) and the argument
has type p, then the type of their application (written

apptype(o, p)) is
/\ Tiy

{ile<p.}
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where A stands for intersection of a set of types.

We can use this to solve the subtype problem for inf
refinements of functional types. Suppose we are trying
to solve the problem o < o', where

c=(p—1)A(p2 = T2) A ... A(pn — Tn),

and

!

o = (py = H)A(Py = 1) A APy = Tim)-

In this case we define ¢ < ¢' to mean, for all p in
{plap%"'ap’n:p,l:p,zi'--ap;n,})

apptype(o, p) < apptype(a’, p).

The correctness of this definition in general is implied
by the theorem stated in Section 6: if an expression of
type o evaluates to a value v, then v will also have type
o. On the other hand, it is quite possible that more
subtype relationships hold than can be established with
the rules above, which means that the types inferred for
higher-order functions may not be as accurate as pos-
sible. This is another case where decidability must be
balanced with the desire for accuracy in type checking.

5 Polymorphism

The interaction between polymorphism and subtypes
is potentially problematic. The main mechanism con-
sidered so far in the literature is bounded guantifica-
tion [CCHO89, CW85], where the domain of a type
variable is restricted to range over subtypes of a given
bound. In this paper we continue the separation of the
ML types and refinement types and obtain a restricted
form of bounded quantification. We define refinement
type schemes by the following grammar:

n= inf |
Ya . reftyscheme |
Vra i o . reftyscheme

reftyscheme

The first case in this grammar refers to types in inter-
section normal form, which we have already discussed.

The second case is quantification over an ML type
variable, which is very similar to quantification over ML



type variables as used in ML. This can be regarded as an
infinite intersection; for instance, the identity function

val id = fn x => x

has the ML type

Va.a — «

which we can loosely regard as the intersection of
a—a

for all ML types a, although in practice we do not rep-
resent ML types this way.

The third case quantifies over a refinement type vari-
able, and we also regard this as an intersection. How-
ever, once we instantiate the ML type variable with an
ML type, there are only finitely many refinements of
that ML type, so there are only finitely many types
in the intersection. When we instantiate a refinement
type, we perform this expansion. For example, the re-
finement type for the identity function id is

Va. Vra i: a. ra — ra

If we instantiate o to stdpos and instantiate the refine-
ment type quantifier, we get the refinement type

bitstr—bitstr A

stdpos—stdpos A
std — std A
e — Te A
1l — L

With this notion of instantiation, the refinements of
ML type variables are exactly the refinement type vari-
ables.  This notion is already implicit in the earlier
examples: a singleton is a refinement of & 1ist, but
neither bool singleton nor std list are refinements
of @ 1list. A relaxation of this notion could quickly
lead to undecidable type inference problems, as in the
Milner-Mycroft calculus [KTU89, Myc84]. On the other
hand, this restriction entails some loss of accuracy in
determining refinement type information in some cases.
Refinement type schemes are considered during type in-
ference when analyzing a let expression and when in-
stantiating the type of a polymorphic variable or con-
stant.

6 The
rithm

Type Inference Algo-

This section will present a type inference algorithm for
refinement types as a deductive system. Just as the de-
ductive system for ML types leads to type inference by
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unification, our deductive system, too, can be given an
operational interpretation which first performs an ML
type inference pass and then a refinement type inference
pass using abstract interpretation. Space unfortunately
does not permit a more detailed discussion of the infer-
ence rules or their operational reading.

We infer refinement types for the program by infer-
ence system in Figure 2. The characters are used as
follows in the inference rules:

e, € are expressions,

@, f are ML variables,

is a refinement type in inf,

is a refinement type in unf,

is an ML type,

is an environment mapping variables to
refinement type schemes, and

S is a refinement type scheme.

B Q

The grammar for the language fragment used in this
section is

exp ;1= variable | ezp ezp |
A variable. exp |
ezp : refly |
let variable = ezp in ezp |
fix variable. ezp

The notation I' F e : D :: L means that in the type

environment I', the expression e has refinement type D
which is a refinement of the ML type L.

If we take this inference system and eliminate all of
the refinement types, leaving just the expressions and
the ML types, we get a conventional inference system
for Mini-ML.

The rules in Figure 2 use the auxiliary judgment
LOOP to compute successive approximations to the re-
finement type of recursive functions until a fixpoint is
reached. This is guaranteed to terminate because there
are only finitely many refinement types below a given
ML type (which our algorithm computes first). The ex-
pression “close(T', C :: L)” generalizes over the free type
variables in C and L which are not free in I’ and returns
the resulting refinement type scheme.

Now we shall state a theorem that the typing rules
stated above are sound. This is sometimes paraphrased
as well-typed programs cannot go wrong, that is, if an
expression has refinement type o, and evaluation of that
expression terminates, then the value of the expression
will also have the type 0. The operational semantics is
very close to the one given for Mini-ML [CDDK&6] and
we omit it here.

Theorem: For all valid type environments I' and ex-
pressions e, if e evaluates to v and T e : D :: L then

Frov:D :: L for some D' < D.



INST: Tha2:C:: L

Thke:V,C;:: Ly — L
APPL: L Vi L

ifz:Sisin I' and C :: L is an instance of S.

Ie 1\, Cruly

I'kee' :V, ;apptype(Ci, Cj) it Ly

for each C; that is a refinement of Ly

ABS: Tae:Ci:LiFe: Dy Ly

TFAz.e: A\(C; — D;) i Iy — Ly

.I‘Fel:\/iCi::Ll

(T,2 : (close (T',C; :: L)) - ez : D; :: Ly) for each C;

LET THlet z
Pke:D:=L D< D
R : =
ESTRICT I'-(eD'):D L
FIX1

"TFLOOP(f, >y e L, 1)

e; in ey :\/; D;:: L,

If:CyuLF-Ay.e:Co: L

- .
p1xg. LFLOOP(f,y. ¢, C1, 1)

T F LOOP(f, \y. ¢, Cs, L)

T+ Ay e, C,
pixs. L0 LOOP(f,)y. e, C, L)

I,f:CuLFAy.e:C:u L

PHfix f.Ay.e:C:: L

Figure 2: Rules for type inference system

We omit the proof, which proceeds by induction on
the structure of the definition of the “evaluates to” re-
lation.

7 Future Work

We currently have a naive prototype implementation
of the type inference algorithm as shown above. This
prototype takes the lattice for each datatype, the types
for the constructors, and the types for the case state-
ments as inputs. The main implementation problem ap-
pears to be to deal efficiently with refinements of types
of higher-order functions, as the number of such refine-
ment types can become large very quickly. For example,
since there are five refinements of the ML type stdpos
used in the examples earlier, there are 5° functions map-
ping refinement types of stdpos to refinement types of
stdpos. A naive representation of the refinement types
of stdpos — stdpos would list all of these functions.
Compact representations of refinement types, for exam-
ple through an appropriate generalization of Binary De-
cision Diagrams [Bry86, BCM™* 90] to deal with function
types, seem promising. Since finding a type error in a
program with refinement types will require looking at
representations of refinement types, we will have to find
a reasonably concise way o print these types.
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The more refinements we consider of a given datatype,
the slower type checking will be. This problem is al-
leviated when more distinct datatype declarations are
made even if the datatypes present would be sufficient
to encode the information we need to represent. In ML,
this technique is good programiming style in any case, as
it enhances program readability and allows more type
errors to be detected at compile-time. We also need
to consider embedded refinement type declarations (as
in let rectype ... in ... end) which naturally ex-
tends ML datatype declarations and also limits the vis-
ibility of refinements, thus cutting down on the size of
the refinement type lattice.

The refinement types proposed here address only a
subset of Standard ML [MTH90]. We need to carefully
examine the interaction of refinement types with other
features of the ML type system, such as imperative type
variables and equality types, since we would like to ex-
tend our proposal to encompass all of Standard ML.
Although Standard ML does not provide primitives for
manipulating the current continuation, some dialects
of ML do, so we would like to be able to deal with
callcc also. Despite some potential problems which
may lead to a loss of accuracy of refinement type in-
formation across modules, refinement types open the
possibility of communicating some information about



functions between modules without violating the pri-
vacy of the modules. This appears to be much more
difficult, if not impossible, in approaches using general
set constraints as, for example, in [HJ90], or abstract
interpretation which 1s not tied to the type system.

We also would like to explore the possibility of refin-
ing predefined types, such as int, which are not given
as datatype declarations. There are no conceptual dif-
ficulties as long as the appropriate subtype structure
forms a lattice. For example, we could distinguish the
positive integers, the negative integers, and zero by giv-
ing appropriate types to constants appearing in the pro-
gram and to the arithmetic operators. We would have to
devise some notation for doing this other than rectype
declarations because we do not have constructors for the
integers.

In some cases the refinement type information can be
used for program optimization during compilation. We
would like to explore this possibility further, though our
primary motivation remains static detection of program
errors which currently elude the ML type-checker.
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