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Abstract 

ML-style modules are valuable in the development and mainte- 
nance of large software systems, unfortunately, none of the existing 
languages support them in a fully satisfactory manner. The Offi- 
cial SML’97 Definition does not allow higher-order functors, so a 
module that refers to externally defined functors cannot accurately 
describe its import interface. MacQueen and Tofie [26] extended 
ShIL’97 with fully transparent higher-order functors, but their sys- 
tem does not have a type-theoretic semantics thus fails to support 
fully syntactic signatures. The systems of manifest types [ 19, 201 
and translucent sums [12] support fully syntactic signatures but 
they may propagate fewer type equalities than fi~lly transparent 
functors. This paper presents a module calculus that supports both 
fully transparent higher-order functors and fully syntactic signa- 
tures (and thus true separate compilation). We give a simple type- 
theoretic semantics to our calculus and show how to compile it into 
an F,-like X-calculus extended with existential types. 

1 Introduction 

Modular programming is one of the most commonly used tech- 
niques in the development and maintenance of large so&are sys- 
tems. Using modularization, we can decompose a large software 
project into smaller pieces (modules) and then develop and under- 
stand each of them in isolation. The key ingredients in modular- 
ization are the explicit interfaces used to model inter-module de- 
pendencies. Good interfaces not only make separate compilation 
type-safe but also allow us to think about large systems without 
holding the whole system in our head at once. A poweti module 
language must support equally expressive interface specifications 
in order to achieve the optimal results. 

1.1 Why higher-order functors? 

Standard ML [27, 281 provides a powerful module system. The 
main innovation of the ML module language is its support of pa- 
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rameterized modules, also known asfinctors. Unlike Modula-3 
generics [30] or C++ templates 1371, ML functors can be type- 
checked and compiled independently at its definition site; further- 
more, different applications of the same ftmctor can share a single 
copy of the implementation (i.e., object code), even though each 
application may produce modules with different interfaces. 

Functors have proven to be valuable in the modeling and or- 
ganization of extensible systems [:I, 10, 6, 3 I]. The Fox project at 
CMU [ 1] uses ML fanctors to represent the TCPiIP protocol layers; 
through f%nctor applications, different protocol layers can be mixed 
and matched to generate new protocol stacks with application- 
specific requirements, Also, a standard C++ template library writ- 
ten using the ML functors would not require nasty cascading re- 
compilations when the library is updated, simply because ML fimc- 
tors can be compiled separately before even being applied. 

Unfortunately, any use of functors and nested modules also im- 
plies that the underlying module language must support higher- 
order functors (i.e., tictors passed as arguments or returned as 
results by other functors), because othetiise, there is no way to 
accurately specify the import signature of a module that refers to 
externally defined fimctors. For example, if we decompose the 
following ML program into two smaller pieces, one for FOO and 
another for BAR: 

functor FOO (A : SIG) = . . . 
. ..-.. 
structure BAR = struct structure B = . . . 

structure C = FOO(B) 
end 

the fragment for BAR must treat FOO as its import argument. This 
essentially turns BAR into a higher-order functor since.it must take 
another fbnctor as its argument. Without higher-order fimctors, we 
cannot fully specify the interfaces’ of arbitrary ML programs. The 
lack of fully syntactic (i.e., explicit) signatures also violates the 
fundamental principles of modularization and makes it impossible 
to support Modula-2 style true separate compilatilon [ 191. 

1.2 Main challenges 

Supporting higher-order functors with fully syntactic signatures 
turns out to be a very hard problem. Standard ML (SML) [28] 
only supports first-order fimctors. MacQueen and Tofte [26,38] ex- 
tended SML with fully transparent higher-order tictors but their 
scheme does not provide fully syntactic signatures. Independently, 
Harper and Lillibridge [ 121 and Leroy [ 191 proposed to use tmmlu- 
cent sums and manifest types to model type sharing; their scheme 

‘We only need to write the signatures for first-order functors if we use a special 
“compilation unit” construct with import and export statements, but reasoning such 
construct would likely require similar formalism as reasoning higher-order modules. 
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supports fully syntactic signatures but fails to propagate as much 
sharing as in the MacQueen-Tofte system. Leroy [20] proposed to 
use applicative semantics to model full transparency, hut his sig- 
nature calculus is not fully syntactic since it only handles limited 
forms of functor expressions; this limitation was lifted in Courant’s 
recent proposal [7], but only at the expense of putting arbitrary 
module implementation code into the interfaces, which in turn 
compromises the very benefits of modularization and makes inter- 
face checking much harder. 

The main challenge is thus to design a module language that 
satisfies all of the following properties: 

0 

l 

0 

l 

. 

I.3 

It must havefully syntactic signatures: if we split a program 
at an arbitrary point, the corresponding interface must be ex- 
pressible using the underlying signature calculus. 

It must have simple type-theoretical semantics: a clean se- 
mantics makes formal reasoning easier; it is also a prerequi- 
site for a simple signature calculus. 

It should support &lly transparent higher-order functors: 
higher-order fimctors should be a natural extension of first- 
order ones; simple ML functors can propagate type sharing 
from the argument to the result; higher-order functors should 
propagate sharing in the same way. 

It should support opaque &J~S and signatures: type abstrac- 
tion is the standard method of hiding implementation details 
from the clients of a module; the same mechanism should be 
applicable to higher-order fimctors as well. 

It should support eficient elaboration and implementation: 
a module system will not be practical if it cannot be type- 
checked and compiled efficiently; compilation of module 
programs should also be compatible with the standard type- 
directed compilation techniques [ 18, 15,34,35]. 

Our contributions 

This paper presents a higher-order module calculus that satisfies all 
of the above properties. We show that fully transparent higher- 
order functors can also have simple type-theoretic semantics so 
they can be added into ML-like languages while still support- 
ing true separate compilation. Our key idea is to adapt and in- 
corporate the phase-splitting interpretation of higher-order mod- 
ules [14, 351 into a surface module calculus-the result is a new 
method that propagates more sharing information (across functor 
application) than the system based on translucent sums [ 121 and 
manifest types [ 191. More specifically, given a signature or a tic- 
tor signature S, we extract all thepexible components in S into a 
single higher-order “type-constructor” variable u; here, by flexible, 
we mean those undefined type or module components inside S. We 
call such ‘u, as the flexroot constructor of signature S. We use K to 
denote the kind of u and S’ to denote the instantiation of S whose 
flexible components are redirected to the corresponding entries in 
u. An opaque view of signature S can be modeled as an existen- 
tial type 3~ : KS’. A transparent view of S can be obtained by 
substituting the flexroot of S with the actual constructor informa- 
tion. Full transparency is then achieved by propagating the flexroot 
information through fimctor application. 

Our new phase-splitting interpretation also leads to a simpler 
type theory for the system based on translucent sums and manifest 
types. Recent work on phase-splitting transformation [14, 35, 81 
has shown that ML-like module languages are better understood 
by translating them into an F, -like polymorphic X-calculus. These 
translations, however, do not support opaque modules very well 

because abstract types must be made concrete during the transla- 
tion. The translation of translucent sums is even more problematic: 
Crary et al [S] have to extend F, with singleton and dependent 
kinds to capture the sharing information in the surface language. 
The translation based on our new interpretation (given in the com- 
panion technical report [36]) rightly turns opaque modules and ab- 
stract types into simple existential types. Furthermore, it does not 
need to use singleton and dependent kinds. This is significant be- 
cause typechecking singleton and dependent kinds is notoriously 
difficult [ 81. 

2 Informal Development 

2.1 Fully transparent higher-order functors 

We first use a series of examples to show how the MacQueen-Tofte 
system [26] supports fully transparent higher-order functors. We 
start by defining a signature SIG and a functor signature FSIG: 

signature SIG = sig type t val x : t end 
funsig FSIG = fsig (X: SIG): SIG 

MacQueen and Tofie use strong sum C to express the module type, 
so signature SIG is equivalent to a dependent sum type SIG = 
Ct.t and signature FSIG is same as the dependent product type 
IIX : SIG.SIG. We also define a structure S with signature SIG, 
and two functors Fl and F2, both with signature FSIG: 

structure S = struct type t=int val x=1 end 

functor Fl (X: SIG) = 
struct type t=X.t val x=X.x end 

functor F2 (X: SIG) = 
struct type t=int val x=1 end 

Although SIG does not define the actual type for t, fbnctor ap- 
plications such as Fl ( S) will always re-elaborate the body of F 1 
with x bound to S, so the type identity of x _ t (which is int) is 
faithfully propagated into the result Fl ( S ) . Now suppose we de- 
fine the following higher-order functor which takes a functor F as 
argument and applies it to the previously defined structure S: 

functor APPS (F: FSIG) = F(S) 

We can then apply APPS to functors Fl and F2 : 

structure R = 
struct structure Rl = APPS(F1) 

structure R2 = APPS(F2) 
val res = (R1.x = R2.x) 
. . . . . . . . . . . . 

end 

In the MacQueen-Tofte system, both APPS (Fl 1 and APPS (F2 1 
will re-elaborate the body of APPS which in turn re-elaborates the 
functor body in Fl and F2; it successfUlly infers that Rl .x and 
R2 . x all have type int, so the equality test (Rl . x = R2 .x 1 
will typecheck. 

MacQueen and To!%e [26] call fimctors such as APPS as fully 
transparent modules since they faithfully propagate all sharing in- 
formation in the actual argument (e.g., Fl and F2) into the result 
(e.g., ~1 and R2). Unfortunately, their scheme does not support 
fully syntactic signatures. If we want to turn module R into a sep- 
arate compilation unit, we have no way to completely specify its 
import interface. More specifically, we cannot write a signature for 
APPS so that all sharing information in the argument is propagated 
into the result. The closest we get iy to assign APPS with signature: 
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funsig BADSIG = 
fsig (F: FSIG): sig type t=int val x : t end 

But this would not work if R also contains the following code: 

functor F3(X: SIG) = 
struct type t=real val x=3.0 end 

structure R3 = APPS(F3) 

Signature BADSIG clearly does not capture the sharing informa- 
tion propagated during the application of APPS (F3 ) . The actual 
implementation of the MacQueen-Tofte system [35] memoizes a 
“skeleton” for each fiutctor body to support re-elaboration, but this 
is clearly too complex to be used in a surface signature calculus. 

2.2 Translucent sums and manifest types 

A more severe problem of the MacQueen-TotIe system is that it 
lacks a clean type-theoretic semantics: its typechecker must use an 
operational stamp generator to model abstract types; this makes it 
impossible to express the typing property in the surface signature 
calculus. In 1994, Harper and Lillibridge [12] and Leroy [ 191 pro- 
posed (independently) to use translucent sums and manifest types 
to model ML modules; the resulting framework-which we call it 
the abstract approach-has a clean type-theoretic equational the- 
ory on types; furthermore, both systems support fully syntactic sig- 
natures. Leroy [21] and Harper [ 16) have also shown that their sys- 
tems are sufficiently expressive that it can type the entire module 
language in the official SML’97 Definition [28]. 

Unfortunately, in the case of higher-order functors, the abstract 
approach does not propagate as much sharing as one would nor- 
mally expect in the MacQueen-TofIe system. For example, the 
previous equality test (~1. x = R2 . x) would not typecheck in 
Harper and Leroy’s systems [12, 191. In fact, the abstract approach 
treats the signature SIG as an existential type SIG = 3t.t and 
the signature FSIG as a dependent product IYIX : SIG.SIG. The 
functor APPS is assigned with the following signature type: 

IIF: (IIX: SIG.SIG).SZG 

Applying APPS to Fl or F2 always yields a new existential pack- 
age 3t.t so Rl . t and R2. t are two distinct abstract types. 

The abstract approach relies on signature subsumption and 
strengthening [12, 191 to propagate sharing information f?om the 
functor argument to the result. But the subsumption rules are not 
powerful enough to support fully transparent higher-order fimctors. 
Nevertheless, the abstract approach does have fully syntactic signa- 
tures; and having a functor parameter returning an abstract result is 
sometimes useful. Take the functor APPS as an example, some- 
times we indeed want the parameter F to be a functor that always 
generate new types at each application. 

2.3 Transparent modules with syntactic signatures 

We would like to extend the abstract approach to support fully 
transparent higher-order functors. Our key idea is to adapt and 
incorporate the phase-splitting interpretation of higher-order mod- 
ules 114, 351 into a surface module calculus; the result is a new 
method that propagates more sharing information (across functor 
application) than the system based on translucent sums and mani- 
fest types. Given a signature or a Victor signature S, we extract 
all theflscible components in S into a single higher-order “type- 
constructor” variable u; here, by flexible, we mean those undefined 
type or module components inside S. We call such ‘u. as the Uexroot 
constructor of signature S. We use K to denote the kind of u and 
S’ to denote the instantiation of S with all of its flexible compo- 
nents referring to the corresponding entries in u. An opaque view 

of signature S can be modeled as an existential type 311 : KS”; 
a transparent view of S can be obtained by substituting all occur- 
rences of 21. in S’ by an actual flexroot constructor. For example, 
the previous signature de&ration: 

signature SIG = sig type t val x : t end 

can be viewed as a template of form: 

SIG = Au:Ksrc.(sig type t: = #t(u) val x : t end) 

where kind Kslc is equal to ( t : a}. We use # t(u) to denote the 
t component from a constructor r,ecord u-this is to emphasize its 
difference from the module access paths in ML (e.g., x . t). 

Instantiating the flexroot of SIG with constructor {t = in t} 
yields a signature of form: 

sig type t = int val x : t end 

Meanwhile, the following SML code: 

structure X :> SIG = 
struct type t=int val x=1 end 

creates an opaque view of SIG so module X has type 32~ : 
KSIG . (SIG [TJ]) , or expanded to: 

%:K~rc.(sig type t = #t(.u) val x : t end). 

In the rest of this paper, we follow the abstract approach to treat 
signature matching as opaque by default. Given a module identifier 
X and a signature S, we say that X has signature S if X has type 
32~ : Ks.(S[u]). The abstract flexroot constructor in X can be 
retrieved using dot notation on existentials [5]-such notation is 
usually written as X.typ, but in this paper we use a more concise 
notation; we will use the overlined identifier F to represent the 
flexroot of X. 

It is informative to compare Aexroot with the notion of access 
paths in the abstract approach [12, 191. A type path X.t in the 
system based on translucent sums and manifest types may denote 
an abstract type (as in dot notation). Under the flexroot notation, 
X.t always refers to an actual type definition-the t component 
of module X-which in turn is defined as type #t(X); in other 
words, all the flexible components in X are now redirected to the 
abstract flexroot constructor x. 

Combining all the flexible components into a single flex- 
root constructor makes it easier to propagate sharing information 
through functor application. For example, the earlier ML code: 

functor Fl(X: SIG) = 
struct type t=X.t val x=X.x end 

creates a functor with type:’ 

lIx:(%~IG[u]).(sig type t = X.t val x : t end) 

or written as signature: 

fsig (X: SIG): sig tme t = X.t val x : t end 

Here, the type path x . t in the result signature really refers to type 
#t(ii). During Victor application, we create a transparent view 
of the actual argument following signature SIG; we instantiate the 
flexroot Z into an actual constructor and then propagate this infor- 
mation into the result signature. 

2we omitted the kind annotation for II to simplify the preselntation; WC will do the 
same in the rest of the paper if the kind is clear from the context. 
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The idea gets more interesting in the higher-order case. Be- 
cause all functors are abstract under the abstract approach, we first 
need to find a way to introduce transparent higher-order timctors. 
SML’97 uses the “:” and “: >” notation to distinguish between 
transparent and opaque signature matching; we borrow the same 
notation and use it to specify the abstract and transparent fimctors. 
In the following example, 

funsig NFSIG = fsig (X: SIG):> SIG 
funsig TFSIG = fsig (X: SIG): SIG 

Signature NFSIG represents an abstract functor that always creates 
fresh new types at each application. Signature TFSIG represents a 
fully transparent functor that always propagates the sharing infor- 
mation from the actual argument (i.e., X) into the result. 

The definition of NFSIG introduces a template of form: 

NFSIG = X~~:KNFSIG.IIX:(~~L~.SZG[~-~~]).(~~~~.SZG[~~~]) 

where kind KNFS~G is just Ksro + (1. Notice NFSIG does not 
propagate any sharing information (~1) into the result signature; in- 
stead, each functor application always returns an existential pack- 
age. For example, the abstract version of functor APPS: 

functor APPS (F: NFSIG) = F(S) 

is assigned with the following interface type: 

nF:(hl .~VFSZG[U~]).(~UZ.SZG[U~]) 

or written as signature: 

fsig (F: NFSIG):, SIG 

On the other hand, the definition of TFSIG introduces a tem- 
plate of form: 

TFSZG = X211:KTFsI~.nx:(3u2.SZG[~2J).(SZG[~1~]) 

where kind KTFSIG is equal to Kslo + Kslo (the algorithm cal- 
culating such kind is given later in Section 3.2). The flexroot of 
TFSIG has a different kind from that of NFSIG because functors 
with signature TFSIG propagate more sharing information (e.g., 
constructor of kind KTFSIG) than those with signature NFSIG. 
Notice how mnctor application propagates sharing into the return 
result: the flexroot of the result is 1~1 W where ‘t~i is the flexroot of 
the fttnctor itself and Y is the flexroot of the actual argument. 

We can now write the fully transparent version of APPS as: 

functor APPS (F: TFSIG) = F(S) 

and we can assign it with the following interface type: 

nF:(hl :KTFs~G.TFSZG[U~]).(SZG~[{~=S.~}]]) 

or if we write it in an extended signature calculus: 

fsig (F: TFSIG): sig type t= #t(F;[{t=S.tll) 
val x: t 

end 

With proper syntactic hacks, this signature can even be written as: 

fsig (F: TFSIG): sig type t = #t(F(S)) 
val x : t 

end 

as long as we assume that all module identifiers (e.g., F and S) 
referred inside the constructor context #t(.) are always referring 
to their constructor counterparts. 

Getting back to the earlier example in Section 2.1 where we 
apply APPS to functors Fl and F2, we see why both Rl . t and 
R2. t are now equivalent to int. To apply APPS to Fl (or F2), 
we match Fl (or F2) against TFSIG and calculate the flexroot F 
of the actual argument; F is equal to A%{ t = #t(u)} for Fl or 
h.{ t = int} for F2; in both cases, the t component of the result 
is #t(?\;IIt = int}]) which ends up as int. 

2.4 Relationship with Leroy’s applicative functors 

Our syntactic signature looks similar to Leroy’s applicative-fimctor 
approach [20] where he can also assign APPS with a signature: 

fsig (F: FSIG): sig type t=F(S).t 
val x: t 

end 

This similarity, however, stays only at the surface; the underlying 
interpretations of the two are completely different. Under the ap- 
plicative approach, a functor with signature FSIG will always gen- 
erate the same abstract type if applied to the same argument. Un- 
der our scheme, an abstract functor (with signature NFSIG) always 
generates a new type at each application while a transparent fimc- 
tor (with signature TFSIG) does not. We can simulate applicative 
functors by opaquely matching a functor against a transparent fiuic- 
tor signature. For example, 

functor F3 :> TFSIG = Fl 

Fun&or F3 would have type: 

Because F3 is abstracted over its flexroot information, applying !% 
to equivalent constructors will still result in equivalent types (e.g., 
#t(FT[{t = int)])). 

One problem of the applicative approach is that it solely relies 
on access paths to propagate sharing. Because access paths are not 
allowed to contain arbitrary module expressions (doing otherwise 
may break abstraction), the applicative approach cannot give an 
accurate signature to the following fun&or: 

functor PAPP (F : FSIG) (X : SIG) = 
let structure Y = 

struct type t = X.t * X.t 
val x = X.x * X.x 

end 
in F(Y) 

Leroy [20] did propose to type PAPP by “lambda-lifting” module 
Y out of PAPP, but this dramatically alters the program structure, 
making the module language impractical to program with. 

Our approach uses the flexroot constructor to propagate shar- 
ing. we can easily give PAPP an accurate signature: 

fsig (F : TFSIG) (X : SIG) : 
sig type t = #t (P({t= #t(Z) * #t(f)})) 

val x : t 
end 

Notice we use TFSIG rather than NFSIG to emphasize that F is a 
transparent fttnctor. 
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ctxt formation t r ok 
ctyp formation I-!--T 
cexp formation I? I- e:r 
spec formation I?!-H 
sigformation rl-s 
mexp formation I? I- m:S 
mdec formation J?l- d:H 

Module expression and declaration: 

path p ::= xi 1 p.x 
mexp m ::= p 1 strdl,...,dn end 

1 fCt(zi:S)m)plCp2) 

1 (p:>S)Iletdinm 
mdec d ::= xj=m1 tj =TJYj=e 

Module signature and specification: 

sig s ..- *.- sigHl,...,H, end 
1 fsig(xi:S):>S' 

spec H ::= Xi:Sltj(tj=TIVj:T 

Core language: 

WP 7 ::= tiIJ?.tl... 
cap e ::= wj ]p.?J I... 

Elaboration context: 

czw r ::= &(QH 

Figure 1: Syntax of the abstract module calculus AMC 

3 Formalization 

In this section we present an Extended Module Calculus (EMC) 
that supports both fully transparent higher-order functors and fully 
syntactic signatures. EMC is an extension of Leroy and Harper’s 
abstract module calculus [ 19, 21, 121 but with support for fully 
transparent functors. To make the presentation easier to follow, we 
first define an abstract module calculus that reviews the main ideas 
behind translucent sums and manifest types. We then present our 
new EMC calculus and show how it propagates more sharing than 
the abstract approach. 

3.1 The abstract module calculus AMC 

We use the Abstract Module Calculus (AMC) [ 191 as a represen- 
tative of the system based on translucent sums [12] and manifest 
types [ 19,211. The syntax of AMC is given in Figure 1, The static 
semantics for AMC is summarized in Figure 2. The complete typ- 
ing rules are given in Figures 3 to 5 and in the companion TR [36]. 

AMC is a typical ML-style module calculus containing con- 
structs such as module expressions (map), module declarations 
(mdec), module access paths (path), signatures (sig, specifications 
(spec), core-language types (clyp) and expressions (cexp). Follow- 
ing Leroy [2 11, we use zi, ti, and w; to denote module, type, and 
value identifiers, and x, t, and u for module, type, and value labels. 
We assume that each declaration or specification in AMC simul- 
taneously defines an internal name (e.g., i) and an external label 
(e.g., x, t, v). Given a structure s tr dl, . . . , d, end or a signa- 
tiesigHl,... , Hn end, declarations and specifications defined 
later can refer to those defined earlier using the internal names. 
However, to access the module components from outside, we must 
use the access paths such as p.x, p.v, and p.t where p is another 
path and x, w, and t are external labels. 

Signatures are used to type module expressions. An AMC sig- 
nature can be either a fnnctor signature or a regular signature that 
contains an ordered list of module, type, and value specifications. A 
fimctor signature is written as f sig(xi : S) :> S’ where S denotes 
the argument signature and S’ the result signature. We borrow the 

ctyp equivalence r i- 7- E rJ 
spec subsumption I’ I- H 5 H’ 
sig suhsumption rf-sis’ 

Figure 2: Static semantics for AMC: a summary 

Hj/p+Hj tbrj=l,...,n 

(sig HI,..., Hnend)/p+-(sigH:,...,HAend) 

(fsig(xi:S):>S')/p* (fsig(xi:S):>S) 

Sfp.x * S’ 
(Xi : S)/p 3 (Ei : S’) 

(wj:T)/p q * (t&:7) 

(ti =7)/p * (ti = T) (ti)/P * (ti =P-t) 

Figure 3: Signature strengthening in AMC 

SML’97 notation “ : ” and “: >” for signature matching and use it to 
specify the abstract and transparent fimctors. Because AMC only 
supports abstract functors, a fknctor signature in AMC always uses 
: > to specify its result. Later in Section 3.2, we’ll extend AMC 
with transparent functor signatures in the form of fis ig(zi : S) : 5”. 

AMC allows two kinds of type specifications: flexible type 
specification (ti) and manifest type specification (ti = T). Figure 5 
lists the standard signature subsumption rules. Mranifest types can 
be made opaque when matched against flexible splecifications. Sub- 
sumption on fimctor signatures is contra-variant on the argument 
but covariant on the result. 

Figure 4 lists the formation rules for the AMC module expres- 
sions and declarations. AMC supports the usual set of module con- 
structs such as module access path (p), structure definition (str 
dl,... , d, end), functor definition (f ct(xi : S)m), functor ap- 
plication (PI (pz)), signature matching (p :> S), and the let ex- 
pression. Most of the typing rules for AMC are straightforward: 
signature matching in AMC is done opaquely; to type a let ex- 
pression, the result signature must not contain any references to 
locally detined module variables (i.e., S is well .formed in context 
?? but not r; H; see Figure 4). 

Type sharing in AMC is propagated through signature strength- 
ening and functor application. Signature strengthening, which is 
defined in Figure 3, is a variation of dot notation [4]; a module 
identifier zi of signature S is strengthened to have signature S/xi. 
Functor application (e.g., PI@)) can propagalte the sharing in- 
formation in the argument (pa) into the result signature--this is 
achieved by substituting the formal parameter :ci with the actual 
argument ps (see Figure 4). 

Unfortunately, this strengthening procedure has no effect on its 
functor components. In the higher-order case, factor application 
in AMC does not propagate as much sharing as one would normally 
expect in the MacQueen-Tofie system. In the following, we show 
how to extend AMC to support fully transparent functors. 
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t r ok xi:S~l? .I? I- p: sigHI...Hk,xi:S’,... end p = {ti c) p.t,xci H p.x 1 ti,xi E Dom(Hi.. .HJJ} 
r I- xi : S/Xi r t p.x' : p(s') 

r;xi:s t m:S' r t pl : fsig(xi:S):>S’ r k p2 : s" r b s" 5 s 
I? l- fct(xi:S)m: fsig(xi:S):>S’ r t p1@2) : {Xi ep2}(S’) 

t- r ok r;H1;... ;H*-l t dk:Hk k=l,...,n r bp:S’ r t S’<S 
I? t str end: sig end I? I- strdl,..., dnend: sigHi,...,H,end r t (p:>S):S 

IT/-S rtd:H r;Ht-m:S I? k m:S rt--r r t e:r 
r I- 1etdinm:S r t (xi=m): (xi:S) r t- (ti=r) : (ti=T) I? t (wi=e): (wi:~) 

Rules for reflexivity and transitivity are omitted: 

X = Hz,..., Hn and X’= H;,...,H:, 
r t HI 5 H; l?;Hl I- sigXend<sigX’end 

I? I- sigHi,Xend< sigH{,X’end 

X = HI,..., H,, and X’=Hi,..., H:, 
I?; HO I- sig X end < sig X’ end 

I’l- sigHo,Xend<sigX’end 

r t fsig(xi:&):>Sz I fsig(xi:S:):>Si 

ri--5s r t- G+ 
r k (~~:s) 5 (~~3’) r I- (ti=7) 5 (ti=+) 

r i- (ti=7) 5 ti rk7.=d 
r t- (TM-) 5 (~~3) 

Figure 5: Signature subsumption in AMC 

Figure 4: Selected typing rules for AMC: r t- m : S and l7 I- d : H 

All in AMC (Figure 1) plus: 

sig S ..- ..- . . . ( f sig(xi : S) : S’ 

ctyp r ::= * * * I #t(c) 

tact r ::= . . . 1 riu:K 

Module constructor and kind 

mcon C I:= Tg 1 u ( Xu:K.C ( C,[C,j 
I {R,...,~n3l#x(C) 

mcfd F ::= t=r1 x=c 
mhd K ::= {&I,...,Q~}~K~ +K2 
mkfd Q ::= t:sl (x:K 

Figure 6: Syntax of the extended module calculus EMC 

3.2 The extended module calculus EMC 

The extended module calculus EMC contains the same set of mod- 
ule expressions and declarations as those in AMC. However, EMC 
uses a different method to propagate sharing information; this al- 
lows EMC to support fully transparent higher-order functors. EMC 
also has a more expressive signature calculus so that all functors in 
EMC have fully syntactic signatures. 

new abstract type component t. On the other hand, a functor with 
signature f s ig(x:i : S) : S corresponds to a fully transparent tic- 
tor whose application always propagates the type information from 
its argument into its result. 

The syntax of EMC is given in Figure 6. The static semantics 
for EMC is summarized in Figure 7. The complete typing rules 
are given in Figures 8 to 13 and in Appendix A. Our typing rules 
can be directly turned into a type-checking algorithm because the 
signature subsumption rules are only used at functor application 
and opaque signature matching (the same is true for AMC). 

The constructor calculus itself (see Figure 6) is similar to those 
used in the F, -like polymorphic X-calculi. In this paper, we assume 
all types in the core language have kind n; we use u to denote con- 
structor variables; and we use the record kind {Qi, . . . , Qr2} and 
function kind K1 + KZ to type module constructors. A record 
constructor consists of a sequence of core-language types (marked 
by label t) and module constructors (marked by label x). Given 
a record constructor C, the selection form #x(C) is a module 
constructor equivalent to the x field of C while #t(C) is a core- 
language type expression equivalent to the t field of C. Figure 8 
gives the formation rules for the constructor calculus; other typing 
rules summarized in Figure 7 are given in Appendix A. 

The EMC signature calculus contains two new features that are 
not present in AMC: one is the new fimctor signature faig(z:i : 
S) : S’ used to specify transparent higher-order functors; another 
is a simple constructor calculus that captures the sharing informa- 
tion (using constructor C and kind K) and a new type expression 
#t(C) that selects the type field t from constructor C. 

Transparent functors can propagate more sharing than abstract 
functors. For example, suppose S is defined as sig ti , xi : ti end, 
a functor with signature f sig(z; : S) :> S corresponds to an ab- 
stract functor whose application always produces a module with a 

The constructor calculus is designed to faithfully capture the 
sharing information inside all EMC module constructs. More 
specifically, given a signature (or a fbnctor signature) S, we extract 
all theflexible components in S into a single constructor variable 
U; we call such u as the Aexroot constructor of signature S. We 
use K to denote the kind of u and S’ to denote the instantiation of 
S whose flexible components are redirected to the corresponding 
entries in u. An opaque view of signature S can be modeled as 
an existential type 32~ : K.S’. A transparent view of S can be ob- 
tained by substituting the flexroot of 5’ with the actual constructor 
information. Full transparency is then achieved by propagating the 
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Similar forms as those for AMC (Figure 2) plus: 

mcon formation ITI-C:K 
mcfdformation r t F:Q 
mcon equivalence l? t C=CC’:K 
mcfd equivalence I’t FsF’:Q 
mknd subsumption b K 5 K’ 
mrjcd subsumption b Q 5 Q’ 

Figure 7: Static semantics for EMC: a summary 

- --. -- _.- 

t-ITok u:KEII t r ok xi:SEl? 
l-‘C u:K IT F 5 : knd(S) 

I? k Fj:Qj j=l,...,n 

r t pi,. . . ,q : {Q~, . . . ,Q%) 

r I- c: K’ K’={ . . . . 2:~ ,... 1 

r t #z(C): K 

r;u:K F- C:K’ 

I? t Cl : K + K’ I’ I- Cz : K 
r t C,[C,] : K’ 

rt-r r I- C:K 
r t- (t=+ (txq r t- (x=c):(2:K) 

Figure 8: EMC constructor formation 

flexroot information through functor application. 
Both K and S’ can be calculated easily. Figure 9 shows how to 

deduce knd(S)- the kind of the flexroot constructor of a module 
with signature S. Here, knd(S) + K means that the flexible 
constructor part of signature S is of kind K and knd(H) +- Q’ 
means that the flexible part in specification H is of kind field Q’ 
(which denotes either Q or empty field E). Notice in addition to 
the flexible type specifications (ti), I?mctor specifications are also 
considered as the flexible components. A transparent fimctor with 
signature f sig(xi : S) : S’ is treated as a higher-order constructor 
of kind K -+ K’ where K and K’ are the kinds for S and S’. An 
abstract functor with signature fsig(zi : S) : S’ is treated as a 
dummy constructor that returns an empty record kind. 

Signature S’ is calculated using a procedure similar to the idea 
of signature strengthening, but signature strengthening in EMC is 
very different from that in AMC: instead of relying on the access 
path p to propagate sharing, EMC uses the flexroot constructor to 
strengthen a signature. Given a signature S and a constructor C 
of kind knd(S), signature strengthening S/C returns the result 
of substituting the flexroot constructor in S with C. We use the 
auxiliary procedures given in Figure 10 to deduce S/C. Here, 
S/(C : K) =+ S’ means that instantiating S by constructor C 
of kind K yields signature S’, and H/(C : K) j H’ means that 
strengthening specification H by constructor C of kind K yields 
specification H’ . The additional kind parameter is used to identify 
the flexible components in a signature. 

Signature strengthening produces a special form of signature 
whose type components are fully defined and whose fimctor com- 
ponents have abstract result signatures. This special form, which 

knd(sig HI.. . H, end) + { knd(H1). . . knd(H,) } 

knd(S) =$ K v--- 
knd(fsig(zi:S):>S’) + K -+ {:} 

knd(S) * K knd(S’) + K’ 

knd(fsig(zi:S):S’) 3 K -+ K’ 

knd(ti) + t:Q knd(ti =T) =+- E 

knd(zi : S) 3 LZ : knd(S’) knd(vi : r) + E 

Figure 9: EMC kind calculation knd( S) 

S/C is a shorthand of S/(C : knd(S)) 

Hj/(C : K) a H; j=l,...,n 

(sig HI . ..H.end)/(C:K)=?sigHi...HAend 

(f sig(xi : S) :> S’)/(C : K) 3 f sig(x, : S) :> S’ 

K = K’ + K” S’/(C[E] : K”) =+ S” 

(fsig(xi:S):S’)/(C: K) + fsig(x;:S):>S” 

S/(#x(C) : K) =T S’ 

(xi : S)/(C : {. . . , x : K, . . .}) a (xi : S’) 

(ti)/(c: {. . . ,t:a )‘.. }) * (ti=#c(c)) 

(ti =T)/(C : K) + (ti =r) (q:r)/(C: K) =+ (wi:~) 

Figure 10: Signature strengthening in EMC 

we call it instantiated signature, can be accurately defined using 
the following grammar: 

S’ ::= sigH:,...,HA end 

HI ;:i 
fsig(x;:S):>S 
xi:s 1 t;=7- (vi:7 

Notice under this special form, the argument of a functor signature 
could still be an arbitrary EMC signature, but the result must al- 
ways be abstract. The following lemma can be proved by structural 
induction on the EMC signatures: 

Lemma 3.1 Given an EMC context I’, a signature S, a kind K, 
andaconstructorC,ifr I- S and IT t C:K and I- KS 
knd(S) then S/C is an instantiatedsignature and I’ I- S/C. 

Figure 11 gives the typing rules for the EMC module expres- 
sions and declarations. Intuitively, we say a module expression m 
has signature S if m has type equal to 3~ : knd (S). (S/u). Given 
a module xi of signature S, we use the overlined identifier E to 
refer to the flexroot constructor hidden inside xi. This is a form of 
dot notation [5] where Z represents the abstract type defined by the 
existential package pi. In AMC, signature strengthening is applied 
to the access identifier (xi) itself and hidden type components are 
represented using access paths @). EMC generalizes this idea so it 
can propagates more sharing than AMC does. 

Figure 12 gives the additional signature subsumption rules for 
the EMC signatures. Subsumption on transparent functor signa- 
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Only two of these rules-module identiJier andfunctor application-are diffeentfiom those for AMC (Figure 4): 

t I? ok xi:ScI? I’ + p: sigHl...Hk,xi:S’,... end p = {t; C) p.t,xi c) p.x 1 ti, xi E Dom(Hr.. .Hk)} 
r t xi : S/E r t px’ : p(S) 

r;xi:s t m: S’ r t pl : fsig(xi:S):>S' J? t p2:Y r t S"<S r t S"Jknd(S)+C 
l? t fct(xi:S)m: fsig(xi:S):>S r t- p1(pz): {b - c,xi +b Pz}(S’) 

t r ok r; HI;. . . ;Hk-r t dk :Hk k=l,...,n r tp:s rt-s’5s 
r I- str end:sig end I? t strdl,..., d,end:sigHl,..., H,end r t @:>S):S 

m-s r t d:H I’;H t m:S rtm:S rt-r r te:r 
I’l- letdinm:S r i- (xi=m): (xi:S) r t (ti =7-) : (ti =7) r I- (vi=e): (w:T) 

Figure 11: Selected typing rules for EMC: I? t- m : S and !? I- d : H 

AN subsumption rules in AMC (Figure 5) plus: 

r k s; 5 s1 r;xi:s: t s2 5 s; 
r t- fsig(xi:$):S2 5 fsig(xi:S;):Sh 

r I- fsig(xi:Sl):S2 5 fSig(Xi:Sl):>Sz 

5’2 is an instantiated signature 
r t fsig(xi:Si):>& _< fsig(xi:Sl):S2 

Figure 12: Signature subsumption in EMC 

tures is also contra-variant on the argument and covariant on the re- 
sult. More interestingly, a transparent signature f sig(zi : Sr ) : S2 
is a subtype of its abstract counterpart f sig(z; : &) :> 5’2; this is 
because we can always coerce a transparent functor into an abstract 
one by blocking all of its sharing information. Finally, an abstract 
signature f sig(z; : St) :> 5’2 is a subtype of its transparent coun- 
terpart $t.he result Sz is an instantiated signature; this corresponds 
to the special case where the abstract version only hides a dummy 
constructor so it should be equivalent to the transparent version. 

More specifically, a kind K is a dummy kind if it is {}, or 
K1 + K2 where KS is a dummy kind, or {Qr , . . . , Qn} where all 
fields Qi have dummy kids. Given a context r and a constructor 
C, we say C is a dummy constructor if I? t C : K and K is a 
dummy kind. A dummy constructor conveys no useful information 
thus it can be safely eliminated. It is easy to show that if S is an 
instantiated signature then knd(S) is a dummy kind. 

Only two of the typing rules in Figure 11 are different from 
those for AMC (in Figure 4): one for module identifier and another 
for finctor application. To access a module identifier xi, we al- 
ways strengthen it with its flexroot constructor 6. To type fbnctor 
application pl (ps), we first notice that the typing rules for access 
paths (in Figure 11) satisfies the following property: if r I- p : S, 
then S is an instantiated signature. This observation can be easily 
established via Lemma 3.1. So we can assume pl has signature 
f s ig(zi : S) :> S’ and pz has signature S”; furthermore, S” is an 
instantiated signature. Typing pl (pz) then involves checking if S” 
subsumes S, extracting the actual flexroot information in p2 (let’s 
call it C), and substituting all instances of 5 in S’ with construc- 
tor C and all instances of xi (not counting c) with access path pz . 
Here, the substitution on z is the key on why can propagate more 
sharing and support fully transparent higher-order functors. 

Constructor C can be extracted from the actual argument sig- 

!? t HjJ.K+F,’ j= l,...,n 

r t (sig HI . ..Hnend)J.K+{Fi...F.‘} 

I- K _< knd(S) rixi:s I- 9.j.K’ 3 C’ 
C = Jw:K.{z ti u}(C’) I I- C : K + K’ 

I-' I- (fsig(xi:S):>S')J.(K+ K’)+ C 

l? t SIKaC 
r t (z~:~)J.{ . . . . x:K ,...I +- (x=C) 

rtr 
r t- (+7)5-l.. . ,ta,. . .I + (t+ 

For all other cases, r !- H/K+& 

Figure 13: Narrowing instantiated signatures in EMC 

nature S” of p2 using the signature-narrowing procedure defined 
in Figure 13. This procedure is called upon instantiated signatures 
only. Given a context I’, the deduction J? t S J- K + C ex- 
tracts the type components from an instantiated signature S and 
produces a constructor C of kind K; the specification counterpart 
r t H .J, K + F’ extracts the type components in H and pro- 
duces either F or empty field E. We can prove the following lemma 
using structural induction on the EMC signatures: 

Lemma 3.2 Given an EMC context J?, a signature S, and an in- 
stantiated signature S”, let K = knd(S), if I? t S" < S 
andr t S”J.K+C,then l? t C:K. 

Given an EMC context I?, we say two signatures S and 5” are 
equivalent, denoted as I7 I- S E S’, if and only if both I’ I- S 5 5” 
and J? t S’ 5 S are true. The following propositions show why 
the typing rules for EMC can hold together: 

Lemma 3.3 Given an EMC context I?, a signature S, and an in- 
stantiated signature S”, assume I? t- S” 5 S and I7 t pa : S” 
and J? t S”J.knd(S)aC,andlet p={?K’Cc,zi tipz), 

then (I) given two type ocpressions TI and 72, if r ; xi : S t- TI and 
I?; xi :S t 72 and r; xi:S t 71 3 ‘TV then I? k ~(71) 3 P(Q); 
(2) given two instantiated signatures S; and 5% if I’; x; : S k 
S; and I?; xi : S I- Sk and r; xi : S I- S: - S$ then 
r t p(s:) f pp.;). 
Theorem 3.4 (unique typing) Given an EMC context I’, two sig- 
natures S and S’, and a module expression m, if r t m : S and 
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r I- m:S' hen r I- SE 57'. 

Proof: Expand this theorem to cover module declarations and core 
language expressions; the generalized version of this theorem can 
be proved by structural induction on the derivation tree. cl 

4 Expressiveness 

In this section, we show that both the translucent-sum-ba.sed cal- 
culus and the strong-sum-based calculus can be embedded into our 
EMC calculus. We also compare EMC with the stamp-based se- 
mantics of the MacQueen-Tofie system [26,35]. 

4.1 The abstract module calculus AMC 

We use the AMC calculus presented in Section 3.1 as a represen- 
tative for the system based on translucent sums [ 121 and manifest 
types [ 191. Because AMC is a subset of EMC, the translation from 
AMC to EMC (denoted as 1.1 a) is just an identity function, We can 
show that this translation [.Ja maps all well typed AMC programs 
into well-typed EMC programs. 

Theorem 4.1 Given an AMC context J?, we have 

l if I- r ok is a valid AMC deduction then F [J?], ok is 
valid in EMC; similarly, 

Proof: By structural induction on the derivation tree. The main dif- 
ference between EMC and AMC is the way how module identifiers 
and f%nctor applications are typed. For the case of module iden- 
tifiers, we use the following lemma (Lemma 4.2); for the case of 
fun&or application, notice the result of any AMC functor signature 
does not contain any reference to the flexroot constructor z so the 
typing rules for AMC and EMC have the same behavior. 0 

Lemma 4.2 Given an AMC conteXt I’, suppose S is an AMC sig- 
nature and Q : S E r, then [rJa F [S/xija = [SJa/Z is a 
valid deduction in EMC. 

Proof: Notice S/q refers to the strengthening operation for AMC 
(as in Figure 3) while 15’1 a/E refers to the strengthening operation 
for EMC (as in Figure IO). To prove this lemma, we need to show 
the following: given an EMC type path p.t, let zi be the root iden- 
tifier in p, and F(p) denotes the EMC constructor z if p = xi, and 
#z’(F(p’)) ifp = p’.x’, then the judgement I? I- p.t E #t(F(p)) 
is valid in EMC. 0 

4.2 The transparent module calculus TMC 

We use the Transparent Module Calculus (TMC) as a representa- 
tive of the strong-sum-based approach. The syntax of TMC is given 
in Figure 14; the static semantics is summarized in Figure 15; the 
complete typing rules are given in the companion TR [36]. Follow- 
ing other strong-sum-based module systems [26,28,35], we distin- 
guish module signatures (S) from module types (M and L): mod- 
ule signatures are source-level specifications while module types 
are semantic objects used for typechecking. 

path P ::= iJTIm(p))7r2cp) 
mexp m ::= pl b(e) I b(p) I (x=m,m2) 

( Xz:S.m 1 pl(p2) 1 let z:=ml inm2 
sig S ::= v(p)1 TYP ( Cz:&.S2 1 lIcc:&.& 

C@P b ::== GTt(p) ) . . . 
cexp e ::= 7rv(p) 1 . . 

mtyp M ::== v(r) 1 EQ(7) 1 Xs: MI.Mz ( IIx: L.M 
L ::== v(r) ) TYP J Ca::L1.L2 1 J.Ia::L1.L2 

C4P ?- ::= 7rt(m’) 1 . . . 
ctme rn’ ::= 2 1 bv(e’) 1 it 1 X2:L.m’ 

[ 
mi(mi) 1 let 2=mi inma 
(z=m;,mk) ) 7n(m’) I rz(rn’) 

ctce e’ ::= r,(m’) ) . . . 

ctxt r ::= Ep-;2:Mp+:L 

Figure 14: Syntax of the transparent module ~calculus TMC 

c&t formation I- r ok 
mtyp formation rl-MandITkL 
cvp formation rkT 
ctme formation r l- m’:M 
ctce formation I? l- d:r 

cap formation rk e:r 
mexp formation rbm:M 
sig formation w-s 
ctsp formation rb 

ctyp equivalence r i- rl E r2 
mtyp equivalence r k M1=M20rr F LI=LZ 
mtyp subsumption r!-MSL 
mtyp strengthening L/m’ +- M 

Figure 15: Static semantics for TMC: a summary 

A module signature can either contain a single value specifi- 
cation (V(p)), a single type specification (TYP), or a pair of two 
other module components (CX : !?I.&); it can also be a functor 
signature (IIx : S1 .Sz). Only simple access paths (it (p)) are al- 
lowed in a specification.3 An L-shaped module type is like a mod- 
ule signature except that in its value specification V(T), core type T 
can contain arbitrary module expressions (m’). M-shaped module 
types are slightly different from L-shaped ones: they allow man- 
ifest types (or type abbreviations) of form EQ(T) but no flexible 
type specification of form TYP. The module expression m’ inside 
the core type 7 helps achieve the fully transparent propagation of 
the sharing information in TMC. 

A module expression in TMC can either be ;m access path (p), a 
single-value-component module (Lo (e)), a single-type-component 
module (it), a strong sum of two module components ((z = 
ml, mz)), a fimctor (XX : S.m), a fbnctor application (PI (pz)), or 
a let expression. 

To simplify the presentation, we restrict the TMC fimctor appli- 
cation to work on simple access paths only (i.e., pl (pz)). Arbitrary 
fimctor applications (e.g., ml (mz)) can just be A-normalized into 
the restricted form using let expressions. We also do not support 
type abbreviations in signatures. We insist that M be a subtype of 
L if they have same number of components (see the subtyping rules 

3The Standard ML signature calculus [28,27] enforces a. similar restriction. 
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ctxt-to-ctxt translation 1rjn c+ r 
ctsp-to-ctyp translation LPJ n’-)T 
sig-to-sig translation LSJn *s 
cexpto-cexp translation [eln H e 
path-to-path translation LPh “P 
mexp-to-map translation LmJn I+ m 
ctyp-to-c@p translation l?truT 
mtyp-to-sig translation I?tMQS 
mtyp-to-sig translation l?I-LUS 
m&p-to-kind translation 1 Mj c ++ K 
mtyp-to-kind translation [Lj c C) K 
mpp-to-mcon translation I7 F M 0 C 
ctme-to-mcon translation l? t m’ : M u C 

Figure 16: Translation from TMC to EMC: a summary 

F I- M 5 L in the companion TR [36] ). These restrictions do 
not affect the main result because it is easy (but tedious) to extend 
TMC and the TMC-to-EMC translation to support the additional 
features. 

Figure 16 summarizes the translation from TMC to EMC; the 
actual definition is given in the companion TR [36]. Here, [.Jn 
maps TMC contexts, core types (in signatures), signatures, core 
expressions, access paths, and module expressions into their EMC 
counterparts; L.Jc maps TMC module types into EMC kinds, The 
translation from TMC types to EMC types is based on the type for- 
mation rules, so the judgement l? t r ti 7’ maps the TMC core 
type T into an EMC core type r’; the judgements l? t M u S and 
I’ t L - S map the TMC module types M or L into an 
EMC signature S. We also use judgements I? I- M w C and 
r t- d : M u C to map TMC module types and expres- 
sions (embedded inside core types) into EMC constructors. We 
can prove the following twe preservation theorem for the TMC-to- 
EMC translation: - -- - 

Theorem 4.3 Given a TMC context I’, we have: 

l if I- I’ ok is a validdeduction in TMC, then F 1 rjn ok is 
valid in EA4C; similarly, 

l if r I- p then [rjn F Lpfn; 
0 ifr I- S then trJn I- [S),; 
l zxr I- e:~ and J? t T-T’ then [I’], t LI e] ‘. n:7, 
l zyl’t p:M andr t M-S then [I?], I- lpJW:S; 
l ifrC-m:Mandrt-M~SthenLrJ~tlmJ~:S; 
0 g-r k T-+ T’ then pyn t T’; 
l zyr t- MuSorlI t L-S then [I’],, t S; 
l if r t M u S1 and I? I- L w S2 and I? !- M 6 L 

and [I’Jn t- S1 J-lLJc * C then lrjn F SI 5 $2/C; 

l ifl?l- MI =Mz andrb- Ml-Cl andl?l- MzvCz, 
then \MIJc E LM& and LI’Jn t CI E CZ : \Ml),. 

l $lT’t ~‘:MwC& andr t M-C2 then LIYJlt t 
Cl E Cz : LMJc. 

Proof: By structural induction on the derivation tree; along the 
process, we need to use the following two lemmas. Cl 

Lemma 4.4 Given a TMCcontent II’, suppose r I- rn; : Ml, let 
p = {x I+ m;}, then 

l ifr;x:M~ t M2 then r;x:Ml t pi Mz. 
0 $r;x:M~ t- L2 then I?;Z:Ml I- p(L2) G Lz. 

l ifI’;x:M~ I- 7 then r;x:Ml t p(~) E T. 
l ifr;x:Ml I- m’: M2 then l”;x:Ml t p(m’): M2. 

Lemma 4.5 Given a TMC context I?, a TMC module type M, an 
EMC constructor C, and an EMC kind K, if [I?; x : Ml ,, t C : 
K is valid in EMC, then [rJn I- C : K is valid in EMC as well. 

4.3 Comparison with the stamp-based semantics 

Compilers for the strong-sum-based calculus [26, 351 use stamps 
to support type generativity and abstract types (TMC did not in- 
clude these features). There are still higher-order module programs 
that are supported by the stamp-based semantics but not by our 
type-theoretic semantics. Take the higher-order functor APPS in 
Section 2.1 as an example and consider applying it to the following 
functors: 

functor Gl(X: SIG) = X 
functor G2(X: SIG) = struct abstype t = A 

with val x = A 
end 

end 

30th applications are legal under the stamp-based semantics: ap- 
plying APPS to Gl results in a module whose t component is 
equal to int while applying APPS to G2 creates a module whose 
t component is a new abstract type. Under our scheme, the trans- 
parent version of APPS cannot be applied to G2 ; the abstract ver- 
sion works for both but it does not propagate sharing when applied 
to Gl. We believe this lack of expressiveness is not a problem in 
practice. 

5 Implementation 

A module system will not be practical if it cannot be type-checked 
and compiled efficiently. Our EMC calculus can be checked ef- 
ficiently following the typing rules given in Section 3.2; the only 
nontrivial aspect of the elaboration is on how to efficiently test the 
equivalence between two arbitrary EMC types; we plan to use the 
realization-based approach used in the SML/NJ compiler [35] to 
propagate type defir$ions. 

EMC is also compatible with the standard type-directed com- 
pilation techniques [18, 15, 34, 351. Most of these techniques 
are developed in the context of F,-like polymorphic lambda cal- 
culi [l 1, 321. In the companion technical report [36], we define a 
Kernel Module Calculus (KMC) and show how to translate EMC 
into KMC and then translate KMC into an F,-like target calculus. 

6 Related Work 

Module systems have been an active research area in the past 
decade. The ML module system was first proposed by Mac- 
Queen [24] and later incorporated into Standard ML [27]. Harper 
and Mitchell [13] show that the SML’90 module language can 
be translated into a typed lambda calculus (XML) with depen- 
dent types. Together with Moggi, they later show that even in 
the presence of dependent types, type-checking of XML is still de- 
cidable [ 141, thanks to the phase-distinction property of ML-style 
modules. The SML’90 module language, however, contains sev- 
eral major problems; for example, type abbreviations are not al- 
lowed in signatures, opaque signature matching is not supported, 
and modules are first-order only. These problems were heavily 
researched [12, 19, 20, 23, 38, 26, 171 and mostly resolved in 
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SML’97 [28]. The main remaining issue is to design a higher-order 
module calculus that satisfies all of the properties mentioned in the 
beginning of this paper (see Section 1.2). 

Supporting higher-order functors with fully syntactic signatures 
turns out to be a very hard problem. In addition to the work dis- 
cussed at the begining of Section 1.2, Biswas [2] gives a seman- 
tics for the MacQueen-Tofie modules based on simple polymor- 
phic types. His formulation differs from the phase-splitting seman- 
tics [ 14, 351 in that he does not treat lunctors as higher-order type 
constructors. As a result, his scheme requires encoding certain type 
components of kind R using higher-order types-this significantly 
complicates the type-checking algorithm. Russo [331’s recent work 
is an extension of Biswas’s semantics to support opaque modules; 
he uses the existentials to model type generativity, but his type- 
checking algorithm still relies on the use of higher-order matching 
as in Biswas [2]. 

7 Conclusions 

A long-standing open problem on ML-style module systems is to 
design a calculus that supports both fully transparent higher-order 
fimctors and fully syntactic signatures. In his Ph.D. thesis [23, 
page 3 lo] Mark Lillibridge made the following assessment on the 
difficulty of this problem: 

In principle it should be possible to build a system with 
a rich enough type system so that both separate compi- 
lation and full transparency can be achieved at the same 
time. Because separate compilation requires that all in- 
formation needed for type checking the uses of a functor 
be expressible in that functor’s interface, this goal will 
require functor interfaces to (optionally) contain an ide- 
alized copy of the code for the functor whose behavior 
they specify, I expect such a system to be highly com- 
plicated and hard to reason about. 

This paper shows that fully transparent higher-order fimctors can 
also have simple type-theoretic semantics, so they can be added to 
ML-like languages while still supporting true separate compilation. 
Our solution only involves a conservative extension over the system 
based on translucent sums and manifest types: modules that do 
not use transparent higher order ftmctors can still have the same 
signature as before. 

The new insight on full transparency also improves our un- 
derstanding about other module constructs. Harper et al [I41 and 
Shao [35] have given a type-preserving translation from ML-like 
module languages to polymorphic X-calculus F,. Their phase- 
splitting translations, however, do not handle opaque modules 
well-abstract types must be made concrete during the translation. 
Our new translation [given in the companion TR [36]) rightly turns 
opaque modules and abstract types into simple existential types. 

Higher-order functors and fully syntactic signatures allow us to 
accurately express the linking process of ML module programs in- 
side the module language itself. In the future we plan to use the 
module calculus presented in this paper to formalize the conflgura- 
tion language used in the SML/NJ Compilation Manager [3]. We 
also plan to extend our module calculus to support dynamic link- 
ing [22] and mutually recursive compilation units [9, 81. 
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A Static Semantics for EMC 

This appendix gives the rest of the typing rules for the external 
module calculus EMC. The formation rules for module construc- 
tors (I’ t- C : K), and module constructor fields (I’ l- F : Q) are 
given in Figure 8 in Section 3.2. The formation rules for module 
expressions (r I- m : S) and module declarations (I’ k d : H) 
are given in Figure 11 in Section 3.2. The subsumption rules for 
signatures (r b S <_ S’) and specifications (r I- H <_ H’) are 
given in Figure 12 in Section 3.2. 

A.1 ctxt formation: t- r OAT 

I- & ok 

rtH 
t- r; H ok 

t- r 0k U$ d0m(r) 
I- riv.:K ok 

A.2 ctyp formation: IT k r 

t I’ ok ti fror&=rEr 
r t ti 

r I- p:S S={...,t;=T,...} or{...,&,...} 
r t p.t 

r t c: K K={...,t:a,...) 

r t #t(c) 

A.3 cexp formation: I’ F e : T 

I- r ok vi:rEr 
r t vi :T 

r I- p : siqH1,. . .,Hk,. . . , H,, end 
p = {ti C) p.t,xi C,P.X 1 ti,xi E Dam(X)} 

where X = HI,. . .,Hk-l and Hk = zl; : r 

r t P.V: p(7) 

A.4 sig formation: IT I- S 

I- r ok 
r t siq end 

Vzi E Dom(H1 . . . Hk-I), z is not free in Hk 
l?;H1;... ;&s-l i- Hk IC=l,...,n 

I? I- siqHl,...,H,end 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

The side condition on Hk in this rule is not absolutely necessary. 
If we remove this requirement, we essentially allow free flexroot 
references such as ZjZ even when 2; is a locally declared structure 
component. To make this work, we need revise the EMC signature- 
strengthening operation so that all references to ?6 are substituted 
by equivalent constructors that have no such references. The new 
routine is shown in Figure 17 where S/C is now implemented as 
S/(C : knd(S)); @I with 0 denoting the identity substitution. The 
auxiliary procedures S/(C : K); p + S’ means that instantiating 
S by constructor C of kind K under substitution p yields signature 
S’, and H/(C : K); p =+- H’; p’ means that strengthening specifi- 
cation H by constructor C of kind K under substitution p yields 
specification H’ and new substitution p’ . 

r t s pxi : s t sl 
r t- fsig(zi :s) : s' 

rts r;xi:sts' 
r I- fsig(zi:S) :> S' 

(11) 

(12) 
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S/C is a shorthand of S/(C : knd(S));0 

PO =p Hj/(C:K);pj-1 *lY;;pj j=l,...,n 

(sig HI . ..H.end)/(C:K);p+ sigHi...HA &nd 

(fsig(zi:S):>S’)/(C:K);p I$ fSig(Zi:S):>S’ 

K = K’ + K” S’/(C[Z] : K”); p * S” 

(f Sig(Zi : S) : S’)/(C: K); p + f sig(zi : S) :> S” 

S/(#z(C):K);p=s-S’ p’=pkJ{Ek+##x(C)) 

(zCi:S)/(C:{...,5:K,...});p* (cG:S’);P 

(&)/(C:{ . ..) t:R )... 1); P + (ti=#t(c)); P 

(ti=r)/(C:K);P* (ti=P(T));p 

(w:7-)/(C:K);p =+ (w:p(7));p 

Figure 17: Signature strengthening in EMC (revised) 

A.5 spec formation: r F H 

l? t S xi $ dom(l?) 
r t xci:s (13) 

l- r ok ti $i don(r) 
r k ti (14) 

r t T ti g d077qr) 
r I- ti=r (15) 

(16) 

A.6 ctyp equivalence: r I- T E 7’ 

Rules for congruence, reflexivity, symmetry, and transitivity are 
omitted. 

t r ok: ti=rEr 
rttir7 (17) 

r t p : sig HI,. . .,Hk,. . . , H, end 
p = {ti t+ p.t, xi C) p.x ( ti, xi E Dam(X)} 

where X=Hl,. . ., Hk-1 and Hk = t: =r 

r t p.t’ E p(7) 

(18) 

r t cr{ . . . . t=T ,... } 
r t #t(c) ~7 (1% 

p=++c~~ r t- c5.u riux t CA-’ 
r t- (xu:K.~)[C’] 5 p(c) : K’ (20) 

r!-C:K’ 
l? t (Xu:K.C$]) in C : K + K’ (21) 

r t CG{ .‘.) z=C’,... }:( . . . . Z:K’)... } - 
- r t #x(C) iE C’ : K’ (22) 

K = (QI,... ,Qn) I’t C:K 
r I- Fj 3 (Z=#l(C)): Qj j = l,...,n;I=Z,t; (23) 

r t (s-l,.. .,F,]rC:K 

A.8 mcfd equivalence: I’ t F E F’ : Q 

Rules for congruence, reflexivity, symmetry, and transitivity are 
omitted. 

A.9 mknd subsumption: I- K 5 K’ 

Rules for reflexivity and transitivity are omitted. 

D : (1,. . .,m} r-$ (1)‘“) n} 
I- &c(j) I 95 j=l , . . . , m 

I- {Ql,--.rQn) 2 {Q:,...?Qi} 

A.10 mkfd subsumption: t Q 5 Q’ 

Rules for reflexivity and transitivity are omitted. 

t K_<K’ 
t- xc:K 5. x:K’ 

(24) 

(25) 

(26) 

A.7 mcon equivalence: I’ t C E C’ : K 

Rules for congruence, reflexivity, symmetry, and transitivity are 
omitted. 
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