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passed as arguments to functors. We will see that this a universe distinction,

and not an ad hoc restriction of the language. The following declaration

binds a structure to the identifier S:

structure S =
struct

type t = Int
valx:t=3

end

The structure expression following the equals sign defines an environment

mapping t to int and x to 3, and binds this environment to the identifier S. In

Standard ML this packaged environment is “timestamped” when the declara-

tion is elaborated, marking it with a unique name that distinguishes it from

all other environments, regardless of their internal structure. Such structure

expressions are therefore said to be “generative” since each elaboration may

be thought of as “generating” a new structure. The reason for making

structure expressions generative in this sense is that the modules language

provides a form of version control based on specifying that two possibly

distinct structures or types must be equal. Since semantic equality of struc-

tures is undecidable, timestamps are used as a practical (and efficiently

decidable) criterion for structure equality. We will ignore the issue of genera-

tivity in what follows, but will return to it in Section 9.3.

The components of a structure are accessed by qualified names, using a

syntax reminiscent of record access in many languages. For instance, in the

presence of the above binding for the structure identifier S, the identifier S.x

refers to the x component of S, and hence evaluates to 3. Similarly, S.t refers

to the t component of S and is equivalent to the type Int during type checking.

This transparency of type definitions distinguishes ML structures from ab-

stract data type declarations (see MacQueen [29] and Mitchell and Plotkin

[47] for related discussion).

Signatures are a form of “type” or “interface” for structures, and may be

bound to signature identifiers using a signature binding, as follows:

signature SIG =
sig

type t
val x: t

end

This signature describes the class of structures having a type component, t,
and a value component, x, whose type is the type bound to t in the structure.

Since the structure S introduced above satisfies these conditions, it is said to

match the signature SIG. The structure S also matches the following signa-

ture SIG’:

signature SIG’ =
Slg

type t
val x: int

end
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This signature is matched by any structure providing a type, t, and a value, X,

of type int, which is indeed the case for the structure S. Note, however, that

there are structures which match SIG, but not SIG, namely any structure

that provides a type other than int, and a value of that type.

In addition to ambiguities of this form, there is another, more practically-

motivated, reason why a given structure may match a variety of distinct

signatures. In ML signatures may be used to provide distinct views of a

structure by a process of ascription. The main idea is that the signature may

specify fewer components than are actually provided by the structure. The

process of ascription introduces a suitable “thinning” coercion that eliminates

the additional components of the structure. For example, we may introduce

the signature

signature SIG =
sig

val x: Int
end

and subsequently define a view, T, of the structure S, by writing

structure T: SIG = S

It should be clear from our discussion that S matches the signature SIG

since it provides an x component of type int. The presence of the signature

expression SIG’ in the binding for T causes the t component of S to be

removed so that subsequently only the identifier T.x is available; the t

component of S is not propagated to T, so that the identifier T.t is undefined.

To simplify the development we do not detail the signature matching process,

and instead regard structures as providing a unique signature describing

each component. In this sense we regard signature matching as a conve-

nience similar to that afforded by the type inference algorithm for the core

language. For further discussion of signature matching, we refer the reader

to Harper et al. [20], Tofte [63] and Milner et al. [40].

Discussion of ML “sharing” specifications is’ deferred to Section 9.3 below.

Functors (which are functions mapping structures to structures) are intro-

duced using a syntax similar to that found in many programming languages:

functor F (S: SIG): SIG =
struct

type t = St* S.t
val x: t = (S.x, 5.x)

end

This declaration introduces a functor F that takes as argument a structure

matching the signature SIG, and yields as result a structure matching the

same signature. (In Standard ML the parameter signature is mandatory, but,

as a notational convenience, the result signature may be omitted, with the

default obtained by an extension of the type inference algorithm for the core

language.) When applied to a suitable structure S, the functor F yields as

result the structure whose type component, t, is bound to the product of S .t

with itself, and whose value component, x, is the pair both of whose compo-

nents evaluate to the value of S.x.
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By making use of free structure variables in signatures, certain forms of

dependency of functor results on functor arguments may be expressed. For

example, the following declaration specifies the type of y in the result

signature of G in terms of the type component t of the argument S:

functor G (S: SIG): sigvaly: S.t*S.t end =
struct

val y = (S,x, S x)
end

This formulation of dependent types is consistent with the account given by

MacQueen [29], and is accounted for similarly in our model of ML.

7. FULL XML

7.1 Syntax

In this section we will extend Core-XML to a function calculus XML by

adding general constructs that allow us to describe the features of the

previous section. Following MacQueen [29], we will use general sums and

products in the style of Martin-Lof’s type theory [33] to model the modules

system. While general sums (also called “strong sums;” see Howard [23]) are

closely related to structures, and general cartesian products seem necessary

to capture dependently-typed functors, the language XML will be somewhat

more general than ML. For example, while an ML structure may contain

polymorphic functions, there is no direct way to define a polymorphic struc-

ture (i.e., a structure that is parametric in a type) in the implicitly-typed

programming language. This is simply because there is no provision for

explicit binding of type variables. However, polymorphic structures can be

“simulated” in ML by using a functor whose parameter is a structure

containing only a type binding. In XML, by virtue of the uniformity of the

language definition, there will be no restriction on the types of things that

can be made polymorphic. For similar reasons, XML will have expressions

corresponding to higher-order functors and functor signatures, both of which

would be useful additions to the language. In Section 9.3, we will discuss the

addition of sharing constraints.

Intuitively, general sums and products correspond to in finitary disjoint

union and Cartesian product constructions in set theory. If CT is a type, and

()-‘ is a family of types indexed by o, then the general product type,

Hx: a.a’(x), is a set of functions f such that f(x) is an element of a’(x) for

every x in a. Note that the range type depends on the domain element; for
this reason general products are sometimes called “dependent” products. The

general sum type, Xx: m. CT’(x), consists of pairs p such that @(p) is an

element of a, and snd( p ) is an element of u‘( fst( p )) (where fst and snd are

the first and second projections). Note that the type of the second component

is expressed as a function of the first component: general sums are a form of

“dependent type.”

Unfortunately, general products and sums complicate the formalization of

XML considerably. Since a structure may appear in a type expression, for
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example, it is no longer possible to describe the well-formed type expressions

in isolation from the elements of those types. This also makes the well-formed

contexts difficult to define. Therefore, we will define XML by giving a set of

inference rules for determining the well-formed contexts, types and terms, in

the style of Automath [14], Martin-Lof [32], and LF [18]. The unchecked

preterms of XML are given by the following grammar:

M::= UllU21triUlM + MIHx: M. MlXx: M.M

lxl*lAx: M. M\ MMIAx:M.MIMIN]

l(x:a=M, M:a’)lfst(M)lsnd(M)

The metavariables M, N, and P range over the preterms. We also use a and

~ to range over preterms, particularly when the term is intended to be a type.

Following Cardelli [7], we use an explicitly “dependent” form of ordered pair,

(x: a = M, N: a’), in which the variable x is bound in N and a’. We no

longer include let as a pimitive construct of the language since it is definable

using abstraction over the polymorphic type u: Uz as (AX: a .N )M.

The type checking rules for XML appear in Tables III through VII. These

rules refer to an equational theory of well-typed terms that appears in Tables

VIII through XI.

As in Core-XML the universes of XML are cumulative in the sense that

every UI type is a U2 type as well. This simplifies the system somewhat, and,

as we shall see below, is not significantly different from a system with an

explicit inclusion of UI into U2. Another feature of our type system is the

treatment of ordered pairs of general sum type. The principal advantage of

treating the pairing operator as a binding operator is that it makes it simpler

to retain explicit typing, for the range type of the dependent sum is explicit in

the notation. Without this information, the type of the pair cannot be

recovered. The same phenomenon gives rise to the non-uniqueness of signa-

tures in ML. The relation to the ordinary pairing operator is made clear by

the equality axioms for pairs: the second projection replaces x in N by M, so

that “externally” they behave like ordinary ordered pairs.

7.2 Equations and Reduction

The equational proof system for XML is given in Tables VIII through XI. If

we direct the equational axioms from left to right, we obtain a reduction

system of the form familiar from other systems of lambda calculus (e.g.

Barendregt [2] and Mitchell [44]). Strong normalization is the property that

there are no infinite reduction sequences from XML terms. In other words,

the simple symbolic interpreter defined by the reduction rules is guaranteed

to halt, on any term.

Strong normalization for XML may be proved using a translation into

Martin-Lof’s 1973 system [31]. It follows that the equational theory of XML is

decidable. For other type systems, it is often possible to prove strong normal-
ization by an appropriate method of logical relations [60, 44]. We consider it

a significant open problem to develop a theory of logical relations for full

XML, a task that is complicated by the presence of general Z and H types.
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Table III. Context and Structural Rules for XML

() context

~bT:uI FDu:U~

l?, z:T context r, x:o context

(z@ Dmn(r))

I’ context r(z) =7- rcontext r(~)=~

rDX:T rDZ:O

Table IV Umverses

r context

rDUl:U2

rDT:[]l

7.3 Representing Modules in XML

General sums allow us to write expressions for structures and signatures,

provided we regard environments as tuples whose components are accessed

by projection functions. For example, the structure

struct type t = Int val x: t = 3 end

may be viewed as the pair (t: UI = in~, 3: t). In XML, the components t and x

are retrieved by projection functions, so that S.x is regarded as an abbrevia-

tion for snd( S ). With general sums we can represent the signature

sig type t val x:t end

as the type D: U1. t, of which the pair (t: U1 == int, 3: int ) is a member. The
representation of structures by unlabeled tuples is adequate in the sense that

it is a simple syntactic translation to replace qualified names by expressions

involving projection functions.

Since general products allow us to type functions from any collection to any

other collection, we can write functors as elements of product types. For
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Table V. Types and Terms in UI

r context 17 context

17ptriv: U~ rD*:~7Vk

rDT:u~ rd:ul r, X:r Dk?:r’

r b ~X:T.M: T+T’
(z g DoIn(r))

Table VI. Types and Terms in Uz

rDU:u2 r, XX7b U’:u2

r b kc7.c7’: UZ
(z@ Dan(r))

rDU:u2 ~, XX7DOt:u2 r,x:o DM:u’

r D ~z:fY.~: ~z:(7.~’
(z@ Dorn(r))

r D fS~(M): 0

r D M: ~X:U.CT’

r p Snd(kq: ~St(A4)/Zp’

example, the functor bound to F by the declaration (where SIG is the

signature above)

functor F(S: SIG): SIG=
st ruct

type t = S.t * S.t
val x:t = (S.x, S.x)

end
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Table VII. Equalizer Types for Sharing Constraints

~D0:~[2 17,XX7bCr’:U2 r,X:OP~:O’ r,X:O~~T:c+

rD{Z:Ol~=~:~’}:U2
(Z @ Dorn(I’))

rbp:{~:OIM=N:/}

rDP:O

rD~:{Z:01j4=~:17’}

r D [P/Z]J4 = [f’/Z]~: [~/X] CT’

is defined by the expression

AS:(Zt:U1. t). (s:Ul

= (fSt(s) Xfst(s)), (snd(s), (snd(s)):(fst(s) Xfsf(s))),

which has type

rIs:(n: ul.t).(Ls:ul. s).

The XML calculus is more general than Standard ML in two apparent

respects. Since there is no need to require that subexpressions of XML types

be closed, we are able to write explicitly-typed functors with nontrivial

dependent types in XML. In addition, due to the uniformity of the language,

we also have a form of higher-order functors.

Ignoring generativity, structure bindings in Standard ML are transparent

in the sense that the components of a bound structure are fully visible within

the scope of the binding. To capture this aspect of ML in type-theoretic terms,

structure bindings are rendered using transparent let bindings, which are

derived from dependent tuples. Specifically, a structure binding of the form

structure S =
struct

type t = int
valxt=7

end;

is represented by the XML, term

snd(S:Zt:U1. t = (t:Ul =int,7:t), ...)

where ‘<. . . “ is the translation of the remainder of the program, in keeping

with the general idea that the top-level is a let expression of indefinite

extent. Notice that the typing rules governing strong sums ensure that the

definition of S is propagated to the remainder of the program, so that, in

particular, &(S) is equivalent to int, as required. Functor bindings are

handled similarly.

ACM Transactions on Programmmg Languages and Systems, VCI1 15, No 2, April 1993



On the Type Structure of Standard ML . 235

Table VIII. General Equality Rules for XML

rDA4=N:T

TDN=A4:T

TDAf=N:T I’DN=p:T

TDM=P:T

rDA4=N:T 17,P context

r.r’b M=N:T

rD.qf=h’:T rDT=T’:u~

rbAf=N:r’

rDA4=N:cT

I’DN=A4:u

I’p M=N:a I’,r’C0nt6w

r,r’b M= N:cr

Table IX. Equality Rules for the Function Type

r D )iX:T.M = Ay:r.[y/x]M : T-+T’ (Y@ Fv(J’f))

r D (~X:7_.M)N = [N/Z]M: T’

r B ,\z:r.A4x = A[ : r-r’ (.$ W(M))

rDTl=T~:U2 rDT2=T~:U2

r D TI-T2 = T{+T~ : U2

I’ D Ax:r.A4 = Ax: T.A4’ : T-+T’

8. PREDICATIVITY AND THE RELATIONSHIP BETWEEN UNIVERSES

8.1 Universes

Each of the constructs of XML is designed to capture a specific part of the

programming language. In an effort to provide a vocabulary for discussing

extensions to ML, and to simplify the presentation of the type theory, we
have allowed arbitrary combinations of constructs and straightforward exten-

sions like higher-order functor expressions. While generalizing in certain

ways that seem syntactically and semantically natural, we have retained the
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Table X. Equahty Rules for the Product Type

r D ~Z:a.kf = hJ:O.[~/Z]kf : ~Z:O.C7’ (Y@ FV(M))

r D ~X:U.MX = M: ~X:U.0’ (x@ FV(M))

r,x:o Dkf=M’:c#

rbfkf=M’:~X:CT.CT’ rD~=~’:C7

r ~ M[N] = M’[N’] : [N/x]a’

Table XI. Equality Rules for the Sum Type

distinction between monomorphic and polymorphic types by keeping UI and

U2 distinct. The restrictions imposed by universes are essential to the proof of

Theorem 4.1 and have the technical advantage of leading to far simpler

semantic model constructions. However, it may seem reasonable to generalize

ML polymorphism by lifting the universe restrictions (as in the Girard-

Reynolds second-order lambda calculus), or alter the design decisions UI G U2

and UI: U2.

ACM Transactions on Programming Languages and Systems, Vol. 15, No. 2, Aprd 1993.



On the Type Structure of Standard ML . 237

In this section we will show that the decision to take UI c U2 and Ul: U2 is

essentially forced by the other constructs of XML, and that in the presence of

structures and functors, the universe restrictions are essential if we are to

avoid introducing a type of all types. We refer the reader to Coquand [11],

Howe [24], Meyer and Reinhold [36] and Cardelli [6] for background informa-

tion and further discussion of the merits of type: type. As discussed in the

introduction, it seems fair to say that type: type would certainly change the

character of ML dramatically. However, further research is needed to under-

stand the ramifications of type: type more precisely.

8.2 U, as a Subset of U2

In XML, we have UI c U2, since every UI type is also treated as a U2 type.

The main reason for this is that it simplifies both the use of the language,

and a number of technical details in its presentation. For example, by putting

every r: UI into U2 as well, we can write

for the ~-formation rule, instead of giving two separate cases for ~: U, and

o- :U2. An important part of this des~gn decision is that UI c U2 places no

additional semantic constraints on XML. More specifically, if we remove the

relevant typing rule from the language definition, we are left with a system

in which every UI type is represented as a retract of some U2 type. This

allows us to faithfully translate XML into the language without U1 c U2, so

that every semantic model of XML without UI g U2 may serve as a semantic

model for XML with UI c U2. The justification for assuming UI c U2 is made

more precise by the following lemma.

LEMNIA 8.1. Let r: UI be any type from the first universe, and let t be a

uariable that is not free in r. Then there are XML contexts

i[ ] -At: U1. [ ] and j[ ] - [ ]triu,

where triv may be any type with the following properties:

—rD i[M]:Ht: U1. ~ wheneuer rD M:~

—rb j[m]: T wheneuer r D M:Ht: U1. r

—rPj[i[ M]] =M:r for all FDM:T.

In other words, giuen the hypothesis aboue, we may assume r: U2 without loss

of generality.

Using the contexts i[ ] and j[ ], it is quite easy to translate every term in

XML with UI c U2 into an equivalent expression that is typed without using

UI G U2. Essentially, the translation replaces every use of ~: UI as a U2 type

with (~ t:U1. ~): U2, and encloses terms in contexts i[ ] and J ] to make the
typing work out right. Since this translation preserves equality and the

structure of terms, there is no loss of generality in having UI c U2.
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8.3 Strong Sums and U,: Uz

In the explicitly-typed core language Core-XML, we have UI L Uj but not

U,: Uz. However, when we added general product and sum types, we also

made the assumption that UI: Uz. The reasons for this are similar to the

reasons for taking UI G Uz: it makes the syntax more flexible, simplifies the

technical presentation, and does not involve any unnecessary semantic as-

sumptions. A precise statement is spelled out in the following lemma.

LEiWiMA 8.2 In any fragment of XML which is closed under the term

formation rules for types of the form Zt: U1.r, with T: Ul, there are contexts

i[ ]=([ ],*) and j[ ]= fst[ ],

luhere triv may be any UI type with closed term *: trill, satisfying the

following conditions:

(1) If FD ~: Ul, then r D i[7]:(Xt: U1.triu).

(2) If r D M:(Zt:U1.triu), then r Dj[M]: U1.

(3) rb[i[~ll = 7:UI for all rDr:U1.

In other words, given the hypotheses aboue, since (Zt: U1. triu): Uz, we may

assume Ul: Uz without loss of generality.

In words, the lemma says that in any fragment of XML, with sums over UI

(and some UI type triv containing a closed term *), we can represent UI by

the type D: U1. triu. Therefore, even if we drop UI: Uz from the language

definition, we are left with a representation of UI inside Uz. For this reason,

we might as well simplify matters and take UI: Uz.

8.4 Impredicativity and “type: type”

In XML, as in ML, polymorphic functions are not actually applicable to

arguments of all types. For example, the identity function defined by id(x) = x

has polymorphic type, but it can only be applied to elements of types from the

first universe. We cannot apply the same identity function id to both integers

and structures. One way to eliminate this restriction is to eliminate the

distinction between UI and Uz. If we replace UI and UZ by a single universe

in the definition of Core-XML, then we obtain the second-order lambda

calculus of Girard and Reynolds [ 16, 15, 53]. (A similar technique is used to

introduce impredicativity into Nuprl in Howe [24]. ) The Girard-Reynolds

calculus has a number of reasonable theoretical properties (e.g. see Bruce et

al. [5], Mitchell [41] and Mitchell and Plotkin [47]) and seems to be a useful
tool for studying polymorphism in programming.

However, if we make the full XML calculus impredicative by eliminating

the distinction between UI and Uz, the language becomes very different from

the Girard-Reynolds calculus. Specifically, since we have general products

and UI: Uz, it is quite easy to see that if we let UI = Uz then Meyer and

Reinhold’s language A’ ‘ with a type of all types [36] becomes a sublanguage

of XNtL. Note that although the term formation rules of XML only provide

general products over Uz types, letting UI = Uz will give us products over all

types.
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LEMMA 8.3 Any fragment of XiWL with UI: Uz, UI = Uz, and closed under

the type and term formation rules associated with general products is capable

of expressing all terms of A“’ of Meyer and Reinhold [36~.

PROOF. The proof is a straightforward induction on the typing rules of

A“’. Since we assume that UI = Uz, we may unambiguously write U for the

collection of types. This makes it easy to see that the typing rules and

equational rules of A’ ~‘ are derived rules of XML with .VI: Uz, UI = Uz and

general products. (This is not surprising, since the language AT” is designed

to be a “minimal” calculus with a type of all types and general products.) In

particular, if U is the collection of all types, then we clearly have 77: U, by

hypothesis. ❑

By Lemma 8.2, we know that sums over UI give us Ul: Uz. This proves the

following theorem.

THEO~E~ 8.4 The function calculus A“ T with a type of all types may be

interpreted in any fragment of XiWL without universe distinctions which is

closed under general products, and sums over UI of the form D: U1. r.

Intuitively, this says that any language without universe distinctions that

has general products (ML functors) and general sums restricted to UI (ML

structures with type and value but not necessarily structure components)

also contains the language AT’T with a type of all types. Since there are a

number of questionable properties of A“’ such as nontermination without

explicit recursion and undecidable type checking, relaxing the universe re-

strictions of XML would alter the language dramatically.

8.5 Tradeoff Between Weak and Strong Sums

When we first discovered Theorem 8.4, we announced it as a tradeoff

theorem in programming language design. 2 The “tradeoff” implied by Theo-

rem 8.4 is between impredicative polymorphism and the kind of z types used

to represent ML structures in XML. Generally speaking, impredicative poly-

morphism is more flexible than predicative polymorphism, and E types allow

us to type more terms than the existential types associated with data

abstraction (see Mitchell and Plotkin [47]).

Either impredicative polymorphism with the “ weaker” existential types, or

restricted predicative polymorphism with “stronger” sum types seems reason-

able. By the normalization theorem for the impredicative Girard-Reynolds

calculus [15, 4 1],3 we know that impredicative polymorphism with existential

types is strongly normalizing. As noted in Section 7, a translation into

2 We described our “tradeoff theorem” in the TYPES electronic mail forum in the Spring of 1986.
Hook and Howe then replied that they had discovered a similar phenomenon independently [22].

We also learned that Coquand had proved the same theorem by a different means (see Coquand
[1 l]), which was in preparation at the time of our announcement.
3 Girard’s original proof included existential types. While the somewhat simpler proof in Mitchell
[41] does not, normalization with existential types can easily be derived by encoding 3 t.u as

Vr[Vt(u+ r) + r].
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Martin-Lof’s 1973 system [31] shows that XML with predicative polymor-

phism and “strong” sums is also strongly normalizing. However, by Theorem

8.4, we know that if we combine strong sums with impredicative polymor-

phism by taking UI = Uz, the most natural way of achieving this end, then

we must admit a type of all types. By Girard’s paradox [11, 36, 24], type: type

(in the presence of other constructs) implies that strong normalization fails.
In short, assuming we wish to avoid type: type and nonnormalizing

recursion-free terms, we have a tradeoff between impredicative polymor-

phism and strong sums.

In formulating the XML type theory, it became apparent that there were

actually several ways to combine impredicative polymorphism with strong

sums. The most reasonable is this: instead of adding impredicative polymor-

phism by equating the two universes, we may add a form of impredicative

polymorphism by adding a new type binding operator with the formation rule

r,t:UIDr:U1

rDVt:U1.r:U1”

Intuitively, this rule says that if ~ is a UI type, then we will also have the

polymorphic type Vt:U1. ~ in UI. The term formation-rules for this sort of

polymorphic type would allow us to apply any polymorphic function of type

Vt:U1. I- to any type in UI, including a polymorphic type of the form b’s: U1. a.

However, we would still have strong sums like Xt: UI. ~ in Uz instead of UI.

The normalization theorem for this calculus follows from that of the theory of

constructions with strong sums at the level of types [11] by considering UI to

be prop, and Uz to be type..

9. EXTENSIONS

9.1 Introduction

ML contains a variety of language features beyond those we have considered

so far. For the benefit of the reader familiar with ML, we briefly sketch an

approach to type declarations and sharing constraints in XML.

9.2 Type Declarations

There are three mechanisms for introducing types and type constructors in

ML: type abbreviations, concrete data type declarations, and abstract data

type declarations. A type abbreviation is a form of “compile-time” let-binding
which allows for the definition of a type constructor in terms of types and

type constructors that have been previously introduced. A concrete type

declaration simultaneously introduces a recursively-defined type constructor,

a finite collection of value constructors, and a pattern matching construct. An

abstract type declaration introduces a “private” concrete data type, together

with a set of “public” operations on that type. We give a brief description of

each form below. For more information, see Harper et al. [19] and Milner et

al. [40].
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In the remainder of this section, we show how the three forms of type

declarations just mentioned may be treated in XML. In each case, we do this

by first extending Cor-e-XML with a form of declaration that resembles the

surface syntax of ML and then showing how this may be desugared into

simpler XML constructs. While type abbreviations may be interpreted di-

rectly in pure XML, concrete and abstract type declarations require the

extension of XML with disjoint unions, type recursion and existential types.

We begin with type abbreviations. We extend the grammar of Core-XML

with a transparent type binding construct of the form

type (tl,. ... tn)t = Tine.

The scope of the type constructor t is the expression e; the scope of the type

variables tl, . . . . tn is the type expression ~. The effect of such a transparent

type binding is to introduce an n-argument type construct t with the

property that (~1, . . . . ~~)t is equivalent to [Tl, . . . . Tn/tl,....tn]T during type

checking of e. For example, the expression

type (sl, sz)t=sl+szine

has the effect of introducing a two-place type constructor t within e so that

during type checking of e the types (irzt,ii-zt)tand int + int are equivalent.

We may represent type declarations in pure XML using a combination of
product and function types at the Uz level. Specifically, we regard the

expression

type (tl, . . ..t~)t=~ine

as short-hand for the XML expression

snd((t:U~ + 771 = A(tl:Ul, ..., t~:Ul). ~,e))

where U; stands for the n-fold Cartesian product U1 X “.” X UI, and where

the pattern-directed, A-abstraction abbreviates the less perspicuous

At: UJ. [7r~(t),. ... w;(t) \tl, t,]et, ]e.

Here, and below, w; stands for the appropriate combination of first and

second projections to select the i th component from a value of n-fold product

type.

The reason we use pairing and projections associated with Z types for type

abbreviations, instead of the apparently simpler alternative,

(At:U~ + U1.e)(A(tl: Ul,.. .,t~:Ul~), ),

is that in the latter term, the expression At: U: + U1. e would have to be

well-typed. This requires e to be well-typed for any function t:Uln+ UI. In

contrast, a pair (t: U; + UI = k?, N ) is typed by showing that the term

[ M/t]N obtained by substitution is well-typed. This is easily seen in the

appropriate Z typing rule in Table VI.

Concrete type definitions are somewhat more complex since they simulta-
neously introduce a recursively-defined type constructor, a finite set of value

constructors for building values of that type, and a pattern matching con-
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struct for restructuring values of that type. To account for concrete data

types in Core-XML, we extend the grammar of expressions as follows:

e ::= datatype( tl, . . ..tn)t = clof~ll.”” lc~ of~~ ine

lcaseeofcl(xl:~l) =ell””” Icm(xm:Tm) -em

Note that the vertical bars, “~’, in datatype and case expressions are part of

the object syntax of C’ore-~L, not metanotation. Both the datatype and case

forms are binding operators. The scope of the type constructor t in a datatype

expression of the above form includes both the body of the expression, e, and

the type expressions ~1, . . . . ~n, reflecting the fact that t may be defined

recursively. The scope of the value constructors cl, . . . . cm associated with t

is the body e of the declaration. The scope of the type parameters tl, . . . . t. of

t is limited to the type expressions 71, ..., ~,,,. In a case expression of the

above form, the scope of each variable x, is limited to the corresponding

expression e,(l S i S m).

The effect of a datatype expression is to introduce within the body of the

expression an n-place type constructor and m value constructors. The type

constructor is recursively defined in terms of the given value constructors in

a manner outlined below. The case construct supports simultaneous case

analysis and decomposition of values of the type introduced by a datatype

expression in a manner similar to that of Standard ML. The full Standard

ML language provides a somewhat richer form of pattern-matching that

admits both layered and nested patterns, but we do not consider this general-

ization here.

ML concrete data type declarations maybe accounted for in an extension of

XML with disjoint union types at the UI level, existential types [47] at the Uz

level, and the ability to form recursively-defined type constructors at the Uz

level. We briefly summarize these extensions before discussing the interpre-

tation of concrete data type declarations in XML.

Disjoint unions, which we write using the symbol +, are likely to be

familiar from a variety of programming languages. If TI, T2: U1, then the

disjoint union type TI + r2 is also a UI type expression. Expressions of union

type are formed using injection functions, ird and inr according the rules

that if r D M: rl, then r D inl M: rl + rz and if r b M: 7Z then r D inrM: rl

+ ~z. The case statement is used to test which summand a value belongs to,

according to the following rule.

rDiW:~1+~2 r,xl:rl DiV:p r,x2:r2Dp:p

rD case Mofinl(xl: ~1) - Nlinr(xz: Tz) - P: p

Existential types, which may be regarded as a “weak” form of E type, are

formed according to the rule below. Although we could existentially quantify

over any collection from Uz, we will only need existential quantification over

collections of the form U: ~ UI. For simplicity, we only present the forma-
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tion and typing rules for the form of existential types we need,

r,t:u; +u1D(r:u2

rD3t:U~+U1.m:Uz
(t @ Dom(r)).

There are two differences between existential types in XML and the language

considered by Mitchell and Plotkin [47]. The form given here is more general

in that we quantify over n-ary type constructors, rather than just types. It is

more restrictive in that we only provide predicative quantification in the

sense that the existential type 3 t:U; ~ U1. a belongs to the second, rather

than the first, universe. Expressions of existential type are formed and used

according to the following two rules.

rbM:3t:U; ~U1. cr r,t:U; ~Ul, x:r DN:p

rDabstypet:U~ - Ulwithx:cris Min N;p
(t $EFV( p))

For further discussion of existential types, the reader is referred to Mitchell

and Plotkin [47], Cardelli and Wegner [8], and MacQueen [28].

To account for recursively-defined type constructors, we introduce a fixed-

point operator

fhn:( (u; + u,) + (u; + u,)) + (u: + u,)

for each n >0. (For the special case n = O, the fixed-point operator has type

(Ul + Ul) - U1.) Intuitively, for any type functional 0: (U: - Ul) - (U: ~
UI ), the type function fix. O, when applied to an n-tuple of types (1-1,. . . . r. ),

yields a type isomorphic to (3(fixn (3)(1-1 . . . r,). Formally, the extension of

XML with recursive type functions over UI is completed by adding the

constants

for each n >0, together with equational axioms making them mutually

inverse to one another. Rather than define the solution of type construc-

tor equations only up to isomorphism, it would also be possible to take

fixn O(71,.. ., ~.) to be equal to 6( ~ixn 19)(~1, . . . . r.), but this would allow
more XML terms to be typable than would be accepted by the usual ML type

checking algorithm.

With this additional machinery in hand we may represent concrete data

types in XML as follows. The concrete data type declaration

datatype (tl,. ... tn)t = cl:~ll”.. lc~:~n ine

is rendered in XML as the elimination form
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associated with the existential type 3 t: U? ~ U1. u, where the expressions O,

m, d, and e’ are given below. The main idea behind this representation is

that a concrete data type declaration introduces a “new” recursively-defined

type constructor, together with operations corresponding to each of the value

constructors, and an operation corresponding to the case analysis form

associated with that type. The typing rules governing abstype ensure that the

type constructor t is distinct from both the given definition and from all other

type constructors in that scope. In view of the fact that abstype binds the

variable t in e’ it is always possible to arrange (by an application of

a-conversion) that t is distinct from all other type constructors. Thus the ML

notion of “t ype generativity” is reduced to the more familiar idea of renaming

of bound variables.

The expression H of type (U; ~ UI ) + (U: ~ UI ) is defined to be

/it:u: + LT1.A(tl:ul,. ... tn:i71(T1T1 + . . . +Tm).

Note that by the definition of 6 and the rules governing recursively-defined

type constructors, the type fix. 6( t~,....tn) is isomorphic (via In and Out) to

the type [ fix. ti/t]~l + . . . + [ fix. f)/t]~m.The type CT is defined to be the

product UI ~ . . . ~ cr., ~ Um+l, where for each 1 s i ~ m, the type V, is

ntl:u l.. .rrtn:ul. rl+t(tl, . . ..tn).

and the type u~ + ~ is

nt,:u l.. .rItm:ul.rIu: ul. t(tl,. ... tn) + (Ot(tl,. ... tn) +U) +U.

Intuitively, CT, is the type of the i th constructor, for 1< i s m, and am, ~ is

the type of the case construct for the data type. The expression d of type

[fix~O\t]a is the tuple (all,..., d~,, d ) h

expression d, is
m+l , w ere for each lsi~m, the

Atl; ul . . . At~:U1. AxL:[fix~9\t ]rI. In~O(tl, . . .,t~)(inj~x)

and the expression d~ + ~ is

Atl:U1. .. At~:UAu:UI UAx:fix~(?(tl,l,. ... t~). Af:/3(fix~ O)(tl,.. .,t~)

-U. f(outno(tl, . . ..tn )x) .

Here inj,m stands for the appropriate combination of inl’s and inr’s to inject

a value of the i th summand into an n -ary disjoint union type. Intuitively,

d, is the implementation of the ith constructor, for 1 s i < m., and dm . ~

provides the case construct for the data type. It is not hard to see for each

1 s i < m + 1, the expression d, is of type [ fix. o/t] m, so that the tuple d

has the required type [ fix. 8/t] w.

The expression e’ is obtained from e by replacing occurrences of a value

constructor c, with the corresponding projection n,m + lc, and by interpreting

the case analysis form

case rofcl(xl:~l) +ell... lc~(x~:~~) =e~
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as the application n~m++llcpl . . . pnpr~ where r has type t< PI, . . . . p.), the
entire expression has type p, and the function f is given by

k:o(fixno) (pi>. ... pn).

case xof’irzl(x1:7~) ~ e11i7m(y1:T~) ~ . . .

caseym_2:7~_2 Ofinl(xm_l: 7-~-1) -em.lliru-(xm: ~;) -em,

where for each 1 ~ i s m, the type ~~ is [ fix. o t/t ]Tl, and the type ~~ is the

“partial sum” type ~~+~ + . . . + ~~.

For example, the Core-XML expression

datatype t list = nillcons oft x t list in e

is represented by the XML expression

abstype list; UI ~ UI with ncc;~ is {list; UI ~ UI = fixl O, d: w) in e’

where

0= AL:UI e U1. At: Ul.triu + (t XL(t))

g = (rnl~ x O&n,q ‘case

Unll = ~t:U1. triu ~ list(t)

wcon~ = Ht:U1.(t X list(t)) + list(t)

wcask = Ht:U1.Hu: Ul.list(t) ~ (triu + (t X list(t)) - u) ~ u

e = (enll, econ~, ecc~e)

e~,l = At: U1. Ax:triu. Inl O(inl( x))

e~O~. = At: UI. AX: t X (fix113t).In1(3 (inr(x))

ecabe = At: U1. Au: Ul. Ax: fixl Ot. Af:(l + (t X (fixl Ot))) ~ .u.f(Outl Otx)

The expression e’ is obtained from e as described above, replacing occur-

rences of nil and cons by suitable projections of ncc, and replacing case

analyses on terms of type p list by suitable applications of the case analysis

function, Wl(mz ncc).

Abstract type declarations are accounted for in Core-XML by adding

expressions of the form:

abstype(tl, . . ..tn)t = c10f711 ””” lc~ of~n with xl: p~ = e~,...,xh:pk ‘eh inc.

Informally, the effect of an abstype declaration is to introduce a “private”

concrete data type for use in the definition of the “public” operations in the

with clause, but hiding this declaration from the “client” expression e, which

has access only to these public operations. More precisely, the scope of the

constructors cl, . . . . cm is limited to the definitions el, . . . . eh of x~, . . ..xh.

even though the scope of the type constructor t includes not only the e,’s but

also the body e, On the other hand, the scope of the variables x1, . . ., xk
naming the public operations is limited to e. (We omit, for simplicity, the

possibility of mutually recursive definitions of the public operations.)
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The representation of abstype expressions in XML is similar to the repre-

sentation of datatype expressions, except that the recursive type is kept

abstract by making the value constructors and case analysis forms available

only in the definitions of the operations of the abstract type. Thus an abstype

expression of the above form is represented by the expression

abstypet:U~ ~ UI with x:pis(fix~(@):U~ ~ Ul, p:p)ine

where p is the expression

of type p=pl X .“” pk, and where the expressions O, U1,..., Gm+~, and
d 17 ...7 d ~ + ~ are as above.

9.3 Generativity and Sharing

A distinctive feature of the ML module facility is the use of sharing con-

straints to ensure that incrementally constructed systems are built from

compatible components. The typical situation in which sharing specifications

are required arises when defining a functor that builds a structure out of two

argament structures, each of which are to have a third component in com-

mon. (MacQueen [28] gives an example in which a parser module is built

from a lexer module and a symbol table module, each of which make use of a

symbol module. In order for the parser to be well-defined, the lexer and the

symbol table must share the same symbol implementation. See MacQueen

[28] for more details.) Such a situation may be described schematically as

follows. We are to define a functor F taking as argument two structures, R of

signature SIG _ R and S of signature SIG_ S, which have a common compo-

nent T of signature SIG _T. The arguments to F may be packaged into a single

structure of signature SIG defined by

signature SIG =
sig

structure R, SIG_R
structure S: SIG_S

end

so that F may be introduced by a declaration of the form

functor F(X: SIG), SIG_F = . . .

where SIG _ F is the signature of the result of F. But this declaration is

inadequate since it fails to ensure that R and S are built from a common

substructure T. This is achieved by the use of a sharing constraint as follows:

signature SIG_share =

Slg

structure R: SIG_R
structure S: SIG_S
sharing R.T = S,T

functor F(X, SIG_share) SIG_F = . . .
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The signature SIG _share specifies that the component structures R and S

share the same substructure T so that their use in the body of F is guaran-

teed to be sensible. An application of F to a structure is well-formed only if

the type checker can determine that the required equational specification

holds.

A simple way to account for sharing specifications in XML would be to

employ the notion of an equality type introduced by Martin-Lof [31]. Infor-

mally, the equality type M = ~ N, for CTa UZ type, is inhabited iff M and N

are equal elements of type a, according to the rules of equality for XML. The

typing and equality rules for the equality type appear in Table XII. Signa-

tures with sharing constraints are represented using equality types as fol-

lows. The signature SIG_ share above is represented by the type

ER:cr~.H3:n~.p(R) =m, q(S)

where a~, as, and m~ represent the corresponding ML signatures, and where

p and q are suitable compositions of projections to select the component of R

and S, respectively, corresponding to their common component T.

Although this approach seems appealing at first glance, equality types fail

to account for ML sharing specifications in two important respects. First,

they are far more expressive than ML sharing specifications since they allow

the imposition of arbitrary equational constraints, in contrast to ML which

admits sharing constraints only between “paths,” which are represented in

XML as compositions of projection functions. This restriction to equations

between paths seems essential, as illustrated by the following example. It is

well known that recursion is definable in the untyped lambda calculus, via

the fixed-point operator Y, and that the untyped lambda calculus may be

interpreted in a typed lambda calculus satisfying an equation t = t + t

between types. (Further discussion of Y may be found in Barendregt [2], for

example, and the relationship between untyped lambda calculus and type (or

domain) equations in Bruce and Meyer [4] and Scott [57].) Given this, and the

fact that equality types allow us to type terms with respect to equational

hypotheses, it is easy to show that equality types give us terms without

normal form, For example, if r is a context containing the typing assump-

tions x: r =U, ~ ~ ~, for any UI type ~, then by the typing rules in Table XII,

we may conclude that r D T = T + T: U1. Therefore, using the type equality

rule from Table III, we may give any term with type ~ type r ~ ~, and vice

versa. This allows us to give any untyped lambda term type ~, including

untyped terms with no normal form. Discharging the typing assumption via

lambda abstraction, we can write a closed, well-typed functor with parameter

x:{ y: triu IT = T + T: Ul} and nonnormalizing body.
A second sense in which equality types are inappropriate is that they

express semantic equivalence of structures, rather than the much more

restricted notion of structure equivalence based on unique names described
in Section 6. The type-theoretic account of modules given above does not

attempt to account for ML notion of generativity, and hence cannot be readily

extended to give a faithful account of ML sharing specifications. We consider
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Table XII. Equality Type

I’DM=N:u

r D r-efi(M, N) : M =. N

rvP:M=. N

rDi!f=N:u

rvu=u’:u~ rbkf=~’:o rDN=N’:o

I’DM=DN=M’=0,N’:U2

a proper account of ML notion of generative structure equality to be an
important direction for future work.

10. CONCLUSION AND DIRECTIONS FOR FURTHER INVESTIGATION

We have given a precise description of the type system for much of ML, using

a function calculus called XML. Our analysis is based on the belief that ML is

profitably viewed as an explicitly-typed, predicative language with dependent

product and sum types. Explicit typing is central to giving a single account of

both the core expression language and the module system, and seems useful

for further study. In particular, in papers of Moggi [48] and Harper et al. [21],

which were written after the work described here was completed, XML is

used to study the separation between compile-time and run-time in Standard

ML. The distinction between UI and Uz in XML reflects the typing rules of

ML and leads to a number of significant technical simplifications in the study

of the language. Moreover, universe distinctions seem essential to the charac-

ter of ML, as discussed in Section 8.

Some important aspects of ML have been omitted. With regard to the core

language, we have omitted treatment of recursion, references and exceptions.

These language features raise important theoretical questions. We hope that

an explicitly-typed study of polymorphic references would clarify the relation-

ship between polymorphism and type inference, a continuing trouble spot in

the ML type checker. With regard to the modules system, we have omitted

treatment of the coercive aspects of signature matching, and of sharing

specifications in signatures. It seems likely that the coercions associated with

signature ascription may be accounted for in this framework by giving a

precise account of compile-time elaboration as a process of translation from

the ML concrete syntax into the abstract syntax of the XML calculus. Such a

formalization would provide an interesting alternative to the methods used in
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the definition of ML [40]. Sharing specifications, and the associated notion of

“structure generativity,” remain important topics for further research.

Another important direction is to develop an accurate, straightforward

presentation of ML operational semantics. As with other versions of lambda

calculus, equality in XML is given by an equational axiom system. This

equational system may also be formulated as a set of reduction rules, as

usual. However, for the extension of XML obtained by adding exceptions,

references and recursion, capturing the operational semantics of ML relies on

careful consideration of the order in which rewrite rules are applied. (For

example, if f) is a divergent expression, then ( A x.O)fl diverges in the current

call-by-value implementation, but ( A x.O)fl = O is provable using the usual

A-calculus style reasoning.) It would be interesting to explore a typed calculus

that is faithful to the operational semantics, following the pattern established

by Plotkin’s &-calculus [51] and Martin-Lof’s type theory [32]. Some useful

related ideas are developed in Moggi [49].
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