Fundamentals of Algorithms Test 3 October 27, 2010 80 min                         Closed Book, Closed Notes
Please Answer all Questions in the Spaces Provided
NAME______________________________
1. (10 pts) Use the Longest Common Subsequence Dynamic Programming Algorithm to find the LCS of DBACBE and BBACCE.

We fill in the table as follows:
	
	B
	B
	A
	C
	C
	E

	D
	0
	0
	0
	0
	0
	0

	B
	1
	1
	1
	1
	1
	1

	A
	1
	1
	2
	2
	2
	2

	C
	1
	1
	2
	3
	3
	3

	B
	1
	2
	2
	3
	3
	3

	E
	1
	2
	2
	3
	3
	4


LCS of DBACBE and BBACCE is BACE.
2. (10 pts) Consider the following function
int d(int n){

  if(n<=2){

    return 1;

  }else{

    return d(n-1) + d(n-2) + d(n-3);

  }

}

         Let a(n) be the number of additions done by this program on input n. 
(a) Derive a recurrence relation for a(n).

a(n) = a(n-1) + a(n-2) + a(n-3) + 2
(b) Find a closed form solution for a(n) in term of d(n)

a(n) = d(n) - 1
(c) Prove by induction that the formula you found in part (b) is correct.

Base Case: n=0,1,2

a(0) = 0;d(0)-1 = 1-1=0

a(1) = 0; d(1)-1 = 1-1 = 0 

a(2) = 0; d(2)-1= 1 – 1 = 0

IH: a(k-2) = d(k-2) -1

      a(k-1) = d(k-1) – 1

      a(k) = d(k) -1

TS: a(k+1) = d(k+1) – 1

Taking Left Side of TS: 

a(k+1) = a(k) + a(k-1) + a(k-2) + 2

= d(k) – 1 + d(k-1) -1 + d(k-2) -1 + 2 (using the IH)

= d(k) + d(k-1) + d(k-2) -1 -1 -1 + 2 =

= d(k) + d(k-1) + d(k-2) -1

= d(k+1) -1 

QED

3. (20 pts) For each of the following, indicate whether f = O(g) , f = Ω(g) or f = Θ(g) 

For example (i) 2n – 6 = Θ(5n – 4) (ii) n2 = O(2n) (iii) n = Ω(lg n)
If f = Θ(g), then only indicating this will give you full marks.

	f(n)
	g(n)
	Answer

	3n + 6
	10000n - 500
	f= Θ(g)

	n1/2
	n2/3
	f=O(g)

	log(7n)
	log(n)
	f= Θ(g)

	n1.5
	n log n
	f= Ω(g)

	sqrt(n) 
	(log n)3
	f= Ω(g)

	n2n
	3n
	f=O(g)

	7log4 n
	n2
	f=O(g)


4. (20 pts) Tower of Hanoi: The number of steps to solve the tower of Hanoi has this recurrence equation
T(n) = 2 *T(n-1) + 1, T(1)=1

(a) What is the closed form formula for T(n)?

T(n) = 2n-1
(b) Prove the answer you got in (a) by induction
Base Case: n =1

T(1) = 21-1 = 1 which is correct

IH: T(k) = 2k-1

TS: T(k+1) = 2k+1 – 1

Taking Left Side of TS

T(k+1) = 2T(k) +1 = 2(2k-1) + 1


= 2k+1 – 2 + 1 = 2k+1 -1

QED
5. (20 pts) Solve the following knapsack problem with limit S=10 using Dynamic Programming
	
	Value
	Weight

	A
	1
	2

	B
	4
	3

	C
	6
	5

	D
	4
	1

	E
	5
	4


Filling in the table:
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	A
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	B
	0
	1
	1
	4
	4
	5
	5
	5
	5
	5

	C
	0
	1
	1
	4
	6
	6
	7
	7
	10
	10

	D
	4
	4
	5
	5
	8
	10
	10
	11
	11
	14

	E
	4
	4
	5
	5
	9
	10
	10
	11
	13
	15


Sequence: CDE
Value: 15

Weight: 10

6. (20 pts) Chain Matrix Multiplication

A – 2 X 3
B - 3 X 4
C – 4 X 5
D – 5 X 6
Use Dynamic Programming to find the optimal parenthesization and the number of multiplication with that parenthesization for ABCD.
Filling in the two corresponding tables:

	
	A
	B
	C
	D

	A
	0
	24
	64
	124

	B
	0
	0
	60
	150

	C
	0
	0
	0
	120


	D
	0
	0
	0
	0


	
	A
	B
	C
	D

	A
	0
	1
	2
	3

	B
	0
	0
	2
	3

	C
	0
	0
	0
	3

	D
	0
	0
	0
	0


Reading from the first table we see that the minimum number of multiplications is 124.

Reading from the second table we see that the optimal parenthesization is ((AB)C)D)
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