


'k z: I'(e) (1)
' + m: (TE,ME) 5
I F maz : ME(z) 2)
I f:hbm: T where(Th,V) = £[Z]r

T Fom o YT = T)

I' F functor(f : ¥)m : VV(T1 = T2)

r|'m2

®3)

T _(T>T,5,V 449

Tk T

m

I' F mime @ ¥(T2)

T>7, %,V 4 4

4)

where (/.T1 s V) = 5[2]] (]

'k (m:X): ()

I'F s

()

T

I‘ l" 8¢ ¢ (TEl,ME1)

I' + struct s end :

TUuTE,uUME; + s :

- (©)

(TE,, ME,)

I+ se;s 0 (TE:uTE,, ME; u MEy)
I'' - typet=r : ({t—[r]r}, 9

TFm:

(7)

(&)
.

T'F modulez =m : (B, {z— T})

Figure 1: Rules for Elaboration

(9)

there is no decidable algorithm for matching. But we subse-
quently show that all our terms are in a particular syntactic
form for which a most general unifier exists. The terms are
in the format required for unification in Ly, [8]: variables,
for which substitution is required, always take distinct uni-
versally quantified variables as arguments. If the { rela-
tion is defined, by structural induction on terms, then the
entire semantics becomes completely definitional. A pro-
grammer has some intuitive notion of what subsumptions
are valid. In a completely definitional semantics it is diffi-
cult to analyse whether the semantics manages to capture
these intuitions. So instead we capture these intuitions as
specifications. Then we go on to show that there is precisely
a unique substitution which satisfies these specifications and
this unique substitution may be computed by a simple al-
gorithm.

The intuitive notions of subsumption for a programmer
are:

e Record Polymorphism: If structure 71 has an extra
set of fields over another structure 7> then 73 is more
general than 77, 71 < T2.

Contravariant Functors: 77 = 72 < ¢ = 73, if

T <7 and T <T5.

Functorial Polymorphism: This is a new kind of poly-
morphism found in higher-order functors. The concept
is best illustrated by an example. If a certain context
expects a functor of signature:
funsig(X : sig type ¢t = int end)
(sig type ¢ = int end)
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then a functor of signature
funsig(X : sig type t end)
(sig type t = X.t end)
would do as well.

Intuitively, the relation (I' > 71,7,V § ¢), where ¢ is
a substitution with domain V, is provable when %(72) is
more general than 73, by criteria to be described. T is a
necessary parameter in the relation |, as ¥(7z) and 71 must
be closed wrt the set free variables in range(I'). In the formal
definition of the | relation, T is replaced by A, where A is
the set of free variables in range(T').

Definition: A > 71,2,V § ¢ iff
¢ The domain of ¢, |¢| = V.
Any=4.
Ty, 9 are closed wrt A.
7> is closed wrt (AU V) and Fo(T2) — A=V,
A>T =y(T2)

The subsumption relation <, as defined in Figure 2, is
broken structurally into components <7 and <z. <7 defines
subsumption on TypFEnv and <1 defines subsumption on
ModEnv. For convenience, environments are assumed to be
lists sorted by field names. To prevent capture of variables
on a substitution, by the binding constructs in the language,
it is assumed that variables bound by V, A are distinct from
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Figure 2: A proof system for subsumption

each other and from the free variables in the environment.
The subsumption relation < captures the intuitive notion of
subsumption.

Rule 8 is the only non-trivial rule in Figure 2. It cap-
tures both functorial polymorphism and contravariance in
functors. To prove VV{(7T{ = T") < VWi(Ty = T,), it is
necessary to prove 7 < 7;', where 7 is the result of the
elaboration of the application of a functor of semantic sig-
nature YVi(7; = T{") to a module of semantic signature
T.

It is important to notice that we only have a specifica-
tion of the { relation. This specification does not provide
an algorithm to compute the relevant substitution #. Any
substitution % which satisfies the subsumption rules is a
valid substitution. In the section 6, we prove that there is
a unique substitution which satisfies the { relation for any
program which elaborates.

4.2 An Example

Consider the following program:

module APP = functor(F : fumnsig (X :
sig type s end)
functor(X: sig type t end) (F X)

module F = functor(X : sig type t end)
struct
type s = X.t -> X.t
end
module G = APP F
module X = struct

sig type t end)
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type s = bool;
type t = int;
end

module H = G X

The program given above does not have modules as com-
ponents of structures anywhere, so for reasons of readabil-
ity the empty sets denoting ModEnv are deleted. Hence, a
structure ({t ~ int}, ®) is replaced by {t — int}.

[APP] = V£( Va({t — a} = {s — £(a)})
= VYb({t — b} = {s — £(b)})).
[Fl=Va({t — a} = {s — (a — a)}).
As (> [F],Va({t — a} = {s — £f(a)}),{f} ¥
{£/Xa. a — a}),
[6] = Vb({t = b} = {5+ (b — b)}).
[X] = {s — bool,t — int}
As (> [X], {t = b}, {b} U {b/int}),
[H] = {s — (int — int)}

5 Well-Formedness of Semantic Representations

The grammar for the semantic representation includes the
entire simply-typed A-calculus. Hence, as discussed in {4],
in general the substitution 4, involved in the subsumption
process, may not be computable and may not be unique.
But all semantic representations appearing in the elabora-
tion of a term come from a very restricted subset of the
defining grammar. In this section we characterise this re-
stricted subset of semantic representations by a predicate.



In the next section, we show that for representations be-
longing to this restricted subset, the substitution ¢ in the
relation is unique and computable.

Because of the presence of higher-order variables, it is
necessary to prove that at no point does normalisation, af-
ter substitution, fail because an attempt is made to apply
a non-function value to a value. To prove this, we need to
introduce kinds. It is to be kept in mind that kinds are ar-
tifacts introduced to get a simple formulation and proof of
the statement: no errors occur during normalisation after
a substitution. The changes, mentioned in this section, to
functions like £, and the elaboration rules, are merely for
purposes of proof. The actual implementation remains un-
kinded. T € Type is considered to be of kind o, the only
base kind in the system. From hereon, all variables are con-
sidered kinded. Binding constructs, V and A, are assumed
to bind kinded variables. The translation function for sig-
natures has the type,

£[]: Sig — Env — VarList — Mod x VarList

As mentioned, VarListin the result now needs to be a kinded
list of variables. To achieve this, only one modification is
required in the definition of £:

Ecftypetlrw = ((t— fOWV),
where W= [f1 : k1,...,fn: k

variable.

The inference rules for the static semantics now carry
another parameter A, along with I'. A is the set of all free
variables in I', with their associated kinds. Calls to the §
relation now use A instead of I'. All rules merely propagate
A, except Rule (3), the rule for functor definitions.

0),{fk1*

n] and f is a completely new

* kn — 0])

AUV, T, f:T) Fm: T

where (71, V) = £[E]r

A, T F functox(f : Z)m : YWW(T = T3)

Definition: Aat(7) defines the set of Accessible atomic
type expressions in 7 € Mod:

o Aat(VV(T1 = T2)) =0

o Aat(TE = {t; — T1,... ,tm — T},
EE{31 —Ti,..., 80— To}) =
Uj:;ﬂ ASEzp(T)u U:ZT Aat(T;)

To specify the well-formedness of semantic representations,
two recursive predicates G and S are defined in Figure 3.
P(X) for any set X denotes the powerset of X.

A semantic representation 7 is well-formed wrt a set
A, if G(T,A). A structure 7, without functor compo-
nents, satisfies the relation G(7,A), if all the type compo-
nents in 7 are closed and well-kinded wrt A. We can give a
precise characterisation of a semantic representation 7 ob-
tained from the translation of a syntactic signature %, wrt
an environment [' and a set of variables WW. The elabora-
tion process merely modifies these semantic representations
by instantiating variables bound by universal quantifiers. If
E[ZIr w = (7,V) then we can always define a predicate
such that (7,V, W,T) satisfies it. But if I' is replaced by its
corresponding A, i.e. the set of free variables in the range
of T, then for book-keeping reasons we need to introduce
another parameter p, a set of atomic type expressions, in
the predicate. This is the predicate § defined in Figure 3.

Well-formedness of a functor signature YV(71 = 72) wrt
A, is more complicated. We require G(7z, A U V) and also
S(4,V,(1,4,0).

Note:

1. It is assumed that free variables in p are kinded. If
V, W, A, p have variables in common then they have
the same kind.

2. Both the predicates are monotone in the A component.

3.IUS(T,V, W, A, p1Upz) then
S(T,V,W,AUFu(p1), p2)

4. ES(TE,ME), v, W, A, p) then 4at(TE,ME) is

given by the following grammar:

To 2= Tatom where Tqtom of kind o is closed w.r.t
A and kind-correct
| (W) where f € V and f(W)

is kind-correct of kind o
| ¢ wheretep

Lemma 5.1 IfG(T, A) then T is closed w.r.t A and kind-
correct.

IFS(T,V, W, A, p)s.t piskind-correct,

then G(T, AUV UWUFv(p)).

Proof: By induction on the structure of 7, applying the
observations made in the note above. )

Lemma 5.2 If £[E]rw = (7,V),W C Fv(I') and
g(L,A) then S(T,V,W,A,0).

Proof: The proof is an immediate corollary of the following
lemma:

EE[Z]r w = (T, V), where W C Fo(T') and pr = Aat(I‘)
then S(7,V, W, 0, pr) and Fo(T) — Fo(T) =

Lemma 5.3 (Substitution Lemma)

1. If G(T,A UV) and ¢ is a well-kinded and closed sub-
stitution w.r.t A, s.t. [¢| =V, then G(4(T), A).

2. IfS(T,V, W, AUua,p), stan(VUWUAU
Fvip)) = 8, YN A = 0, and ¢ is a well-kinded
and closed substitution w.r.t A, st [¢] = «, then
S@W(T),V, W, A, p).

3 If S(T,V, W, A, {fiM),....,fa(Wr)} U p) s.t.
W.CA g VUWUAUFv(p), ANV =18 and
¥ = {fi/AW.. 1.}, is a well-kinded and closed substs-
tution w.r.t A, then S(¥(T), V, W, A, p).

Proof: By induction on the structure of 7. a

Theorem 5.1 (Well-Formedness Theorem)

Let L be a proof of A, T F m : T, where G(T', A). If every
occurrence of the || relation in L involves a closed and well-
kinded substitution, s.e. for every (Ao B> 71,72, Vo Y o) in
L, o is closed and well-kinded wrt Aq, then G(T, A)

Proof: The proofis by induction on the height of the proof
tree. A more general version of the proof is incorporated into
the proof of Theorem 6.3. o
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gL({$1 I—)ﬂ,
- G(VW(Ti = T), A) iff
S(T,V,[],A,0) and G(Tz, AUV)

e —S(TE,ME),V, W, A, p) iff

where Sp(Typld B2 To , V, W, A, p) iff
Tou=T
| ¢ wheret€p

| 7o — 1o

and Sz.((x+— T} ME', V, W, A, p) iff
S(T,V,W,A,p)and

— S(Vvl(Tl = Tz); V, W, 4, P) iff

G : Mod — P(Var) — Bool

S : Mod — P(Var) — VarList — P(Var) — P(Type 410m) — Bool
e - G((TE,ME), A) iff gz(TE,A) and 6.(ME, ),

where Gr(Typld fin T, A) iff T, of kind o, is closed w.r.t A and kind-correct,
yze = T}, A) iff Vi G(T0, A).

Sr(TE, V, W, A, p)and St(ME, V — Fo(TE), W, A, pu{f(W) | f€V and f(W) € ASEzp(TE)D

= where T of kind o is closed w.r.t A and kind-correct
| F(W) where f €V and f(W) is kind-correct of kind o

SL(ME', V ~ Fo(T), W, A, pu{f(W) | f €V and f(W) € Aat(T)})

S(Ti,Vi,[],4,p) and S(T,V, WaVi, AUV, p)

Figure 3: Well-Formedness Predicate G

6 Uniqueness of Elaboration

The | relation is presented as a specification. Hence if we
can prove that there is a unique computable substitution
satisfying the | relation, then proof of the deterministic na-
ture of the elaboration is complete. This is because the other
rules for elaboration of a term in the language are syntax-
directed, hence completely deterministic.

Lemma 6.1 Let (A > 71,5,V U ¢). If V is partitioned
into two disjoint sets V1 and Vy, st V=V U Vs, ¢1 = 9|y,
and P2 = Ply, then (A D> Th, ¥v1(T2), Vo U ¢2)

Proof: By definition, if (A > 71,2,V | ¢) then A
and V are disjoint, and ¢ is closed wrt A. Hence ¢(7%2) =
¥2(¥1(72)), because the co-domain of the substitution 1 is
disjoint from the domain of 92. Thus A > Ti < ¢2(¥1(T2)).

]

The strategy for proving the uniqueness of the substitu-
tion ¥ in the | relation is to do so incrementally. Let
(A D> T, %,V | ¥). Let V be partitioned into two disjoint
sets Vi and Vi st V = V1 U Vs, ¥1 = ¥|v, and 92 = ¢ly,.
We first prove that 1|y, is unique and therefore must nec-
essarily equal 9. But by the above lemma, we also have
(A > Th,9:1(T),V: U 12). We next prove that ¢ is
unique. Hence we have proved that ¢ is unique.

6.1 A modified proof system for subsumption

Because of functorial polymorphism, it is seen that the re-
lations |} and < are mutually recursive. This recursion is

unfolded to specify a single relation |, broken down struc-
turally into |7 and |z. In the | relation, as defined as Fig-
ure 4, the substitution % is applied only in the leaves of the
proof tree: looking at the proof backwards, we may say that
application of the substitution is delayed to the leaves. The
relations |} and < were specified wrt a single environment A.
For the specification of |, A is partitioned into disjoint sets
A1, Az. From rule (9) in Figure 4, it is seen that only vari-
ables from A; can be introduced as bound variables in the
semantic signature. Again, looking at the proof backwards,
since the application of the substitution 4 is delayed, while
we enter scope of bound variables, we need to ensure that
the co-domain of ¢ is disjoint from the bound variables: to
avoid capture by binding constructs. Thus such a partition
of A, into A; and Aa, the set of free and bound variables,
is essential.

As mentioned in Section 4.1, the { relation is specified
by a set of conditions and a proof system for the < relation
to be used after the application of the substitution 4. In
the specification of the | relation the substitution is held
back. Hence these side conditions must be true for every
tuple (A1, A2 > 71, T,V | ¢) in a valid proof.

Definition: [Valid Proofs] A proof is considered valid if
for every tuple (A1,A2 B> 71,72,V | ¥) in the proof, the
following holds,

e || =V and ¢ is closed wrt A;.
° (A1 UA2)0V=ﬂ.

o T; is closed wrt (A1 U Az) and T3 is closed wrt (A1 U
A UV).
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A, A > TE, TE:, Vi I o1

A],Az > ME1,¢1(ME2),V2 lL 1/12

Ar,Ar D (TE, MEy), (TE;, ME2), ViUV, | o1 U )
AI,AZD{}i{}yﬂ lLQ (2)
Ar, Ay > ME, ME;, V |1 v (3)
D1, A2 D {(ZHTl),ME1},ME2,V lr ¥
Ay, A D T, T,V [ ¥ Ay Ay > MEy, 1 (ME2), Ve 11 o (4)
A1, Az D {(z— T1), ME }, {(z = ), ME2}, Vi U V2 |1 91 Ui
Al,A2 > {}a{}9@ lT @ (5)
T, :1/J(T2) (6)
A1,A2 > {(tHTl)},{(tl—*Tz)},v lT 'I/)
Ay, Ay > TE, TE;, V |1 ¢ (1)
A1,A2 > {(tHT),TE1},TE2, V lT 1/1
A1,A2 > {(ti—> T1)},{(il—> Tz)} lT ¢1 A],Az [ TE1,¢1(TE2), V2 lT ¢2 (8)
Al,Az > {(t — T]),TE1}, {(tH Tz),TEz}, ViU, lT ¢1 U¢2
AU UV, B D T, T, Vi L ¥ Ay, A0V D '(T), T,V | ¥ (9)

A B B I(T = )WL 5 ),V 1 ¥

Figure 4: A modified proof system for subsumption

o Fo(T) — (A1 UA) = V.

Similar side conditions must hold for,
(Al,Az > MEl,MEQ,V J,L lb) and
(A1, Ay > TE., TE,, YV 1 ).

It should be noted that the definition of valid proofs is
symmetric wrt Ay, Ay except for the fact that the substitu-
tion 7 must be closed wrt Aj.

These side conditions ensure that the partition of the V
component, in a valid proof, into V; and V. is unigue in
Rule (1), Rule (4) and Rule (8).

Lemma 6.2 (Ao U Ay, Ay B> 71,5,V | ¢), where ¢ is
closed wrt A1, has a valid proof iff
(A1, Ao Uz > T1, T2,V | o) has a valid proof.

Proof: The proof is by induction on the height of the proof
tree. O

Theorem 6.1 If G(71,4), S(T2,V,[],4,8) where (AN
V)y=0 then (A > T, T2,V | o) iff there exists a valid
proof of (8,0 0> T, T2,V | ¥).

Proof: The proofis by induction on the height of the proof
tree and an application of Lemma 6.1 and Lemma 6.2. O

6.2 A proof of unique elaboration

Given Ay, Az, {(t = T1)},{(t — T2)} and V, if we can
compute a substitution ¥ such that Ty = ¢(T2) and the
tuple (A1, Az, {(t — T1)}, {(t — T2)}, V,¥) is valid, then
the proof system in Figure 4, is essentially an algorithm for
computing the substitution associated with the | relation.

By Theorem 6.1, it is also an algorithm for computing ¥
associated with the |} relation.

Theorem 6.2 (Unique Substitution Theorem)

If G(Th, A1 U As), 8(Tz, V, A, Ay U Ay, §) where (Ag U
A)NYV =6, and (T A1, A D> T, T,V | o) then
3y [A1, 02 D 11,72,V | ¢], where ¢ is well-kinded).

Proof: The proof is an elaborate induction on the height
of the derivation of (A;, 02 > 71,2,V | ¥).

We incrementally prove the substitution ¥ to be unique and
well-kinded. Let A = A; U A;. We only discuss Rule (6),
as this rule defines the substitution, and Rule (4), as this
shows how assumptions propagate:

(6) By assumption, Gr({({ — T1)},A) and
Sr({(t — TQ)}r V, 2,4, 0).
Hence T, is closed wrt A. By the definition of S, T»
is generated by the grammar,
To == where T of kind o, is closed
w.r.t A and kind-correct
| f(A2) wheref € V and f(Az)
is kind-correct, of kind o
| T - To

A variable f in the domain of the substitution %,
occurs only in atomic type expressions f(Az) €
ASFEzp(T3). The premise of this proof is, T = 9(T32).
The equality is a structural equality on a single in-fix
binary constructor, —, i.e. the parse trees of T; and
9(T2) are identical. Hence, if T is the type subexpres-
sion in T that corresponds to f(A2), at the leaf of the
parse tree of Ty, then T = ((¢ f) Az).
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Let A2 = [91,...,yn]. The normal form of ¥(f)
must be (Azi...zn. T'). Because of the validity
condition, ¥(f) is closed wrt A;. Hence T' must
be closed wrt Ay U {z1,...,zn}. As Az is a list
of distinct variables, ((¢ f)Az) is essentially a re-
naming substitution, {z1/y1,...,%n/yn}, on T'. Thus
{z1/y1,..-,Zn/yn}(T’) = T. Since T’ does not con-
tain variables from Ay, 9¥(f) must be (AA2.T). This
is a kind-correct substitution.

(4) By assumption, Gr({(z +~ 7T1),ME;},A) and
St{(z — ), MEz}, V, Az, A, D).
By the conditions on a valid proof, V1 = Fv(Tz) — A
and V; =V — V. Let ¢1 = ¢|y, and ¢ = 9|y,
By induction, %, is unique and well-kinded.

As SL(ME2, VQ, A?a A; {f(AQ)lf €
V> and f(A2) € Aat()}), by the Substitu-
tion Lemma, Sp(¥1(ME2), Vs, Az, A, #). Since
G1(MEy, A), by induction, 1, is a well-kinded sub-
stitution that is unique.

0

Theorem 6.3 (Unique Elaboration Theorem)
IF T F m : T), where 3A.G(T,A), then T is unique
and (7, D).

Proof: The entire proof of (I' F m T) is syntax-
directed, hence completely deterministic. Hence to prove the
uniqueness of 7, it is only necessary to show that whenever
the {} relation is used, the assumptions associated with the
Unique Substitution Theorem hold. It is for this reason we
prove the clause G(7,A). The following non-trivial cases
are considered here:

(3) We need to prove G(VV(Tn = T),A) ie
S$(h,V,[], A, 9) and G(2,AUV).
By Lemma 5.2, S(7T1,V,[],A,#8). Hence, by

Lemma 5.1, (71, AUV). The induction hypothesis is
now applicable, hence, 7; is unique and G(72, AUYV).

(4) By induction, G(WW(T1 = ), A) and G(7T, A).
Thus, by definition, S(71, V, [1, A, 8). We can now
apply the Unique Substitution Theorem to obtain the
unique ¥ st, (A, > T,7,V | ¢). Since ¢
is closed and well-kinded wrt A, by the Substitution
Lemma, G(¢(T2), A).

(5) By induction, G(A, T). Since (71,V) = £[Z]ryy, by
Lemma 5.2, 8(Th,V,[], A, 9). We can now apply
the Unique Substitution Theorem to obtain the unique
Pst, (A0 > T,7,V | ¥). By the Substitution
Lemma, G(¥(71), A).

a

7 Conclusion

There are two important directions for future research asso-
ciated with this approach to providing semantics to higher-
order functors. The first one being, by considering gensym
as a primitive function and introducing environments, can
we capture some form of generativity in the language ? The
second concerns parameterized types. SML allows declara-
tions of parameterized types. The question to be answered
here is, can we incorporate parameterized types into our
system and still retain the principal substitution property?
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The author conjectures this to be true. But in this extended
system the order in which fields of a structure are matched
will be significant.

The presentation in this paper provides a simple static
semantics for higher-order functors, with transparent signa-
tures, for languages which do not possess features like gen-
erativity. It is shown that in the absence of generativity, the
semantics of higher-order functors comes very close to the
semantics of first-order functors in SML.
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