Fundamentals of Algorithms Fall 2009 HW 5C
       DUE: November 19 4pm, 2009
1. Nchoosek:  Consider the following recursive code for computing binomial coefficients written in the Matlab programming language:
function result=bin1(n,k)
if(k==0 || n==k)
  result=1;
else
  result = bin1(n-1,k-1) + bin1(n-1,k);
end
(a) How many times will bin1(n,k) be executed in order to compute bin1(16,8)? (For example bin1(n,k) will be executed 503 times in order to compute bin1(10,5)).

The following code will count the number of executions of bin1 to compute bin1(n,k)

function cnt=bin1c(n,k,cnt)
if(k==0 || n==k)
  cnt=cnt+1;
else
  cnt = bin1c(n-1,k-1,0) + bin1c(n-1,k,0) + 1;
end
If we execute bin1c(16,8) we get 25,739 as the result.

It can also be proven theoretically that 2(n choose k) -1 function calls will be made, and if we calculate

2(16 choose 8) – 1 we get 2 * 12870 – 1 = 25,739 i.e the same result.
Now consider the following Dynamic Programming code for the same problem (also written in Matlab):

function res=bin2(n,k)
B=zeros(n+1,k+1);
for i=1:(n+1)
  for j=1:(min(i,k+1))
    if(j==1 || j==i)
      B(i,j)=1;
    else
      B(i,j) = B(i-1,j-1) + B(i-1,j);
    end
  end
end
res = B(n+1,k+1);
(b) How many times will the inner loop for bin2(n,k) be executed in order to compute bin2(16,8)? (For example the inner loop will be executed 51 times in order to compute bin2(10,5) ).
The following code will count the number of executions to compute bin2(n,k):

function cnt=bin2c(n,k,cnt)
B=zeros(n+1,k+1);
for i=1:(n+1)
  for j=1:(min(i,k+1))
    cnt=cnt+1;
    if(j==1 || j==i)
      B(i,j)=1;
    else
      B(i,j) = B(i-1,j-1) + B(i-1,j);
    end
  end
end
If we execute bin2c(16,8,0) we get 117.
It can be shown that this inner loop will be executed k(k+1)/2 + (n-k+1)(k+1) times which equals

8(8+1)/2 + (16-8+1)(8+1) = 36 + 81 = 117.


2. Addition (again!): Prove by induction on n that the recursive program for computing binomial coefficients will execute bin(n,k) – 1 additions in order to compute bin(n,k). (E.g. in order to compute bin(10,5) which is 252 the recursive program will do 251 additions.)
Let a(n,k) denote the number of additions used by the recursive program to compute bin(n,k).

We want to prove that a(n,k) = bin(n,k) – 1.
First we note that bin(n,k) = bin(n-1,k-1) + bin(n-1,k) (Pascal’s Identity)

Because the recursive program makes use of this identity then

a(n,k) = a(n-1,k-1) + a(n-1,k) + 1

Now we can proceed with a proof by induction.

Base case: n=1

a(1,k) = 0 if k is 0 or 1 as these are bases of the recursive program.

bin(1,k) = 1 if k is 0 or 1 and so bin(1,k) -1 = 0.

IH: a(n,k) = bin(n,k) -1

TS: a(n+1,k) = bin(n+1,k) - 1 

Taking the LHS: a(n+1,k) = a(n,k-1) + a(n,k) + 1(Using the recurrence relation)

                                          = bin(n,k-1) – 1 + bin(n,k) -1 + 1 (using the IH) 
                                          = bin(n,k-1) + bin(n,k) -1
                                          = bin(n+1,k) – 1 (using Pascal’s Identity). 
                                             QED.
3. Characteristic equation: Solve the following recurrences using the characteristic equation method
(a) fn = 5fn-1 -6fn-2, f0=0,f1=1

The characteristic Equation is x2 – 5x + 6.

The roots of the characteristic equation are x = 2 and x=3.

So the solution is fn = c12n + c23n
Using our initial conditions f0=0, f1=1 we get

 c120 + c230 = 0

c121 + c231 = 1

Or

c1 + c2 = 0

2c1 + 3c2 = 1

Solving for c1, c2 we get c1= -1, c2=1.
So fn= 3n – 2n (Once you’ve obtained this you can also use induction to verify that it is true)
(b) tn = tn-1 + tn-2, t0=0,t1=1
The characteristic Equation is x2 – x - 1.

The roots of the characteristic equation are x = (1 + √5)/2 and x= (1 - √5)/2
Let a =(1 + √5)/2  and b= (1 - √5)/2
So the solution is fn = c1an + c2bn
Using our initial conditions f0=0, f1=1 we get

 c1a0 + c2b0 = 0

c1a1 + c2b1 = 1

Or

c1 + c2 = 0

((1 + √5)/2)c1 + ((1 - √5)/2)c2 = 1

Solving for c1, c2 we get c1= 1/√5, c2= -1/√5.

So tn= (an - bn)/ √5  (This is also known as Binet’s formula)
