Fundamentals of Algorithms Test 4 November 30, 2009 –                         Closed Book, Closed Notes
Please Answer all Questions in the Spaces Provided
NAME______________________________
1. Addition (again!): Prove by induction on n that the recursive program for computing binomial coefficients using Pascal’s identity will execute bin(n,k) – 1 additions in order to compute bin(n,k). (E.g. in order to compute bin(10,5) which is 252 the recursive program will do 251 additions.)
Let a(n,k) denote the number of additions used by the recursive program to compute bin(n,k).

We want to prove that a(n,k) = bin(n,k) – 1.

First we note that bin(n,k) = bin(n-1,k-1) + bin(n-1,k) (Pascal’s Identity)

Because the recursive program makes use of this identity then

a(n,k) = a(n-1,k-1) + a(n-1,k) + 1

Now we can proceed with a proof by induction.

Base case: n=1

a(1,k) = 0 if k is 0 or 1 as these are bases of the recursive program.

bin(1,k) = 1 if k is 0 or 1 and so bin(1,k) -1 = 0.

IH: a(n,k) = bin(n,k) -1

TS: a(n+1,k) = bin(n+1,k) - 1 

Taking the LHS: a(n+1,k) = a(n,k-1) + a(n,k) + 1(Using the recurrence relation)

                                          = bin(n,k-1) – 1 + bin(n,k) -1 + 1 (using the IH) 
                                          = bin(n,k-1) + bin(n,k) -1

                                          = bin(n+1,k) – 1 (using Pascal’s Identity). 
                                             QED.
2. Characteristic equation I: Solve the following recurrence using the characteristic equation method
fn = 7fn-1 -12fn-2,  f0=0, f1=1
The characteristic Equation is x2 – 7x + 12.

The roots of the characteristic equation are x = 3 and x=4.

So the solution is fn = c13n + c24n
Using our initial conditions f0=0, f1=1 we get

 c130 + c240 = 0

c131 + c241 = 1

Or

c1 + c2 = 0

3c1 + 4c2 = 1

Solving for c1, c2 we get c1= -1, c2=1.

So fn= 4n – 3n (Once you’ve obtained this you can also use induction to verify that it is true)
3. Characteristic equation II: Solve the following recurrence using the characteristic equation method
fn = 5fn-1 -6fn-2, f0=0,f1=1

The characteristic Equation is x2 – 5x + 6.

The roots of the characteristic equation are x = 2 and x=3.

So the solution is fn = c12n + c23n
Using our initial conditions f0=0, f1=1 we get

 c120 + c230 = 0

c121 + c231 = 1

Or

c1 + c2 = 0

2c1 + 3c2 = 1

Solving for c1, c2 we get c1= -1, c2=1.

So fn= 3n – 2n (Once you’ve obtained this you can also use induction to verify that it is true)
4. Pascal’s Identity: Prove that bin(n,k) = bin(n-1,k-1) + bin(n-1,k) where bin(n,k) is a binomial coefficient.

bin(n-1,k-1) + bin(n-1,k) 
= (n-1)!/[(n-k)!(k-1)!] + (n-1)!/[(n-k-1)!k!] 
= [k(n-1)! + (n-k)(n-1)!]/[(n-k)!k!] 

= n(n-1)!/[(n-k)!k!] = n!/[(n-k)!k!] = bin(n,k)
5. Hand to Hand: Use Dynamic Programming to compute bin(10,5)
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6. Assembly Line Scheduling






Consider the above diagram as an instance of the Assembly Line scheduling problem with the same interpretation as given in class.

By filling in the table below, determine the minimum amount of time it takes to get through the assembly line.

	J
	1
	2
	3
	4
	5
	6

	f1[j]
	9
	18
	20
	24
	32
	35

	f2[j]
	12
	16
	22
	25
	30
	37


And hence the minimum time to get through the assembly line fOPT = __35+3=38______________
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