Fundamentals of Algorithms Fall 2010 HW 5
  DUE: October 25, 2010, 8 am
1. Consider the following knapsack problem with limit S=10
	
	Value
	Weight

	A
	1
	2

	B
	4
	6

	C
	6
	7

	D
	4
	1

	E
	5
	4

	F
	3
	2

	G
	5
	3

	H
	7
	8

	I
	3
	4

	J
	6
	5


(a) Suppose you decide to solve it by “trying all possible subsets”
Assuming each subset can be dealt with in one second, how many seconds will it take you to get the solution?

	2n = 210 = 1024 seconds


(b) Suppose instead you use Dynamic Programming.
Assuming it takes you one second to fill each entry in the table – how many seconds will it take to get the solution?

	10 * 10 = 100 seconds


(c) More generally if you have n items and a limit of S and the same assumptions as in (a) and (b) which of the following statements is true?

	2n


A.  “Try all subsets” will be faster

	nS


B. Dynamic Programming will be faster

C. None of the Above

(d) Solve the stated problem using Dynamic Programming giving the weight, value and the items in the knapsack solution.

	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	A
	0
	1
	1
	1
	1
	1
	1
	1
	1
	1

	B
	0
	1
	1
	1
	1
	4
	4
	5
	5
	5

	C
	0
	1
	1
	1
	1
	4
	6
	6
	7
	7

	D
	4
	4
	5
	5
	5
	5
	8
	10
	10
	11

	E
	4
	4
	5
	5
	9
	9
	10
	10
	10
	11

	F
	4
	4
	7
	7
	9
	9
	12
	12
	13
	13

	G
	4
	4
	7
	9
	9
	12
	12
	14
	14
	17

	H
	4
	4
	7
	9
	9
	12
	12
	14
	14
	17

	I
	4
	4
	7
	9
	9
	12
	12
	14
	14
	17

	J
	4
	4
	7
	9
	9
	12
	12
	14
	15
	17


	
	D
	E
	F
	G
	

	Weight
	1
	4
	2
	3
	10

	Value
	4
	5
	3
	5
	17


2. Solve the following knapsack problem USING ANY METHOD with limit S=15.05. 
Give the optimum weight, value and the items selected.

	
	Value
	Weight

	A
	2.15
	2.15

	B
	2.75
	2.75

	C
	3.35
	3.35

	D
	3.55
	3.55

	E
	4.20
	4.20

	F
	5.80
	5.80


	ABEF Value=14.9  Weight=14.9


*method on next page

	 

	Value

	Weight


	A
	2.15

	2.15


	B
	2.75

	2.75


	AB
	4.9

	4.9


	C
	3.35

	3.35


	AC
	5.5

	5.5


	BC
	6.1

	6.1


	ABC
	8.25

	8.25


	D
	3.55

	3.55


	AD
	5.7

	5.7


	BD
	6.3

	6.3


	ABD
	8.45

	8.45


	CD
	6.9

	6.9


	ACD
	9.05

	9.05


	BCD
	9.65

	9.65


	ABCD
	11.8

	11.8


	E
	4.2

	4.2


	AE
	6.35

	6.35


	BE
	6.95

	6.95


	ABE
	9.1

	9.1


	CE
	7.55

	7.55


	ACE
	9.7

	9.7


	BCE
	10.3

	10.3


	ABCE
	12.45

	12.45


	DE
	7.75

	7.75


	ADE
	9.9

	9.9


	BDE
	10.5

	10.5


	ABDE
	12.65

	12.65


	CDE
	11.1

	11.1


	ACDE
	13.25

	13.25


	BCDE
	13.85

	13.85


	ABCDE
	16

	16



	
	F
5.8

5.8

AF
7.95

7.95

BF
8.55

8.55

ABF
10.7

10.7

CF
9.15

9.15

ACF
11.3

11.3

BCF
11.9

11.9

ABCF
14.05

14.05

DF
9.35

9.35

ADF
11.5

11.5

BDF
12.1

12.1

ABDF
14.25

14.25

CDF
12.7

12.7

ACDF
14.85

14.85

BCDF
15.45

15.45

ABCDF
18.2

18.2

EF
10

10

AEF
12.15

12.15

BEF
12.75

12.75

ABEF
14.9

14.9

CEF
13.35

13.35

ACEF
15.5

15.5

BCEF
16.1

16.1

ABCEF
18.25

18.25

DEF
13.55

13.55

ADEF
15.7

15.7

BDEF
16.3

16.3

ABDEF
18.45

18.45

CDEF
16.9

16.9

ACDEF
19.05

19.05

BCDEF
19.65

19.65

ABCDEF
21.8

21.8




3. Consider the following matrices with the corresponding dimensions
A – 10 X 30

B  - 30 X 5

C – 5 X 60

D – 60 X 2

Suppose we want to multiply all these matrices together

Find the optimal parenthesization of the product ABCD that will minimize the number of arithmetic operations.
According the algorithm

Matrix-Chain(array p[1..n]) {

  array s[1..n-1,2..n]

  for i = 1 to n do m[i,i] = 0; 

// initialize

  for L = 2 to n do { 


// L = length of subchain

    for i = 1 to n-L+1 do {

      j = i + L - 1;

      m[i,j] = INFINITY;

      for k = i to j-1 do { 

// check all splits

        q = m[i, k] + m[k+1, j] + p[i-1]*p[k]*p[j]

        if (q < m[i, j]) {

          m[i,j] = q;

          s[i,j] = k;

        }

      }

    }

  }

  return m[1,n] (final cost) and s (splitting markers);

}
	P0
	10

	P1
	30

	P2
	5

	P3
	60

	P4
	2


	
	j
	1
	2
	3
	4

	i
	m
	A
	B
	C
	D

	1
	A
	0
	1500
	4500
	1500

	2
	B
	0
	0
	9000
	900

	3
	C
	0
	0
	0
	600

	4
	D
	0
	0
	0
	0


	m[1,2]
	Min(m[1,1] + m[2,2] + P0P1P2)
	0+0+10*30*5 = 1500 
	s=1

	m[2,3]
	Min(m[2,2] + m[3,3] + P1P2P3)
	0+0+30*5*60=9000 
	s=2

	m[3,4]
	Min(m[3,3] + m[4,4] + P2P3P4)
	0+0+5*60*2=600
	S=3

	m[1,3]
	Min(m[1,1] + m[2,3] + P0P1P3)

Min(m[1,2] + m[3,3] + P0P2P3)
	0+9000+10*30*60=27000
1500+0+10*5*60=4500
	s=2

	m[2,4]
	Min(m[2,2] + m[3,4] + P1P2P4)

Min(m[2,3] + m[4,4] + P1P3P4)
	0+600+30*5*2=900
9000+0+30*60*2=12600
	s=2

	m[1,4]
	Min(m[1,1] + m[2,4] + P0P1P4)

Min(m[1,2] + m[3,4] + P0P2P4)

Min(m[1,3] + m[4,4] + P0P3P4)
	0+900+10*30*2=1500
1500+600+10*5*2=2200

4500+0+10*60*2=5700
	s=1


	
	j
	1
	2
	3
	4

	i
	s
	A
	B
	C
	D

	1
	A
	0
	1
	2
	1

	2
	B
	0
	0
	2
	2

	3
	C
	0
	0
	0
	3

	4
	D
	0
	0
	0
	0




 s[1,4] = 1, there for (A)BCD
s[1,1] = 0

The optimal parenthesization is (A)BCD or A(B(CD))
