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Abstract

Under the Damas-Milner type discipline for functional
languages, every expression has a principal type, if it
elaborates at all. In the type discipline for ML Mod-
ules, a signature expression has a principal signature,
if it elaborates at all. However, while functions can
be higher-order in ML, parameterised modules in ML
are first-order only. We present a type discipline for a
skeletal higher-order module language which has prin-
cipal signatures. Sharing and multiple wiews of struc-
tures are handled in a manner which is compatible
with the semantics of the first-order ML modules.

1 Introduction

Several programming languages have a notion of pro-
gram module. Typically, a module is either basic or
parameterised. A basic modulle is called a package in

ADA and a structure in Standard ML[5]; a parame-

terised module is called a generic package in ADA and
a ~unctor in ML. In these two languages, a parame-
terised module can at most take a basic module as
parameter and yield a basic module as result, i.e. pa-
rameterised modules are first-order. Our proposal is to
admit higher-order modules, i.e. parameterised mod-
ules whose arguments and results might themselves be
parameterised,

To see the need for such a concept, consider the
modules in Figure 1. Standard ML syntax is used.
First a signature (i.e. a “structure type” or “inter-
face” ) called MONOID is declared. Then we define
the functor Prod, which maps monoids N and M to
their product monoid, and use Prod in another func-
tor Square which we finally a~pply to get a structure
Plane.

Because ML is statically scoped, Square has no
meaning unless Prod has already been declared. Con-
sider Figure 2, however, which contains the declara-
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tion of a functor signature PROD and a higher-order

functor Sqriare. Now Square makes sense without ref-
erence to any particular functor; Square is thus easier
to read and in addition it can be compiled separately
regardless of whether Prod has been written or not.

In short, we propose to admit functors in struc-
tures and signatures. Functors are still mappinga from
structures to structures, but since structures can con-
tain functors, functors now are higher-order.

signature MONOID = s ig
type t

vale: t

val plus: t*t->t

end;

f unct or Prod (

structure M: MONOID

structure N: MONOID ): MONOID=

Struct
type t = M.t * N,t

val e = (Me, N.e)

fun pius((zl ,z2), (yl,ly2))=
(M. PhM(z~ ,YI) ,N.PIus(z2, Y2))

end;

f unctor Square (X: MONOID 1: MONOID=

Prod(structure M = ~

structure N = X);

structure Plane = Square (

Struct
type t = real

val e = 0.0
fun plus<i,j) :real = i+j

end) ;

Plane .plus(Plane.e, (7.4,,5.4) );

Figure 1: First-order functors

The main theoretical challenge posed by higher-
order modules is understanding their static semantics.
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2 Elaboration of Modules

signature PROD =

(structure M: MONOID

structure N: MONOID 1: MONOID

functor Square (

structure X: MONOID

functor Pros’: PROD): MONOID=

Prod(structure M = X

structure N = X);

Figure 2: A Higher-order Functor

Harper et aL[3] propose a very elegant type-theoretic
module concept which allows higher-order modules.
Unfortunately, their approach does not address shar-
ing and multiple wiews of structures, both of which
are important in ML. In the present paper we do
treat sharing and multiple views of structures, and
the treatment is compatible with ML.

Just as the static semantics of the Core of ML (i.e.
the non-modules part) depends critically on the ex-
istence of principal types, so the static semantics of
ML modules relies critically on the existence of prin-
cipal signatures, as explained below. The aim of this
paper is to address what we think is the most interest-
ing theoretical problem posed by adding higher-order
functors to ML: can one extend the modules type disci-
pline to the higher-order language while maintaining
that principal signatures exist? The contribution of
this paper is that we can answer this question in the
affirmative for a skeletal language.

The semantic theory presented in this paper is in-
tended to be the simplest possible generalisation of
the first-order theory. In one respect, the theory in
its present form is restrictive: it requires that when-
ever a functor j with functor signature @l is matched
against a functor signature 02) we have 01 = 02. The
relaxation of this restriction will be discussed below.

Although the significance of principal type schemes
in the Core is widely recognised, the fact that principal
signatures are as crucial to the Modules as the prin-
cipal type schemes are to the Core is less well known.
We shall therefore briefly explain what principal signa-
tures are in Section 2. We then proceed to present the
static semantics, leading to the statement of the prin-
cipality theorem in Section 3. In Section 4 we explain
admissification, the Modules equivalent of unification,
and in Section 5 we present the signature inference
algorithm. Finally, in Section 6 we explain why the
restriction of our type discipline to the case of first-
order modules is not completely identical to the ML
discipline.

The word elaboration means “the static part of ex-
ecution”; the term type inference is often used for
the same thing, but the latter term is not good for
Modules, since other semantic objects than types are
inferred. In this section we review as much of the elab-
oration of Modules as is required to explain informally
what principal signatures are.

ML is a statically typed language, so the definition
of equality of types is important. In languages with a
fixed signature of types, the issue of when two types
are equal might be trivial, but ML allows user-defined
types, type abbreviations and type specifications, so
equality of types is not a trivial issue.

Equality of types cannot simply be identity of type
constructors (i.e. program identifiers) for the type
construction allows one to have multiple identifiers
for the same type. Therefore, ML has a distinction
between type constructors, which are program identi-
fiers, and type names, which are “unique names”. The
latter are internal to the semantics; testing of equal-
ity of types tests equality of type names, not equality
of type constructors. Throughout this paper, name

means “unique name,” not identifier.

The basic rule for introducing new type names is
simple: dat at ype declarations introduce new type
names, type declarations do not.

Now let us consider type specifications, for example
the specification of the two types M.t and N.t in func-
tor Prod in Figure 1. We wish to elaborate the body
of the functor under some assumptions about M and
N (the actual structures may not yet be available and
in any case they could vary). Should we assume that
M.t and N.t are equal or not? A moment’s reflection
reveals that they should not be treated as identical, for
one can easily produce actual structures corresponding
to M and N which have different t types. In general,
we should only deem the body of a functor type cor-
rect if it would also be type correct were we to use
any real structures that match the parameter specifi-
cations instead of the formal structures. In particular,
M and N should only have as much equality of types
as any real structures that match the parameter speci-
fications must have. The way to force equality between
specified types is by the sharing specification. Fig-
ure 3 shows a functor which would not be type correct
without a sharing constraint.

A functor with multiple structure arguments is just
a derived form of a functor with a single structure
argument which has substructures. (Figure 4 shows
the signature of the argument of the functor from Fig-
ure 3.) It therefore suffices to consider functors of the
simple form

functor F(X:sigexp) = body
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sigexp ::=

f unct or F (
sig spec end

sigid
structure M: MONOID

generative

signature identifier

structure N: MONOID

sharing type M.i = N.t)=

Struct

funsigexp ::=

(strid: sigexpl ) : sigexp2 functor signature

val x = M.plus(M. e, N.e)

end;
spec ::=

structure stri”d: sigexp structure

functor funid: funsigexp functor

Figure 3: Example c~f type sharing sharing longstn”dl = longstridz sharing

empty

specl (;) spec2 sequential

SIGNATURB ARG= sig

structure M: MONOID

structure N: MONOID

sharing type M.t = N.t

end;

Figure 4: Signature with structure specifications

where sigexp is a signature expression. If we can elab-

orate sigexp to a formal structure S which has pre-

cisely the components and sharing that any structure

which matches sigexp must have then we can elaborate

body assuming that X is bound to S without making

assumptions that are not certain to hold when the

functor is applied. If in addition S is uniquely deter-

mined by sigexp then the elaboration of the body can

be done without worrying about which S to choose for

X in order to get the body tc, elaborate.

ML is designed in such a way that whenever sigexp

elaborates at all then it elaborates to a structure S

which has precisely the components and the sharing

that any structure which satisfies sigexp must have.

Moreover, S is unique, up to a certain kind of re-

naming, as explained below. This crucial property

of signature elaboration is expressed formally in the

principality theorem[4, App A] which states, roughly

speaking, that whenever sigexp can be elaborated at

all, then it can be elaborated to a unique principal

signature.

3 A Skeletal Language

We shall now define elaboration of higher-order func-

tors using structural operaticmal semantics. Most of

the notation and terminology is exactly as in [5] and

[4] but is repeated here for expository reasons.

The grammar of our skeletal language appears in

Figure 5. We are primarily interested signature ex-

pressions (sigezp). These can contain specifications

(spec). Compared with Standard ML, the one novelty

Figure 5: Grammar

in Figure 5 is that we allow specification of functors

in our language. Functor specifications contain func-

tor signature expressions, (funsigezp). For simplicity,

all specifications but structure and functor specifica-

tions have been omitted. Also notice that our skeletal

language does not include structure expressions and

declarations; in particular, there are no productions

for functor declaration and functor application. Apart

from the fact that we wcmld allow the declaration of

functors inside structures, there would be little of in-

terest in spelling out the details here, especially since

our main aim is the principality theorem, which con-

cerns signature expressions only.

As in ML, we assume three disjoint classes of identi-

fiers, namely SigId (signature identifiers), FunId (func-

tor identifiers) and StrId (structure identifiers), ranged

over by sigid, funid and strid, respectively. Substruc-

tures are referenced by long identifiers, for example

A. B is the B substructure of the structure A. The (;)

in the last production means that the semicolon is op-

tional.

In Standard ML, one can specify sharing between

structures and this implicitly implies sharing of all

type and structure components that are specified in

both structures. Just as types have type names, so

structures have structure names and we say that two

structures share if they have the same name. The

elaboration of a struct. . end expression produces a

structure with a fresh name. Structure names are only

used for representing sharing and they play no part in

the dynamic semantics.

3.1 Semantic Objects

We shall now define the semantic objects, i.e. the

objects that occur in the inference rules which will be

presented below. The semantic objects are defined in

Figure 6.
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Ne

GE
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SE E

S or (m, E) C

E or (F, SE) E

Z or (N)S E

@ or

(N)(S, (N’) S’) c

Ae

Bor N, G,EG

StrName

NameSet = Fin(StrName)

SigEnv = SigId @ Sig

FunEnv = FunId ~ FunSig

StrEnv = StrId ~ Str

Str = StrName x Env

Env = FunEnv x StrEnv

Sig = NameSet x Str

FunSig = NameSet x (Str x Sig)

Asmb = Str U Asmb x Asmb

Basis = NameSet x SigEnv x Env

Figure 6: Semantic Objects

(m2, ( structure name

{}7 functor environment

{}, structure environment

{t I+ real* real} type environment

{e ~ real* real, variable environment

plus l-+ a}))

Figure 7: The structure Plane

A structure environment SE is a finite map from

structure identifiers to structures; we write Dom SE

for the domain of SE. Similarly for signature en vi-

ronments G and functor environments F. A (static)

structure S is a pair (m, E), where m is the name

of the structure and E is an environment, which

gives the static information about the components of

the structure. To term such an object static struc-

ture (ss opposed to signature) might seem a bit odd,

since one informally thinks of a signature as being a

“structure type,” but as we shall see shortly, signa-

tures and static structures are different. Since the

only structure components we allow in this paper are

structures and functors, an environment E is a pair

of just two environments (F’, SE). Figure 7 shows

a structure which P/ane from Figure 1 could elabo-

rate to, if we assume that environments also contain

type and variable environments. In the figure, a is

(real * real)* (real* real) + real* real.

We shall often need to select parts of semantic ob-

jects — for example the name of a structure, In such

cases we rely on variable names to indicate which part

is selected. For instance “m of S“ means “the struc-

ture name of S.”

Moreover, when a semantic object contains a finite

map we shall ‘(apply” the object to an argument, re-

lying on the syntactic class of the argument to de-

termine the relevant function.

means (SE of (E of S))(strid).

For instance S(strid)

Names that are specified in a signature expression

and are not shared with already declared types or

structures stand for unknown types and structures.

In other words, such names are generic or flexible, as

opposed to names of declared types and structures,

which we call rigid. A signature is an object of the

form (N)S, where S is a structure and N is a finite

set of names. The prefix (N) is a binding operator

which binds the members of N throughout S’. The

names in N are the flexible names of the signature

whereas names that are free in (N)S are rigid. Se-

mantic objects that can be obtained from each other

by renaming of bound names are considered equal. For

all semantic objects A, we write names(A) to mean the

set of names that occur free in A

Notice the resemblance between a signature 2 =

(N)S and a type scheme u = Vaf’j.~ in the Damas-

Milner type discipline. Instantiation of bound names

in Z takes place when a structure is matched against

z.

A functor signature @ is an object of the form

(N)(S, (N’)S’). Here (N)S is the (principal) signature

for the parameter signature expression of the functor

and S’ is the body structure of the functor; the names

bound by (N’) are the names in S’ which have to be

generated afresh upon each functor application, typi-

cally because of struct.. end expressions in the body.

As an example, the functor signature of the functor

Square in Figure 1 is (N)(S, (N’)S’), where

N = {ml, tl} S = (ml, {t +tl})

N’ = {m2} S’ = (m2, {t =+ tl*tl})

(Here we have temporarily admitted types into the

language, but ignored variable environments and

empty environments.) Notice that the meaning of the

t type of the result depends on the t type specified in

the argument via the name t I which is bound outer-

most in the functor signature.

A basis B is a triple N, G, E, where N is the set

of rigid names generated so far, G is a signature en-

vironment and E is an environment. The G and E

components are used for looking up identifiers during

elaboration.

An assembly A records the structures that have

been generated so far. Assemblies and bases appear

together in pairs (A, B). Not all structures in A need

occur in B, for B contains only those semantic objects

which are currently in scope. on the other hand, ev-

ery structure S which occurs somewhere in B will also

occur somewhere in A, or at least there will be some

structure occurring somewhere in A of which S is a

cut-down version, as defined below. Throughout this

paper, occurrence is hereditary; for example, S occurs

in (N)(S, (N’) S’) and E occurs in (m, E).

As one sees from the definition in Figure

sembly can be thought of as a binary tree
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signature PLUS = sig

type t

val plus: t*t->t

end;

structure Planel : PL US= Plane;

Figure 8: A signature constraint

tures; this is not strictly necessary, although practical

in proofs. The assembly is just a store of structures,

and other representations would work well too.

3.2 Consistency

Once a structure has been created, it is possible to

have restricted views of it. This can happen in two

ways. The first is by a signature constraint. (Figure 8

shows a signature constraint which has the effect of

creating a view of the Plane structure which hides the

e component.) The other way is to apply a functor

with signature (l V)(S, (N’) S’) to an actual structure

S+ which has more components than required by S.

In this case a cut-down view of S is created.

Both of these ways may hide components, but they

never hide sharing. Thus one can easily have two

structures S1 = (ml, El) and S2 = (m2, E2) where

ml = m2 (i.e. the two structures share) and El # E2.

In this case, however, names in El and Ez should at

least be used consistently in those components that

are present in both views. Th~is leads to the definition

of consistency

A semantic object A or assembly A of objects is

said to be consistent if (after changing bound names

to make all nameset prefixes in A disjoint) for all S1

and S2 occurring in A and for every strid and every

funid, if m of SI = m of S2, then

1.

2.

If Sl(strid) and S2(strid) exist, then

m of Sl(sttid) == m of S2(strid)

If SI (funid) and S2(~unid) exist, then

Sl(ju’nid) = S2(@nid)

Note that consistency of functor components is equal-

ity; for structures, only name equality is required. It

is essentially item 2 which has the undesirable effect

of demanding complete agreement between specified

and declared functors. Perhaps it is possible to drop

this item altogether without upsetting the rest of the

theory, but the consequences of this change are not

yet fully understood.

3.3 Cover

As hinted in Section 3.1 once a structure S = (m, E)

has been created, S must have at least the compo-

nents of any subsequent view S- of S. In particular,

S- should be (m, E- ), where E- is an environment

satisfying Dom E- ~ Dom E. Of course we would

also expect some relationship between the objects in

the range of E- and the objects in the range of E,

but that is part of consistency (see Section 3.2). The

definition of cover given below is a slight generalisa-

tion of the “has at least the components of” relation.

Moreover, during elaboration one sometimes wants to

extend the current assembly with new structures with-

out adding components tc, structures in the current as-

sembly. This leads to the notion of conservative cover,

a strengthening of ordinary cover:

Let Al and A2 be semantic objects or assemblies

of objects, let N be a nalme set and let id range over

structure and functor identifiers. We say that A2 cov-

ers Al on N if whenever (m, El ) occurs in Al with

m free and m c N, then m c names(A2) and for all

id 6 Dom El there exists an E2 such that (m, E2) oc-

curs in A2 with m free and id ~ Dom E2. We say that

A2 covers Al if A2 covers Al on names(Al). We say

that A2 is a conservative cover of Al if A2 covers Al

and Al covers A2 on names(Al ).

3.4 Admissibility

Besides demanding that semantic objects be consis-

tent, the definition of ML requires cycJe-freedom and

well-formedness. The former prevents a structure from

being specified as a proper substructure of itself and

the latter ensures that for every name prefix (N) and

every structure S = (m, E) in the scope of (N), if m

is not bound by (N) then no name in E is bound by

(N) either. We refer to [5, Sec 5.3] and [5, Sec 5.4] for

details. We now collect these constraints as follows:

An object or assembly A is admissible if it is cycle-

free, consistent and well-formed. We say that A2 is an

admissible cover of Al, written Al ~ A2, if (Al, A2)

is admissible and A2 covers Al. We say that A2 is a

conservative admissible cover of Al, written Al ~ A2,

if (Al, A2) is admissible and Az is a conservative cover

of Al. Both ~ and ~ are preorders.

3.5 Realisation

A realisation is a function p : StrName --+ StrName.

The support Supp p of a realisation p is the set of

names n for which p(n) # n.

Realisations p are extended to apply to all semantic

objects; their effect is to replace each name n by ~(n).

In applying p to an object with bound names, such as

a signature (N)S, first bound names must be changed

to avoid name capture.
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3.6 Signature Instantiation

When matching a structure S’ against a signature

(N)S, S’ may have more components than present

in S. However, for the components that do appear in

S, it must be possible to obtain consistent naming in

S and S’ by instantiation of the members of N:

A struct ure Sz is an instance of a signature (NI )S1,

written (N1)S1 > S2, if there exists a realisation q

such that p(S1) = S2 and Supp p ~ N1. Note that

there is at most one such p.

3.7 Principal Signatures

Let 1? be a basis, A an assembly and let sigexp be

a signature expression. In Section 3.8 we shall define

what it is for sigexp to elaborate to a structure S in

(A, B), written A, B t sigexp + S. This is used in

the definition of principal signature:

We say that a signature (N)S is principal for sigexp

in (A, B) if A ~ B and, choosing N such that N n

names(A, B) = 0

1.

2.

There exists an A’ such that A ~ A’

and A’, B 1- sigexp ~ S

For all A’ and S’, if A ~ A’

and A’, B 1- sigexp ~ S’ then (N)S > S

The reason for introducing A’ in the above definition

will be given in Section 3.8. For now, simply note

that a signature Z = (N)S is principal for sigexp in

(A, B) only if all structures that sigezp elaborates to

can be obtained from Z by instantiation of the flexible

names, i.e. the names in N. This is similar to the

notion of principal type scheme in the Damas-Milner

type discipline [2], where the flexible names play the

r61e of generic type variables.

3.8 Inference Rules

The inference rules for signature expressions, specifica-

tions and functor signature expressions appear below.

All the conclusions of the rules are of the form

A,B E phrase 3 P (1)

which is read: in the basis B and assembly A, the
phrase phrase elaborates to the object P. Here phrase

is one of the phrase forms defined in Figure 5 and P

is either a structure, a signature, a functor signature

or an environment.

At top level, A is the assembly of all structures de-

clared so far. The phrase classes we consider do not

declare new structures (recall that we are concerned

with signature expressions only), so elaboration does

not produce an assembly. Thus we have A on the left-

hand side of the E, but not on the right-hand side of

the %-. If we were to write down rules for structure ex-

pressions, functor declaration and functor application,

elaboration would gradually increase the top-level as-

sembly, so we would have assemblies on the right-hand

side of the ~ in those rules.

An important invariant to keep in mind when read-

ing the rules is that one can infer (1) only if A is

admissible and covers both B and P. Applying this

invariant to the case where phrase is a top-level signa-

ture expression and P is a signature Z, we see that Z

cannot add components to top-level structures.

The rules appear in the Appendix. There is one rule

for each production in the grammar, plus a rule (4) for

principal signatures. We shall now discuss the most

important rules.

The assembly is only expanded in two rules. The

first is rule 4. Let us first read the rule bottom-up.

Assume the binding operation is non-trivial (i.e. that

N # 0). Then there are structures that occur free in

S but are not free in (N)S. Therefore we need to ex-

pand the assembly to cover the elaboration of sigexp

to S. Conversely, reading the rule top-down, it is nat-

ural that when we bind structures that occur in S by

(N) then we simultaneously discharge the correspond-

ing structures from the assembly. That way renaming

of bound names and expansion of the assembly go to-

gether. The expansion of A to A’ is not supposed

to add components to structures that are already in

A, for the expansion is solely there to introduce new

structures that are used locally in the elaboration of

sa’gexp, so we require A ~ A’.

The second rule which expands the assembly is

rule 5. We first elaborate sigezp ~ to a signature (N)S.

This must happen via rule 4, so (N)S is principal for

sigexp in (A, B). We then choose N in a way that

avoids accidental sharing (names (A, B) n N = 0). We

now form the assembly A’ = (A, S) which is used for

the elaboration of sigezp2 to Z, the functor result sig-

nature. By the invariant, every structure (m, E) that

occurs free in X and satisfies m c N must be covered

by A’, i.e. by S.

The + operation on environments is defined aa fol-

lows: E + E’ is the environment defined by (E +

E’)(id) = E’(id), if id c Dom E’, and (E+ E’)(id) G

E(id) otherwise; The + operation is extended to se-

mantic objects containing environments in the obvious

way. The “+ N“ in rule 5 is explained in Section 4. We

can now express the invariant as a formal constraint

on elaboration:

A sentence of the form A, B t phrase & P is ad-

missible if (A, B, P) is admissible and A covers (B, P).

A tree ‘V is called an inference tree if it is formed

by applying the inference rules and satisfies the side-

conditions on the rules; V is said to be a proof if every

sentence occurring in it is admissible; inference trees

that are not proofs are banned from elaboration.
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structure P =

Struct

structure Q = struct end

end;

signature SIG = s ig(3)

structure P’ : sig end

functor F: (X: sig(4J

structure PI’: sig

structure Q: sig end

end

sharing P” = PI

end(4)): sig end

sharing P’ = P

end(3) .*

(4)

A’, B1 !!- sigexp4 * (N4)5’4 .

L#

I
At, B ~ specp, w EPI A’, .B1 t SpecF ~ EF

Figure 9: Embedded functor signature

We can now state the principality theorem,

I(lo)

P’=P * {}

Theorem 3.1 (Principal Signatures) Lei B be a

basis, A an assembly and let A, B 1- sigexp ~ S, for

some S. Then there exists a principal signature for

sigezp in (A, B).

This theorem follows from a stronger theorem, which

we state in Section 5.

The elaboration of the program in Figure 9 is sum-

marised in Figure 10. It illustrates most features of

the inference system. Some of the occurrences of s ig

and end have been decorated with occurrence num-

bers. Let sigezpi be the signature expression from

sig(i) to end(i), i = 3,4. The specifications of P’ and

F are referred to as specp, and spec=, respectively.

We assume that the assembly and the basis are empty

at the outset. After the elaboration of the structure

declaration we have B = {P H Sp} and A = SP,

where Sp = (ml, {Q ~ (m2, {})}), The elaboration

then proceeds as outlined in Figure 10.

A’, B 1- sigex’ ~ ~ S3

r

S4 = (m4, {P”* SP})

IV4 = {m4}

EP, = {P’ H (ml, {})}

B1=B+EP1

@ = (N4)(S4, ({m5})(m5, {}))

E,={F H@}

B2=B1+EF

S3 = (m3, EPl + EF)

N3 = {m3}

A = Sp, A’ = (A)S3) and A“ = (A’, S4)

B={ PsSP}

SP = (ml, {Q I+ (m2, {})})

Figure 10: An elaboration tree
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4 Admissificatian

Principal signatures can be found by an algorithm

which we will present in Section 5. The algorithm cru-

cially relies on the existence of most general (or prin-

cipal) admissifiers, just as the algorithm W[2] relies

on the existence of most general unifiers in first-order

term unification[7]. Admissification is invoked dur-

ing elaboration when a sharing specification is encoun-

tered. If the two structures that are specified to share

do not have the same name, admissification seeks to

identify the names. Because the resulting assembly

has to be admissible, this might lead to further iden-

tification of names of structures that occur below the

two structures.

For example, consider the program in Figure 9. The

algorithm traverses the program from left to right,

corresponding to a depth-first, left-to-right traversal

of the elaboration tree. The algorithm makes as few

identifications of names as possible, in order that the

result be principal. The first sharing constraint has

the effect of identifying the names of P’ and P“. The

second sharing constraint identifies this name with ml,

the name of P, and this forces identification of the

name of P1l.Q with the name of P.Q, i.e. m2, even

though P’! is not mentioned in the sharing equation.

The reason for this is that we have to stay within a

consistent assembly.

Not any pair of names can be identified. Names

of declared structures (as opposed to specified struc-

tures) are always supposed to be unique, so two such

names cannot be identified. Also, if (N)S is the result

of elaborating a parameter signature expression of a

functor specification, then the names of N are to be

treated as distinct within the result signature.

Operationally, what it means for a name to be rigid

is that it cannot be replaced by another name by ad-

missification. Formally, the set of rigid names is the

names in the N-component of the basis. This is why

we add (i.e. union) N with the N-component of the

basis in rule 5.

Finally, the side-condition N n names(A, l?) = 0

in rule 5 constrains possible identifications of names.

The way we check whether this side-condition is being

violated is by assuming that all names have a rank,

which is a natural number. At top level, names have

rank O. Rank is increased by one locally when one

starts elaboration of the result signature of a functor

signature expression. The details are as follows:

Let A be an assembly, p a realisation and N a

name set. The rank of A, written rank(A), is the

maximum rank of any name that occurs free in A.

A is stratified if whenever (m, E) occurs in A with

m free then rank(E) < rank m. (Intuitively, (m, E)

contains free names that will later be bound further

out by name prefixes nested within each other; by in-

sisting that structures be stratified we can keep these

name prefixes disjoint and avoid capture of free names

throughout elaboration.) We say that p is decreas-

ing if rank(ym) < rank(n), for all names n; p is said

to be fixed on N if p(n) = n, for all n c N. (In-

tuitively, realisation is supposed to be fixed on rigid

names, i.e. the names in N of B; on other names, re-

alisation should not increase rank — the binding of

a name may be moved further out, but never further

in, as this could lead to capture of free names when

forming signatures.) Moreover, p is said to be an ad-

missifier for A under N if p is decreasing and fixed

on N, A covers PA on N and PA is admissible and

stratified. An admissifier p“ for A under N is said to

be most general or principal if, for every admissifier p

for A under N, there exists a realisation @ such that

p’ is decreasing, fixed on N and p’(p*A) = PA. The

following theorem corresponds to Theorem 10.3 in [4]

and the proof is similar.

Theorem 4.1 (Admissification) For any assembly

A and name set N, if there exists some admissijerjor

A under N then there exists a principal admissijier for

A under N.

The proof of this theorem is similar to the proof of

Theorem 10.3 in [4]; Essentially, the proof gives an

algorithm .4dmissify, such that for all assemblies A

and name sets N, either Adrnissijy(A, N) returns a

principal admissifier p’ for A under N, or it fails, in

case no admissifier exists.

Admissification is reminiscent of Remy’s record

unification[6] and Ait–Kaci’s type unification[l]. The

main extra subtlety we have to deal with is unification

under nested name prefixes.

5 An Inference Algorithm

In this section we state a stronger version of Theo-

rem 3.1 which is suitable for inductive proof. Also,

we present the constructive part of the proof as an

inference algorithm.

Let K be the category defined as follows. An object

O of K is a pair (A, B), where A is an assembly and

B = (N, G, E) is a basis satisfying that A is admissible

and stratified and A ~ B (by which we mean A ~

(G, E) and names(A) z N). The set of objects of

K is denoted Obj. For all objects 01 = (Al, Bl) =

(Al, (Nl, Gl, El)) and 02 = (A2, B2), and for every

p and rank k, there is a morphism 01 =OZ ifp

is decreasing and fixed on N1, pB1 = B2, pA1 ~

A2, Al covers A2 on N1 and rank(Ol, 02) < k. The

condition “Al covers A2 on NI° prevents realisation

from adding components to rigid structures. Notice

that 01 =02 implies q(Bl) = P(N1, GI, El) =

(N1, pG1, pE1) = B2.
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Morphisms 01 A 02 and 01 ‘“k’ bOz between

01 and 02 are equal if k = k;’ and p(n) = ~’(n), for

all n c names 01. Composition in K is the natural

extension of composition of realisations.

For all O = (A, 1?) we write O 1- phrase s Q as a

shorthand for O c Obj and A, B 1- phrase * Q.

Theorem 5.1 (Realisation and Principality y)

Let phrase be one of sigexp, spec or funsigexp. Then

(1) and (2).

(1) For all O, O’, Q, p and k, if O 1- phrase 3 Q

and O “k O’ then O’ t-phrase ~ p(Q)

(2) For all O, O’, Q’, p and k, if

O AO’ and O’ 1- phrase a Q’

then there exist O*, @ and Q* depending only on

O, phrase and k, such that

Moreover, there exists a ~ such that the diagram

o

/\

p“, k p, k

*., k

O* -— o’
commutes and @Q* = Q’.

Theorem 3.1 follows from part (2) of the above theo-

rem if we let A be the assembly of the structures that

occur in B, let O = O’ = (.A, B), Q’ = S’, p = Id,

k = O, phrase = sigezp and Q“ = S*.

The proof is by induction cm the depth of inference.

It is too long to be included here, but the construc-

tion of O*, p“ and Q“ in part (2) happens accord-

ing to the algorithm W in Figure 11. The algorithm

is named after the Damas-M ilner algorithm with the

same name [2] because of th(e great similarity. Given

an expression e and a type assignment A, a call

(S, T)= W’(A, e)

of their algorithm either returns (S, ~), where S is a

substitution and ~ (after suitable binding of type vari-

ables) is the principal type for e in S(A), or fails, in

case the expression does not elaborate at all. Simi-

larly, a call

(0’, 9,S) = WS:,,WP(O, Sigf=w)

of our algorithm either returns (0’, p, S), where v is a

realisation and S (after suitable binding of names) is

the principal signature for siglexp in O’, or fails, in case

the signature expression does not elaborate at all. The

analogy is strengthened by the fact that 0’ is roughly

P(O), except that O’ in fact might be an non-trivial

admissible cover of yY(0)., for reasons explained in the

conclusion.

The realisation p returned by the algorithm is the

composition of realisations obtained for the subexpres-

sions of sigezp. The only place non-trivial realisations

arise is when a sharing specification is processed. In

this case, the admissifica,tion algorithm mentioned in

Section 4 is invoked. Apart from failing because of

identifiers that are not found in the basis, the only

way our algorithm W can fail is indirectly because

Admissify fails. Again, this is similar to the behaviour

or the Damss-Milner algorithm.

Our W algorithm actually consists of four mu-

tually recursive functions, one for each group

of inference rules in !3ection 3.8. In the last

of these, WSPeC, we use the following notation.

For all O = (A, B) = (A, (N, G, E)), we

write Admissify(O, longstridl, longstridz) to mean

Admissify(A’, N), where

At = (Al (m, {X H B(longstridl)}),

(m, {X H l?(longstrid2)}))

where m is new and X is an arbitrary structure

tifier.

Notation used in Figure 11:

iden-

CIOSAS means (N)S, where N = names S \ names A

Below(A, A’) is a minimal (with respect to ~) assem-

bly A“ consistent with A satisfying that when-

ever S = (m, E) occurs in A with m free and

m E names(A’, A“), then S Q A“

Oas(A, B) introduces a variable O and simultaneously

introduces variables for the components of O

B of O means the B component of object O; similarly

for Nof Band Eof B

O M P is the object ((A, P), B), where (A, B) = O

and P is any semantic object. (O M P concerns

the assembly component of O, whereas O + P

always concerns the basis component of O.)

6 Conclusion

Our type discipline is almost, but not completely, a

conservative extension c)f the Standard ML modules

discipline. The difference, aa far as first-order mod-

ules is concerned, haa to do with the notion of cover

and the rtde of assemblies. Assemblies do not appear

in the inference rules for Standard ML, although they

play a prominent part in the proof of the principality

theorem[4, Theorem A.2]. The reason why we have

them in our inference rules haa to

ML, cover is only required at one

do with cover. In

point: ML allows
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W,ige3p(0 as (A, l?), sigexp, k) : Obj x Rea x Str =

case sigexp of

longsigid =>

let (N*)S* = B(longsz’gid), where all names in

N* are chosen to be fresh and have rank k

in (OW S*, ld, S*)

I sig spec end=>

let (O*, p’, E*) = W’,P=C(O, spec, k)

S* = (m*, E* ), where m“ is new

in (O* WS*, p*, S*)

WPtin$~,~P(O as (A, l?), sigezp, k) : Obj x Rea x Sig =

let (O* as (A*, B*), p“, S*) = W,ig~~P(O, sigeq, k)

A! = Below(A*, P*A)

~“ = ClosA; S*

in (( A~, B*), p*, X*)

Wftin,~gecP(O, funsigexp, k) : Obj x Rea x FunSig =

let

O = (A, B)

(sttid: sigexpl ): sigexpz = funsigexp

(O~,~;, Z!)= Wprinsig.q(oj szgezpl, ~)

(N: )S; = X;, where all names in N; are

chosen to he fresh and have rank k + 1

Oz = O~w S;+ Nf+{strid~SJ}

(O;,PJ, x;)= WPtin,igezP(02, si9e~p2, k + 1)

A~=AofO~

A* = Below(A~, names(A~) \ N;)

P*=%’; OP?
O* = (Nf)(p~Sf, Z;)

in (( A*, p~(Bof 0~)), q*,@*)

W.P..(O, spec, k) : Obj x Rea x Env =

case spec of

I

I

I

I

empty => (O, Id, {}), where Id is the identity

sharing longstrid ~=longstrid2 =>

let @ = Admissify(O, longstridl, longstrid~)

in (p* O,q*, {})

specl (; )specz =>

let (o; as (A~, B;), 91, El) = W,P40, specl, k)

(O:, p;, E;) = W,p~4(AY, B! + E;), spec~, k)

in ((A of Oj,pjB~),@j OPl,PjEl +Ej)

structure strid: sigexp =>

let (O*, ~“, S*) = WSiJaZP(O, sigeq, k)

in (O*, p*, {sir-id * S*})

functor funid:funsigexp =>

let (O*, p“, O*) = W~un.igeZP(O, funsigezp, k)

in (O*, p“, {funid * @*])

Figure 11: The Inference Algorithm

the conclusion B + sigexp ~ (N)S, only when B cov-

ers Below(S, 1?) [5, Sec 5.13]. Were we to copy this

restriction to the higher-order language, principality

would be lost. To see this, consider Figure 9 again

and imagine that the last sharing constraint is deleted

and that B is a basis which contains two structures

that have different names ml and m2 but both have a

Q substructure. One now has the following unpleas-

ant options when elaborating SIG in B. Either one

identifies the name of P! with ml or m2 in order to sat-

isfy the restriction when inferring a principal signature

for sigezp4, in which case one does not get a princi-

pal signature for sigezp3, since the choice between ml

and m2 is arbitrary. Or one gives P’ a fresh name, in

which case the principal signature for sigezp4 violates

the requirement, because P’ has no Q component.

For the higher-order language, we therefore need a

way to allow components in S that are not covered

by B when we infer a principal signature (N)S in B.

This is achieved by introducing assemblies into the

elaboration trees and by modifying the definition of

principality so that principality becomes relative to

both B and A.

structure Empty = struct end;

signature SIG1 = sig

structure E: sig

structure Dangle: sig end

end

sharing E= Empty

end

signature SIG2 = sig

local

structure E: sig

structure Dangle: sig end

end

sharing E= Empty

in

end

end;

Figure 12: Two pathological signatures

The consequences of these modifications are illus-

trated by the example in Figure 12. In ML, SIG1 is

illegal, while SIG2 is legal. (To see this, notice that

SIG1 elaborates to a structure containing a compo-

nent (Dangle) which is not covered by the basis; in

SIG2, the dangling structure is not in the resulting

signature because of the local specification, so SIG2

is legal.) In our scheme they would both be illegal.

In all other respects, our discipline is consistent with
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the ML discipline. In the view of the author, sign%

tures like the ones in Figure 12 are pathological and

differences in the treatment of them are unlikely to

have any practical significance whatsoever.
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Appendix: Inference Rules

Signature Expressions
~

A, B1-spec~E

A, B 1- sig spec end+ (m}E)
(2)

B(sigid) ~ S

A, B t- sigid a S
(3)

A~A’ A’, B i- sigexp ~ S

(N)S principal for sigexp in A, B

A, B 1- sigezp a (N)S
(4)

Functor Signature Expressions

A, B 1- sigezpl a (N)S IV n names(A, B) = 0

(A, S), B + N + {strid w S} 1- sigezpz +- X

A, B 1- (strid: sigezpl ): sigezpz ~ (N)(S, X)

(5)

Specifications A, Bkspec~E

A,B t sigexp ~ S

A, B 1- structure strid: sigezp ~ {strid w S}
(6)

A, B 1- funsigezp ~ @

A, B i- functor funid: funsigezp ~ {funid R 0}

(7)

m of B(longstridl) := m of B(Jongstrid2)

A, B i- sharing longstridl = longstrid2 * {}
(8)

A,BE * {}
(9)

A,B 1- specl ~ El A, B + El 1- spec2 d E.J

A, B > specl (;) specz ~ El + E2

(lo)
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