
EM algorithm example:A mixture of Gaussians with unknown meansLanguage and StatistisSpring 2001
Desription of the EM algorithmThe EM algorithm maximize log p(Dj�) (we will sometimes use D to represent the data y1; : : : ; yn):Step 0: InitializeStart with t = 0, some initial guess �(0) and iterate over the following stepsE stepCompute the bound Q(�0; �(t)) = Eflog p(D;hj�0)j�(t); DgM stepMaximize the bound �(t+1) = argmax�0Q(�0; �(t))Update t = t+ 1 and go to E step.Example - mixture of Gaussians, equal priorsWe are given data D = (y1; : : : ; yn) in whih eah point is generated from one of two Gaussians (withequal prior) with di�erent unknown means and varianes one: N(y;�1; 1) = 12� e� (y��1)22 or N(y;�2; 1) =12� e� (y��2)22 . We introdue hidden variables H = fhi;j ; i = 1; : : : ; n; j = 1; 2g: hi;1 will get value 1 if yiwas generated from the �rst Gaussian and 0 otherwise. hi;2 will get value 1 if yi was generated from theseond Gaussian and 0 otherwise. 1



The Q funtion in this ase isQ(�0;�(t)) = Eflog p(D;hj�0)j�(t); Dg = Ef nXi=1 log p(yi; hj�0)j�(t); Dg= Ef nXi=1 log 12 1p2� e� 12hi;1(yi��01)2� 12hi;2(yi��02)2 j�(t); Dg= Ef� nXi=1 12hi;1(yi � �01)2 � nXi=1 12hi;2(yi � �02)2 � log 2p2�j�(t); Dg= �� 12 nXi=1 Efhi;1j�(t); Dg(yi � �01)2 � 12 nXi=1 Efhi;2j�(t); Dg(yi � �02)2Computing Efhi;j j�(t); Dg results inEfhi;1j�(t); Dg = 1 � Pr(hi;1 = 1j�(t); Dg+ 0 � Pr(hi;1 = 0j�(t); Dg = e� 12 (yi��(t)1 )2e� 12 (yi��(t)1 )2 + e� 12 (yi��(t)2 )2 = Fi;1Efhi;2j�(t); Dg = 1 � Pr(hi;2 = 1j�(t); Dg+ 0 � Pr(hi;2 = 0j�(t); Dg = e� 12 (yi��(t)2 )2e� 12 (yi��(t)1 )2 + e� 12 (yi��(t)2 )2 = Fi;2The M step onsists of plugging the expressions for Efhi;j j�(t); Dg in the Q funtion and maximizingwith respet to �01; �02:argmax�01;�02 � 12 nXi=1 e� 12 (yi��(t)1 )2e� 12 (yi��(t)1 )2 + e� 12 (yi��(t)2 )2 (yi � �01)2 � 12 nXi=1 e� 12 (yi��(t)2 )2e� 12 (yi��(t)1 )2 + e� 12 (yi��(t)2 )2 (yi � �02)2Maximizing with respet to �01 and �02 by omputing derivatives and omparing to 0 yields�(t+1)1 = �01 = Pni=1 Fi;1yiPi Fi;1 ; �(t+1)2 = �02 = Pni=1 Fi;2yiPi Fi;2The above update rule is simply a weighted average of the example points (a weighted entroid) where eahweight is the relative on�dene of the orresponding Gaussian generating this example (alulated fromprevious iteration means).Example - mixture of Gaussians, nonequal priorsWe now return to the previous example, when the priors of the Gaussian are not equal (the priors will bedenoted by �1; �2). In this ase the parameters are � = �1; �2; �1; �2.2



The Q funtion in this ase isQ(�0;�(t)) = Eflog p(D;hj�0)j�(t); Dg = Ef nXi=1 log p(yi; hj�0)j�(t); Dg= Ef nXi=1 log(�01)hi;1(�02)hi;2 1p2� e� 12hi;1(yi��01)2� 12hi;2(yi��02)2 j�(t); Dg= E(+ nXi=1 �hi;1 log�01 + hi;2 log�02 � 12hi;1(yi � �01)2 � 12hi;2(yi � �02)2� j�(t); D)= + 12 nXi=1 Efhi;1j�(t); Dg(2 log�01 � (yi � �01)2) + 12 nXi=1 Efhi;2j�(t); Dg(2 log�02 � (yi � �02)2)Computing Efhi;j j�(t); Dg results inEfhi;1j�(t); Dg = 1 � Pr(hi;1 = 1j�(t); Dg+ 0 � Pr(hi;1 = 0j�(t); Dg = �(t)1 e� 12 (yi��(t)1 )2�(t)1 e� 12 (yi��(t)1 )2 + �(t)2 e� 12 (yi��(t)2 )2 = Fi;1Efhi;2j�(t); Dg = 1 � Pr(hi;2 = 1j�(t); Dg+ 0 � Pr(hi;2 = 0j�(t); Dg = �(t)2 e� 12 (yi��(t)2 )2�(t)1 e� 12 (yi��(t)1 )2 + �(t)2 e� 12 (yi��(t)2 )2 = Fi;2The M step onsists of plugging the expressions for Efhi;j j�(t); Dg in the Q funtion and maximizingwith regards to �01; �02:argmax�01;�02;�01;�02 12 nXi=1 Fi;1(2 log�01 � (yi � �01)2) + Fi;1(2 log�02 � (yi � �02)2)Maximizing with respet to �01 and �02 by omputing derivatives and omparing to 0 yields as before;�(t+1)1 = �01 = Pni=1 Fi;1yiPi Fi;1 ; �(t+1)2 = �02 = Pni=1 Fi;2yiPi Fi;2Before maximizing with respet to �01 and �02 note that we need to enfore the onstraint �01 + �02 = 1 andso we will substitute 1� �01 for �02:argmax�01 nXi=1 Fi;1 log�01 + Fi;2 log(1� �01):Setting the derivative to 0 yields Pni=1 Fi;1�01 � Pni=1 Fi;21� �02 = 0and after some elementary manipulations, the update rule turns to be�(t+1)1 = �01 = Pni=1 Fi;1Pni=1 Fi;1 + Fi;2 = Pni=1 Fi;1n3



and �(t+1)2 = 1� �(t+1)1 .If the probability funtion is of the form f(yij�) = (yi)ePi higi(yi) where hi are the hidden variablesthe log-likelihood will be linear in hi. This will make the E step simply substitute hi by Efhij�(t)g in thelog-likelihood.
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