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Temporal Difference
Learning

Used Materials
• Disclaimer: Much of the material and slides for this lecture were
borrowed from Rich Sutton’s class and David Silver’s class on
Reinforcement Learning.

MC and TD Learning
‣

Goal: learn

‣

Incremental every-visit Monte-Carlo:
- Update value V(St) toward actual return Gt

‣

Simplest Temporal-Difference learning algorithm: TD(0)
- Update value V(St) toward estimated returns

‣
‣

from episodes of experience under policy π

is called the TD target
is called the TD error.

DP vs. MC vs. TD Learning
‣

Remember:

TD: combine both: Sample
expected values and use a
current estimate V(St+1) of the
true vπ(St+1)

MC: sample average return
approximates expectation

DP: the expected values are
provided by a model. But we
use a current estimate V(St+1)
of the true vπ(St+1)

Dynamic Programming
V (St ) ← Eπ [ Rt +1 + γ V (St +1 )] =

X
a

⇡(a|St )

X
s0 ,r

p(s0 , r|St , a)[r + V (s0 )]

Monte Carlo

Simplest TD(0) Method

TD Methods Bootstrap and Sample
‣

‣

Bootstrapping: update involves an estimate
-

MC does not bootstrap

-

DP bootstraps

-

TD bootstraps

Sampling: update does not involve an expected value
-

MC samples

-

DP does not sample

-

TD samples

6.1

TD Prediction

TD
Prediction
Both TD and Monte Carlo methods use experience to solve the p
‣

‣

‣

Given some experience following a policy ⇡, both methods upda
Policy of
Evaluation
(thenonterminal
prediction problem):
v⇡ for the
states St occurring in that experience.
- forMonte
a given Carlo
policy π,
computewait
the state-value
vπ
methods
until the function
return following
the visit i
that return as a target for V (St ). A simple every-visit Monte Car
for nonstationary
environments
Remember:
Simple every-visit
Monte Carloismethod:
h
i
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V (St )
V (St ) + ↵ Gt V (St ) ,

(only then
is the
Gt known),
TD methods
need wait
until↵the
time sts
where
Gt is
actual return
following
timeonly
t, and
is anext
constant
time t + 1 they immediately form a target and make a useful update usi
target:
the
return
after time
t
(c.f.,
Equation
Let
usestimate
callactual
this
method
constant-↵
Wh
observed
reward R2.4).
and
the
V
(S
).
The
simplest
TDMC.
method,
t+1
t+1
methods
must
wait until method
the endTD(0):
of the episode to determine the i
as TD(0),
is
The simplest
Temporal-Difference
V (St )

h

V (St ) + ↵ Rt+1 + V (St+1 )

i

V (St ) .
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In e↵ect, the target for the Monte Carlo update is Gt , whereas the target for t
update is Rt+1 + V (St+1target:
).
an estimate of the return
Because the TD method bases its update in part on an existing estimate,

your estimate of total travel time to 35 minutes. Unfortunately, at this point you ge
stuck behind a slow truck, and the road is too narrow to pass. You end up havin
to follow the truck until you turn onto the side street where you live at 6:40. Thre
minutes later you are home. The sequence of states, times, and predictions is thu
as follows:
Elapsed Time
Predicted
Predicted
State
(minutes)
Time to Go Total Time
leaving office, friday at 6
0
30
30
reach car, raining
5
35
40
exiting highway
20
15
35
2ndary road, behind truck
30
10
40
entering home street
40
3
43
arrive home
43
0
43

Example: Driving Home

The rewards in this example are the elapsed times on each leg of the journey.1 W
are not discounting ( = 1), and thus the return for each state is the actual time t
go from that state. The value of each state is the expected time to go. The second
column of numbers gives the current estimated value for each state encountered.

A simple way to view the operation of Monte Carlo methods is to plot the predicted
total time (the last column) over the sequence, as in Figure 6.2 (left). The arrow
show the changes in predictions recommended by the constant-↵ MC method (6.1)
for ↵ = 1. These are exactly the errors between the estimated value (predicted tim

Example: Driving Home
Changes recommended by
Monte Carlo methods (α=1)

Changes recommended
by TD methods (α=1)

Advantages of TD Learning
‣

‣
‣

‣

TD methods do not require a model of the environment, only
experience
TD, but not MC, methods can be fully incremental
You can learn before knowing the final outcome
-

Less memory

-

Less computation

You can learn without the final outcome
-

‣

From incomplete sequences

Both MC and TD converge (under certain assumptions to be
detailed later), but which is faster?

Bias-Variance Trade-Off
‣

Monte-Carlo: Update value V(St) toward actual return Gt

‣

Return
of

‣

TD: Update value V(St) toward estimated returns

‣

True TD target:

‣

TD target:

‣

TD target is much lower variance than the return:

is unbiased estimate

is unbiased estimate of
is biased estimate of

-

Return depends on many random actions, transitions, rewards

-

TD target depends on one random action, transition, reward

Bias-Variance Trade-Off
‣

‣

MC has high variance, zero bias
-

Good convergence properties

-

Even with function approximation

-

Not very sensitive to initial value

-

Very simple to understand and use

TD has low variance, some bias
-

Good Usually more efficient than MC

-

TD(0) converges to vπ(s)

-

More sensitive to initial value

Random Walk Example
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Values
after TD methods need wait only until the next time step. A
(onlylearned
then isbyGTD
t known),
various
of episodes
time numbers
t + 1 they
immediately form a target and make a useful update using t

observed reward Rt+1 and the estimate V (St+1 ). The simplest TD method, know
as TD(0), is
h
i
V (St )
V (St ) + ↵ Rt+1 + V (St+1 ) V (St ) .
(6.

In e↵ect, the target for the Monte Carlo update is Gt , whereas the target for the T

TD and MC on the Random Walk

Data averaged over
100 sequences of episodes

Batch Updating in TD and MC methods
‣

Batch Updating: train completely on a finite amount of data,
-

e.g., train repeatedly on 10 episodes until convergence.

‣

Compute updates according to TD or MC, but only update
estimates after each complete pass through the data.

‣

For any finite Markov prediction task, under batch updating, TD
converges for sufficiently small α.

‣

Constant-α MC also converges under these conditions, but may
converge to a different answer.

Random Walk under Batch Updating

‣

After each new episode, all previous episodes were treated as a
batch, and algorithm was trained until convergence. All repeated
100 times.

AB Example
‣

Suppose you observe the following 8 episodes:

‣

Assume Markov states, no discounting (𝜸 = 1)

AB Example

AB Example
‣

‣

The prediction that best matches the training data is V(A)=0
-

This minimizes the mean-square-error on the training set

-

This is what a batch Monte Carlo method gets

If we consider the sequentiality of the problem, then we would set
V(A)=.75
-

This is correct for the maximum likelihood estimate of a Markov
model generating the data

-

i.e, if we do a best fit Markov model, and assume it is exactly
correct, and then compute what it predicts.

-

This is called the certainty-equivalence estimate

-

This is what TD gets

Summary so far
‣

Introduced one-step tabular model-free TD methods

‣

These methods bootstrap and sample, combining aspects of
DP and MC methods

‣

TD methods are computationally congenial

‣

If the world is truly Markov, then TD methods will learn faster
than MC methods

Unified View
width
of backup

Temporaldifference
learning

Dynamic
programming

height
(depth)
of backup

Exhaustive
search

Monte
Carlo

...

Learning An Action-Value Function
‣

Estimate qπ for the current policy π

...

St

Rt+1
Rt+2
Rt+3
St+1
St+2
S +3
St,At
St+1, At+1
St+2, At+2 t St+3, At+3

...

After every transition from a nonterminal state, St , do this:
Q(St , At ) ← Q(St , At ) + α [ Rt +1 + γ Q(St +1 , At +1 ) − Q(St , At )]
If St +1 is terminal, then define Q(St +1 , At +1 ) = 0

Sarsa: On-Policy TD Control
Turn this into a control method by always updating the policy to be
to the 6.
current
estimate:
142 greedy with respect
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‣

Initialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):
Initialize S
Choose A from S using policy derived from Q (e.g., "-greedy)
Repeat (for each step of episode):
Take action A, observe R, S 0
Choose A0 from S 0 using policy derived from Q (e.g., "-greedy)
Q(S, A)
Q(S, A) + ↵[R + Q(S 0 , A0 ) Q(S, A)]
S
S0; A
A0 ;
until S is terminal

Figure 6.9: Sarsa: An on-policy TD control algorithm.
long as all state–action pairs are visited an infinite number of times and the

Windy Gridworld

‣

undiscounted, episodic, reward = –1 until goal

Results of Sarsa on the Windy Gridworld

6.5. Q-LEARNING: OFF-POLICY TD CONTROL

6.5

139

Q-learning: O↵-Policy TD Control

Q-Learning: Off-Policy TD Control

One of the most important breakthroughs in reinforcement learning was the development of an o↵-policy TD control algorithm known as Q-learning (Watkins, 1989).
One-step
Q-learning:
Its‣ simplest
form,
one-step Q-learning, is defined by
h
i
Q(St , At )
Q(S
max Q(St+1 , a) Q(St , At ) . 145 (6.6)
t , At ) + ↵ Rt+1
6.5. Q-LEARNING:
OFF-POLICY
TD+ CONTROL
a

In this case, the learned action-value function, Q, directly approximates q⇤ , the opInitialize Q(s, a), 8s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
timal action-value function, independent of the policy being followed. This dramatRepeat (for each episode):
icallyInitialize
simplifies
S the analysis of the algorithm and enabled early convergence proofs.
The policy
anstep
e↵ect
that it determines which state–action pairs are visited
Repeatstill
(forhas
each
of in
episode):
and updated.
that
is required
correct
convergence
ChooseHowever,
A from S all
using
policy
derivedfor
from
Q (e.g.,
"-greedy) is that all pairs
continueTake
to be
updated.
As weR,
observed
in Chapter 5, this is a minimal requirement
action
A, observe
S0
0 , a)
in the sense
method
guaranteed
find
optimal
in the general case
Q(S,that
A) any
Q(S,
A) + ↵[R
+ maxatoQ(S
Q(S,behavior
A)]
0 ; Under this assumption and a variant of the usual stochastic approxmust require
S
Sit.
imation
on the sequence of step-size parameters, Q has been shown to
untilconditions
S is terminal
converge with probability 1 to q⇤ . The Q-learning algorithm is shown in procedural
form inFigure
Figure6.12:
6.10.Q-learning: An o↵-policy TD control algorithm.

What is the backup diagram for Q-learning? The rule (6.6) updates a state–action
pair, so the top node, the root of the backup, must be a small, filled action node.

Cliffwalking

6.6

Expected Sarsa

Expected Sarsa

Consider the learning algorithm that is just like Q-learning except that instead of
the maximum over next state–action pairs it uses the expected value, taking into
account how likely each action is under the current policy. That is, consider the
‣ Instead
theupdate
samplerule
value-of-next-state, use the expectation!
algorithm
withofthe
h
i
Q(St , At )
Q(St , At ) + ↵ Rt+1 + E[Q(St+1 , At+1 ) | St+1 ] Q(St , At )
h
i
X
Q(St , At ) + ↵ Rt+1 +
⇡(a|St+1 )Q(St+1 , a) Q(St , At ) , (6.7)
a

‣ Expected
Sarsa
performs
better than
Sarsa (but (as
costs
but that
otherwise
follows
the schema
of Q-learning
in more)
Figure 6.10). Given the
next state, St+1 , this algorithm moves deterministically in the same direction as
Sarsa moves in expectation, and accordingly it is called expected Sarsa. Its backup
diagram is shown in Figure 6.12.

Expected Sarsa is more complex computationally than Sarsa but, in return, it
eliminates the variance due to the random selection of At+1 . Given the same amount
of experience we might expect it to perform slightly better than Sarsa, and indeed it
generally does. Figure 6.13 shows summary results on the cli↵-walking task with Expected Sarsa compared to Sarsa and Q-learning. As an on-policy method, Expected
Sarsa retains the significant advantage of Sarsa over Q-learning on this problem. In

ng. All results
s independent
gligible.
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is that for large values of ↵ the Q values of Sarsa diverge.
Although the policy is still improved over the initial random
policy during the early stages of learning, divergence causes
6. inTEMPORAL-DIFFERENCE
LEARNING
the policyCHAPTER
to get worse
the long run.

Performance on the Cliff-walking Task
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6.13: Interim and asymptotic performance of TD control methods on the cli↵-walking

2. Average return on the cliff walking task over the first n episodes
task as a functionFig.
of ↵.
All algorithms used an "-greedy policy with " = 0.1. “Asymptotic”
for n = 100 and n = 100, 000 using an ✏-greedy policy with ✏ = 0.1. The

Summary
‣

Introduced one-step tabular model-free TD methods

‣

These methods bootstrap and sample, combining aspects of DP
and MC methods

‣

TD methods are computationally congenial

‣

If the world is truly Markov, then TD methods will learn faster than
MC methods

‣

Extend prediction to control by employing some form of GPI
-

On-policy control: Sarsa, Expected Sarsa

-

Off-policy control: Q-learning

