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Extensions of the Multiarmed Bandit Problem:
The Discounted Case

PRAVIN P. VARAIYA, reLLow, IEEE, JEAN C. WALRAND, MEMBER, IEEE, AND CAGATAY BUYUKKOC

Abstract—There are N independent machines. Machine / is described
by a sequence {X(s), Fi(s)} where X(s) is the immediate reward and F'(s)
is the information available before i is operated for the sth time. At each
time one operates exactly one machine; idle machines remain frozen, The
problem is to schedule the operation of the machines so as to maximize
the expected total discounted sequence of rewards. An elementary proof
shows that to each machine is associated an index, and the optimal policy
operates the machine with the largest current index. When the machines
are completely observed Markov chains, this coincides with the well-
known Gittins index rule, and new algorithms are given for calculating
the index. A reformulation of the bandit problem yields the tax problem,
which includes, as a special case, Klimov’s waiting time problem. Using
the concept of superprocess, an index rule is derived for the case where
new machines arrive randomly. Finally, continuous time versions of these
problems are considered for both preemptive and nonpreemptive disci-
plines.

I. INTRODUCTION

A. Background

N the basic version of the multiarmed bandit problem, there are

N independent machines. Let x;(7) be the state of machine i =
1,2, -+, Nattime ¢t = 1, 2, --- . At each f one must operate
exactly one machine. If machine 7/ is selected, one gets an
immediate reward R(f) = R{x;(r)) and its state changes to x,(f +
1) according to a stationary Markov transition rule; the states of
the idle machines remain frozen, x(z + 1) = x;(¢), j # i. The
states of all machines are observed, and the problem is to schedule
the order in which the machines are operated so as to maximize
the expected present values of the sequence of immediate rewards

E i a'R(?)

=1

(1.1)

where 0 < ¢ < 1 is a fixed discount factor. (In a subsequent
paper the case @ = 1 and the case of average reward per unit time
will be considered.)

This problem has received considerable attention since it was
first formulated in the 1940’s, dynamic programming (DP) being
the preferred framework for its analysis. The essential break-
through came only in 1972 when Gittins and Jones [10] showed
that to each machine 7 is attached an index »;(x;(f)) which is a
function only of its state, and that the optimal policy operates the
machine with the largest current index. Call this the index rule.
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This index result is significant, since it decomposes the N-
dimensional bandit problem into N one-dimensional problems.
The index was subsequently [7], [8] shown to be

7—1
E {2 a’R,-(xf(t))Ixi(l)=x.~}

=1

7~1
E {2 a’|x,~(1)=x,-}

=1

vilx) = max (1.2)

where the maximization is over the set of all stopping times 7 > 1.
Gittins called this the dynamic allocation index (DAJ) and
interpreted it as the maximum expected reward per unit of
expected discounted time. (In recognition of Gittins’ contribution,
we follow Whittle and call this the Gittins index.) One other
interpretation of the Gittins index can also be given [10], [19].

Gittins and his associates did not use DP in their study.
““Unfortunately,”’ as Whittle [19] wrote, ‘‘[Gittins’] proofs of the
optimality of the index rule have been difficult to follow, and this
has doubtless been the reason why the full merits and point of his
work have not yet been generally appreciated.’” Whittle then
proceeded to supply an elegant proof using DP, and revealed the
intimate connection between the (optimal) value function and the
indexes of the N machines.

B. Structure of the Problem

Three features delimit the multiarmed bandit problem within
the general class of stochastic control problems:

i) idle machines are frozen;

i) frozen machines contribute no reward; and

iii) machine dynamics are Markovian.

As will be seen in Section II, properties i) and ii) almost
trivially imply the optimality of the index rule. The Markovian
property iii) is useful only in that it permits a simple calculation of
the Gittins index as shown in Section IV. In retrospect, it seems
that the Markovian property led researchers to adopt a DP
framework, thereby obscuring the problem’s simple structure.

C. The Tax Problem

In waiting time problems (see Section V), the reward structure
is the “‘reverse’’ of the bandit problem. As before, exactly one of
N machines can be operated at a time and the idle machines
remain frozen. If / is operated at ¢, then one is charged a tax on the
idle machines C(9): = Z,;.; Ci{x;(f)). The problem is to schedule
the machines so as to minimize

E 5: a'’Cc(@)

=1

(1.3)

where 0 < @ < 1 is a fixed discount factor.

At first sight, property ii) of the bandit problem appears to be
violated. We will show nevertheless that the two problems are
equivalent. In Section II it is shown that the optimal policy for the
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tax problem is also an index rule determined by the index

E{aCi(x) —a'Cilx{(n) | x(1) = x;}

7-1
E {E a’|x,-(1)=x,-}

1

Tilx) 1= max (1.4

This version of the Gittins index can be interpreted as the
maximum expected decrease in taxes per unit of expected
discounted time.

D. Extensions

Section IIT is devoted to several extensions of the bandit and tax
problems. In each case the optimal policy turns out to be an index
rule, although the form of the index varies.

First, we consider the continuous time problem where, once a
machine is operated, it cannot be idled until a certain ‘‘phase’’ is
completed. This corresponds to a nonpreemptive discipline.
Alternatively, one may view this as a natural extension of the
discrete time Markov dynamics to the semi-Markov case treated
in [21].

Second, we treat the continuous time problem where a machine
may be idled at any time. This is the preemptive discipline.

Third, we consider the more significant extension to a
superprocess [6], [7], [19]. Here, in addition to sclecting the
machine to be operated, one also chooses a control action. Under
fairly restrictive conditions, similar to those given by Whittle
[19], an index rule is shown to be optimal.

Finally, we consider the situation where new machines are
being made available: if time is discrete, the new machines must
form an i.i.d. sequence; if time is continuous, they must form a
Poisson process. This situation is analyzed using the results on
SUperprocesses.

E. Computation of the Index

As mentioned before, the results in Sections II and II on the
optimality of the index rule do not require Markovian dynamics.
In this general setting it is not easy to compute the index.
However, when the machines evolve according to a finite state
Markov chain, one can give algorithms to compute the index.
Such algorithms are described in Section IV and are simpler than
others published in the literature.

F. Applications

There is an extensive literature showing that the multiarmed
bandit and its variants can be used to model the decision problems
in job scheduling, resource allocation, sequential random sam-
pling, clinical trials, investment in new products, random search,
etc. See [1]-[41, [7], [15]-[18], [21] and the references listed
therein. There is no need to review these applications here. It may
be worth noting that since we do not assume Markovian
dynamics, some new applications may be possible.

On the other hand, the tax problem formulated in Section I-C is
novel. It was suggested by the important work of Klimov [13],
[14]. In Section V we show how the index rule for the tax problem
provides an optimal policy for a version of Klimov’s problem.

[I. OPTIMALITY OF THE INDEX RULE

A. Main Idea Hlustrated

Since the simple idea underlying the proof might be obscured in
the general case by the cumbersome notation, we illustrate it by
the example of a deterministic two-armed bandit problem.

Suppose there are two deterministic machines, X and Y. If
these were operated continually, they would respectively yield the
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sequences of immediate rewards

X(1), X, X(3), --- and Y(1), ¥Y(?), Y(3), - @.n

In analogy with (1.2), we define the index (at time 1) of these
machines as

7—1 -
Y, a'Xx() E a'Y()
l—-l_—‘ s Py .=max =rl—l

e b

vy. It is easy to check

vy .= max 2.2)

™1

Suppose vy is realized at 7 and that vy =

that (2.2) implies

7~1

-1
> ax@=zvy Yy, @,

a

2.3

l=o<r7,

o=1.

2.4)

}a: aY()=vy i a’,
1 1

Consider the sequence of immediate rewards obtained by using
an arbitrary policy 7. This sequence will be an interweaving of the
two sequences in (2.1). Call it

(1), 2(2), Z(3), - -

and let 7 be the time when = operates machine X for the (7 — 1)st
time, so that Z(T') = X(r — 1). (If 7 operates X fewer than 7 —
1 times, then T = o0.) The Z sequence must be of the form
Y(l)s Y Y(kl)’ X(l)s Y(kl+1)’ Tty Y(k?.)s
X(2)9 St Y(k‘r-l)’ X(T_ 1)’ Z(T+ 1): Z(T+2), Tt
(2.5)

Next consider the policy # which first operates the X machine
(7 — 1) times, machine Y for k,_, times, and then follows policy
« to yield the sequence

X(l)’ Tty X(T_ 1)’ Y(1)9 T, Y(k‘r— l)’
Z(T+1), Z(T+2), (2.6)
The present values of these policies are
V(x) : _5_; a'Y(®)+- - +a"? 2 a'Y()
k,_a+1
71
+ E akt Xt + E a'Z(f)
T+1
=1
VE) = a'X(H)+a! E a'Y(n+ 2 a'Z().
1 T+1

Then V(%) — V(m) = Ax — Ay, where (with ky: = 0)

T—~1
Ay 1= Y (1-ak)a'X()
1

7—~1
= 2 (akt—l—
1

71
aky) 2 a"X(n)
by (2.3)

7—1 7—-1
zuy Y, (@-1-a%) Y a”,
1 n=t

7=1
=vx 3, (1-a*a’
1
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k k;
Ay:=(1-a"") Y a'YO)+(@-a™"") Y, a'Y()
L

ki+1

kooa
tet(@Ti-a) Y @'Y

kooatl

7—-1 k,
=Y (@ '-a) Y, a"Y(n)
1

n=1

7-1 k,
svx Y, @ '-a) Y ", by (2.4) and vx=wy
1 n=1

=1
=vx 3, (1-a*na'.
1

Hence, (%) = W(x).

Thus, it is better to follow the index rule until time 7 — 1. The
argument can now be repeated starting at time 7. This proves the
optimality of the index rule. Observe that the freezing property is
needed to guarantee that the sequence (2.6) is feasible; property ii)
(idle machines yield no reward) is used to compare the rewards
obtained by any policy with the rewards due to the index rule.

B. Formulation of the Bandit and Tax Problems

Machine / = 1, 2,
sequences

=+, N is characterized by the pair of

{Xs), F(9)},

X(s) is the (random) reward obtained when { is operated for the
sth time. Fi(s) is the ¢-field representing the information about
machine i gathered after it has been operated (s — 1) times. It is
assumed that

i) Fi(s) C Fi{s + 1); let Fi: = V,Fi(s) (X'(s) need not be
adapted to Fi(s));
iy Vio(X(s)VF', i = 1, -+-, N, are independent;
iii) EZP @’|X(f)| < o, all /; here 0 < a < 1 is a fixed
discount factor.

s=1,2, -, 2.7

At each time exactly one machine must be operated. Thus, # =
'+ .- + ¥ where ¢/ = t(?) is the number of times { is
operated during 1, 2, -+, £. £/ or ti(?) is called the ith machine
time at process time 7.

Consider the decision at time # + 1. This must be based on the
available information

F@+1) =V, Fiti+1), t=0,1, -,

(Here and subsequently, V.F'(#! + 1) is shorthand for the
following inductive definition. Let i(f) be the machine operated at
time 7. Then F(t + 1) = F(OVG(r), where G(¥) is the o-field
generated by sets of the form {i() = i} N {ri(z) = s} N A, with
A € Fi(s + 1).) A policy is any sequence of decisions that
satisfies this information constraint. The bandit problem is to find
the policv 7 that maximizes

V(z) :=E {i a’X“”(t“"(t))|F(1)} 2.8)
1

where () is the machine operated at time ¢. The conditioning with
respect to F(1) will prove convenient later when a change of time
origin will be used.

In the tax problem the data and assumptions are identical. The
only difference is that' X’(s) is interpreted as the tax that must be
paid at time ¢ if, after being operated (s — 1) times, machine i is
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idled at time 7. The tax problem is to find the policy = that
minimizes

W(z) :=E {2 a' [ Y X"(rf(t)+1)] IHI)}- (2.9)

t=1 i#i(t)

C. Equivalence of the Problems

Consider any policy . Let /(5) be the process time when =
operates i/ for the sth time; /(0): = 0. Then, for the bandit
problem

Wm)=E {2 i a'i(s>X"(s)|F(1)}

i s=1

and for the tax problem

W(m=E {E i [@s—D+ig ~-+a’i")“]X"(s)]F(l)} .

i s=1

‘Suppose we wish to maximize V(7). Define machines {Y'(s),
Fi(s)} by

Yis) 1= i a’X(s+r).
Then, =
Xi@)=Y{s)—aYi(s+1).

Simple algebraic manipulation leads to the form

> @iOXs)=aY(1)-(1-a) 3, [aht~ D!
s=1 1

ER +a!,-(s)—1] Yi(S).

Since Yi(1) fixed, it follows that maximization of W(m) is
equivalent to the tax problem:

min E {2 P CL AR +a'f(s>-']Y"(s)|F(1)} .

i

On the other hand, suppose we wish to minimize W{(x). Define
machine {Z(s), F(s)} by

Zi(s) :=Xs)—aX(s+1).
Then one gets

o™
E [@is=D+1 g oo 4 gD~ 11Xi(s)
1

=(1-a)™! [axf(l)— > a’f‘f’z"(s)]
1
and so the tax problem is equivalent to the bandit problem:

max E {E D a’i‘”Z"(S)IF(l)} .
i s
D. 1he Index Rules

For the bandit problem, the index of machine / after it has been
operated (s — 1) times is defined as

71
E {E a’Xir) lF"(s)}

i=s

vi(s) : = max

T>5 -1
E {2 a’|F"(s)}

{=s

(2.10)
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where the maximization is over all stopping times «© = 7 > s of
{F'(-)}. (Here, and in the sequel, ‘‘max”’ is to be interpreted as
the more cumbersome phrase ‘‘ess sup’’ used in Appendix A.)

For the tax problem, the index of i after it has been operated (s
— 1) times is defined as

E{a*X(s) - a"X(7)| F{(s)}

1is) : = max p—
E {2 a’|F"(s)}

t=g

(2.11)

The indexes in (2.10) and (2.11) are in conformity with the
equivalence transformations introduced in the preceding section.
Note also that if the machine dynamics are Markovian and
stationary, then (2.10) reduces to (1.2), while (2.11) reduces to
(1.4).

In Appendix A it is shown that there always exists 7 achieving
the maximum in (2.10). The index rule for either problem is the
policy that operates the machine with the largest current index.

E. Optimality of the Index Rule

Because the two problems are equivalent, only the bandit
problem is considered. The optimality is based on the following
lemma, whose proof is relegated to Appendix B.

Let X(),t = 1,2, - - -, be a sequence of random variables on a
probability space (2, F, P). Let {F(r)} be an increasing family of
sub-o-fields of F, and suppose that E T¢ | X(#)| < oo.

Lemma 2.1: Suppose that

7—1
max £ {Z}l X(t)lF(l)} =0

where the maximization is over all {F(-)} stopping times and
suppose that 7* achieves the maximum.
a) Then

E {i oz(t)X(t)|F(1)} =<0 a.s.

=1
for all {F(-)}-adapted random sequences {c(f)} such that

lza()za(+1)=0 a.s. for all ¢.

b) Moreover,

=1
E { E B(t)X(t)|F(1)} =0 a.s.

t=1

for all {F(-)}-adapted random sequences {3(£)} such that

0B =p¢+1)=<1 a.s, for all 7.

Clearly, the results of the lemma will continue to hold if {c(?)}
and {3(r)} are adapted to the sequence {F(-) VG}, where G is any
field independent of F.

Before proving optimality of the index rule, we give two
corollaries of Lemma 2.1. These corollaries are of independent
interest; they are not used in the sequel.

Corollary 2.1: The index is nondecreasing in the discount rate.

Proof: Let {X(1), F(©)},t = 1,2, - - -, be as in Lemma 2.1
and define for @ € (0, 1]

=1

7—1
E {E a’|F(l)}

=1

7—1
E {2 a’X(t)|F(l)}

v(a) : = max
7>1
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Let b € (0, a@). We show that »(b) < »(a). One has

-1
max E {2 a’[X(t)—v(a)]|F(1)} =0.

™>1
t=1

Now,

7-1
E {2 b’[X(t)—v(a)]IF(l)}

=1

7—1
E{E(gywmm—mmﬂﬂ
=1

E {2 a(Na'[X(2) - v(a)] IF(I)} <0
t=1

1l

since atf): = (b/a)* 1 (z > f)issuch that 1 = off) = ot + 1)
= 0. Since 7 is arbitrary, it follows that v(b) < »(a). [ |

Corollary 2.2: Let {(8), X(0), F(O}, t = 1,2, ---, beasin
Lemma 2.1 and define for ¢ € [0, 1]

7—-1
E {E a’X(t)|F(1)}

1

¥, = max

™>1 -1
E{Zwm@

1
7-1
E {E a’a(t)X(t)|F(1)}
Vo= : 7—1 °
E {E a’|F(l)}

1

If v, = 0, then v, = »,,.
Proof: One has max,»; E{Z7"! a’[X(®) — v]J|F(1)} = 0.
Therefore, by Lemma 2.1, for all 7 > 1,

7—1
E {E a'a()[X(@) — v] |F(1)} =0,
1

so that

7—1 71
E {2 a’a(t)X(t)|F(1)}5vxE {2 a(t)a’|F(l)}
1

1

7—1
=nE {2 a’|F(1)} .

1

Hence, v, = vg. [ |

We now prove the optimality of the index rule. The main
difficulty is one of notation. Consider the effect of any policy 7
from time 7 on. By a change of time origin we can set f = 1, so
long as the information available from operating the machines up
to time ¢ — 1 is incorporated in the initial o-fields Fi(1). Let

Z1), 2(2), ---

be the sequence of immediate rewards resulting from =. This
sequence is an interweaving of the N sequences
X1, X2, -+, i=1, -+, N.
Let /,(s) be the time when 7 operates machine / for the sth time.
(If = operates machine 7 fewer than s — 1 times, then /;(s): = o0.)
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Then

fi{f)=max {s=0|l(s)=<t},

z(1)  ZU)
1 |
Zety  x'u)
t !
Fig. 1.

Xis) o xNT-h Z(T+)

Ji(s)>< T T+

-l Bs) T+l
Reward sequences Z, Z.
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ZI{s)=XXs),

) N o
V(n) :=E {2 a’Z(t)lF(l)} =E {2 D a’i(S)Xi(s)lF'(l)} .
1 i=1s=1

Suppose without loss of generality that machine 1 has the
largest index,

so that k;

vy =) =wi(1), all 7,
and let it be achieved at the stopping time 7 of {F'(-)}. Let

T:=L{r-1), k;i:=¢(D),

=7 -1

Let % be the policy defined as follows:
a) operate machine 1 at time 1, 2, ---, 7 — 1,

b) operate machines/ # 1 attime 7, - - -,

as m, and

2.12)

T in the same order

¢) operate according to w attime 7 + 1, T + 2, --- .
See Fig. 1. It is readily seen that 7 is a (feasible) policy. Let the
resulting sequence of immediate rewards be

Then Z(¥)

21, ZQ2), -

= Z({#), t > T. Let Ii(s) be the time when # operates i
for the sth time. So /i(s) = sfors = 1, -+, 7 -

A :=V(7)—- WV(m)

1l
S|

{

where 3,: =

Now,

{
gt

7=1
E{

T

k;

b=

]
—

i s=1

“
I

s=1

1]

s=1

T B.aX(s) -

3 @12 - Z()] |F(1)}

(a5 — g1 X(s) | F(1) }

Jj¥1 s=1

k
> a;'asxf(s);F(l)}

i#l s=1

1. Then

&
[o° = aO)X1E)~ Y 3 [ali(s) ~ a"x(s) IF(I)}

1 — 2'i®=sand @l = gli®-s — ¥, Since /(s
+ 1y =I{s) + landfori # 1, [{s) = I(s)and (s + 1) — I{(s)
= Ii{s + 1) — I(s), onehasas

0=<g,=8;,,=1, 12&;2&_’;4.1 =0.

7=1
AZE {2 Bsa’[X‘(S)—vle(l)}

s=1

ki
-E {2 > a;aS[Xf(s)—u,-JlF(n}

i+l s=1

+nkE {

z Bsa’— 2 2 ala’| F(1)

i+l s=1

} 2.13)

The last term in (2.13) is

nE {2 (@ -a0)-3 3 ¢~ "”]ml)}

i+l s=1

N
—nE {2 [a" a'f<f>1|F(1)}

By Lemma 2.1b (with X(?): = @’[X'(#) — »]), the first term of
{2.13) is nonnegative; by Lemma 2.1a (with X(#): = @[ X'(f) -
¥}y, the second term of (2.13) is nonpositive. Therefore, A = 0
a.s. Hence, 7 is better than 7.

Now 7 coincides with the index rule over 1, 2, +-+, 7 — 1.
Since the initial time was arbitrary, Theorem 2.1 is proved.

Theorem 2.1: The index rules defined by (2.10) and (2.11) are
optimal.

Remark 2.1: From the proof of Theorem 2.1, one can see that
the index rule proceeds in ‘‘stages’’ as follows.

Stage 1: Calculate »,(1), - -+, vp(1). Suppose »{(1) is the largest
and let it be achieved at time 7; > 1. Operate machine 7 for time 1,
2, ---, 7; — 1. At the end of stage 1, the process time is 77: = 7;

Stage & + 1: Suppose Ty is the process time at the end of stage
k and let the correspondmg machine times be Si: = #(T}).
Calculate the indexes »(S] + 1), -, vp(SY + 1) Suppose the
Jth index is the largest andliet it be achieved at the stopping time 7;
> §/ + 1. Operate machine j for time

Te+ 1, oo, Tet (rj—1-84) 1= Tiyy

In words: at the end of each stage calculate all indexes, and
operate the machine with the largest index for a time given by the
corresponding optimal stopping time. This aiternative construc-
tion of the index rule will be used in Section HI-C.

III. EXTENSIONS

A. Continuous Time, Nonpreemptive

The data are slightly different. Machine i = 1, -+-, N is
described by the triple

{X(s), o(s), Fi(s)}, s=1,2, . @3.D

X'(s) is the instantaneous reward (or tax) as before. If 7 is operated
for the sth time, it must be operated without interruption for the
(random) time interval o’(s). F¥(s) is, as before, the information
obtained after / has been operated (s — 1) times. Assumptions i)
and iii) of Section II-B are maintained. Assumption ii) is replaced
by: the N o-fields generated by {F', X'(s), o'(s), s = 1,2, -}, i
= 1, *++, N, are independent. It is not assumed that ¢’(s) is
adapted to Fi(s) or Fi(s + 1).

The discrete parameter ¢ = 1, 2, - - - now denotes the process
period number and ¢ = #'(f) is the number of times / is operated
during the first # periods. Let #(f) be the machine operated during
the tth period. Then the real (process) time at the end of period ¢ is

o)) = IO(HO(M)) + - - - + (D)) 32
with ¢(0): = 0.

With this additional notation the present value of rewards for
the bandit problem is [cf. (2.8)]

Vr) :=E {E 5::)_1, XO(ing a'rlF(l)} .33
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The integral gives the present value of rewards when i(f) is
operated during the #th period, discounted back to time 0. The
case o'(s) = 1 reduces to the standard bandit problem of Section
o-B.

The index of i after it has been operated (s — 1) times is now
defined as [cf. (2.10)]

7—1
E {2 aa"(s)+---+ai(r—1)Xi(t) 5

i=s

)+ +ar-1) .
E S a’ dr|Fi(s)
0

o¥(t)
0

a’ dr|Fi(s)}

vi(s) : =max
T>5

(3.4)

where 7 is any stopping time of {F*(-)}.

At the end of each period, the index rule operates the machine
with the largest current index and for the associated period o. The
proof of the next result requires obvious changes in the proof of
Theorem 2.1. For the case of discrete time semi-Markov
processes, this result was obtained by Whittle [21].

Theorem 3.1: The present value given by (3.3) is maximized
by the index rule defined by the index (3.4).

A similar result holds for the tax problem. The present value of
the tax stream resulting from policy = is [cf. (2.9)]

-]

S, S"m Y, X+ )ar a’r]F(l)} :

=1 D

W(r) :=E {

The index of i after it has been operated (s — 1) times is now
defined as [cf. (2.11)]

E{X"(s) — aof(s)+ e +ai(1— l)Xi(T) |Fi(s)}

¥i(s) : =max ) .
T>5 os)+ - +oi(r—1) ;
E { 5 a dr[F‘(s)}

(3.5

0

One can then show that the index rule defined by this index is
optimal for the tax problem.

B. Continuous Time, Preemptive

Machine i is now characterized by the continuous parameter
process

{Xi(s), Fi(s)},  s=0.
X(s) is the reward (or tax) process. F'(r) C Fi(s) forr < s. F':
= V.Fi(s), F/ and F/ are independent for i # j.

At any (process) time £, any machine may be operated. Let ¢ =
ti(?) denote the Lebesgue measure of the process time during
which 7 is operated. Then the present value of a policy = is

W) :=E {5: @' XO0(p) dt|F(O)} .

The index for machine / after it has been operated for time s is
defined by

E { 5 a'Xi(t) dt |F‘(s)}

E {Sfaf a’t{Fi(s)}

The index rule is to operate at each ¢ the machine with the
largest current index.

To prove the optimality of the index rule, various additional
technical assumptions must be made so that i(¢), #'(#), and (3.6)
are well defined. In many cases one can construct a proof as
follows. Fix ¢ > 0, and restrict attention to policies w. which

v{(s) :=sup
T>5

(3.6)
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switch machines only at times 0, €, 2¢, * . This is a standard
bandit problem of Section II-B. Moreover,

sup V(w)=<sup V(m.r)<sup V(x).

A technical argument is now required to show that sup V(7)) —
sup V(x,) — 0 as ¢ = 0. The bandit problem for diffusions is
analyzed in [11] by extending Whittle’s dynamic programming
argument.

An index rule for the continuous time tax problem can be
derived in a similar way. The index for machine 7 after it has been
operated for time s is given by

E{asX(s)— a"X(r) | F(s)}

E {ST al dtIF"(s)}

The index rule defined by this index minimizes the present value
of taxes

Y8} :=sup

7>5

r Y, a'xiEiny) dt|F(0)} :
i#i(t)

W(n) :=E {

C. Superprocess

A superprocess is a collection of independent machines. For /
=1, 2, ---, N let the ith superprocess be the collection X" of
standard machines X? = {X(s), F'(s)}. (The filtration {F(s)} is
machine-dependent.) For each selection X € X/, let V*(X!,
<+ +, X™) be the maximum expected reward of the standard bandit
problem associated with the machines X', +--, X¥. The bandit
problem associated with the N superprocesses is to find X’ € X*
to

max V*(Xl, cee, XN).
XI XN

It is natural to expect that the selection of the optimal (X!, - - -,
X?) will usually have to be jointly determined. Our aim is to give
a condition which implies that the selection of the best machine in
the ith superprocess can be made independently of the selection of
the machine in the jth superprocess j # 1. The condition is a
generalization of that given by Whittle [19] and involves the
concept of machine domination which is introduced next.

For any machine X = {X(s), F*(5)} and » € R, let

7—1
N(X, ») :=max E {2 a’[X(t)—v]} 3.7

1

where 7 ranges over all stopping times of {F*(-)}. Observe that
N(X, v) = 0, since the sum in (3.7) vanishes for 7 = 1 a.s.

Remark 3.1: Note that if 7, is the optimal stopping time for
(3.7), and p < », then one can find an optimal stopping time 7,
such that 7, = 7, a.s. (See the proof of Lemma 3.4 for a similar
result.)

Observe also that if #(1) is the index of machine X at time 1 and
if * > 1 is the corresponding stopping time given by (2.10), then

NX, 1(1))=0

and this is achieved by 7*.
Say that machine X = {X(s), F¥(s)} dominates machine ¥ =

{Y(s), F¥(s)} (for the bandit problem) if
NX, »=N(Y, »)

for all ». (3.8)

The interpretation of domination is as follows. Say that one may
operate one of the machines X and Y up to some random time,
after which one retires and receives the constant reward ». Then X
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dominates Y if and only if it is optimal to choose X over Y for any
given value of ». (See Whittle {19].)
Remark 3.2: If X dominates Y, then

E {f; a'X(t)} zE {i a'Y(t)}-
1 [

This can be verified by letting » =+ — oo in (3.7), (3.8).
Theorem 3.2: Suppose X' € X' dominates every other ¥' €
X'. Then
VHXL, oo, XM= max  VH(Y, -
Yiex!

, YY),

Thus, if each superprocess contains 2 dominating machine, then
making the joint optimal selection over X7 X -+ X XV reduces
to IV decoupled optimization problems The condition that there
exists a dominating machine is quite restrictive.

The proof of Theorem 3.2 depends upon the crucial Lemma
3.2, which in turn requires the next instructive result.

For a machine Z = {Z(s), FZ(s)} define a sequence of {FZ(-)}
stopping times ¢; < ¢, < - -+ and a sequence of index values #;,
v, - as follows.

Stage 1: Let »;: = pZ(1) and suppose the index is attained by
the stopping time o, + 1 > 1. See (2.10); here #Z is the index of
machine Z.

Stagei + 1: Letw;,;: = »Z(0; + 1) and suppose it is attained at
time (0;.; + 1) > (o; + 1) (when finite).

Lemma 3.1: v; is measurable with respect to FZ(o;_; + 1)(0p:
= (). Also

ViZ Vigls a.s.

Proof: The first assertion is immediate from definition
(2.10). Suppose P{»;,, > »;} > Q. Define

0=0; on {v;, =¥}

=0i+1 on {v;,1>#}.

It is easily seen that ¢ + 1 is a stopping time since {v;,1 > »;} €
FZ(g; + 1). Moreover,

o;i1+1

a'Z(t) | Flo;_ + 1)}

=E { 2 a’Z(t){F(o,-_l+1)} +E {1{v,~+‘>v.-}

gi-1+1

E {2 a'Z(t)lF(a,-+l)} |F(a,-_1+1)}}

oi+1

=1!,-E{ i a’[F(a,-_1+1)} +E {I{V;+1>v,-}vi+1

gi+1

xE {E a’|F(o,-+1)} IF(U,;[‘I‘])}

ag;+1

>V,'E{ Eﬁ; 0',1‘7'(0','_1',-1)}

g+l

with positive probability, which contradicts (2.10), and the proof
is complete. |

Lemma 3.2: Let X = {X{(5), FX(s)}, Y = {Y(5), FY(®)}, Z
= {Z(s), F%(s)} be three machines. Suppose o(X), o(Y), o(Z)
are independent where o(X): = V. o(X(s))V.F¥(s), and o(Y),
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o(Z) are defined similarly. If X dominates ¥, then

VXX, Z)=V*(Y, Z).

Proof: By Theorem 2,1 V*(Y, Z) is attained by the
corresponding index rule. Suppose the index rule leads to the
sequence of immediate rewards,

Y, ---, YO, Z(1), - -+,
Z(U] + 1)! ST Z(UZ), e

where A;,; = \;and 6;,; = o; are stopping times of {FY(-)} and
FZ()}, respectively. Then

Z(o1), Y +1), -++, YN,

VXY, Z)=E {E a'Y(t) +at E a'Y@+ - }

M+1d

{ M E a‘Z(n)+a* 2 a'Z(p)+ - } .

g+l
(3.9

According to Remark 2.1, we may assume that the interval o;
+ 1, **+, 0y, is a stage in the implementation of the index rule.
Let vt = vZ(o;_, + 1). Then (2.10) and Lemma 3.1 respectively
imply

oj+1 Gis
E {2 a‘Z(t)IFZ(o,-+1)} =vinE {E a’]FZ(a[+1)}

aj+1 ai+1
(3.10)

Via1=y; a.s.

We now specify in stages a policy for the bandit problem
involving the two machines X, Z.

Stage 1: Calculate »,. Find the stopping time (+ + 1) of
{FX(-)} such that

NX, v)=E {E a’[X(t)—ul]} :

1

Operate machine X for 7, times. Then operate machine Z for g;
times.

Stage i + 1: Calculate »;, ;. Find the stopping time (7;,, + 1)
of {F*(+)} such that

NX, vy )= E { 3 af[X(t)—vml} .G

1

Because »;,; < »; a.s., we may assume that 7;,, = 7; a.5.; see
Remark 3.1. Operate machine X for (r;,; — 7;) times. Then
operate machine Z for (¢;+, — o;) times.

This policy results in the sequence of immediate rewards

X, -+, X(m), ZD, -, X(72),

Z(O'[+1), e, Z{ay), v

Z(U]), X(Tl + 1)9 Tt

and so

VKX, Z)2E { Y @' X(H)+a” E a' X+ }

+1

{ 7 E @Z(H) +an E az@+ - }

o +1

(3.12)
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which will be compared with (3.9). We have V¥*(X, Z) —~ V*(Y,
Z) = A — A, where

T N
A=E HE aXx@-y, a’Y(t):l
1 1

Ty A2
+a [Z a'X(n) -, a'Y(t)] +0 }

i+l A+1

1 N
=E {(1 ~a%) [E aX)-Y, a’Y(z‘):l
1 1

2 Ay
+(a1—a%) [E aX@- a’Y(t)] +o } (3.13)
1 1
A=FE {(a)‘l—afl) i a’Z(t)}
1

+E {(a)‘l—afl) 3 a’Z(t)+---} . (a9

g +1

The typical term in (3.13) is

% N
E {(a”i—l—a”i)E {2 aX@-, a’Y(z‘)lFZ(a,-+1)}}
1 1

7 N
=E {(a"i—l ~a%y; <2 a-y, a’)}
1 1

_a
T1-a

£ {(aai_l —ai(ati— aTi)}

using (3.11), and the hypothesis that X dominates Y; we also used
the identity ¢ + -+ + a' = a(1 — @) ~!(1 — a’). Hence,

1_
T” A= E (@M —am)(1—a™)p, + B@? — a2 (@ — a2y + - - -.

(3.15)
Similarly, using (3.10) in (3.14), one finds

1-
Ta Ay sE(@M—am(1—aw + E@@2—a2) (@’ — a2, + - - -

which proves that A, — A, = 0 as required. |
Corollary 3.1: Suppose X and Y are in X' and X dominates Y.
Then for any machines Y2 € X2, ---, YV € XV

VX, Y2, .-, Y™ = V#(Y, Y2, .-, YN,

Proof: Consider any policy that attains V*(Y, Y2, ---, ¥YV)
and let the corresponding sequence of immediate rewards be

Y(1), -o, YO, Z(1), <00, Z(oy), YA+ 1), -0, Y(N),
Z{oy+1), -+, Z(op), -

where {Z(s)} is an interweaving of the reward sequences { Y*(s)},
- -+, {YN(s)}. We can certainly construct a machine Z = {Z(s),
FZ(s)} where Z(s) is as above and FZ(s) is the corresponding
information o-field. Then

VY, Y2, -+, YN =V*(Y, Z).
Also V¥(X, Z) = V¥*(X, Y?, -- -, Y") since operating Z is more
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restrictive. By Lemma 3.2, V¥(X, Z) = V*(Y, Z) and the result
is proved. a

Proof of Theorem 3.2: Repeated applications of the corollary
above give

VEYL, .-, YN)S V*(X1, Y2, .-, YY)

S"'SV*(Xl,"',XN). ]

Corollary 3.2: Suppose X’ € X' dominates every Y’ € X'
Let X = {X(s), F(s)} be the machine corresponding to {X, - - -,
XN} operated according to the index rule, let Y = {Y(s), F(s)}
be the machine corresponding to {Y", - - -, Y™} with an arbitrary
strategy. Then X dominates Y.

Proof: Five » € R and let Z be a machine always giving the
reward 0. The maximum reward for the multiarmed bandit
problem corresponding to the N + 1 machines {X* — p, -« -, XV
- », Z}, with X' — »: = {X'(8) — », Fi(5)} is N(X, »).
Similarly, N(Y, ») is less than the maximum reward correspond-
ingto {Y' — », -+, Y¥ — », Z}. Now, if X* dominates Y’, then
it is clear that X’ — » dominates Y? — ». Therefore, by Theorem
3.2, N(X, ») = N(Y, ») and the proof is complete.

For the tax problem there is an analogous result, except that the
definition of domination is different.

We say that X = {X(s), F¥(s)} dominates ¥ = {¥(s), F¥(s)}

‘for the tax problem if

X, »=I(Y, v)
where, for a machine Z = {Z(s), F?(s)},

for all ¥

7—~1
I'Z, v) :=max E {aZ(l) —atZ(r)—v 2 g’} .
7>1 N

For the tax problem with machines X!, - -+, X7V, let W*(X!,
++ =, W") be the minimum expected cost.

Theorem 3.3: Suppose X! € X' is such that X’ dominates
every Y' € X'. Then

WHX!, .-+, XM= min WY, -+, YM.

Xl XN

Superprocesses arise in multiarmed bandit problems that
involve controlled machines. Consider the “‘standard’’ discrete
time problems of Section II-B with an additional degree of
freedom: when a particular machine is operated, one must select
also a control action that affects both the immediate reward and
the machine ‘‘state transition.”” The control action is based on the
available information about the machine and also about the others.

Consider each machine with all its possible ‘‘local’’ feedback
laws as a superprocess X' = {¥7}. By ‘“local’’ feedback law it is
meant that the control actions are based only on the available
information about that machine. It is shown below that if every
superprocess X' contains a dominating machine X', then the
optimal strategy for the controlled multiarmed bandit problem is
to operate these dominating machines according to the index rule.
In particular, “‘local’’ feedback laws are optimal. It can be shown
that this is not the case, in general, if there is no dominating
machine for every X'. To prove this optimality, we consider the
case of two superprocesses X' = {Y'} and X? = {¥?}. Thus,
every Y = {Yi(s), F(s)} corresponds to a process with a control
law v' = {¥, ¥}, ---} that is Fi(s) adapted. Fix an arbitrary
strategy for the controlled multiarmed bandit process. At every
time s the strategy defines whether to operate X' or X? and also
which control action to take on the basis of the available
information. Notice that the choice of the control action is
equivalent to the choice of a local feedback law for the machine
that is operated at time s on the basis of the information available
about the other machine. For arbitrary feedback laws y! for X!
and 2 for X? and an arbitrary ‘‘switching rule’’ ¢ for selecting
X'or X2, denote by A,(y', ¥%, o) the event that the fixed strategy
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for the controlled multiarmed bandit problem has been using !,
2, and o at least up to time n. To simplify the notation, let § =
(y!, ¥? ¢) and denote by O the collection of all possible 8°s. It can
be assumed that Zycp 1{w € A4,(8)} = 1 for all n. That is,
policies that agree up to time # are identified up to time »#. Then

Z,=Y, H{u€A4,6)32
d

where {Z3} would be the sequence of rewards corresponding to
(y', ¥% ¢) = 8. Notice also that A,,,() C A,(3) € FZ%n) for
all 8, n. The assumption that there are dominating local feedback
laws, say y'* for X' and y2* for X2, implies by Corollary 3.2 that
8% = (y'*, y2*, index rule) is such that {Z’*} dominates all the
{Z%} for & € O. It then remains only to prove the following.
Lemma 3.3: Z** dominates Z.
Proof: Fix v € R and define

7—1
* — 7% _
max E {E a1z} v]}

1

7—1
3 __ 7o _
b'=max E {E}; a'[Z? p]} .
Then b* = b°,8 € 6. Define Z4 = Z3 — a- 0’1 {n = 1},8 €
©. Then

7—-1
max E {E a’{Z‘:-—v]} =0.

7>1
1

Therefore, by Lemma 2.1,

71
max E {E a’l{wEA,(a)}[Zf—v]} <0

>1
1

so that

7-1
max E {E a’l{wEA,(a)}[Zf—v]—b*l{wEAl(a)}} =0

7>1
1

7-1
max E {E a’l{wEAt(a)}[Z,-u]—b*l{wEA‘(a)}} =0.

T>1
1

Therefore, by summing over d and using Z,1{w € 4,3} =1,

7=1
max £ {E a'[Z,—V]} <b*.

1

Hence, Z% dominates Z, as was to be shown. [ ]
Lemmma 3.3 is valid for an arbitrary number of superprocesses.

D. Arm-Acquiring Bandits

We shall consider the discrete time bandit problem of Section
II-B but, in addition we permit the arrival of new machines.
Whittle {20] calls this an arm-acquiring bandit. To describe the
model, the previous notation must be extended as follows.

There is now a potentially infinite number of machines i = 1,
2, - - -. The ith machine X! = {X(s), Fi(s)} is described exactly
as before. At time ¢, only a finite number of machines i = 1, 2,
- ++, n(?) is available. These are the machines which either were
available at time 1 or arrived during 1, +--, # — 1. Let #/(¢), i =
1, -+, n(f), be the number of times that / was operated during
time 1, -+, £. Thus, £i(?) is the /th machine time at process time 7.
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The decision at ¢ + 1 is to be based on

n(t)
F(ty :=  Fietn +1).

i=1

At time ¢ a set A(?) of new machines arrive. These are ‘“‘new”’
in the sense that at ¢ their machine times are zero. Let |A(f)]
denote the number of machines in A(#). Then

n(+1)=n(t)+ |A@®)|

and at ! + 1 one may operate any machinei = 1, ---, n(z + 1).
Here n(1) is the number of machines available at time 1. In
addition to the assumptions i)-iii) imposed at the beginning of
Section II-B, we make the following assumption.

iv) For each ¢ the set of random arrivals A(?) is independent of
the control actions taken during 1, - -, £.

The assumption means essentially that the number and type of
machines arriving in the future cannot be affected by the order in
which machines were operated in the past. The assumption
permits future arrivals to be dependent on past arrivals. This
possibility will be removed later.

We convert this problem into one involving superprocesses.

To begin, suppose only one machine X = {X(s), F(s)} is
available at time 1. The arrival of new machines is described by
the random sequence {A(#)}, ¢ = 1, 2, - - -. A policy 7 prescribes
at each time ¢ whether to operate machine X or to operate one of
the machines that arrived before ¢. Each such policy will
determine a sequence of immediate rewards and an associated
sequence of information fields. We may regard this pair of
sequences as a ‘‘standard’’ machine X* = {X7*(s), F7(s)} of the
type introduced in Section II-B; different policies will be
associated with different machines. The set of all (feasible)
policies can, in this way, equivalently be regarded as a set of
possible machines, in other words, as a superprocess, say X. Note
that the original machine X corresponds to a policy that does not
operate any newly arrived machine. Hence, X € X.

We want to show that X contains a dominating machine X™.
The following proposition will be useful.

Lemma 3.4: Let Z = Z(s), F(s)} be a machine. Consider

-1
t
max E ; a'Z(t)

and let 7 be optimal. Let 0 > 1 be any stopping time. Then

7-1 g-1
E {1(0<T) S a'Z(t)} >0=F {I(o>7’) S a’Z(t)} .

The result continued to hold if ¢ is allowed 10 be a stopping time of
F($)VG, where G is any o-field independent of F.
Proof: Let N = EX}~! @’Z(#). Then

=1 7—1
N=E {1(0>T) > a‘Z(t)} +E {1(021) > a'Z(t)}
4 1

1

+ £ {1(a<1) 02—: a’Z(t)}
1

r—1
=E {1(0«) > a’Z(t)}

é

-1
+E a'z(), 8 :=min (o, 7).
1
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Since EX$! a'Z(r) < N, the first inequality is proved. Also,

-1 o—1
N=E {1(057) > a’Z(t)} +E {1(0>T) Y a’Z(t)}
1 1
o~-1
-E {l(a>‘r) h> a'Z(t)}

A-1 o—1
=E Y a'Z)-E {1(0>T) S a‘Z(t)} ,
1 T

‘)\ :=max (g, 7).

Since EZ}~! a'Z(f) < N, the second inequality is proved.
For any policy w and number v, let

7—1

N(x, ») 1= max E El a'[X (1) - »

where 7 is a stopping time of {F*(-)}. Let

7—1

N(») :=max N(x, v)=max malx E E a't X (t)—vr] (3.16)
L4 T > 1

and let w(v), 7(v) be optimal for (3.16). We assume that 7(»)
exists.
Then X* dominates every machine in X if N(w, ») = N(») for
all v [see (3.8)].
Fix two numbers g < ».
Lemma 3.5: There exists a policy = which agrees with «(v)
during 1, - - -, 7(») — 1 such that N(w, p) = N(mw(p), p) = N(u).
Proof: Denote the reward sequence during 1, -+, 7(») — 1
corresponding to w(v) by
ZW)—v, Z2)—v, --

., Zr() - 1) —» (3.17)

and the reward sequence during 1, « -+, 7(u) ~ 1 corresponding
to w(u) by

Y(l)_#’ ) Y(O’])—M., Z(l)_P«, Y(01+1)_p's R Y(UZ)—I‘H
Z2)—p, Yoo+ D) —p, =, Z(k—1)—p,
Y(or-1+D)—p, -+, Yo —p. (3.18)

In the sequence (3.18) the Z(i/) denote the rewards which
explicitly appear in (3.17). Hence, k¥ — 1 < 7(») — 1. By Lemma
3.4, and since p < v,

HOES! -1
0<E Y, alZ0)—»]<E Y, a'lZ(t)—pl.
k k

Hence, if & # 7(v), the policy which gives the reward sequence

Y -p, - o) —p, Z()—p, **+, Yo —p,
Z(k)=p, * 5 Zr(@) - D —p

will give a larger reward than w(u), which is not possible since
w(u) is optimal. Hence, we may assume that X = 7(») in (3.18),
and in particular 7(u) = 7(»).

Next, consider the policy p which up to the stopping time 7: =
7(u) gives the reward sequence

ZW)—p, -, Zk=D—p, YD) —p, -7, Yo —p (3.19)
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and after that it agrees with the policy w(u). Assumption iv)
guarantees the feasibility of 7. Also 7 agrees with w(») during 1,
«++, 7(v) — 1. Since N(u) = N(m(y), p),

0=N(m, p) — N(m(), 1)

k—1 (43
=FE {2 a'[Z() - pl+ ), a"“”[YU)—#]}

i=1 ji=1

—E{El:af[Y(j)—/,c]+~--+ > Y-

j=1 J=or+1

k-1
+y a”f“[za)—u]}

i=1

k-1 Ok
-E {E a'Z)~ 1+ Y a"‘“f[Y(j)—v]}

i=1 j=1

—E{f:af[Y(j)—v1+---+ 3 gk Yy -]

J=1 J=oga+1

k-1
+3 a"i”[Z(i)—v]}

i=1

k-1
=F { 2 (1 —a%a'{Z() - v]}
i=1

k-1 a;
—E{E > (a"“—a"“)a"[Y(j)—v]}

i=1 j=o_;+1
= AZ'—A}'.
By Lemma 3.4,

k-1 71
E {E a"[Z(i)—u]} =0=max E {E a"[Z(i)—u]} :

i=1 i=1

Using this in Lemma 2.1b (with 8; = 1 — a°i) shows A; = 0.
Also, by Lemma 3.4,

k-1 a;
{3 3
i=1 j=0,_1+1

af[Y(j)—v]} £ 3 al1¥)- v =0.

i=1

Using this in Lemma 2.l1a shows Ay =< 0. The proof is
complete. ||

Theorem 3.4. There exists a policy = such that X dominates
every machine in X,

Proof: Let vy > v, > --- = —oo. By Lemma 3.4 there
exist policies w(»;) and stopping times 7(y;) = o a.s. (since the
terms in 3.7 become positive) such that x(v;, ) agrees with 7(v;)
during 1, -+, 7(#») — 1. Then the unique strategy w which
extends all the m(»;) is the required policy. ||

We now return to the bandit problem with arrivals introduced at
the beginning of this section. In addition to assumption i)-iv), we
impose the following.

vyA®, t = 1, 2, --
variables.

At time ¢ consider the ith machine X", after it has been operated
s — 1 = ti(#) times. (X’ may be the machine available at time 1 or
any machine that arrived before ¢.) This machine, together with
the arrival process {A(-)}, defines a superprocess X’(s). We
define the index vi(s) of X' to be the index of the dominant

-, is a sequence of i.i.d. random
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machine in X'(s). More directly,

7-1
E { Y @' x(0) |Fi(s)}

7-1
E {2 a’|F"(s)}

s

3.20

r;(s) : =max max

T TT>8

Assumption v) guarantees that the index depends only on the
machine type {, the machine time s, and the law of the arriving
process, not on the process time f.

Theorem 3.5: For the bandit problem with arrivals, it is
optimal to operate at each time the available machine with the
largest current index.

Proof: At any process time one is faced with the superpro-
cesses X', [ = 1, -+, n(f). By Theorem 3.4 the dominant
machine in X* has index (3.20). By Theorem 3.3 it is sufficient to
restrict attention to these dominant machines, but then Theorem
2.1 guarantees optmality of the index rule. |

E. Tax Problem with Arrivals

The setup is exactly as in the arm-acquiring bandit problem,
except that X*(s) is the tax when machine / is idle. We study this
by transforming it into an equivalent bandit problem as in Section
1I-B. The details are sufficiently different to require a separate
treatment.

The cost of a policy = is

) n{e)
W(z)=E {E al [ > Xf(t"(t)+1)]}
i#i1)

if machine / is available at time 1

@*x
E -+ .oy al,-(s)-l]Xi(S)}

uMg

where
I(s) :=0
=the process time when machine / arrived, otherwise.

Define new machines Z/ by Zi(s) = X(s) — aX(s + 1), in

terms of which

W(r)=(1-a)"'E {E a@hiO+1xi(1) ~

i=1

D) a’f‘”z"(s)}
i=1 s=1

so that the tax problem is equivalent to the arm-acquiring bandit
problem with the machines Z*.

Thus, the index for machine X in the tax problem after it has
been operated s — 1 = #(?) times is

7—1
E {E a'’Z (1) |Fi(s)}

S

E {72[ a’lF"(s)}

5

¥il$) : =max max (3.21)

T>5

where
Z ) =Xt + D —aXED +2).

Note that, since 7= may operate different machines, the sum in the
numerator in (3.21) does not collapse as in (2.11).

Theorem 3.6: For the tax problem with arrivals, an optimal
policy is given by the index rule defined by (3.21).

Remark 3.2: The indexes given by (3.20) and (3.21) are much
more difficult to compute than those given by (2.10) and (2.11),
where no arrivals are considered.
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It should be clear that Theorems 3.4, 3.5, and 3.6 generalize in
the obvious way to the situation where time is continuous and the
discipline is preemptive or nonpreemptive, as in Sections IMI-A
and III-B. Assumption v) must now be read to mean that new
machines arrive in a Poisson stream.

IV. CALCULATING THE INDEX

In this section we develop algorithms for calculating the various
indexes in the case where the machine is described by a finite state
Markov chain.

A. Discrete Time Bandit Problem

Let x(s), s = 1, 2, + - -, be a Markov chain with state space {1,
2, .-+, K}. Let /i) be the reward when x{¢#) = i. Suppose the
state is observed. Then one has the standard machine { X(s), F(s)}
where

XS =rx(s), F=0{x(1), x(2), -, x(5)}.
From (2.10) we see that if x(s) = i, then the corresponding index

v(s) = v; where
T—1
E {2 a'r(x(t))}
t=1

max
>1 7-1
5]

Here Eif: = E{fix(1) = i}, and 7 ranges over all stopping times
of {x(-)}. We wish to calculate »;, i = 1,2, -+, K,

Lemma 4.1: Suppose vy = v; = -+* = g Then an optimal
stopping time for (4.1) is

=min {t>1|xO&{1, -+, i}}.

For a direct proof see Gittins [7, p. 154]; alternatively one can
give a slight modification of the proof of Lemma 3.1. The same
arguments also give the following.

Lemma 4.2: Suppose ¥, = », =
stopping time for (4.1) is

ri=min {>1|x(OE{1, -

4.1

* = pg. Then an optimal

. i—1}}.

We use these results to find in sequence the state with the largest,
second largest, third largest index, etc. Let P = {P;} denote the
K x K transition matrix of the chain {x()}.

Theorem 4.1: Suppose v, = v; = -+ = p,_, for some m.

Then
ol o
V= MAX y;=max Ez:ﬁ_.:'i
where o™ = (a7, * -+, 2P, 87 = (7, -+, B7) " are given by
a™ 1=a[l-aP™)"'r, Bm:=all-aP™~'1
with
Py j<m
m o y
Py= {0 jz=m
=(r(1), -+, KN, 1:=(,---, DT,

Proof: Suppose v,, = maX;>n, »;. By Lemma 4.2

7—-1
E, {2 a'r(x(t))}

1

(5]

Vm
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with
r=min {>1|x(N&{1, ---, m—1}}.
Hence,
-1
al :=E; Y, a'rx(0)=ar(i)+a Y, Pyar
1 j<m
T—1
‘Bl'" ;:EI. 2 al=a+a E P,jﬁ}n
1 j<m

which concludes the proof. [ ]

B. Continuous Time, Nonpreemptive Bandit Problem

Let Y(2), ¢ = 0, be a continuous parameter, right-continuous
pure jump process with jump times 0 = 7, < T < - - such that
{x(s): = W(T,_\)},s = 1,2, - - -, is a Markov chain with values
in {1, -+, K} and K x K probability transition matrix P.

Let o(s): = T, — T_,. Let r(i) be the reward when ¥(?) = i.
The nonpreemptive discipline means that a machine must be
operated until its next jump time. In terms of the notation of
Section III-A, this gives an abstract machine {X(s), o(s), F(s)}
where X(5): = r(x(s)), F(s): = o{x(i), o — 1); i < s} is the
information available after the machine has been operated for (s
— 1) periods.

Finally, it is assumed that the conditional distribution of o(s)
given F(s) depends only on x(s). In other words, y(¢) is a semi-
Markov process. Let

b; :=E{a"®| x(s)=1i}.

From (3.4) we see after evaluating the integrals that if x(s) = /,
the corresponding index »(s) = »; where

7-1
E; { DI U a“‘”]r(x(s»}

s=1

y; = max

7 71
7! E; {E a0(1)+"'+ﬂ(5—1)[1_aﬂ(5)]}

s=1

where E,f: = E{f]x(1) = i}.
As in the preceding section, one obtains the following result.
Theorem 4.2: Suppose v; = *** = »,_;. Let

7:=min {s>1|x(s)&§ {1, ---, m—1}}.
Then

n
@
max y;=max -—-
izm ' izm Br

where

7—1

af 1=E; 3 g+ +os-D1 - goO]r(x(s))
1

=(1-b)r() +b; », Pjar

Jj<m

T—1
B’" Z=E,- E au(l)+"'+a(5—l)[1 _ao(s)]
i
1

=(l-b)+b; Y, P;B".
Jj<m
C. Discrete Time Tax Problem

Since the equivalence of this problem to the discrete time bandit
problem is established in Section II-C, the index can be written
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easily as

71
E; { D ale(x(t) — ac(x(t + 1))}

=1

Yi c = max
T>1 71
E,' {2 at}
t=1

under the same conditions as Section IV-A, except that ¢(/) now
denotes the cost per unit time when x(f) = i. The algorithms
developed in the preceding section apply to this case with obvious
modifications.

V. AN APPLICATION

Consider a network of queues indexed i = 1, - -+, K. A single
server is to be assigned to service jobs in any queue. If this server
is allocated to a job in queue i, that job must be completed before
the server may be reassigned. In other words, the service
discipline is nonpreemptive. A job in queue i requires a random
amount of service time o(/). All service times are independent,
and service times for jobs in the same queue are identically
distributed.

Once a job in a queue i is completed, then with a fixed
‘“‘routing”’ probability P; the job joins queue j, and with
probability Pj, it leaves the network.

Let n,(¢) be the number of customers waiting in queue 7 at time
t. (The job being serviced is not counted in the #n;.) Let (i) > 0 be
constants. Consider the problem of assigning the single server to
the jobs in such a way as to minimize the waiting cost

o~

E S: a E cinit) dt.

1

5.1)

This semi-Markov decision problem can readily be recast as a
tax problem. One associates to each job a machine X = {X(s),
a(s), F(s)} in the following manner. Suppose that after (s — 1)
service completions the job is in queue x(s) € {1, ---, N}. If the
job leaves the network after (s — 1) service completions, let x(s)
= 0. Let F(5): = o{x(1), -+, x(5)}; let o(s) have the same
distribution as a(x(s)) if x(s) > 0, o(0) = 0 if x(s) = 0. The
reformulation as a tax problem is complete if one interprets
assignment of the single server to a job as the operation of the
corresponding machine.

Observe that {x(s)} is a Markov chain with absorbing state 0
and (K + 1) X (K + 1) transition matrix P. One defines an index
as in (3.5). If x(s) = i, the index is

L E{e(1)) - goe D+ + a7 - M (x(1))}

o))+ -+ - + olx(r— 1))
E; {5 ar dr}
0
(5.2)

where E;f: = E{f|x(1) = i} and ¢(0): = 0. Note thaty; > 0 for i
> 0. (The index (5.2) can be calculated using the algorithm given
in the preceding section.) Theorem 3.9 now gives the following
result.

Theorem 5.1: The index rule defined by the index (5.2)
minimizes the waiting cost (5.1).

The problem discussed above was motivated by the work of
Klimov [13], [14]. Klimov permits Poisson arrivals, and he
minimizes the average waiting cost per unit time.

¥i=1ma i=1, -+, K

T>1

3

=0, i=0

VI. CONCLUSIONS

The multiarmed bandit problem is perhaps the simplest
nontrivial problem in stochastic control for which a reasonably
complete analysis is available. Most previous investigations of
this problem were conducted within the framework of dynamic
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programming. That framework has tended to hide the essential
structure of the problem. In this paper the problem was studied
using what, following Gittins [7], might be called a ‘forwards
induction’’ argument. That argument has allowed us to dispense
with the restrictions to Markovian dynamics and to complete state
observations. Removal of these restrictions may increase the
range of applications.

The paper also proposes a more general formulation of
superprocesses. These are bandit problems in which a control
variable is present. Further study of superprocesses may reveal an
interesting class of applications.

Finally, the paper formulates a new class of problems which we
have called the tax problém. In the discounted case considered
here, the tax and bandit problems are equivalent; they are not
equivalent when there is no discount. In situations involving
allocation of a single resource where waiting costs are significant,
the tax problem appears to provide a more convenient model.

APPENDIX A

Let {X(s), F(5)} be a machine with

EY a'| X()| <o. (7.1
1

Let 7" be the set of all stopping times 7, § < 7 < oo, We will show
that there exists 7% in 7 that achieves

71
E {2 a’(X)IF(S)}
Y(s) :=ess sup ‘=:_1 (7.2
€T E {2 a’|F(S)}
=2
Let Y(¢): = X(f) — +(s). Then,
7~1
ess sup E {E a’Y(t)|F(s)} =0 as.
7€T I~s
and the problem is equivalent to finding 7* in 7 such that
-1
E { > a’Y(t)|F(s)} =0 as. (7-3)
t=s

But this problem is very similar to Snell’s problem discussed in
Neveu [22]. Our problem is simpler, since

1) the associated martingale is uniformly integrable because of
(7.1);
2) we permit 7* to be infinite.

The following result can be proved in a way parallel to the
proof of Proposition VI-1-3 in [221.

Theorem 7.1: The stopping rule 7* defined below is optimal
for (7.2) and (7.3):

T—=1
7% :=min {t>s|ess sup E {2 a’'[X(r) —y(s)] IF(I)} 20}

721 ret

=t

-1
+ oo ifess sup E {E a’[X(r)—'y(s)]lF(t)} <0

r=i

for all >s.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-30, NO. 5, MAY 1985

APPENDIX B

The proof of Lemma 2.1 is given below.
Define forn = 1,2, ---,

A = {w]E [i a(t)X(t)\F(n)] >0} .

Set a(n)/ce(m — 1): = Oon {a(n — 1) = 0}. Notice that since
o(n)/afn — 1) € [0, 1], one has

o(n) o o(?)
cz(n—l)E [2 v )X(t)lF(n)]
< HA(MNE [E (( )) (6] F(n)] (7.4)
where 1(A(n)) is the indicator of A(n).
From (7.4) one finds for n > 1, and using Z(n): = 1(A(1) N
- N A,
p(n—1):=E [E ZOXO+Zn-1) 2 O‘(’) )X(t) |F(1):]

o(n)
an—1)

n-1
=F { Y, Z(X () +Z(n—-1)

=1

[2 —((— (z)lF(n)] IF(I)}

n-1
<E { Y, ZOX() + Z(n— D1(An))

Hbt

n-1
=F [ E Z(OHX @) + Z(n) X(n)

t=1

X IF(n)] !FU)}

|A
V

+ Z(n) E X(t) IF(I)]

t=n+1 ()
=(n).

Therefore,

o)=E [E 2w 53 X(t)sF(l)}

< }lII_I} o(n)=E [i AN - N A(t))X(t)[F(l)]

Assume now that E[Z¢ «a()X(0)|F(1)] > 0 on some set of
positive measure. Then, on that set, ¢(1) > 0, which implies that

0<E [i AN - n A(t))X(t)|F(1)]
t=1

(7.5)

7—1
=E [E X(t)|F(1)]
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where 7 is the {F(-)}-stopping time defined by
r=nonA(1) N --- N0 A(n—1) N A%#n).

But (7.5) contradicts the assumption of Lemma 2.1. This proves
part a).
Part b) follows by observing that

-1 -1
0=E [E X(I)IF(I)] =E [E (l—ﬁ(t))X(t)lFU)]
=1 =1

7*~1
+E [E B(t)X(t)lF(l)]

=1

and that by part a), the first term on the right-hand side of this
equality must be nonpositive.
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