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passed as arguments to functors. We will see that this a universe distinction,
and not an ad hoc restriction of the language. The following declaration
binds a structure to the identifier S:

structure S =

struct
type t = nt
val x:t=3
end

The structure expression following the equals sign defines an environment
mapping t to int and x to 3, and binds this environment to the identifier S. In
Standard ML this packaged environment is “timestamped” when the declara-
tion is elaborated, marking it with a unique name that distinguishes it from
all other environments, regardless of their internal structure. Such structure
expressions are therefore said to be “generative” since each elaboration may
be thought of as “generating” a new structure. The reason for making
structure expressions generative in this sense is that the modules language
provides a form of version control based on specifying that two possibly
distinct structures or types must be equal. Since semantic equality of struc-
tures is undecidable, timestamps are used as a practical (and efficiently
decidable) criterion for structure equality. We will ignore the issue of genera-
tivity in what follows, but will return to it in Section 9.3.

The components of a structure are accessed by qualified names, using a
syntax reminiscent of record access in many languages. For instance, in the
presence of the above binding for the structure identifier S, the identifier S.x
refers to the x component of S, and hence evaluates to 3. Similarly, S.t refers
to the t component of S and is equivalent to the type int during type checking.
This transparency of type definitions distinguishes ML structures from ab-
stract data type declarations (see MacQueen [29] and Mitchell and Plotkin
[47] for related discussion).

Signatures are a form of “type” or “interface” for structures, and may be
bound to signature identifiers using a signature binding, as follows:

signature SIG =
sig
type t
val x: t
end

This signature describes the class of structures having a type component, t,
and a value component, X, whose type is the type bound to t in the structure.
Since the structure S introduced above satisfies these conditions, it is said to
match the signature SIG. The structure S also matches the following signa-
ture SIG':

signature SIG" =
sig
type t
val x:int
end
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This signature is matched by any structure providing a type, t, and a value, x,
of type int, which is indeed the case for the structure S. Note, however, that
there are structures which match SIG, but not SIG', namely any structure
that provides a type other than int, and a value of that type.

In addition to ambiguities of this form, there is another, more practically-
motivated, reason why a given structure may match a variety of distinct
signatures. In ML signatures may be used to provide distinct views of a
structure by a process of ascription. The main idea is that the signature may
specify fewer components than are actually provided by the structure. The
process of ascription introduces a suitable “thinning” coercion that eliminates
the additional components of the structure. For example, we may introduce
the signature

signature SIG” =
sig
val x: Int
end

and subsequently define a view, T, of the structure S, by writing
structure T: SIG" = S

It should be clear from our discussion that S matches the signature SIG”
since it provides an X component of type int. The presence of the signature
expression SIG” in the binding for T causes the t component of S to be
removed so that subsequently only the identifier T.x is available; the t
component of S is not propagated to T, so that the identifier T.t is undefined.
To simplify the development we do not detail the signature matching process,
and instead regard structures as providing a unique signature describing
each component. In this sense we regard signature matching as a conve-
nience similar to that afforded by the type inference algorithm for the core
language. For further discussion of signature matching, we refer the reader
to Harper et al. [20], Tofte [63] and Milner et al. [40].
Discussion of ML “sharing” specifications is'deferred to Section 9.3 below.
Functors (which are functions mapping structures to structures) are intro-
duced using a syntax similar to that found in many programming languages:
functor F (S: SIG): SIG =
struct
type t = S.t+S.t
val x:t = (S.x, S.x)
end

This declaration introduces a functor F that takes as argument a structure
matching the signature SIG, and yields as result a structure matching the
same signature. (In Standard ML the parameter signature is mandatory, but,
as a notational convenience, the result signature may be omitted, with the
default obtained by an extension of the type inference algorithm for the core
language.) When applied to a suitable structure S, the functor F yields as
result the structure whose type component, t, is bound to the product of S.t
with itself, and whose value component, x, is the pair both of whose compo-
nents evaluate to the value of S.x.
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By making use of free structure variables in signatures, certain forms of
dependency of functor results on functor arguments may be expressed. For
example, the following declaration specifies the type of y in the result
signature of G in terms of the type component t of the argument S:

functor G (S: SIG): sigvaly: St+S.tend =
struct
valy = (S.x, S x)
end

This formulation of dependent types is consistent with the account given by
MacQueen [29], and is accounted for similarly in our model of ML.

7. FULL XML

7.1 Syntax

In this section we will extend Core-XML to a function calculus XML by
adding general constructs that allow us to describe the features of the
previous section. Following MacQueen [29], we will use general sums and
products in the style of Martin-Lof’s type theory [33] to model the modules
system. While general sums (also called “strong sums;” see Howard [23]) are
closely related to structures, and general cartesian products seem necessary
to capture dependently-typed functors, the language XML will be somewhat
more general than ML. For example, while an ML structure may contain
polymorphic functions, there is no direct way to define a polymorphic struc-
ture (i.e., a structure that is parametric in a type) in the implicitly-typed
programming language. This is simply because there is no provision for
explicit binding of type variables. However, polymorphic structures can be
“simulated” in ML by using a functor whose parameter is a structure
containing only a type binding. In XML, by virtue of the uniformity of the
language definition, there will be no restriction on the types of things that
can be made polymorphic. For similar reasons, XML will have expressions
corresponding to higher-order functors and functor signatures, both of which
would be useful additions to the language. In Section 9.3, we will discuss the
addition of sharing constraints.

Intuitively, general sums and products correspond to infinitary disjoint
union and Cartesian product constructions in set theory. If o is a type, and
o' is a family of types indexed by o, then the general product type,
[Tx: o.0'(x), is a set of functions f such that f(x)is an element of ¢'(x) for
every x in o. Note that the range type depends on the domain element; for
this reason general products are sometimes called “dependent” products. The
general sum type, Lx: o.0'(x), consists of pairs p such that fst(p) is an
element of o, and snd( p) is an element of o'( fst( p)) (where fst and snd are
the first and second projections). Note that the type of the second component
is expressed as a function of the first component: general sums are a form of
“dependent type.”

Unfortunately, general products and sums complicate the formalization of
XML considerably. Since a structure may appear in a type expression, for
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example, it is no longer possible to describe the well-formed type expressions
in isolation from the elements of those types. This also makes the well-formed
contexts difficult to define. Therefore, we will define XML by giving a set of
inference rules for determining the well-formed contexts, types and terms, in
the style of Automath [14], Martin-Lof [32], and LF [18]. The unchecked
preterms of XML are given by the following grammar:

M = U|U,ltrivIM - MIITx: M. MXx: M.M
lxl*|Ae: M. MIMM|\x: M. MIM|N]
Kx:o=M,M: o' fst(M)snd(M)

The metavariables M, N, and P range over the preterms. We also use o and
T to range over preterms, particularly when the term is intended to be a type.
Following Cardelli [7], we use an explicitly “dependent” form of ordered pair,
(x:0=M,N:0’), in which the variable x is bound in N and o'. We no
longer include let as a primitive construct of the language since it is definable
using abstraction over the polymorphic type o: U, as (Ax: . N)M.

The type checking rules for XML appear in Tables III through VII. These
rules refer to an equational theory of well-typed terms that appears in Tables
VIII through XI.

As in Core-XML the universes of XML are cumulative in the sense that
every U; type is a U, type as well. This simplifies the system somewhat, and,
as we shall see below, is not significantly different from a system with an
explicit inclusion of U, into U,. Another feature of our type system is the
treatment of ordered pairs of general sum type. The principal advantage of
treating the pairing operator as a binding operator is that it makes it simpler
to retain explicit typing, for the range type of the dependent sum is explicit in
the notation. Without this information, the type of the pair cannot be
recovered. The same phenomenon gives rise to the non-uniqueness of signa-
tures in ML. The relation to the ordinary pairing operator is made clear by
the equality axioms for pairs: the second projection replaces x in N by M, so
that “externally” they behave like ordinary ordered pairs.

7.2 Equations and Reduction

The equational proof system for XML is given in Tables VIII through XI. If
we direct the equational axioms from left to right, we obtain a reduction
system of the form familiar from other systems of lambda calculus (e.g.
Barendregt [2] and Mitchell [44]). Strong normalization is the property that
there are no infinite reduction sequences from XML terms. In other words,
the simple symbolic interpreter defined by the reduction rules is guaranteed
to halt, on any term.

Strong normalization for XML may be proved using a translation into
Martin-Lof’s 1973 system [31]. It follows that the equational theory of XML is
decidable. For other type systems, it is often possible to prove strong normal-
ization by an appropriate method of logical relations [60, 44]. We consider it
a significant open problem to develop a theory of logical relations for full
XML, a task that is complicated by the presence of general ¥ and [] types.
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Table III. Context and Structural Rules for XML

() context

T'e7:0, I'vo:U;
I, 2:7 context I',z:0 context

(z ¢ Dom(T))

I context T'(z)=71 T context I'(z)=o0
F'vazx:7 I'vz:0
'va Tor:U; T'va I'vo:l,
I'z:re a I'ziov e

(z ¢ Dom(T), a is M:T or M:0)

'sM:7 Tor=1":U, F'eM:0 Teo=0":0U
' M:1' I's M:o

Table IV Universes

T’ context
I'eo U1 . Ug

Fer:0,
F'evr:U,

7.3 Representing Modules in XML

General sums allow us to write expressions for structures and signatures,
provided we regard environments as tuples whose components are accessed
by projection functions. For example, the structure

struct type t = int val x:t = 3 end

may be viewed as the pair {¢: U; = int, 3:¢). In XML, the components t and x
are retrieved by projection functions, so that S.x is regarded as an abbrevia-
tion for snd(S). With general sums we can represent the signature

sig type t val x:t end

as the type L¢: U,.#, of which the pair (¢: U, = int,3:int) is a member. The
representation of structures by unlabeled tuples is adequate in the sense that
it is a simple syntactic translation to replace qualified names by expressions
involving projection functions.

Since general products allow us to type functions from any collection to any
other collection, we can write functors as elements of product types. For
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Table V. Types and Terms in U,

I' context I’ context
T'otriv: U Tox:triv

's7:U; o1 :U;
I'er—7r': U,

Fer:U; T'er:U; T,ziro M7’
T Ax:m. M 7—71'

(z & Dom(T))

I'sM:7—7 ToN:T
I's MN : ¢+

Table VI. Types and Terms in U,
I'vo:U; T,z000 : U,
I'v Nz:io.0': U,

(z ¢ Dom(T))

I'vo:U, T,zi000' :U; T,z:00 M :0'
I's Az:o. M : 1lz:0.0’

(z ¢ Dom(I"))

TeM:llz:oc0) ToN:o
I'> M[N]:[N/z]o'

I'bo:U; T,zi000" : U3
I'v Zzi0.0': Uy

(z ¢ Dom(I))

I'sM:0 To[M/2]N:[M/z]o’ T,z:0v0':U,

I'e (z:0=M,N:0') : £z:0.0' (z ¢ Dom(I'))

I's M:Y2:0.0
I'o fst(M):0

I's M :Sz:0.0
I'c snd(M) : [fst(M)/z]o’

example, the functor bound to F by the declaration (where SIG is the
signature above)
functor F(S: SIG): SIG =
struct
typet=S.t=St
val x:t = (S.x,S.x)
end
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Table VII. Equalizer Types for Sharing Constraints

IT'eco:U; T,ziovo':U, T,z00M:0' T 2200 N:0o'
I's>{z0 | M=N:c'}:U,

(z & Dom(T))

I'sP:o DI'v[P/a]M=[P/z]N:[P/z]e’: Te{zwo|M=N:0}:0,
I'vP:{z:c | M=N:0'}

I's P:{zic | M=N:0"}
'sP:o

v P:{z:c | M=N:0"}
I'v [P/z]M = [P/z]N : [P]z]o’

is defined by the expression

AS: (Xt U .t) £s: Uy
= (fst(S) X fst(8S)), {snd(S), (snd(S)): (fst(S) X fst(S))),
which has type
1S (Xt: Uy t)y (Xs: Uy .8).

The XML calculus is more general than Standard ML in two apparent
respects. Since there is no need to require that subexpressions of XML types
be closed, we are able to write explicitly-typed functors with nontrivial
dependent types in XML. In addition, due to the uniformity of the language,
we also have a form of higher-order functors.

Ignoring generativity, structure bindings in Standard ML are transparent
in the sense that the components of a bound structure are fully visible within
the scope of the binding. To capture this aspect of ML in type-theoretic terms,
structure bindings are rendered using transparent let bindings, which are
derived from dependent tuples. Specifically, a structure binding of the form

structure S =

struct
type t = int
valx t=7
end;

is represented by the XML, term

snd{S:Yt:U,.t = {t: U, =int,T:t),...)

where “...” is the translation of the remainder of the program, in keeping
with the general idea that the top-level is a let expression of indefinite
extent. Notice that the typing rules governing strong sums ensure that the
definition of S is propagated to the remainder of the program, so that, in
particular, fst(S) is equivalent to int, as required. Functor bindings are
handled similarly.

ACM Transactions on Programming Languages and Systems, Vol 15, No 2, Apnil 1993



On the Type Structure of Standard ML . 235

Table VIII. General Equality Rules for XML

IT'eM=M:1 IToM=M:0
TeM=N:7 TeM=N:o
Te N=M:r IT'eN=M:o
T'eM=N:7m Te N=P:r ITeM=N:oco Toe N=P:o
TeM=P:1 T'eM=P:0o
I's M =N:7 T,T' context I'sM=N:0 T,I' context
I'VeM=N:r I'lMoeM=N:0o
T'eM=N:7 Tor=7":10, I'cM=N:0c I'vo=0¢":0U,
I'o M=N:7 T'eM=N:¢

Table IX. Equality Rules for the Function Type

o Xe:m. M = Ayrfy/alM :7—1" (y g FV(M))
I's (Az:r.M)N = [N/z]M : 7'
F'e et Mz =M :7—7' (z ¢ FV(M))

I'ern=7:U; Tom=7:U,

' ry—m = 7{—75 : Us

T'eM=M:7—7" ToN=N:71
Te MN = M'N':. ¢

aro M =M 7
To et M =da:r. M r—71!

8. PREDICATIVITY AND THE RELATIONSHIP BETWEEN UNIVERSES

8.1 Universes

Each of the constructs of XML is designed to capture a specific part of the
programming language. In an effort to provide a vocabulary for discussing
extensions to ML, and to simplify the presentation of the type theory, we
have allowed arbitrary combinations of constructs and straightforward exten-
sions like higher-order functor expressions. While generalizing in certain
ways that seem syntactically and semantically natural, we have retained the

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, April 1993.



236 . R. Harper and J. C Mitchell

Table X. Equality Rules for the Product Type
I Az:0.M = Ayio.[y/zIM : lz:o.0’ (y ¢ FV(M))

> (Az:0.M)N = [N/z]M : [N/z]o’
e Azio.Ma =M :llz:0.0' (z ¢ FV(M))

Tvoy=01:U; T,zi01>00=0%:U,

I'v z:0y.0 = Hz:0y.04 : Uy

Iziov M =M :0'
o Ario M =Xz M :lzo.0

ToM=M  lzoco TToN=N 0o
I's M[N]= M'[N']:[N/z]o’'

Table XI. Equality Rules for the Sum Type

Lo fst(zio=M,N:o) =M :0

I'> snd(z:o0=M,N:0') = [M/z]N : [M/z]o’

IF'voy=o0;:U; Dyzioyv0,=0}:U;

(z ¢ Dom(I'))

v Yzioy.02 = La:oy.04 : Uy

TeM=M:0 Tvs[M/x)N=[M/z]N":[M/z]o’
I'v (2:0=M,N:¢') = (z:0=M',N":¢') : Sz:0.0'

(2 ¢ Dom(I'))

TeoM=2M:Xzoco
T Jol(M) = fot(M') - 0

' M =M:Yz:0.0
I'osnd(M) = snd(M’) : [fst(M)/z)c’

distinction between monomorphic and polymorphic types by keeping U; and
U, distinct. The restrictions imposed by universes are essential to the proof of
Theorem 4.1 and have the technical advantage of leading to far simpler
semantic model constructions. However, it may seem reasonable to generalize
ML polymorphism by lifting the universe restrictions (as in the Girard-
Reynolds second-order lambda calculus), or alter the design decisions U; € U,
and U;: U,.
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In this section we will show that the decision to take U, € U, and U,: U, is
essentially forced by the other constructs of XML, and that in the presence of
structures and functors, the universe restrictions are essential if we are to
avoid introducing a type of all types. We refer the reader to Coquand [11],
Howe [24], Meyer and Reinhold [36] and Cardelli [6] for background informa-
tion and further discussion of the merits of type: fype. As discussed in the
introduction, it seems fair to say that type: type would certainly change the
character of ML dramatically. However, further research is needed to under-
stand the ramifications of type:type more precisely.

8.2 U, as a Subset of U,

In XML, we have U, c U,, since every U, type is also treated as a U, type.
The main reason for this is that it simplifies both the use of the language,
and a number of technical details in its presentation. For example, by putting
every 7:U; into U, as well, we can write

[¢:U,.0:U,

for the I'T-formation rule, instead of giving two separate cases for 7: U, and
o:U,. An important part of this design decision is that U; € U, places no
additional semantic constraints on XML. More specifically, if we remove the
relevant typing rule from the language definition, we are left with a system
in which every U, type is represented as a retract of some U, type. This
allows us to faithfully translate XML into the language without U; C U,, so
that every semantic model of XML without U; € U, may serve as a semantic
model for XML with U, € U,. The justification for assuming U, C U, is made
more precise by the following lemma.

LemMmA 8.1. Let r:U; be any type from the first universe, and let t be a
variable that is not free in 7. Then there are XML contexts

il 1=x:U,[ ] and j[ 1=] ltriv,

where triv may be any type with the following properties:

—I'>i[M1:T1¢: Uy.m whenever T'> M: 1
—TI'> jlm]: 7 whenever T'> M:11¢:U,.7
—TI'>jlilMll =M:7 forall T>M: 1.

In other words, given the hypothesis above, we may assume 7: U, without loss
of generality.

Using the contexts i[ ] and J[ ], it is quite easy to translate every term in
XML with U, € U, into an equivalent expression that is typed without using
U, c U,. Essentially, the translation replaces every use of 7: U; as a U, type
with (IT#: U,.7): U,, and encloses terms in contexts i/[ ] and j[ 1 to make the
typing work out right. Since this translation preserves equality and the
structure of terms, there is no loss of generality in having U, C U,.
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8.3 Strong Sums and U,: U,

In the explicitly-typed core language Core-XML, we have U; € U, but not
U,:U,. However, when we added general product and sum types, we also
made the assumption that U;:U,. The reasons for this are similar to the
reasons for taking U; < U,: it makes the syntax more flexible, simplifies the
technical presenttion, and does not involve any unnecessary semantic as-
sumptions. A precise statement is spelled out in the following lemma.

LemMMa 8.2 In any fragment of XML which is closed under the term
formation rules for types of the form YLit:U,.7, with v: U, there are contexts

i 1= 1,%) and jl[ 1=/st[],
where triv may be any U, type with closed term =:triv, satisfving the
following conditions:

(1) If Trr:U,, then T > ir]:(Xt: Uy.triv).
(2) If I'> M:(Zt: U, .triv), then I'> jIM]: U;.
(3) Telirll = r:U, forall T>1:U,.

In other words, given the hypotheses above, since (Lt: U, .triv):U,, we may
assume U, : U, without loss of generality.

In words, the lemma says that in any fragment of XML, with sums over U,
(and some U, type triv containing a closed term =), we can represent U; by
the type X¢:U,.triv. Therefore, even if we drop U;: U, from the language
definition, we are left with a representation of U, inside U,. For this reason,
we might as well simplify matters and take U,: U,.

8.4 Impredicativity and “type:type”

In XML, as in ML, polymorphic functions are not actually applicable to
arguments of all types. For example, the identity function defined by id(x) = x
has polymorphic type, but it can only be applied to elements of types from the
first universe. We cannot apply the same identity function id to both integers
and structures. One way to eliminate this restriction is to eliminate the
distinction between U; and U,. If we replace U, and U, by a single universe
in the definition of Core-XML, then we obtain the second-order lambda
calculus of Girard and Reynolds [16, 15, 53]. (A similar technique is used to
introduce impredicativity into Nuprl in Howe [24].) The Girard-Reynolds
calculus has a number of reasonable theoretical properties (e.g. see Bruce et
al. [5], Mitchell [41] and Mitchell and Plotkin [47]) and seems to be a useful
tool for studying polymorphism in programming.

However, if we make the full XML calculus impredicative by eliminating
the distinction between U, and U,, the language becomes very different from
the Girard-Reynolds calculus. Specifically, since we have general products
and U;:U,, it is quite easy to see that if we let U; = U, then Meyer and
Reinhold’s language A™ ™ with a type of all types [36] becomes a sublanguage
of XML. Note that although the term formation rules of XML only provide
general products over U, types, letting U; = U, will give us products over all
types.

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, April 1993.



On the Type Structure of Standard ML . 239

LemMma 8.3  Any fragment of XML with U,:U,, U, = U,, and closed under
the type and term formation rules associated with general products is capable
of expressing all terms of A" of Meyer and Reinhold [36].

Proor. The proof is a straightforward induction on the typing rules of
A7, Since we assume that U; = U,, we may unambiguously write U for the
collection of types. This makes it easy to see that the typing rules and
equational rules of A™" are derived rules of XML with U;:U,, U; = U, and
general products. (This is not surprising, since the language A7 is designed
to be a “minimal” calculus with a type of all types and general products.) In
particular, if U is the collection of all types, then we clearly have U: U, by
hypothesis. O

By Lemma 8.2, we know that sums over U, give us U,: U,. This proves the
following theorem.

THEOREM 8.4 The function calculus A" with a type of all types may be
interpreted in any fragment of XML without universe distinctions which is
closed under general products, and sums over U, of the form YLt:U,.1.

Intuitively, this says that any language without universe distinctions that
has general products (ML functors) and general sums restricted to U; (ML
structures with type and value but not necessarily structure components)
also contains the language A7 with a type of all types. Since there are a
number of questionable properties of A7 such as nontermination without
explicit recursion and undecidable type checking, relaxing the universe re-
strictions of XML would alter the language dramatically.

8.5 Tradeoff Between Weak and Strong Sums

When we first discovered Theorem 8.4, we announced it as a tradeoff
theorem in programming language design.? The “tradeoff” implied by Theo-
rem 8.4 is between impredicative polymorphism and the kind of ¥ types used
to represent ML structures in XML. Generally speaking, impredicative poly-
morphism is more flexible than predicative polymorphism, and ¥ types allow
us to type more terms than the existential types associated with data
abstraction (see Mitchell and Plotkin [47]).

Either impredicative polymorphism with the “weaker” existential types, or
restricted predicative polymorphism with “stronger” sum types seems reason-
able. By the normalization theorem for the impredicative Girard-Reynolds
calculus [15, 411,° we know that impredicative polymorphism with existential
types is strongly normalizing. As noted in Section 7, a translation into

2 We described our “tradeoff theorem” in the TYPES electronic mail forum in the Spring of 1986.
Hook and Howe then replied that they had discovered a similar phenomenon independently [22].
We also learned that Coquand had proved the same theorem by a different means (see Coquand
[11]), which was in preparation at the time of our announcement.

3 Girard’s original proof included existential types. While the somewhat simpler proof in Mitchell
[41] does not, normalization with existential types can easily be derived by encoding I¢.0 as
YriVi(c —>r) > rl.
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Martin-Lof’s 1973 system [31] shows that XML with predicative polymor-
phism and “strong” sums is also strongly normalizing. However, by Theorem
8.4, we know that if we combine strong sums with impredicative polymor-
phism by taking U, = U,, the most natural way of achieving this end, then
we must admit a type of all types. By Girard’s paradox [11, 36, 24], type: type
(in the presence of other constructs) implies that strong normalization fails.
In short, assuming we wish to avoid ¢ype: type and nonnormalizing
recursion-free terms, we have a tradeoff between impredicative polymor-
phism and strong sums.

In formulating the XML type theory, it became apparent that there were
actually several ways to combine impredicative polymorphism with strong
sums. The most reasonable is this: instead of adding impredicative polymor-
phism by equating the two universes, we may add a form of impredicative
polymorphism by adding a new type binding operator with the formation rule

reursrU
re>ve:U,.7:U;

Intuitively, this rule says that if 7 is a U, type, then we will also have the
polymorphic type V¢:U,.7 in U,. The term formation-rules for this sort of
polymorphic type would allow us to apply any polymorphic function of type
Vt:U,.7 to any type in U, including a polymorphic type of the form Vs: U,.o.
However, we would still have strong sums like Y¢: U,.7 in U, instead of U,.
The normalization theorem for this calculus follows from that of the theory of
constructions with strong sums at the level of types [11] by considering U, to
be prop, and U, to be type,.

9. EXTENSIONS

9.1 Introduction

ML contains a variety of language features beyond those we have considered
so far. For the benefit of the reader familiar with ML, we briefly sketch an
approach to type declarations and sharing constraints in XML.

9.2 Type Declarations

There are three mechanisms for introducing types and type constructors in
ML: type abbreviations, concrete data type declarations, and abstract data
type declarations. A type abbreviation is a form of “compile-time” let-binding
which allows for the definition of a type constructor in terms of types and
type constructors that have been previously introduced. A concrete type
declaration simultaneously introduces a recursively-defined type constructor,
a finite collection of value constructors, and a pattern matching construct. An
abstract type declaration introduces a “private” concrete data type, together
with a set of “public” operations on that type. We give a brief description of

each form below. For more information, see Harper et al. [19] and Milner et
al. [40].
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In the remainder of this section, we show how the three forms of type
declarations just mentioned may be treated in XML. In each case, we do this
by first extending Core-XML with a form of declaration that resembles the
surface syntax of ML, and then showing how this may be desugared into
simpler XML constructs. While type abbreviations may be interpreted di-
rectly in pure XML, concrete and abstract type declarations require the
extension of XML with disjoint unions, type recursion and existential types.

We begin with type abbreviations. We extend the grammar of Core-XML
with a transparent type binding construct of the form

type (ty,...,¢,)t = Tine.

The scope of the type constructor ¢ is the expression e; the scope of the type
variables ¢,,...,¢, is the type expression 7. The effect of such a transparent
type binding is to introduce an n-argument type construct ¢ with the
property that (r,...,7,)t is equivalent to [7,,...,7,/t{,...,t,|r during type
checking of e. For example, the expression

type (s, 89)t =s; > s55ine

has the effect of introducing a two-place type constructor ¢ within e so that
during type checking of e the types (int, int)t and int — in¢ are equivalent.

We may represent type declarations in pure XML using a combination of
product and function types at the U, level. Specifically, we regard the
expression

type (¢4,...,t,)t =rTine
as short-hand for the XML expression
snd({t:U" > Uy, = M2 Uy, ..., 6, U1, e))

where U stands for the n-fold Cartesian product U; X -+ X U;, and where
the pattern-directed, A-abstraction abbreviates the less perspicuous

AUR (), s m (8 /by, By e

Here, and below, =" stands for the appropriate combination of first and
second projections to select the ith component from a value of n-fold product
type.

The reason we use pairing and projections associated with X types for type
abbreviations, instead of the apparently simpler alternative,

(AU = Up.e)(At: Uy, ... 8, U D T),

is that in the latter term, the expression A¢:U{" — U;.e would have to be
well-typed. This requires e to be well-typed for any function ¢: U — U,. In
contrast, a pair (¢:U" » U; = M, N is typed by showing that the term
[M/t]N obtained by substitution is well-typed. This is easily seen in the
appropriate X typing rule in Table VI

Concrete type definitions are somewhat more complex since they simulta-
neously introduce a recursively-defined type constructor, a finite set of value
constructors for building values of that type, and a pattern matching con-
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struct for destructuring values of that type. To account for concrete data
types in Core-XML, we extend the grammar of expressions as follows:

e == datatype(#,,...,t,)t = ¢, of 7y|-+ |c,, Of 1, ine
|casee of ¢ (xy:7y) = eyl e, (x,,:7,) = e,
Note that the vertical bars, “/’, in datatype and case expressions are part of

the object syntax of Core-XML, not metanotation. Both the datatype and case
forms are binding operators. The scope of the type constructor ¢ in a datatype
expression of the above form includes both the body of the expression, e, and
the type expressions 7q,...,T,, reflecting the fact that ¢+ may be defined
recursively. The scope of the value constructors cy,...,c,, associated with ¢
is the body e of the declaration. The scope of the type parameters ¢,,...,¢, of
t is limited to the type expressions 7,...,7,. In a case expression of the
above form, the scope of each variable x, is limited to the corresponding
expression e, (1 <i < m).

The effect of a datatype expression is to introduce within the body of the
expression an n-place type constructor and m value constructors. The type
constructor is recursively defined in terms of the given value constructors in
a manner outlined below. The case construct supports simultaneous case
analysis and decomposition of values of the type introduced by a datatype
expression in a manner similar to that of Standard ML. The full Standard
ML language provides a somewhat richer form of pattern-matching that
admits both layered and nested patterns, but we do not consider this general-
ization here.

ML concrete data type declarations may be accounted for in an extension of
XML with disjoint union types at the U, level, existential types [47] at the U,
level, and the ability to form recursively-defined type constructors at the U,
level. We briefly summarize these extensions before discussing the interpre-
tation of concrete data type declarations in XML.

Disjoint unions, which we write using the symbol +, are likely to be
familiar from a variety of programming languages. If 7, 75:U;, then the
disjoint union type 7, + 7, is also a U, type expression. Expressions of union
type are formed using injection functions, inl and inr according the rules
thatif I'> M: 7, then I'>iniM:7, + 7, and if '> M: 7, then I'>in+M: 7|
+ 7,. The case statement is used to test which summand a value belongs to,
according to the following rule.

e M:ry + 75 I',x;:7qBPN:ip I',x,:750>Pip
I'> case M of inl(x,:7,;) = Nlinr(xy:7,) = P:p

Existential types, which may be regarded as a “weak” form of ¥ type, are
formed according to the rule below. Although we could existentially quantify
over any collection from U,, we will only need existential quantification over
collections of the form U;" — U,. For simplicity, we only present the forma-
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tion and typing rules for the form of existential types we need.
r,e:U » U »o:U,
'e3t:U > U,.o:U,

(¢ & Dom(I')).

There are two differences between existential types in XML and the language
considered by Mitchell and Plotkin [47]. The form given here is more general
in that we quantify over n-ary type constructors, rather than just types. It is
more restrictive in that we only provide predicative quantification in the
sense that the existential type 3¢: U] — U,.0 belongs to the second, rather
than the first, universe. Expressions of existential type are formed and used
according to the following two rules.

rer:Ur > U TI'vMr/tlo T,t0:U7 - U;>o:U,
Ie>{t:U' > U =7,M:0):3¢:U" > U,.o

reM:3t:U" » Uj.o I',t:U! »U,x:0>N:p
U abstypet: Ul - U, withx:o isMinN:p

(t & Dom(I'))

(t € FV(p))

For further discussion of existential types, the reader is referred to Mitchell
and Plotkin [47], Cardelli and Wegner [8], and MacQueen [28].

To account for recursively-defined type constructors, we introduce a fixed-
point operator

fix,: (U > U)) - (U » Uy))y = (U » Uy)

for each n = 0. (For the special case n = 0, the fixed-point operator has type
(U; —» U;) — U,.) Intuitively, for any type functional 6: (U > U,) - (U} -
U,), the type function fix,6, when applied to an n-tuple of types {t,..., 7.,
yields a type isomorphic to 6(fix,6){7;...7,). Formally, the extension of
XML with recursive type functions over U, is completed by adding the
constants

In, :110: (U - Uy) = (U - Uy) I1¢: UM (6( fix,0)t) — (fix,0)t
Out,:T10: (U - Uy) —» (U] » U)J1e: U (fix,0)t — 0( fix,0)t

for each n > 0, together with equational axioms making them mutually
inverse to one another. Rather than define the solution of type construc-
tor equations only up to isomorphism, it would also be possible to take
fix,67y,...,7,> to be equal to 6(fix,0)r,,...,7,), but this would allow
more XML terms to be typable than would be accepted by the usual ML type
checking algorithm.

With this additional machinery in hand we may represent concrete data
types in XML as follows. The concrete data type declaration

m:Tm iNne

datatype (t,,...,t,)t = ¢yl |
is rendered in XML as the elimination form

abstypet:U" — U, withc: o is {t: U » U, =fix, (0),d: o) ine
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associated with the existential type 3¢: U;" — U,.o, where the expressions 8,
o, d, and ¢ are given below. The main idea behind this representation is
that a concrete data type declaration introduces a “new” recursively-defined
type constructor, together with operations corresponding to each of the value
constructors, and an operation corresponding to the case analysis form
associated with that type. The typing rules governing abstype ensure that the
type constructor ¢ is distinct from both the given definition and from all other
type constructors in that scope. In view of the fact that abstype binds the
variable ¢ in ¢ it is always possible to arrange (by an application of
a-conversion) that ¢ is distinct from all other type constructors. Thus the ML
notion of “type generativity” is reduced to the more familiar idea of renaming
of bound variables.
The expression 6 of type (U] — U,) — (U]" — U;) is defined to be

/\t:Uln — Ul‘/\<t1:Ul"">tn:U1>-(71 4+ o +Tm)‘

Note that by the definition of 6 and the rules governing recursively-defined
type constructors, the type fix,0{¢,,...,t,) is isomorphic (via In and Out) to
the type [ fix,0/tlry + -+ +[ fix,8/tlr,. The type o is defined to be the

product oy X --- X g, X g, ., Where for each 1 <i < m, the type o, is

e U T Uy = 8y, 0, 8,0,
and the type o,,,, is
[Tt Uy T U T Uy tty, oo t,) = (06K, ..., ) = u) = u.

Intuitively, o, is the type of the i¢th constructor, for 1 <i <m, and o,,,, is
the type of the case construct for the data type. The expression d of type
[fix,0/tlo is the tuple {d4,...,d,,,d,, >, where for each 1 <i < m, the
expression d, is

m?

AUy A U dx e fix, 0/t )7, .00, 68, ..., ¢,)(inj"x)
and the expression d,  ; is
AUy MU A Uy dxe: fixe, 0Ct, oo 6,0 A 0( fix 0){ty, ..., L)
= u.f(Out,6{ty,...,t,0x).

Here inj" stands for the appropriate combination of inl’s and inr’s to inject
a value of the ith summand into an r-ary disjoint union type. Intuitively,
d, is the implementation of the ith constructor, for 1 <i <m, and d,,,,
provides the case construct for the data type. It is not hard to see for each
1 <i<m + 1, the expression d, is of type [ fix,6/¢t]o, so that the tuple d
has the required type [ fix,6/t]o.

The expression e’ is obtained from e by replacing occurrences of a value
constructor ¢, with the corresponding projection 7" * !¢, and by interpreting
the case analysis form

caser ofcy(x,:7y) = eql - e, (x,,:7,) = e,
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as the application #,"''cp, ... p, prf where r has type t{pq,..., p,), the
entire expression has type p, and the function f is given by

A 0( fix, 0)py,eny Pyr-
case x of inl(xy:711) = ejlinr(y,:7]) = ...
casey, o Tm_o Of inl(x, _1:7,_1) = e, linr(x,:7,) =e,,
where for each 1 < i < m, the type 7, is [ fix, 0¢/t]r,, and the type 7 is the

“partial sum” type 7/, + - + 7.
For example, the Core-XML expression

datatype ¢ list = nillcons of ¢t X ¢t listine
is represented by the XML expression
abstype list: U, — U, with ncc:o is {list: U, = U, = fix,0,d:0) iné
where
0=AL:U; —» U At U, .triv + (t X L(¢))
O = Oy X Oeons Xease
0, = 11t: U, triv — list(t)
Goyny = 118 UL(t X list(t)) — list(t)
Ougep = 116U T1u: Uy list(t) — (triv + (¢ X list(t)) » u) » u
e = {Cnis€conss Cease”
e, =AU Ax:triv.In,6(inl(x))
=AU dx:t X (fix,0t).In,0(inr(x))
=AU Aw: Uy Ax: fix 08 Af (1 + (¢ X (fix,0t))) — u.f(Out,0tx)

econs

ecabe

The expression e 1is obtained from e as described above, replacing occur-
rences of nil and cons by suitable projections of nce, and replacing case
analyses on terms of type p list by suitable applications of the case analysis
function, (7, nce).

Abstract type declarations are accounted for in Core-XML by adding
expressions of the form:

abstype(t,,...,t,)t = ¢, of 7 |-~ |c,, of 1, withx,:p, =ey,...,x,:p, =¢,ine.

Informally, the effect of an abstype declaration is to introduce a “private”
concrete data type for use in the definition of the “public” operations in the
with clause, but hiding this declaration from the “client” expression e, which
has access only to these public operations. More precisely, the scope of the
constructors ¢q,...,c,, is limited to the definitions e,...,e, of xq,..., x,,
even though the scope of the type constructor ¢ includes not only the e,’s but
also the body e, On the other hand, the scope of the variables xy,..., x,
naming the public operations is limited to e. (We omit, for simplicity, the
possibility of mutually recursive definitions of the public operations.)
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The representation of abstype expressions in XML is similar to the repre-
sentation of datatype expressions, except that the recursive type is kept
abstract by making the value constructors and case analysis forms available
only in the definitions of the operations of the abstract type. Thus an abstype
expression of the above form is represented by the expression

abstypet:U' — U, withx: pis (fix,(0): U > U, p:p)ine

where p is the expression

leteiioy=dy,...,ci0, =d,,cp q:0,. . =d, . inle,...,e,>
of type p=p, X p,, and where the expressions 0, ¢,...,0,,,, and
dy,...,d, ,, are as above.

9.3 Generativity and Sharing

A distinctive feature of the ML module facility is the use of sharing con-
straints to ensure that incrementally constructed systems are built from
compatible components. The typical situation in which sharing specifications
are required arises when defining a functor that builds a structure out of two
argument structures, each of which are to have a third component in com-
mon. (MacQueen [28] gives an example in which a parser module is built
from a lexer module and a symbol table module, each of which make use of a
symbol module. In order for the parser to be well-defined, the lexer and the
symbol table must share the same symbol implementation. See MacQueen
[28] for more details.) Such a situation may be described schematically as
follows. We are to define a functor F taking as argument two structures, R of
signature SIG_R and § of signature SIG_S, which have a common compo-
nent T of signature SIG_T. The arguments to F may be packaged into a single
structure of signature SIG defined by

signature SIG =
sig
structure R. SIG_R
structure S: SIG_S
end

so that F may be introduced by a declaration of the form
functor F(X: SIG). SIG_F = ...

where SIG_F is the signature of the result of F. But this declaration is
inadequate since it fails to ensure that R and S are built from a common
substructure T. This is achieved by the use of a sharing constraint as follows:

signature SIG__share =
sig
structure R: SIG_R
structure S: SIG_S
sharing RT=8.T
functor F(X. SIG__share)'SIG_F = ...
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The signature SIG_share specifies that the component structures R and S
share the same substructure T so that their use in the body of F is guaran-
teed to be sensible. An application of F to a structure is well-formed only if
the type checker can determine that the required equational specification
holds.

A simple way to account for sharing specifications in XML would be to
employ the notion of an equality type introduced by Martin-Lof [31]. Infor-
mally, the equality type M = _N, for o a U, type, is inhabited iff M and N
are equal elements of type o, according to the rules of equality for XML. The
typing and equality rules for the equality type appear in Table XII. Signa-
tures with sharing constraints are represented using equality types as fol-
lows. The signature SIG_share above is represented by the type

LR:0p.XS:05.p(R) =, q(S)

where o, og, and oy represent the corresponding ML signatures, and where
p and q are suitable compositions of projections to select the component of R
and S, respectively, corresponding to their common component T.

Although this approach seems appealing at first glance, equality types fail
to account for ML sharing specifications in two important respects. First,
they are far more expressive than ML sharing specifications since they allow
the imposition of arbitrary equational constraints, in contrast to ML which
admits sharing constraints only between “paths,” which are represented in
XML as compositions of projection functions. This restriction to equations
between paths seems essential, as illustrated by the following example. It is
well known that recursion is definable in the untyped lambda calculus, via
the fixed-point operator Y, and that the untyped lambda calculus may be
interpreted in a typed lambda calculus satisfying an equation £ =1¢ — ¢
between types. (Further discussion of ¥ may be found in Barendregt [2], for
example, and the relationship between untyped lambda calculus and type (or
domain) equations in Bruce and Meyer [4] and Scott [57].) Given this, and the
fact that equality types allow us to type terms with respect to equational
hypotheses, it is easy to show that equality types give us terms without
normal form. For example, if T is a context containing the typing assump-
tions x:7 =y 7 7, for any U, type 7, then by the typing rules in Table XII,
we may conclude that I'>+ = 7 - 1:U,. Therefore, using the type equality
rule from Table III, we may give any term with type 7 type 7 — 7, and vice
versa. This allows us to give any untyped lambda term type 7, including
untyped terms with no normal form. Discharging the typing assumption via
lambda abstraction, we can write a closed, well-typed functor with parameter
x{y: trivlt = 7 = 7:U;} and nonnormalizing body.

A second sense in which equality types are inappropriate is that they
express semantic equivalence of structures, rather than the much more
restricted notion of structure equivalence based on unique names described
in Section 6. The type-theoretic account of modules given above does not
attempt to account for ML notion of generativity, and hence cannot be readily
extended to give a faithful account of ML sharing specifications. We consider
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Table XII. Equality Type

I'bvo:U; I'vM:o0 T'oN:o
IT'eM=,N:U,

I'sM=N:go
F'sref(M,N): M =, N

'sP: M=, N
T'eM=N:o

IT'vo=0¢":U, ToM=M:0 I'sN=N:0o
' M=, N=M =, N :U;

e M=M:0 e N=N":0
Lo ref(M,N)=refiA(M'N'): M =, N

a proper account of ML notion of generative structure equality to be an
important direction for future work.

10. CONCLUSION AND DIRECTIONS FOR FURTHER INVESTIGATION

We have given a precise description of the type system for much of ML, using
a function calculus called XML. Our analysis is based on the belief that ML is
profitably viewed as an explicitly-typed, predicative language with dependent
product and sum types. Explicit typing is central to giving a single account of
both the core expression language and the module system, and seems useful
for further study. In particular, in papers of Moggi [48] and Harper et al. [21],
which were written after the work described here was completed, XML is
used to study the separation between compile-time and run-time in Standard
ML. The distinction between U; and U, in XML reflects the typing rules of
ML and leads to a number of significant technical simplifications in the study
of the language. Moreover, universe distinctions seem essential to the charac-
ter of ML, as discussed in Section 8.

Some important aspects of ML have been omitted. With regard to the core
language, we have omitted treatment of recursion, references and exceptions.
These language features raise important theoretical questions. We hope that
an explicitly-typed study of polymorphic references would clarify the relation-
ship between polymorphism and type inference, a continuing trouble spot in
the ML type checker. With regard to the modules system, we have omitted
treatment of the coercive aspects of signature matching, and of sharing
specifications in signatures. It seems likely that the coercions associated with
signature ascription may be accounted for in this framework by giving a
precise account of compile-time elaboration as a process of translation from
the ML concrete syntax into the abstract syntax of the XML calculus. Such a
formalization would provide an interesting alternative to the methods used in
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the definition of ML [40]. Sharing specifications, and the associated notion of
“structure generativity,” remain important topics for further research.

Another important direction is to develop an accurate, straightforward
presentation of ML operational semantics. As with other versions of lambda
calculus, equality in XML is given by an equational axiom system. This
equational system may also be formulated as a set of reduction rules, as
usual. However, for the extension of XML obtained by adding exceptions,
references and recursion, capturing the operational semantics of ML relies on
careful consideration of the order in which rewrite rules are applied. (For
example, if Q is a divergent expression, then (Ax.0)Q diverges in the current
call-by-value implementation, but (Ax.0)Q = 0 is provable using the usual
A-calculus style reasoning.) It would be interesting to explore a typed calculus
that is faithful to the operational semantics, following the pattern established
by Plotkin’s A, -calculus [51] and Martin-Lof’s type theory [32]. Some useful
related ideas are developed in Moggi [49].

ACKNOWLEDGMENTS

Thanks to Dave MacQueen for many insightful discussions of ML, and
comments on this paper in particular. Thanks also to John Greiner, Peter
Lee, Eugenio Moggi, and Andrzej Tarlecki for comments on an earlier draft.

REFERENCES

1. AMADIO, R., BRUCE, K., AND LoNGO, G. The finitary projection model for second order lambda
calculus and solutions to higher order domain equations. In Proceedings of the IEEE
Symposium on Logic in Computer Science, (1986), 122—130.

2. BARENDREG, H. P.  The Lambda Calculus: Its Syntax and Semantics. 2nd ed. North-Holland,
Amsterdam, 1984.

3. BREAZU-TANNEN, V., CoQUAND, T., GUNTER, C. A., AND SCEDROV, A. Inheritance as explicit
coercion. Inf. Comput. 93, 1 (1991), 172—-221.

4. Brucg, K., AND MEYER, A. A completeness theorem for second-order polymorphic lambda
calculus. In Proceedings of the International Symposium on Semantics of Data Types
(Sophia-Antipolis, France) Springer Berlin, LNCS 173, 1984, 131-144.

5. Brucg, K. B., MEYER, A. R., AND MircHELL, J. C. The semantics of second-order lambda
calculus. Inf. Comput. 85 1 (1990), 76-134. Reprinted in Logical Foundations of Functional
Programming, G. Huet, Ed., Addison-Wesley, Reading, Mass., 1990, 213-273.

6. CARDELLI, L. A semantics of multiple inheritance. Inf. Comput. 76 (1988), 138—164. Special
issue devoted to Symposium on Semantics of Data Types (Sophia-Antipolis, France, 1984).

7. CARDELLI, L. Structural subtyping and the notion of powertype. In Proceedings of the 15th
ACM Symposium Principles of Programming Languages (1988), 70~79.

8. CarpELL], L., AND WEGNER, P. On understanding types, data abstraction, and polymor-
phism, ACM Comput. Surv. 17, 4 (1985), 471-522.

9. CARTWRIGHT, R. Types as intervals. In Proceedings of the 12th ACM Symposium on Princi-
ples of Programming Languages (Jan. 1985), 22-36.

10. ConsTABLE, R. L., ET AL. Implementing mathematics with the Nuprl proof development
system. In Graduate Texts in Mathematics Vol. 37. Prentice-Hall, Englewood Cliffs, N.J.,
1986.

11. Coquanp, T. An analysis of Girard’s paladox. In Proceedings of the IEEE Symposium on
Logic in Computer Science (June 1986), 227—-236.

12. Coquanp, T., aAND HUET, G. The calculus of constructions. Inf. Comput. 76, 2/3 (1988),
95-120.

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, April 1993.



250

13.

14.

15.

16.

17.

18.

19.

21.

22.

23.

24.

25

26.

27

28.

29.

30.

31.

32.

33.

34.

35.

. R. Harper and J. C. Mitchell

DaMmas, L., AND MILNER, R. Principal type schemes for functional programs. In Proceedings
of the 9th ACM Symposium on Principles of Programmung Languages (1982), 207-212.

DeE BrUbN, N. G. A survey of the project Automath. In To H B. Curry: Essays on
Combinatory Logic, Lambda Calculus and Formalism. Academic Press, New York, 1980,
579-607.

GIRARD, J.-Y. Interpretation fonctionelle et elimination des coupures de l'arithmetique
d’ordre superieur. These D'Etat, Unwversite Paris VII, 1972.

GIRARD, J -Y. Une extension de l'interpretation de Godel a l'analyse, et son application a
Pélimination des coupures dans 'analyse et la théorie des types. In 2nd Scandinavian Logic
Symposium, J. E. Fenstad, Ed., (North-Holland, Amsterdam, 1971), 63-92.

GORDON, M. J., MILNER, R., AND WaDswORTH C. P. Edinburgh LCF. LNCS 78, Springer,
Berhn. 1979

HarpER, R., HONSELL, F., AND PLOTKIN, G. A framework for defining logics. In Proceedings
of the IEEE Symposium on Logic in Computer Science (June 1987), 194-204. To appear 1n /.
ACM.

HarpeR, R., MACQUEEN, D. B., AND MILNER, R Standard ML, Tech. Rep. ECS-LFCS-86-2,
Lab. for Foundations of Computer Science, Univ. of Edinburgh, Mar. 1986.

. HarPER, R, MILNER, R., AND TOFTE, M. A type discipline for program modules. In TAP-

SOFT 87, LNCS 250, Springer, Berlin, 1987

HARPER, R., MITCHELL, J C, AND Mocal, E. Higher-order modules and the phase distine-
tion. In Proceedings of the 17th ACM Symposium on Principles of Programmuing Languages
(Jan. 1990), 341-354.

Hooxk, J., ann Howr, D.  Impredicative strong existential equivalent to type-type. Tech. Rep.
TR 86-760, Cornell Univ. 1986

HowarDp, W. The formulas-as-types notion of construction. In To H. B. Curry: Essays on
Combinatory Logic, Lambda-Calculus and Formalism Academic Press, 1980, 479-490.
Howg, D. J. The computational behavior of Girard’s paradox. In Proceedings of the IEEE
Symposium on Logic in Computer Science (June 1987), 205-214.

KaneLLaxis, P. C., MamrsonN, H G., aND MITCHELL, J. C. Unification and ML type recon-
struction In Computational Logic, Essays in Honor of Alan Robinson. MIT Press, 1991,
444-478.

KrouURrY, A. J., TIUrRYN, J., AND URrzvczyN, P. ML typability is Dexptime-complete. In
Proceedings of the 15th Collogqium on Trees in Algebra and Programming. LNCS 431,
Springer, 1990, 206-220. To appear in J ACM. under the title, “An Analysis of ML
Typability.”

LEvanT, D. Polymorphic type inference. In Proceedings of the 10th ACM Symposium on
Principles of Programming Languages (1983), 88-98.

MACQUEEN, D. B. Modules for standard ML. Polymorphism 2, 2 (1985), 1-35. An earlier
version appeared in Proceedings of the 1984 ACM Symposium on Lisp and Functional
Programming.

MacQueEeN, D. B. Using dependent types to express modular structure. In Proceedings of
the 13th ACM Symposium on Principles of Programmung Languages (1986), 277-286
MAcCQUEEN, D., PLoTKIN. G., AND SETHI, R. An ideal model for recursive polymorphic types.
Inf Control 71, 1/2 (1986, 95-130.

MARTIN-LOF, P. An intuitionistic theory of types: Predictive part. In H. E. Rose and J. C.
Shepherdson, Eds. Logic Colloguium,’73. Amsterdam, 1973, North-Holland, 73-118.
MARTIN-LOF, P.  Constructive mathematics and computer programming In Sixth Interna-
tional Congress for Logic, Methodology, and Philosophy of Science North-Holland, Amster-
dam, 1982, 153-175

MARTIN-LOF, P.  Intuitionistic Type Theory. Bibliopolis, Napol, 1984.

McCrACKEN, N. An investigation of a programming language with a polymorphic type
structure. Ph.D. Thesis, Syracuse Univ., 1979.

MEYER, A. R., MitcHELL, J. C., Mogar, E., aNnD STatMaN, R. Empty types in polymorphic
lambda calculus. In Proceedings of the 14th ACM Symposium on Principles of Programmung
Languages (Jan. 1987), 253-262. Reprinted with minor revisions in Logical Foundations of
Functional Programming. G. Huet, Ed , Addison-Wesley, 1990, 273-284.

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, April 1993.



36.
37.
38.

39.
40.
41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.
61.

On the Type Structure of Standard ML . 251

MEeYER, A. R., AND REINHOLD, M. D. Type is not a type. In Proceedings of the 13th ACM
Symposium on Principles of Programming Languages (Jan. 1986), 287-295.

MILNER, R. A theory of type polymorphism in programming. JCSS, 17 (1978), 348-375.
MILNER, R. The Standard ML core language. Polymorphism 2, 2 (1985), 1-28. An earlier
version appeared in Proceedings of the 1984 ACM Symposium on Lisp and Functional
Programming.

MILNER, R., AND TOFTE, M. Commentary on Standard ML. MIT Press, 1991.

MILNER, R., TOFTE, M., AND HARPER, R. The Definition of Standard ML. MIT Press, 1990.
MircrELL, J. C. A type-inference approach to reduction properties and semantics of poly-
morphic expressions. In ACM Conference on LISP and Functional Programming (Aug.
1986), 308-319. Reprinted with minor revisions in Logical Foundations of Functional
Programmung, G. Huet, Ed., Addison-Wesley, 1990, 195-212.

MITCHELL, J. C. Polymorphic type inference and containment. Inf. Comput. 76, 2 /3 (1988),
211-249. Reprinted in Logical Foundations of Functional Programming, G. Huet, Ed.,
Addison-Wesley, 1990, 153-194.

MirrcHELL, J. C. Representation independence and data abstraction. In Proceedings of the
13th ACM Symposium on Principles of Programnmung Languages (Jan. 1986), 263-276.
MrrcHELL, J. C. Type systems for programming languages. In Handbook of Theoretical
Computer Science, Volume B, J. van Leeuwen, Ed., North-Holland, Amsterdam, 1990,
365-458.

MITCHELL, J. C., AND MEYER, A. R. Second-order logical relations. In Logics of Programs,
LNCS 193, Springer, Berlin, 1985, 225-236.

MircELL, J. C., AND Moagal, E.  Kripke-style models for typed lambda calculus. Ann. Pure
Appl. Logic 51 (1991), 99-124. Preliminary version in Proceedings of the IEEE Symposium
on Logic in Computer Science (1987), 303-314.

MrrcHELL, J. C., AND PLOTRIN, G. D. Abstract types have existential types. ACM Trans.
Program. Lang. Syst. 10, 3 (1988), 470—-502. Preliminary version appeared in Proceedings of
the 12th ACM Symposium on Principles of Programming Languages, 1985.

Mogaar, E. A category-theoretic account of program modules. Math. Structures Comput. Sct.
1, 1(1991), 103-139.

Moaar, E.  Computational lambda calculus and monads. In Proceedings of the IEEE Sympo-
stum on Logic in Computer Science (1989), 14-23.

Onori, A. A simple semantics for ML polymorphism. In Functional Programming and
Computer Architecture, 1989, 281-292.

ProtriN, G. D. Call-by-name, call-by-value and the lambda calculus. Theor. Comput. Sct. 1
(1975), 125-159.

PLOTKIN, G. D. LCF considered as a programming language. Theor. Comput. Sci. 5 (1977),
223-255.

ReyNoLDS, J. C. Towards a theory of type structure. In Paris Colloqium on Programming,
LNCS 19. Springer, Berlin, 1974, 408-425.

REYNOLDS, J. C. The essence of Algol. In Algorithmic Languages, de Bakker and van Vliet,
Eds. IFIP, North-Holland, Amsterdam, 1981, 345-372.

ReynoLp, J. C. Types, abstraction, and parametric polymorphism. In Information Process-
ing ’83, North-Holland, Amsterdam, 1983, 513—-523.

ReyNoLps, J. C. Polymorphism is not set-theoretic. In Proceedings of the International
Symposium on Semantics of Data Types (Sophia-Antirolis, France), LNCS 173, Springer,
Berlin, 1984, 145-156.

Scort, D. S. Relating theories of the lambda calculus. In To H. B. Curry: Essays on
Combinatory Logic, Lambda Calculus and Formalism. Academic Press, 1980, 403-450.
SEELY, R. A. G. Locally cartesian closed categories and type theory. Math. Proc. Camb.
Phil. Soc. 95 (1984), 33-48.

SEELY, R. A. G. Categorical semantics for higher-order polymorphic lambda calculus. oJ.
Symbolic Logic 52 (1987), 969-989.

Starman, R.  Logical relations and the typed lambda calculus. Inf. Control 65 (1985), 85—97.
STouGHTON, A. Fully Abstract Models of Programming Languages. Pitman, London, and
Wiley, New York, 1988.

ACM Transactions on Programming Languages and Systems, Vol. 15, No 2, April 1993.



252 . R Harper and J. C. Mitchell

62. TrOELSTRA, M. Mathematical investigation of intuitiomstic arithmetic and analysis. LNM
344, Springer, Berlin, 1973.

63 Torte, M. Operational semantics and polymorphic type inference. Ph.D. dissertation, Edin-
burgh Univ., 1988. Available as Edinburgh Univ. Laboratory for Foundations of Computer
Science Tech Rep. ECS-LFCS-88-54

64. WAND, M. A types-as-sets semantics for Milner-style polymorphism. In Proceedings of the
11th ACM Symposium on Principles of Programming Languages (Jan 1984), 158-164.

Received May 1990; revised February 1992: accepted March 1992

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, April 1993.



