
Fundamentals of Algorithms Fall 2009 HW 4A
       DUE: October 8 4pm, 2009
1. The Perils of being Greedy: 

[image: image1]
(a) How many colors will Greedy Coloring use if it visits the nodes in order 1, 3,5,7,2,4,6,8?
TWO colors, since the graph is bipartite, each node on the left is only connected to nodes on the right, hence greedy coloring will only need one color for the nodes on the left and another color for the nodes on the right if it visits the nodes in the given order.

(b) What if Greedy Coloring uses the order 1, 2,3,4,5,6,7,8?
FOUR colors, in this case the order of traversal will force greedy coloring to pick a different coloring for each “row” of nodes.

2. Christofides Heuristic: Show that the Christofides heuristic will produce a tour that is at most TWICE the length of the optimal tour as long as the distances satisfy the triangle inequality.
NOTE: In class we only discussed a simpler version of Christofides heuristic that gives a 2-approximation. There is a (slightly) more complicated version that gives a 1.5-approximation.
Let OPT be the length of the optimal tour, MST be the length of the minimum spanning tree and CHR be the length of the tour given by Christofides heuristic.
(1) MST < OPT (by the properties of a minimum spanning tree).

(2) Thus 2MST < 2OPT (multiplying by two)
(3) CHR < 2MST (because of the triangle inequality; every time we take a “short cut” in the graph the tour length never increases. So the Hamiltonian path length is always less than or equal to the Eulerian path length.)

Combining (2) and (3) these together we get CHR < 2OPT, which is what we wanted to prove.
3. Next Fit. Show that Next Fit will require a number of bins that is at most TWICE the number of optimal bins.

Consider any two adjacent bins. The sum of the items in the two bins must be greater than 1, otherwise Next Fit would have put them all into one bin. But the maximum space available in two bins is 2. Hence at most 50% of the space is wasted between those two bins.

Now considering all pairs of adjacent bins again we see that at most 50% of the space is wasted.
This means that the optimal number of bins has to be at least ½ of the number of bins used by Next Fit, which is what we wanted to prove.
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