Fundamentals of Algorithms Test 1 September 1, 2010  80 min                         Closed Book, Closed Notes
Please Answer all Questions in the Spaces Provided
NAME______________________________
1. Prove by induction that 1 + 2 + 3 + … + n = (n)(n+1)/2 for all n >= 1 (20 pts)
Base Case: n=1
                   1 = (1)(1+1)/2 = 1

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: 1 +2 + 3 + … + k = (k)(k+1)/2

To Show: 1 + 2 + 3 + … k + k+1 = (k+1)(k+2)/2

We add (k+1) to both sides of the IH:

1 +2 + 3 + … + k + (k+1) = (k)(k+1)/2 + (k+1) = (k)(k+1)/2 + 2(k+1)/2 = (k+1)(k+2)/2

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED
2. Prove by induction that 5^n < 7^n for all n >= 1 (20 pts)
Base Case: n=1

                   5^1 = 5< 7^1 = 7 

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: 5^k < 7^k

To Show: 5^(k+1) < 7^(k+1)

We multiply both sides of the IH by 5

5(5^k) < 5(7^k)

5^(k+1) < 5(7^k) < 7(7^k) = 7^(k+1)

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED
3. Prove by Induction that 7^n – 3^n is divisible by 4 for all n >= 1 (10 pts)
Base Case: n=1

                   7^1 – 3^1 = 4 which is divisible by 4

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: 7^k – 3^k is divisible by 4

To Show: 7^(k+1)  - 3^(k+1) is divisible by 4

We take the TS

7^(k+1)  - 3^(k+1) = 7(7^k) – 3(3^k) = 4(7^k) + 3(7^k)-3(3^k) = 4(7^k) + 3(7^k  - 3^k)

4(7^k) is obviously divisible by 4 and (7^k  - 3^k) is divisible by 4 by assumption, hence the entire expression is divisible by 4

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED

4. Prove by induction that 13^n – 1 is divisible by 12 for all n >= 1 (10 pts)
Base Case: n=1

                   13^1 –1 = 12 which is divisible by 12

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: 13^k – 1 is divisible by 12

To Show: 13^(k+1)  - 1 is divisible by 12

We take the TS

13^(k+1)  - 1 = 13(13^k) – 1 = 12(13^k) + (13^k-1) 

12(13^k) is obviously divisible by 12 and (13^k - 1) is divisible by 12 by assumption, hence the entire expression is divisible by 12
Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED

5. Use the product rule for derivatives [(fg)' = f'g + fg'] to prove by mathematical induction that for every integer n >= 1, the derivative of  f(x) = x^n is f’(x) = nx^(n-1). (10 pts)
Base Case: n=1

                   (x^1)’ = x’= 1 = 1x^(1-1) = x^0 = 1

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: (x^k)’ = kx^(k-1) 

To Show: (x^(k+1))’ = (k+1)x^k

We take the TS

(x^(k+1))’ = ((x)(x^k))’ 
Using the product rule

((x)(x^k))’ = (x’)x^k + x(x^k)’ = 1x^k + x(kx^(k-1))  = x^k + k(x^k) = (k+1)x^k 

and this is what we wanted to show.
(since (x^k)’ = kx^(k-1) by the inductive hypothesis).

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED

6. Fibonacci: Let Fn be the nth Fibonacci number. (10 pts)
(a) Prove by induction that for sufficiently large n, Fn > (4/3)n (for this question you don’t have to show the base case)
Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: F_k   > (4/3)^k
To Show: F_(k+1) > (4/3)^(k+1)

We take the TS:
F_(k+1) = F_k + F_(k-1) > (4/3)^k + (4/3)^(k-1) =  (4/3)^(k-1)[4/3 + 1] = (7/3)(4/3)^(k-1) = (21/9)(4/3)^(k-1) > (16/9)(4/3)^(k-1) = (4/3)^2(4/3)^(k-1) = (4/3)^(k+1)

If we assume the statement is true for some n and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all sufficiently large n.

QED

(b) Prove by induction that Fn < 3n for all n >= 1
Base Step: n =1
F_1 = 1 < 3^1 =1
Inductive Step: Assume the statement is true for some n =  k

Inductive Hypothesis: F_k   < 3^k
To Show: F_(k+1) < 3^(k+1)

We take the TS:

F_(k+1) = F_k + F_(k-1) < 3^k + 3^(k-1) <  3^(k-1)[3 + 1] = (4)3^(k-1) < (9)3^(k-1) = 3^(k+1) 
If we assume the statement is true for some n and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all sufficiently large n.

QED

7. Prove by induction that n^2 + n is divisible by 2 for n >= 1 (10 pts)
Base Case: n=1

                   1^2 + 1 = 2 which is divisible by 2

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: k^2 + k is divisible by 2

To Show: (k+1)^2 + (k+1) is divisible by 2

We take the TS

(k+1)^2 + (k+1) = k^2 + 2k + 1 + k + 1 = (k^2 + k) + (2k + 2)

(2k + 2) is obviously divisible by 2 and (k^2 + (k+1)^2 + (k+1)k) is divisible by 2 by assumption, hence the entire expression is divisible by 2.

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED

8. Prove by induction that n^3 – n is divisible by 3 for all n >= 1 (10 pts)
Base Case: n=1

                   1^3 - 1 = 0 which is divisible by 3

Inductive Step: Assume the statement is true for some n = k

Inductive Hypothesis: k^3 - k is divisible by 3

To Show: (k+1)^3 - (k+1) is divisible by 3
We take the TS

(k+1)^3 - (k+1) = k^3 + 3k^2 + 3k + 1 - k - 1 = (k^3 - k) + (3k^2 + 3k)

(3k^2 + 3k) is obviously divisible by 3 and (k^3 - k) is divisible by 3 by assumption, hence the entire expression is divisible by 3.

Since we have shown that the statement is true for n = 1 and that if it is true for some n = k then it is true for n = k+1 then by the principle of mathematical induction the statement is true for all natural numbers n.

QED
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