Fundamentals of Algorithms Final December 1, 2010 80 min                         Closed Book, Closed Notes
Please Answer all Questions in the Spaces Provided
NAME______________________________
1. (10) What is the sum of the first 50 natural numbers? (1 + 2 +3 + … + 50)

The sum of the first n number is (1/2)(n)(n+1)
So with n = 50 we have (1/2)(50)(50+1) = 1275

2. (10) Proof by induction is most like 

(a) Knocking down a line of dominoes X
(b) Playing Chinese checkers

(c) Sacrificing the queen in chess

(d) Bluffing in poker
3. (10) Darth Tacuma of planet Korriban is very proud of his O(2n) algorithm for manufacturing a light saber of size n. While attempting to foil Tacuma’s dastardly schemes, Queen Qi’Anne of Naboo discovers an O(n2) algorithm for completing the same task.
If Darth Tacuma and Queen Qi’Anne’s algorithms both take 1 hour on a light saber of size 1 (extra small) how long will each algorithm take to make a light saber of size 10? (XXXL size)?
Tacuma’s running time = C1*2n 
We are given that C1*21 = 1, therefore C1= 0.5

Therefore running time with n=10 will be 

0.5 * 210 = 512 hours.

Qi’Anne’s running time = C1*n2 

We are given that C1*12 = 1, therefore C1= 1

Therefore running time with n=10 will be 

1 * 102 = 100 hours.

4. (20) an = 5an-1 - 6an-2, a0=1, a1=3

Find the closed form expression for an using the characteristic equation

Characteristic Equation: x2 – 5x + 6 = 0
The roots of the characteristic equation are r1 = 2 and r2 = 3

an = c1(2)n + c2(3)n
Based on our initial conditions we have the following simultaneous equations

c1(2)0 + c2(3)0 = 1

c1(2)1 + c2(3)1 = 3
If we solve this we get c1 = 0, c2=1
Therefore an = 3n
5. (10) Use repeated squaring to calculate 99924 mod 1001

24 = 16 + 8 = 24 + 23
            9992 mod 1001 = 4
            9994 mod 1001 = 42 mod 1001 = 16

            9998 mod 1001 = 162 mod 1001 = 256

            99916 mod 1001 = 2562 mod 1001 = 471

            99924 mod 1001 = [(99924 mod 1001)( 99924 mod 1001)] mod 1001 = [(256)(471)]mod 1001 = 456

6. (20) The sum of angles in a triangle is 180 degrees. The sum of angles in a square is 360 degrees. Use proof by induction to show that the sum of angles in a polygon of n sides is 180*(n-2).

           Base Case: n =3

           180(3-2) = 180. Sum of angle in triangles is known to be 180.

Inductive Step: n =k

IH: Sum of angles for k sided polygon is 180(k-2)

TS: Sum of angels for k+1 sided polygon is 180(k-1).

Consider a polygon of k+1 sides as shown below:


Extend a line segment connecting two vertexes separated by a single vertex (as shown above).
Then one side of the vertex is a k sided polygon and the other side is a 3 sided polygon.

By the inductive hypothesis the k-sided has sum of angles 180(k-2) and the 3 sided polygon has sum of angles 180.

Therefore the total sum of angles is 180(k-2) + 180 = 180(k-1). QED. 

7. (20) Let Vn denote the number of binary strings of length n that do NOT have two consecutive 0s. Let us call such strings “valid” strings. 

There are 2 valid strings of length 1 which are “0” and “1”

            There are 3 valid strings of length 2 which are “01”, “11” and “10”

Find a recurrence formula for Vn
One way to proceed is to just note that V1 = 2, V2 =3, V3=5, V4= 8
We can see a pattern that Vn = Vn-1 + Vn-2

We can justify this recurrence formula in the following way:

The “valid strings” of length n can either end in a 0 or a 1.

Q: How many valid strings of length n can end in a 1?

A: All valid strings of length (n-1) will remain valid if you add a 1 so Vn-1 valid strings can end in a 1.

Q: How many valid strings of length n can end in a 0
A: For a valid string to end in a 0 it means the next to last digit was a 1 and was also a valid digit. But by the same argument in the previous part the number of valid strings of length n-1 is Vn-2 (think about it!)
So the total number of valid strings of length n is Vn-1 + Vn-2
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