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Abstract

Planningfor a decentralizedteamof robotsis a fundamentallydifferent

problemfrom thatof centralizedcontrol.Duringdecisionmaking,robotsmust

take into accountnot only their own observationsof world state,but alsothe

possibleobservationsandactionsof teammates.While theinterconnectedness

of sucha reasoningprocessseemsto requireanin�nite recursionof beliefsto

bemodelledby eachmemberof theteam,gametheoryprovidesanalternative

approach.Partially observablestochasticgames(POSGs)generalizenotions

of single-stagegamesandMarkov decisionprocessesto bothmultiple agents

andpartially observableworlds. Even if thereis only limited communication

betweenteammates,POSGsallow robotsto comeup with policies that still

take into accountpossibleteammateexperienceswithout theneedto explicitly

modelany recursivebeliefsaboutthoseexperiences.

While a powerful modelof decentralizedteams,POSGsarecomputation-

ally intractablefor all but the smallestproblems. This dissertationproposes

a Bayesiangameapproximationto POSGsin which game-theoreticreasoning

aboutactionselectionis retained,but robotsreasononly a limited time ahead

aboutuncertaintyin world stateandtheexperiencesof their teammates.Plan-

ning andexecutionare interleaved to further reducecomputationalburdens:

at eachtimestep,robotsperforma stepof full game-theoreticreasoningabout

their currentactionselectiongivenany possiblehistoryof observationsanda

heuristicevaluationof theexpectedfuturevalueof thosedecisions.

TheBayesiangameapproximationalgorithm(BaGA) is ableto �nd solu-

tions to muchlargerproblemsthanpreviously solved. Furthercomputational

savingsaregainedby reasoningaboutgroupsof similar observationhistories

ratherthansinglehistories. Finally, ef�ciency andperformancearealsoim-

proved throughtheuseof run-timecommunicationpoliciesthat tradeoff ex-

pectedgains in performancewith the costsof usingbandwidth. In this dis-

sertation,theperformanceof BaGA is comparedto policiesgeneratedfor full

POSGsaswell asheuristics. BaGA is alsousedto develop real-timerobot

controllersfor a seriesof simulatedand physical robotic tag problemsthat

graduallyincreasein realism.
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Chapter 1

Introduction

In the�eld of multi-robotsystems,researchersseekto understandandspecifytheinterac-

tion betweenrobotsasthey cooperateto performtasksin the realworld. It is a �eld that

hasattractedresearchersfrom avarietyof backgrounds,eachbringingadifferent�a vour to

theirapproach.Behaviour-basedresearchersusethenotionof socialbehavioursto facilitate

emergentcooperationin reactive systems(Mataríc, 1995;Parker, 1998),while machine-

learningresearchershave examinedissuesof multi-agentadaptionandlearning(Weiß &

Sen,1996;Weiß,1997;Stone& Veloso,2000).Othershavelookedattheproblemfrom the

perspective of teamwork: thestudyof socialintentions,commitments,beliefsanddesires

(Cohen& Levesque,1991;Grosz& Kraus,1996).Market-basedapproachestreattaskal-

locationasanauctionin whichrobotsbid for tasksin aneffort to maximizetheir individual

rewards(Wellman& Wurman,1998;Gerkey & Mataríc, 2002;Dias& Stentz,2003).

While it is a powerful multi-agentframework, gametheoryis rarelyusedto modelmulti-

robotproblems,in partdueto its high computationalcomplexity. In theabsenceof game-

theoreticreasoning,however, eachdecisionmaker in a decentralizedmulti-robot teamis

facedwith an in�nite belief/knowledgehierarchy. In the caseof two robots,Robot 1's

actionsaredependentonwhatit hasseen,whatit believesRobot2 hasseen,whatit believes

aboutRobot2's beliefsaboutwhatRobot1 hasseen,andsoon. Thesebelief hierarchies

arisefrom both uncertaintyin the stateof the world as well as in the actionchoicesof

teammates.By reasoningdirectlyaboutall possiblesequencesof actionsandobservations

acrossrobotteams,gametheoryeliminatestheneedfor robotsto explicitly modelthebelief

hierarchiesof their teammatesin partiallyobservabledomains.

In general,thefull game-theoreticapproachto themulti-agentproblemis computationally

infeasible. However, by creatingapproximatesolutionsto the gamesrepresentingthese

21



22 Chapter 1. Intr oduction

problems,this approachcanbe usedto createreal-timerobot controllersfor reasonably

sizeddomains.Additionally, by understandinghow existing algorithmsrelateto the full

game-theoreticapproach,insightis gainedinto thetradeoff betweenoptimalityandperfor-

mancein realmulti-robotproblems.

1.1 ProblemDescription

This dissertationis concernedwith the problemof constructingpolicies for robotsthat

mustcoordinatetheiractionselectionin tightly-coupledtaskswithin apartiallyobservable

Markovianenvironmentwith limited communication.

1.1.1 Tightly-Coupled Tasks

Distributedrobot problemscanrangefrom loosely-coupledto tightly-coupledtasks. At

oneendof the spectrum,onceeachrobot is assigneda task,no interactionis necessary

betweenteammatesduring taskcompletion. An exampleof this classwould be robotic

farmingin which eachtractoris assigneda different�eld to plow. This type of problem

doesnot really requiremulti-robotalgorithmsbecause,oncetheinitial taskdecomposition

is set,therobotsfunctionasindividualentities.

As taskallocationtakeson a moredynamicrole, the level of interactionbetweenrobots

startsto increase.Onecanimaginethat,shoulda robotic tractorfail, its remaining�elds

mustbe reallocatedamongstthe remainingteam. Or perhapsan orderingexists between

sub-tasks,suchas a rock collecting robot that cannotcompleteits task until one of its

teammateshasdiscoveredthe locationof the rock. Robotsmustnow negotiatebetween

eachotherto insurethatoptimaltaskallocationandreallocationtakesplace.

If robotsarelocatedphysically closein space,anothertypeof interactionstartsto occur;

one at a lower level of behaviour. Robotsmust now re-planthe pathsthey take while

performinga taskin orderto avoid bumpinginto their teammates.

At the tightly-coupledendof thespectrum,robotsmustcoordinatetheir domain-level ac-

tions in orderto achieve optimalperformance.They startto function lesslike individuals

with mutualgoalsandmorelikeasingleentitywith adistributedcontroller. In multi-robot

box pushing,theteammustcoordinateon actuatorplacementandforceto ensurethat the

box takesthecorrectpath(Gerkey & Mataríc, 2002). In a sentryproblem(e.g.,guarding
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an art gallery or museum),robotsmustensurethat their joint pathsthroughthe galleries

leavenoareaunmonitored.

It is this latter endof the spectrumwith which this thesisis concerned.This dissertation

is focusedon distributedrobotsthat,in parallel,selectindividual actionsat every timestep

of a problem. The problemsconsistof an overall taskor goal with an associatedreward

functionthatre�ects theneedof individual robotsto coordinateduringactionselection.1

1.1.2 StochasticEnvir onment

In the real world, robotsmustconstantlydealwith uncertainty. Part of this uncertainty

comesfrom robotactuatorsandtheeffectsthey have on actions.Generally, theseeffects

can be capturedthroughsomesort of probabilisticmodel governing the transitionsbe-

tweenstatesin the environment. Furthermore,for many problemsthe Markov property

holds.TheMarkov propertystatesthat if thecurrentworld stateis known, thenthefuture

stateis not dependenton any of thepreviousstates.That is, all informationnecessaryto

determinea distribution over the next setof world statesis containedentirely within the

currentstatedescription.This meansthat,givena historyof paststatessi andactionsai,

P (st+1 jst, at, st� 1, at� 1, . . . , s0, a0) = P (st+1 jst, at).

This dissertationis concernedwith problemsthat obey the Markov assumptionand for

which probabilisticworld modelscanbederived. It will beshown, however, thatexisting

single-robotmethodsfor theseproblems,and their extensionsto handlepartial observ-

ability, arenot suf�cient for modellingdecisionmakingin a teamof robotswith limited

communication.

1.1.3 Partial Observability

The secondtype of uncertaintycomesfrom how robotssensetheir environments. Sen-

sorsarenot perfectandwhile impressive algorithmsfor localizationexist, thereis always

someuncertaintyinherentin determiningposition(Fox et al., 1999).Evenwith extremely

accuratesensors,componentsof world statecan remainunobservabledue to perceptual

1Themethodsfor generatingpoliciesthatwill beexploredin this dissertationcanstill beappliedto task-
level coordination;onecanreplaceactionswith speci�c tasks,modify reward functionsappropriatelyand
then usethe framework to assigntasksat eachtimestep. Robotscan then useprecalculatedpolicies for
implementingthosetasksmuchasthey would with frameworks suchasmarket-basedapproaches(Dias &
Stentz,2003)andtheoriesof teamwork (Jennings,1995;Tambe,1997).
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aliasingof sensedfeaturesor sensorlimitations.For example,a robotcannotobservewhat

is aroundacorneruntil it actuallymovesaroundthecorneritself.

In partially observabledomains,if someaspectof stateis not directly observablethenit is

consideredhiddenstate.While a robotcannotdirectly identify this hiddenstate,its obser-

vationswill containinformationthatallow it to infer a setof possibleworld statesandto

generatea probabilitydistribution over thesepossiblestates.This probabilitydistribution,

alsoknown asa belief, is updatedby therobotbaseduponits actionsandobservationsas

it movesthroughthe environment. Robotscanthereforeusetheir beliefsto guideaction

selection,muchasthey woulduseworld statein a fully observableproblem.

In robot teamsthereare two main categoriesof partial observability: collective observ-

ability and collective partial observability (Pynadath& Tambe,2002).2 With collective

observability, if robotscanshareall of their observationsthenworld stateis known with

certainty;however, with collectivepartialobservability noassumptionsaremadeaboutthe

joint observationsof the team.Unlessall observationscanbeshared,it is not necessarily

easierto �nd solutionsto collectively observabledomains.

If full communicationis availablewithin a teamof robotsthenany observationsof world

statecanbesharedbetweentheteam.Limited communicationaddsanothertypeof partial

observability. If robotsare not able to sharetheir observationsevery timestepthey can

only infer a distribution over thepossibleexperiencesof their teammates.As a result,the

trueobservationhistoryof eachteammatecanbeconsideredanotherpartof theproblem's

hiddenstate.

The problemsaddressedin this dissertationfall into the category of collective partial ob-

servability. More speci�cally, theseproblemswill all include partial observability as a

resultof limited communication.

1.1.4 Limited Communication

In general,communicationbandwidthis limited andin somedomainsnot availableat all.

For example,robotsthat function undergroundor on the surfaceof anotherplanetmay

be limited to point-to-pointcommunication.In theseproblems,robotsmustevaluatethe

bene�t of communicationagainst the associatedcostsof moving into a positionsuitable

for initiating communication.Even if communicationis morereadily available,suchas

2Onecould alsoincludethe caseof complete,or individual, observability in this set. If a problemhas
completeobservability, theneachrobotknows thecurrentworld statewith certainty.
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with indoormobilerobots,bandwidthlimitationsoftenresultin latency in communication

betweenthe robots,and critical informationmay not be received in time to make deci-

sions. While bandwidthrequirementsfor full communicationmay be feasiblefor small

robot teams,scalingup thenumberof robotsin sucha systemwill eventuallysaturatethe

communicationnetwork.

Insteadof sharingcompletehistoriesof their actionsandobservations,robotsshouldbe

ableto independentlyreasonaboutappropriateactionsto take in a decentralizedfashion

that takes into accountboth their individual experiencesin the world and beliefs about

thepossibleexperiencesof teammates.If no communicationis available,thenthis typeof

reasoningis necessaryfor theentiredurationof theproblem.If communicationis available,

but is periodic or haslatency, this reasoningallows robotsto generateoptimal policies

betweensynchronizationepisodes(Nair etal., 2004).

This dissertationis concernedwith problemsthathave limited or nocommunicationavail-

able to the robot team. Robotsmustbe able to arrive at policies that areoptimal given

theinformationthey have availableabouttheexperiencesof their teammatesandtheenvi-

ronment.If communicationis available,robotsshouldbeableto generatecommunication

policiesthat tradeoff thebene�ts of additionalinformationwith thecostsof communica-

tion.

1.2 Probabilistic Frameworks

This sectiondiscusseshow the probabilistic frameworks of Markov decisionprocesses

(MDPs) and partially observable Markov decisionprocesses(POMDPs)can be usedto

solve decentralizedrobot problemsif certainassumptionsaremadeaboutthe world. As

theframework movesfrom assumptionsof full observability to partialobservability, more

realistic problemscan be represented;however, even POMDPsare still insuf�cient for

modellingtheoriginalproblem.

1.2.1 MDP Solution

Oneof themostrestrictiveassumptionstypically appliedto distributedrobotcontrolis that

theworld is fully observable.Thisassumptionmeansthat,ateachtimestep,everymember

of theteamknows thecurrentworld statewith certainty. This problemcanbemodeledas

anMDP.
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An MDP is a tuple (S,A, T,R) whereS is a setof possibleworld states,A is a setof

actions,T : S � A ! S is a probabilistictransitionfunction that describeshow state

evolvesasa functionof actionsandR : S � A ! < is therewardfunction. MDPscanbe

de�ned with a �nite planninghorizonin which an agenthasa �x ed numberof timesteps

in which to maximizeits reward. Alternatively, they canbeformulatedasin�nite-horizon

problemsin which theagentcontinuesto actuntil someterminalstateis reached.

UsingtheMDP model,a policy is foundfor theagentusingdynamicprogramming.This

policy is amappingbetweenthestatesin S andtheactionsinA (asshown in Figure1.1(a))

thatattemptsto maximizecumulative reward.For a �nite horizonproblem,theagenttakes

theactionat every timestepthatmaximizesits currentrewardplus thesumof discounted

expectedfuture rewardsover the remainingtimesteps. If πt(st) is the action given by

policy π for states at timestept, thenthevalueof startingin states andexecutingπ for the

remainingT � t stepsis givenby the�nite-horizon Bellman's Equation:

V t
π (st) = R(st, πt(st)) + γ

X

st +1

T (st, πt(st), st+1 )V t+1
π (st+1 ) (1.1)

whereγ is adiscountfactor. Theoptimalpolicy, π� , andits valuefunction,V� , canbefound

by maximizingEquation1.1andapplyingbackwardsinductionfrom t = T to t = 0. For

eachstates:

V t
� (st) = max

a
(R(st, a) + γ

X

st +1

T (st, a, st+1 )V t+1
� (st+1 )) (1.2)

andtheoptimalpolicy π� is givenby:

πt
� (st) = argmax

a
(R(st, a) + γ

X

st +1

T (st, a, st+1 )V t+1
� (st+1 )) . (1.3)

For an in�nite horizonproblem,Equations1.1,1.2 and1.3 canbemodi�ed to re�ect that

an agenttakes the action that maximizesits currentreward plus its discountedexpected

futurereward. Ratherthan�nding a policy dependenton time, theagentis now trying to

�nd thestationaryvaluefunctionV � thatmaximizesBellman's equation:

V � (s) = max
a

(R(s, a) + γ
X

s0

T (s, a, s0)V � (s0)) . (1.4)
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MDP

state space

a1

a2

policy

(a) MDP relationship
betweenstate space
andactions.

POMDP

state space belief space

a1

a2

policystate 
estimation

(b) POMDP relationshipbetweenstatespace,belief
spaceandactions.

Figure1.1: RelationshipbetweenMDPs andPOMDPs. In an MDP, a policy is a direct
mappingbetweenstatesandactions. In POMDPs,an agentno longerknows the current
statewith certaintybut insteadconstructsaprobabilitydistributionoverall possiblestates.
A POMDPpolicy canthenbe thoughtof asa direct mappingbetweentheseprobability
distributions(a belief) andactions. That is, a POMDPcanbe thoughtof asan MDP in
belief spaceratherthanstatespace.

Dynamicprogrammingcan be usedto �nd the �x ed point, V � , of Equation1.4 and its

associatedoptimalpolicy π � (Bertsekas& Tsitsiklis,1996).

To modela multi-robotproblemusingtheMDP framework, thesetof actionsA becomes

thesetof joint actionsA = A1 � � � � � An; that is, therobotsaretreatedasa largermeta-

agentwith multiple actuators.For eachstatein S, the meta-agentselectsan actionfrom

thesetA accordingto its policy andthen`tells' eachof its actuatorswhich individual-level

actionto implement.In practice,it is not necessaryfor a centralcomputerto make these

decisions. Becausethe problemis fully observable, eachrobot can storea copy of the

computedpolicy andimplementtheappropriateportionof theselectedjoint actionsat run

time (Boutilier, 1999).

1.2.2 POMDP Solution

In this section,the problemis mademorerealisticby removing the assumptionthat the

stateof theworld is fully observableby eachrobotand,instead,robotsonly receive noisy

observationsaboutthe world. Although the problemis no longer fully observable, it is

assumedthatfull communicationis availableto theteam;thatis, any observationmadeby

onerobot is alsoknown by theotherrobots,without latency or furthersignaldegradation.
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Thisassumptionof full communicationallows theproblemto betreatedasaPOMDP.

Formally, a POMDP is a tuple (S,A, Z, T,R,O) whereS, A, T andR are as de�ned

for an MDP, Z is a setof observationsandO : S � A � Z ! [0,1] is the observation

emissionprobability function. Givenan initial belief abouttheworld stateb0, thecurrent

belief stateb (theprobabilitythatanagentis in states) canbecalculatedfrom thehistory

of actionsandobservationstaken by eachagent:bt = P (stjzt, at, zt� 1, at� 1, . . . , z0, a0).

Updatingthecurrentbelief b is known asstatetrackingor �ltering, andthenew belief can

beconstructedfrom thetransitionandemissionfunctionsasfollows:

b0(s0) = P (s0jz, a, b) =
O(s0, a, z)

P
s0T (s, a, s0)b0(s0)

P (zjb, a)
(1.5)

whereb(s) = P (sjb) andP (zjb, a) is anormalizationfactorequivalentto
P

s0

�
O(s0, a, z)

P
s T (s, a, s0)b(s)

�
.

Like MDP policies,POMDPpoliciesareuniversalplans: they specifyan actionto take

for any possiblebelief state.Theadditionof partialobservability, however, makesit sig-

ni�cantly harderto �nd policiesfor POMDPsthanit is for MDPs. Every POMDPcanbe

thoughtof asanequivalentbeliefspaceMDP whosestatesetis thesetof reachablebeliefs

of thePOMDP(Kaelblinget al., 1998). Ratherthanplan in statespace,anagentplansin

beliefspaceasis shown in Figure1.1(b). Thevaluefunctionandoptimalpolicy equations

in Section1.2.1canbere-writtento take thisdependenceinto account.Givenabelief bt:

V t
� (bt) = max

a

� X

st

bt(st)R(st, a) + γ
X

bt +1

P (bt+1 jbt, a)V t+1
� (bt+1 )

�
(1.6)

wherethetransitionandobservationemissionfunctionsareusedto calculateP (bt+1 jbt, a).

While exactplanningalgorithmsexist for POMDPs,(e.g.,theWitnessalgorithmof Kael-

bling et al. (1998)),�nite-horizon POMDPsthemselvesarePSPACE-complete(Papadim-

itriou & Tsitsiklis, 1987). As a result, a numberof approximatealgorithmsfor solv-

ing POMDPshave beendevelopedsuchasthoseof Hauskrecht(2000)andPineauet al.

(2003a).

For themulti-robotversionof thisproblem,aswith theMDP solution,apolicy for a larger

meta-agentwith multiple actuatorscanbefound. In this solution,theactionsetA consists

of all joint actionsA1 � � � � � An, andZ consistsof all joint observationsZ1 � � � � � Zn. An
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appropriatesolutiontechniquecanthenbeapplied(e.g.,anexactor approximatemethod

dependingon the sizeof the problem). At run time, eachrobot receivesan observation

zt
i , transmitsthat signal to its teammates,updatesits belief statebt

i with all observations

zt
j 2 zt andthepreviousjoint action,andthenlooksup theoptimaljoint actionfor thenew

belief. Finally, it implementsits part of that joint action. Becausethe robotsshareall of

their observationsat every timestep,therobotswill alwaysselectthesamejoint actionat

(with tiesbrokenconsistently).

Collectively fully observablePOMDPsrepresenta specialcaseof multi-robot POMDPs.

For theseproblemstheglobalstateof thesystemcanbeuniquelyidenti�ed from eachsetof

observationsf zt
1, . . . , z

t
ng. Full communicationallows problemsthatarecollectively fully

observableto bemodeledasanMDP ratherthanaPOMDP.

If theassumptionof full communicationis removed,however, thentheproblemsuddenly

becomesmuchharder, even if it is collectively fully observable. If no communicationis

available,eachrobotmustmake actiondecisionsbasedonly on its own historyof obser-

vationsf z0
i , . . . , z

t
ig, actionsf a0

i , . . . , a
t
ig, andknown problemdynamics(i.e., T , R and

O). If it knows its teammates'policies,thenit canfold thatinformationinto thetransition

andrewardfunctionsandmodeltheproblemasa single-robotPOMDP. However, because

robotsare �nding their policiessimultaneouslyand thosepoliciesare interdependent,if

eachrobotoptimizesits own policy while holdingthoseof its teammates�x ed,it cannotbe

guaranteedthattheresultingpoliciesareconsistentwith eachother. I.e., if roboti assumes

a setof �x edpoliciesσ for its teammatesandthen�nds an `optimal' policy πi for itself,

it cannotbeguaranteedthat thisπi is identicalto thepolicy that its teammatesassignto it

during their own optimizationprocess.As a result,robot i's teammatescan�nd policies

for themselvesthataredifferentfrom thosein σ andsotheassumptionsthatrobot i made

aboutσ areviolated. Instead,whenchoosingactions,eachrobotmustreasonabouthow

the actionsits teammateschoosewould affect its own actionselectionand, in turn, how

they wouldeffect theteammates'actionselection.

This typeof reasoningrequiresa recursive modellingapproachin which eachrobotbuilds

upanin�nite beliefhierarchy aboutwhatit believesis thestateof theworld,whatit believes

its teammatesbelieve is thestateof theworld, what it believesaboutwhat its teammates

believe it believes is the stateof the world, and so on. Becausecommunicationis not

available to establishobservationsascommonknowledge,this hierarchy is in�nite even

if thePOMDPitself is �nite. A singlePOMDPis no longera rich enoughframework to

properlymodelwhat is occurringandso, game-theoreticmodelsmustbe consideredin

orderto breakthein�nite beliefhierarchy.
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1.3 Partially ObservableStochasticGames

Stochasticgames,�rst introducedby Shapley (1953),area generalizationof both MDPs

to the multi-robot caseandsingle-stagegamesto gameswith state(Fudenberg & Tirole,

1991). Insteadof modellinga setof agentsasa singleagentthat executesjoint actions,

in a stochasticgameeachagentis modeledasa self-interestedplayerwho choosesactions

thatmaximizeits rewardwith respectto a rewardfunction. Both rewardandthetransition

betweenworld states,however, aredependenton theactionsselectedby all agents.Game

theory conceptslike Nashequilibria are thereforeusedto simultaneouslyde�ne setsof

policies for all of the agents. Justas POMDPsare the extensionof MDPs to partially

observabledomains,partially observablestochasticgames(POSGs)arethe extensionof

stochasticgamesto thecaseof uncertaintyin world state.

A POSGis de�ned asa tuple(I, S, A, Z, T,R,O). I = f 1, . . . , ng is thesetof agents,and

S is thesetof states.It is importantto notethatS is not limited to thecross-productof the

statesof the individual agents,but canincludeadditionalinformation. For example,in a

multi-robotmappingtaskthestateof theworld will includethepositionsof all of therobots

aswell aspositionsof any obstaclein theenvironment.A andZ arerespectively thecross-

productof theactionandobservationspacefor eachagent,i.e.,A = A1 � � � � � An and

Z = Z1 � � � � � Zn. T is thetransitionfunction,T : S � A ! S,R is therewardfunction,

R : S � A ! < , andO de�nestheobservationemissionprobabilities,O : S � A � Z !

[0,1]. At eachtimestepof a POSG,theagentssimultaneouslychooseactionsandreceive

a rewardandobservation. Theseactionsaregivenby thesolutionto thePOSG,which is

a setof conditionalpolicies,π = f π1, . . . , πng. This thesisaddresses�nite POSGswith

commonpayoffs, i.e.,Ri = Rj8i, j; however, thesetof generalPOSGproblemsincludes

arbitraryrewardfunctionsandin�nite horizonproblems.3

In thePOSGmodel,a policy for eachrobotin a teamcanbefoundwithout theneedto do

any sortof in�nite reasoningordeductionoveranin�nite beliefhierarchy.4 A POSGpolicy,

πi, is a universal,or conditional,plan that tells a robot what to do at eachtimestepasit
3While thisformalismmayappearsimilarto thatof multi-agentPOMDPs,akey differenceis thatin multi-

agentPOMDPseachagentis treatedasanactuatorof a largermeta-agent.This meansthat theobservation
zt is known by all agentsandapolicy is amappingfrom a joint belief to a joint action.In aPOSG,however,
eachagentonly hasaccessto zt

i . As a result,differentsolutionmethodsarenecessaryandthepolicy of an
agentis now amappingfrom ahistoryof individualobservationsto anindividualaction.

4TheproofthatthePOSGframework is ableto implicitly representany possiblein�nite beliefhierarchy is
quitecomplex andbeyondthescopeof thegame-theoreticconceptsdiscussedin thisthesis.Interestedreaders
are directedto Harsanyi (1968) and Samet(1997) for an in-depthdiscussionof the relationshipbetween
belief/knowledgehierarchiesandcommonpriors. Informally, if thereis a commonprior heldby all agents
over thepossiblesetof statesof thegameat any timestep(i.e., commonknowledgeasto thePOSGmodel
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acquiresadditionalobservations.At eachtimestept, arobothasasequenceof observations

ht
i and will executethe action given by πi(ht

i), i.e., πi : H t
i ! Ai. Alternatively, πi

canbe thoughtof asa policy treeasshown in Figure1.2: the nodesof the treeindicate

actionswhile branchesrepresentdifferentobservations.Therobotstartsat theroot of the

tree and,as it gathersmore observations,follows the associatedpathdown throughthe

tree,executingthe actiongiven by eachnodeit passesthrough. Note that in eithercase,

while the policy is conditionedon only a history of observationsht
i, dueto the natureof

policy construction,it alsoimplicitly includesinformationaboutpastactionchoices.This

is becausethe policy is a deterministicfunctionof history andso,given a historyht
i, the

actionstakenat timesteps0 throught � 1 canberecoveredwith certainty.5

In orderto coordinatetheir actions,a teamof robotsmust�nd policiesthat take into ac-

countpossibleteammateobservationsandactions.However, theneedfor reasoningabout

an in�nite belief hierarchy is avoidedin POSGsby �nding policiesfor all robotssimulta-

neously. Givena speci�c setof policiesπ, it is possibleto evaluatetheresultingexpected

reward to the team. As shown by Nair et al. (2003),for a 2-robotgeneral-sumproblem,

thevalueto roboti of startingin states with theobservationhistoriesht
1 andht

2, giventhat

bothrobotswill executeπ for theremainingT � t steps,is:

V t
π,i(s

t, f ht
1, h

t
2g) = Ri(st, f π1(ht

1), π2(ht
2)g) + γ

X

st +1

T (st, f π1(ht
1), π2(ht

2)g, st+1 )�

� X

z12Z1

X

z22Z2

O(st+1 , f π1(ht
1), π2(ht

2)g, f z1, z2g)V t+1
π,i (st+1 , f ht

1 [ z1, h
t
2 [ z2g)

�
. (1.7)

The subscripti is usedto indicatethat this valuefunction is de�ned for robot i. As with

Equation1.1,dynamicprogrammingcanbeusedto �nd V t
π,i for all t, s, ht

1 andht
2. Notethat

thisprocessrequiresiteratingoverall possibleone-stepextensionsof ht
1 andht

2, yieldinga

computationalcostof O(jSjjZ1jjZ2j) for evaluatingeachV t
π,i(s

t, f ht
1, h

t
2g) pair anda cost

of O(jSj2jZ1jt+1 jZ2jt+1 ) for �nding V t
π,i. Equation1.7canof coursebegeneralizedto the

n-robotcase.

andpoliciesof eachagent),thenthis commonprior canbedecomposedinto an in�nite hierarchy by using
it to calculatetheposteriorsover all thepossiblebeliefsin thehierarchy. However, in orderto prove thata
commonprior is ableto captureany in�nite hierarchy of beliefs,the reversemustalsobe true. It turnsout
thatso long asan in�nite hierarchy of beliefsis consistentwith itself (i.e., doesnot includebeliefsthatare
contradictory),thenit canberepresentedexactlyasacommonprior.

5For a POSGwith commonpayoffs, it is only necessaryto reasonaboutdeterministicpoliciesdueto the
cooperative natureof theteam.
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(a)A policy πi for a3-stepproblem.
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(b) πi asapolicy tree.

Figure1.2: An exampleof a policy for robot i in a simple3-stepproblem. Robot i has
two possibleobservations: z1 andz2, and two possibleactions: a1 anda2. In (a), πi is
enumeratedasa functionthatreturnsanactiongivenahistoryht

i of observationsof length
t. In (b), πi is shown asa policy tree. Robot i startsat the root of the policy treeand,
as it gathersmoreobservationson eachtimestep,moves throughthe tree,executingthe
appropriateactionfor eachof thenodesit reaches.

GivenEquation1.7,anexhaustivesearchthroughthespaceof all possiblejoint policieswill

guarantee�nding theoptimaljoint policy π� . In acommon-payoff game,V t
π,i(s

t, f ht
1, h

t
2g) =

V t
π,j(s

t, f ht
1, h

t
2g) 8i, j, andsotheoptimalpolicy π� will simplybethepolicy π� = f π1, π2g

thatmaximizesthevaluefunctionfor each(st, f ht
1, h

t
2g) pair.6 However, aseachrobothas

jAij
j Z i j T +1 � 1

j Z i j� 1 � 1 possibleindividual policies,this searchis doubly exponentialin the plan-

ninghorizonof theproblem.

While it is possibleto solve a POSGby performingexhaustive searchover all possible

joint policies, it seemslesselegant thanhow policiesarefound in MDPs andPOMDPs.

In MDPs,a policy is conditionedon the states andso it is possibleto performdynamic

programmingdirectly on Equation1.2 to �nd a mappingbetweenstatesandactions. In

POMDPs,anagentdoesnot have full accessto thecurrentworld stateandsoa policy that

is conditionedon statealoneis not useful. Instead,theagenthasa historyof observations

and actionsthat de�nes a belief over the world stateb. If the policy is conditionedon

this belief, thenthe POMDPmustbe convertedinto a belief spaceMDP beforedynamic

programmingcanbe performedto �nd this policy.7 With a POSG,however, the policy

for eachagentis conditionedon its history ht
i. By itself, ht

i doesnot de�ne a unique

6In general,game-theoreticprinciplessuchasNashequilibria, canbe usedto suggestpoliciesfor each
robot given a setof V t

π,i(s
t, ht) values. GametheoryandNashequilibria arepresentedin moredetail in

Chapter2.
7While aPOMDPpolicy canbeconditionedonahistoryof observations(andactions),thisrepresentation

is unnecessaryasthebelief stateis asuf�cient statisticof this information.
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joint belief over the world statebecausesucha belief is dependenton the observations

andactionsof all agents.A joint belief b canonly be de�ned by ht = f ht
1, . . . , h

t
ng. At

best,therefore,ht
i de�nes a probability distribution, dht

i
, over all possiblejoint beliefsin

which dht
i
(b) = P (bjht

i). Following the analogyof MDPs andPOMDPs,it would seem

possibleto rewrite the POSGas a d-stateMDP in which agentsplan using a stateset

equivalentto all possibledistributionsover joint beliefs.Thecorrespondingoptimalpolicy

will beonein which,for eachdistributiondt, theagentstakethejoint actionthatmaximizes

their immediateexpectedrewardandthesumof futureexpectedrewardover theremaining

timesteps.Thatis, theoptimalpolicy satis�es:

σt
� (dt) = argmax

a

� X

bt

dt(bt)
� X

st

bt(st)R(st, a)
�

+ γ
X

dt +1

P (dt+1 jdt, a)V t+1
� (dt+1 )

�
.

(1.8)

Unlikeπt
� , σt

� isamappingfromaprobabilitydistributiondt toajoint actionat = f a1, . . . , ang.

At run time,a robotwouldconstructdt
i , look up theassociatedat usingσt

� andimplement

its partof thatjoint action.Theproblemnow becomes,how to constructdt
i. As is shown in

Figure1.3,choosingdt
i conditionedon ht

i resultsin miscoordinationbetweenrobotseven

if they are in agreementas to σt
� . This miscoordinationhappensbecause,aseachrobot

hasadifferenthistoryht
i, it will generateadifferentdt

i andthereforeselectadifferentjoint

action.

Therefore,theuseof Equation1.8is only valid if eachrobotusesthesamedistributiondt at

run time. Coordinationcanbeinsuredby allowing robotsto only usecommoninformation

(suchas the problemdynamicsgiven by T andO) to generatedt. However, the robots

would thencomeup with a policy σt
� thatdoesnot make useof any observationsreceived

by teammembersduringdecisionmaking.While sucha policy is technicallycoordinated,

for morepowerful policiesagentsmustbeallowedto integratetheir own informationinto

theactionselectionprocess.However, modifying Equation1.8 to conditionpoliciesonht
i

andnotdt, effectively yieldsanexhaustivesearchonEquation1.7:
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πt
� (ht) =

8
>>>>>>>>><

>>>>>>>>>:

πt
� ,1(ht

1) = argmaxπt
1

� P
kt 2H t P (ktjht

1)
� P

st P (stjkt)R(s, πt(kt))+

γ
P

kt +1 2H t +1 P (kt+1 jkt)V t+1
πt +1

�
(kt+1 )

��

...

πt
� ,n(ht

n) = argmaxπt
n

� P
kt 2H t P (ktjht

n)
� P

st P (stjkt)R(s, πt(kt))+

γ
P

kt +1 2H t +1 P (kt+1 jkt)V t+1
πt +1

�
(kt+1 )

��

(1.9)

where

V t
π (ht) =

X

st

P (stjht)V t
π (st, ht). (1.10)

Thereareseveral thingsto noteaboutEquations1.9and1.10:V t
π (s, ht) is thegeneralized

n-robotversionof Equation1.7; V t+1
πt +1

�
(kt+1 ) is thevalueof following policy π� for steps

t + 1 throughT , givena joint historykt+1 ; P (stjht) = bht (s) wherebht is the joint belief

stateassociatedwith ht; andP (ktjht
i) is theprobabilityof a joint historykt occurringgiven

that ht
i occurs. Obviously, if ht

i is not the i-th part of kt, this probability will be zero,

otherwiseit will be dependenton problemdynamics. The iterationover every possible

joint history kt 2 H t is a necessarypart of Equation1.9: while the goal is to �nd the

optimalpolicy for aspeci�c joint historyht, eachrobot'scomponentof thathistory, ht
i, can

bepartof otherjoint historiesandthepolicy πt
i canonly de�ne oneactionto take for each

ht
i.

Finally, becauseπt andnot justπt
i appearsin theoptimizations,theargmax operatormust

beperformedsimultaneously.8 In otherwords,while its form might bemoreanalogousto

Equation1.3, this equationis merely`hiding' theexhaustive searchrequiredby Equation

1.7. At eachtimestepthenumberof itemsin thesetto bemaximizedover for eachrobot

is equalto thenumberof differentpoliciesit canhave at timestept which is O(jAij jZi j t ).

As themaximizationmustbedonesimultaneously, the total numberof calls to �nd π� is

O
�
jA� jnjZ� jT

�
, wherejZ� j andjA� j representthe largestobservation andactionspaceof

single robot. This complexity renders�nding π� throughEquation1.9 computationally

equivalentto exhaustivesearch.9

8Again, for general-sumgamesthis operatorwould not be an arg max, but would make useof game-
theoreticconcepts.

9For the common-payoff case,this boundcanbe somewhat reducedby more intelligent dynamicpro-
grammingasseenin Section7.2.
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Recastingtheproblemof solvingPOSGsinto Equation1.9,therefore,is only reallyuseful

for drawing comparisonsbetweenMDPs, POMDPsandPOSGs.Figure1.4, the POSG

analogyto Figures1.1(a)and1.1(b),givesthis comparisonin a graphicalfashion. Each

robotcanuseproblemdynamicsto createaprobabilitydistributiond overall possiblejoint

historiesof lengthT thatcouldbeheldby theteam.This probabilitydistribution de�nesa

singlepointd in thespaceof all possibledistributionsoverjoint histories,andthispointwill

de�ne acorrespondingsetof plansfor eachrobot.Theseplansdonotdictateasingleaction

for eachrobot,but areconditionalandallow a robotto performa differentactionfor each

of its possibleobservationhistoriesht
i. No beliefhierarchiesarenecessaryin suchamodel;

however, all informationrelevantto actionselectionthatwouldbemodelledexplicitly in a

belief hierarchy is still presentin a setof policiesπ. In otherwords,a robotcanusethose

policiesandits own observationhistoryto determinea conditionalprobabilityover theset

of teammates'observationhistories(what it believesits teammatessaw) andwhatactions

they will selectfor any timestepof the problem(what it believes they will do) andvice

versa.

1.3.1 Computational Tractability

Finite-horizonPOSGswith commonpayoffs areaverypowerful way to coordinatea team

of decentralizedrobots.Robotsareableto properlyintegrateboththeir own observations

andthoseof their teammatesinto the decision-makingprocesswithout having to reason

aboutrecursivebeliefsor trying to deducewhatactionstheirteammateswill take. However,

exhaustivesearchmethodsfor �nding suchpoliciesarecomputationallyintractableasthey

requiresiteratingoverO
�
jA� jnjZ� jT

�
possiblejoint policies.Do moreef�cient methodsfor

solvingPOSGsexist?

Unfortunately, it hasbeenshown by Bernsteinet al. (2002) that the problemof solving

�nite-horizon POSGswith commonpayoffs is non-deterministicexponentialtime com-

plete(NEXP-complete).The authorsalsoprove that this classof problems,even for in-

stancesthatarecollectively fully observable,is NEXP-hardfor two or morerobots.This

meansthat thereareexponentialmany setsof policiesto searchthroughfor the optimal

solution,andthatconstructingandevaluatingeachsettakesexponentialtime. Therefore,

in theworstcase,a computerwould take time doublyexponentialin theplanninghorizon

T to solveaPOSG.

Unlike the caseof �nite-horizon POMDPswhich arePSPACE-complete(Papadimitriou

& Tsitsiklis, 1987), it can be proved that thereare no polynomial-timealgorithmsfor
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Figure 1.3: In this naive approachto decentralizedplanning, eachrobot considersall
possiblejoint beliefs consistentwith its own history of observationsht

i and then plans
in the resultingdistribution over belief spaced. That is, it �nds the point di suchthat
di(b) = P (bjht

i) 8b. However, becauseeachrobot's observationhistoryleadsto a different
di, its selectedjoint actionai will alsobedifferentfrom theonesselectedby its teammates
evenif they arein agreementaboutthemappingbetweeneachd anda. Thisstateof affairs
leadsto miscoordinationbetweenrobots.
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Figure1.4: A graphicalrepresentationrelating the conceptsof planningwith POSGsto
thoseof MDPsandPOMDPs.Eachrobotconstructsthedistributionoverall possiblejoint
historiesusingonly informationavailableto theentireteam.It thenconstructsaconditional
planfor every robotin theteamthatallowseachrobotto takeadifferentactionfor eachof
its possibleobservationhistories.Theplansspecifyindividual ratherthanjoint actionsfor
eachrobot, indicatedhereby the subscript.However, becauseeachrobot is planningfor
the samepoint, d, in the spaceof all possibledistributionsover joint histories,all robots
will arriveat thesamesetof conditionalplansandthereforebecoordinated.
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�nding solutionsto �nite-horizon POSGs(i.e., it is known thatP6= NEXP andtheNEXP-

completenessof thePOSGholdsevenif thehorizonis smallerthanthenumberof states).

Indeed,assumingEXP6= NEXP, in theworstcaseany algorithmfor solvinga POSGwith

commonpayoffs will bedoublyexponentialin thetimehorizonof theproblem.Thismath-

ematicalevidencebacksup theintuition thatsolvingdecentralizedproblemsis fundamen-

tally harderthansolvingcentralizedproblemsor problemsthatcanbetreatedascentralized

dueto communication.As Bernsteinetal. (2002)pointout, thisalsomeansthatthekey to

solvingPOSGsexactlydoesnot lie in discoveringsomewayto convert theminto POMDPs

andthenapplyingknown solution techniques.Instead,a differentapproachis required.

In the meantime, POSGsremaina powerful way to model tightly-coupledproblemsin

Markovianenvironmentsandsothepursuitof approximatealgorithmsis important.

Furthermore,even if it is computationallyintractableto solve a POSG,knowing how a

framework for decentralizedrobotteamsrelatesto thismodelcanhelpprovide insightinto

algorithmsfor problemsolving.For example,thesolutionsgeneratedby modellingasmall

versionof the problemasa POSGcould help createheuristicsfor larger versionsof the

problem. Alternatively, identifying what assumptionsor approximationsaremadeby an

algorithmfor actionselectionlets oneunderstandwhat its limitations arewith respectto

performance.Finally, justbecausethegeneralclassof problemsis NEXP-complete,it does

notmeanthatall POSGsarehardto solve. Speci�c domainconstraintscanleadto solution

techniquesthat arenot applicablein general. Theseissueswill all be explored in more

detail in Chapter7.

1.4 BayesianGameApproximation Algorithm

As discussedin theprevioussection,theNEXP-complexity resultfor POSGswith common

payoffs meansthatexactsolutionsfor theseproblemswill notbefoundthroughsomecon-

versionto POMDPs.While it is possibleto approximatethesesolutionsusingPOMDPs,it

requiressomemodellingof teammatesin orderto properlydeducetheir effectson action

selection.An alternative approachto explicit teammatemodellingis onethat retainsthe

useof gametheoryto performactionselectionfor immediatetimestepsbut approximates

thefuturevalueof actionsusingaheuristic.Furthermore,by interleaving planningandexe-

cution,robotscanusepastdecisionsto reducethenumberof possibleobservationhistories

thatmustbetakeninto accountduringactionselectionat latertimesteps.

The resultingalgorithmfor �nding approximatesolutionsto POSGswith commonpay-
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offs is calledtheBayesiangameapproximation,or BaGA.This algorithmusesa lesswell

known game-theoryconstruct,the Bayesiangame,to model eachtimestepof a POSG.

In eachof the linked Bayesiangames,robotsreasonabouttheir currentactionselection

by consideringboth immediaterewardsandestimatesof future rewards. Theseestimates

comefrom heuristicsthatapproximatehow, for a givensetof observationhistories,robots

will beableto performin thefuture. Thus,robotsonly reasonin theshorttermabouttrue

uncertaintyin theobservationsandactionselectionof their teammates:a tradeoff hasbeen

madebetweenreasoningaboutfuture uncertaintyand computationaltractability. How-

ever, if theheuristicfunctionaccuratelyevaluatestheexpectedfuturevalueof actions,then

BaGAbecomesexact.

BaGA doesnot resultin a setof full universalplansfor thePOSGbut rather�nds condi-

tional plansfor thosepartsof the POSGthat canpossiblyoccur(given earlierdecisions)

by concatenatingtogethersolutionsfrom eachof thesmallerBayesiangames.By generat-

ing policiesin a forward fashionandusingheuristicsin combinationwith game-theoretic

solutionconcepts,muchlargerproblemscanbesolvedthanpreviouslypossible.Indeed,it

will beshown thatit is evenpossibleto generatereal-timerobotcontrollersusingBaGA.

1.5 ThesisStatement

In thisdissertation,I will advancethefollowing thesis:

Partially observablestochasticgames(POSGs)area powerful way to model

decisionmakingin ateamof robotswith limitedcommunication.Approximate

solutionsto POSGswith commonpayoffs canbefoundby interleaving plan-

ning andexecution,therebytransformingtheprobleminto a seriesof smaller,

linked Bayesiangames. Furthermore,robotscan generategood policies by

reasoningonly a limited time aheadaboutuncertaintyin bothworld stateand

theexperiencesof their teammates.

1.6 ThesisContrib utions and Outline

This dissertationpresentsan overview of the BaGA algorithm. Quantitative experiments

comparetheperformanceof BaGAto thesolutionsof full POSGsandbasicheuristicsona
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varietyof abstractandreal-world problems.Thecorecontributionsof thisdissertationcan

besummarizedasfollows:

� Familiarizingtheroboticscommunitywith thePOSGframework andits usein mod-

eling theproblemof decentralizeddecisionmakingfor teamsof robotswithout full

communication.

� Theobservationthat,if aPOSGis to beapproximatedin aforwardfashion,theneach

timestepmustberepresentedasaBayesiangamein orderto keeprobotscoordinated.

ThebasicBaGA algorithmfor �nding approximatesolutionsto POSGsis theresult

of thisobservation.

� An extensionto BaGA which reasonsover clustersof observation historiesrather

thanevery possiblehistory, leadingto computationalsavingswithout lossof perfor-

mance.

� The useof BaGA to generaterun-timecommunicationpolicies that improve both

computationalef�ciency andtheexpectedperformanceof a robotteam.

� An implementationof BaGAona teamof physicalrobots,whichvalidatesBaGAas

a real-timerobotcontroller.

Becauseseveral game-theoreticconceptsare importantto the developmentof the BaGA

algorithm,thebodyof this dissertationstartswith anoverview of gametheoryratherthan

moving directly to theBaGA algorithmitself. Due to thesimilarity betweenPOSGsand

extensive-formgames,the�rst partof Chapter2 is devotedprimarily to solutiontechniques

for thesegametrees. Bayesiangamesarethenintroducedanddiscussedin detail in the

latterhalf of thechapter. It is very importantthat thereaderunderstandsBayesiangames

beforeproceedingbecausethesegamesform thebuilding blocksof theBaGAalgorithm.

After all necessarygame-theoryconceptshave beenpresented,the basicversionof the

BaGA algorithmis introducedin Chapter3. BaGA is analyzedwith respectto computa-

tional savingsandthelevelsof approximationit makesin orderto �nd tractablesolutions

to POSGswith commonpayoffs. Experimentalresults,validatingBaGA,arepresentedfor

threedomainsof varioussize. In Chapters4 and5, two extensionsto thebasicalgorithm

that decreasecomputationalcostsare introduced:clusteringtogetherof similar histories

andtheadditionof communicationacts.
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Thebasicalgorithmandits two extensionsarebroughttogetherin Chapter6 to show how

a relatively abstractnotionof control,gametheory, canbeusedto developreal-timerobot

controllers. In this chapter, a seriesof large, realistic robot tag problemsare described

andimplementedin a high-�delity simulatorandon a physical robot team.BaGA is able

to successfullycontrol therobotsin real time andshows performanceimprovementsover

commonheuristicsusedfor robotcontrol. Chapter6 closeswith a discussionof how the

BaGA algorithm meetsthe requirementsof a software framework for robust, real-time

multi-robotcontrol.

While POSGsthemselvesarenotanovel contributionof this thesis,thetermPOSGis still

relatively unknown in the �elds of multi-agentandmulti-robot control (with the excep-

tionsbeingeconomicsandgametheory).Over thepasttenyears,many differentdecision-

theoreticframeworkshavebeenproposedfor controllingdecentralizedagentsin stochastic

environments. However, analysisof the parametersandconstraintsof theseframeworks

revealsthat they areactuallyequivalent to varioussub-classesof POSGs. In Chapter7,

this pantheonof frameworksandtheir relationshipto POSGswith commonpayoffs is dis-

cussed,asareapproximationalgorithmsfor eachof the framework andhow they relate

to BaGA.Chapter7 alsoincludesa discussionof severalalternativesto decision-theoretic

decentralizeddecisionmaking: joint intentions,behaviour-basedapproachesandmarket-

basedapproaches.The ways in which robotstake their teammatesinto accountduring

decisionmakingin theseframeworksareanalyzedandrelationshipsbetweenthesemodels

andPOSGsidenti�ed. Finally, in Chapter8, someconcludingremarksaremade.





Chapter 2

Game Theory and Bayesian Games

This chapterprovides a broadoverview of key representationsand solution techniques

in non-cooperative gametheory in order to provide the readerwith enoughgame-theory

backgroundto understandBaGA, the POSGapproximationalgorithm presentedin this

dissertation.It maybesafelyskippedby thosefamiliarwith gametheory. Readersfamiliar

with basicgametheory, but not with Bayesiangamescan�nd that informationin Section

2.2.1.

Non-cooperativegametheoryis thestudyof strategic decisionmaking:how self-interested

agentschooseactionsin thepresenceof otheragentswho arealsochoosingactions.In a

gamewith commonpayoffs,eachagenthasthesamerewardfunctionand,despiteselecting

actionsin a self-interestedfashion,canstill act cooperatively with others. Becausethis

thesisdealswith robotteams,this chapterwill focuson gameswith commonpayoffs and,

assuch,is not intendedto be an exhaustive overview of the entire�eld. Therearemany

texts that provide a good introductionto gametheory, including Owen(1968),Basar&

Olsder(1982)andFudenberg & Tirole (1991).

Information plays an integral role in choosingactionsand this resultsin two different

classesof games:gamesof imperfectinformationandgamesof incompleteinformation.

Gamesof imperfectinformationaregamesin whichall theaspectsof thegameareknown

to every player. While a playermight not know what speci�c actionsotherplayerswill

take, it doeshave accessto all the informationuponwhich thosedecisionswill bemade.

Extensive-form andnormal-formgamesfall into this category asdo POSGs. Gamesof

incompleteinformationaregamesin which playersdo not have accessto informationcru-

cial to thedecision-makingprocessof otherplayers.This includessituationsin which the

numberof playersin the game,the reward functionsof certainplayersor even the game

43
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itself is unknown to at leastoneplayer. A combinationof gametheoryanddecisiontheory

leadsto asolutiontechniquefor theseproblemsknown asBayesiangames.

BecauseBayesiangamesform thebasicbuilding blocksof theBaGA algorithm,it is im-

portantto understandhow they work. First, however, anoverview of gamesof imperfect

informationandtheir solutiontechniqueswill be presented.This is doneto provide the

necessaryfoundationfor understandingthemorecomplex Bayesiangame.

2.1 Gamesof Imperfect Inf ormation

Thissectiondescribesthemostcommontypesof games:extensiveandnormal-formgames.

Extensive-formgamesandPOSGsareactuallyquitesimilar; themajordifferencebetween

thesetwo frameworks is thatwhile POSGsincludethenotionof world statein their de�-

nitions,extensive-formgamesdo not. Becauseof this similarity, many of theissuesabout

solvingPOSGsthatwereaddressedin Chapter1alsocomeupin thesimplerextensive-form

model.Thesequenceform, presentedin Section2.1.5,is amorecompactrepresentationof

a multi-stagegamethatwasdevelopedto alleviatesomeof thedif�culties of solvinglarge

extensive-formgames(Koller et al., 1996;von Stengel,1996).This techniquewill alsobe

usedin Section3.1to constructanalgorithmfor �nding approximatesolutionsto anentire

POSGat once. While this algorithmis not asef�cient asthe BaGA algorithm,it will be

usefulfor evaluatingtheperformanceof BaGA.

Thissectionendswith adiscussionof correlatedequilibriaandsub-gameperfectequilibria.

Theseconceptsaredescribedandtheir relevanceto common-payoff gamesandthis thesis

discussed.

2.1.1 The ExtensiveForm

Classicboardandcardgamesfollow adistinctpattern.Playerstake turnsselectingamove

from a rangeof possibilitiesuntil thegameis over andoneplayeris declaredthewinner.

In somegames,chancemovescanoccurdueto theroll of a die or theshuf�ing of a deck

of cards. In boardgames,the entire stateof the gameis usually visible to all players,

while in cardgamesmuchinformationis hidden.All of thesegames,with their different

variationsin chancemovesandvisibility, canbeintuitively representedwith atreestructure

calledtheextensiveform. Theroot of thetreeindicatesthestartingconditionof thegame

andeachleaf representsa terminalcondition(with an associatedpayoff). Internalnodes
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areseparatedinto chancenodesandplayernodes,and representdecisionpoints for the

associatedplayers.Verticesbetweennodesaremovesamongstwhich a player(or chance)

maydecide.A vertex associatedwith a chancenodegenerallyhasa probabilityassigned

to it thatindicatestheprobabilitythattheassociatedmove will occur. Thesechancenodes

canalsobethoughtof asnodesassociatedwith theplayerNature.

Theactualplayof thegameis representedby asinglepaththroughthetreethatre�ects all

of theactionstakenby theplayersandany outcomesof thechanceelements.Theoutcome

of thegameis givenby thepayoff associatedwith theterminalnodereached.

If aplayercannotdistinguishbetweentwo or morenodesin thetree,thosenodesarejoined

togetherinto aninformationsetandtheplayermustmake thesamedecisionfor all of the

nodesin that set. For example,if it is a player's turn in Bridge, thenall of the possible

handsthatareconsistentwith thecardsshewasdealtarerepresentedby a singlenodein

the tree. Becauseshecannotview the cardsof the otherplayers,shecannotdistinguish

betweenany of thesehandsandsoshemustmake thesamedecisionfor all of them.

Figure2.1 (a) shows the extensive-form representationfor a very simplecardgamethat

capturesall of theseideas.Therearetwo players,eachwith a singleturn. A cardis drawn

from a standarddeckof cardsat randomandthe �rst playermakesa guessat its colour.

After hearingPlayer1's action(her guess),Player2 thenguessesthe colour of the card.

If both playerscorrectlyguessthe samecolour thenthey both get a payoff of 1. If only

oneis correct,thensheor he getsa payoff of 3 andthe othera payoff of 0, andif they

bothguessthesamecolour incorrectlythenthey bothgeta payoff of -1. This gameis not

a common-payoff gamebut rathera general-sumgamebecausetheplayershave different

reward functionsand thoserewardsdo not add up to a constantsum (what would be a

zero-sumgame).

In this game,Player1 hastwo nodesin thetree,onein which a redcardis drawn andone

in which a blackcardis drawn, but only oneinformationsetbecauseshedoesnot actually

know whichcardwasdrawn. Player2 hasfour nodesin thetree,onefor eachcombination

of Player1's guessand the colour of the card. However, as Player2 only knows what

Player1'sactionwas,thesenodesmustbegroupedinto two informationsets:onefor each

of Player1'sactions.

If this gamewereto beextendedinto a largergame,perhapswith playersgettinga chance

to amendtheir guessesafter hearingthe otherplayer's guess,thenthe treewould simply

increasein size. Eachplayerwould have two decision-makingpoints in the game: she

would make a guessin the �rst roundandthena secondguessin the secondroundafter
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(a)Extensive-formrepresentation.

Player 2
RR RB BR BB

Player 1 R (0,0) (0,0) (1.5,1.5) (1.5,1.5)
B (1.5,1.5) (0,0) (1.5,1.5) (0,0)

(b) Normal-formrepresentation.

Figure 2.1: Exampleof the extensive-form (a) and normal -form (b) gamesfor a very
simple2-playerproblem.In thegametreetherootnodeN representsthedrawing of acard
from the deckat randomby the Natureor chanceplayer. Player1 thenguesseswhether
or not the cardis red (R) or black (B). Shehasoneinformationset indicatedby the two
nodeswithin thedashedbox. Player2, afterhearingPlayer1's guess,thenmakeshis own
guess.He hastwo informationsets,onefor eachguessof Player1. His two information
setsconsistof his shadedandunshadednodesrespectively.Thepayoffs to thetwo players
areshown at the terminalnodeswith thepayoff to Player1 given �rst. Thenormalform
gameis representedasa matrixM of payoffs to eachplayer. For example,the strategy
pair (R,BR) hastheoutcome(3,0) if Natureselectsa redcard,but (0,3) if a blackcardis
chosen.Theexpectedvalueof thisstrategy pair is therefore(1.5,1.5)asthecardcanbered
or blackwith equalprobability.
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hearingtheotherplayer's selection.Thespeci�c guesses,or actions,madeby a playerare

known asthe player's strategy. A strategy is a plan that tells a playerwhat actionit will

selectfor eachinformationsetin thetree. In extensive-formgamestherearetwo typesof

strategies:a pure strategy anda behaviourstrategy. A purestrategy is a strategy in which

only oneactionis playeddeterministicallyat eachinformationset.For example,if Player

1 decidesto alwaysguessred thensheis playing a purestrategy. A behaviour strategy

is usedto describedrandomizedstrategies. In thesestrategiesa probability distribution

over theactionsetof eachplayeris de�ned for eachinformationset. If aninformationset

is reachedduring gameplay, thena playerwill randomlyselectoneof its actionsusing

thegivendistribution. For example,Player1 couldhave a behaviour strategy for heronly

informationset that assignsa probability distribution of f 0.5,0.5g to the guessesof red

andblackrespectively. While shewill only play oneof thesetwo actionsduringanactual

instanceof thegame,if thegamewereto berepeatedmultiple timesthen,on average,she

wouldguessredandblackroughlyanequalnumberof times.

Thecriteriafor decisionmakinghasnotyetbeenaddressedandsoadiscussionof whatthe

optimalstrategy for eachplayerwouldbein suchagameis left until later.

2.1.2 The Normal Form

In anextensive-formrepresentationof a game,eachplayeris thoughtof asnot makinga

decisionuntil it reachesa speci�c informationsetduringthecourseof play. However, for

many gamesaplayerdoesnothaveto wait until thatpointto makeadecision.For example,

in thecardgamein Figure2.1,Player2 doesnot needto wait until Player1 hasselecteda

move to choosehis own move. Instead,hecandecideaheadof time on a planfor how he

will reactto Player1. This planwill beconditionalasit will tell theplayerwhich action

hewill selectin responseto eachpossibleactionof Player1. For example,his planmight

be to guessred if Player1 guessesblack andblack if Player1 guessesred. Player1 can

alsomake sucha plan beforethe gamebegins. As in extensive-form games,theseplans

arecalledstrategiesandeachstrategy assignsa move to eachinformationsetthat canbe

encounteredby aplayerduringtheentirecourseof thegame.

In this simplecardgame,Player1 hastwo purestrategies:play redor playblack(R or B).

Shehasonly two possiblestrategiesbecauseshehasonly oneinformationsetat which to

make a decisionandonly two possibleactionchoices.Player2, however, hastwo infor-

mationsets,eachof which hastwo possibleactions(R or B), yielding four possiblepure

strategiesfor the game. If the �rst elementrepresentswhat he will do if Player1 selects
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R andthesecondif Player1 selectsB, thenthesefour strategiesare: RR,RB,BRandBB.

For example,thestrategy in whichPlayer2 alwaysmakestheoppositeguessto Player1 is

givenby BR.

Thenormal-formrepresentationof a gameis a tabulationof theexpectedpayoffs to each

playerfor eachpossiblecombinationof purestrategies.Thepayoff for apairof strategiesis

determinedby theexpectedvalueof theterminalnode(s)reachedby following thepath(s)

indicatedby thestrategiesthroughthegametree.For example,asshown in Figure2.1,the

strategy pair(R,BR) hastwo possiblepathsthroughthetree:onein whichthecardselected

is red,Player1 guessesredandPlayer2 guessesblack leadingto a payoff of (3,0) anda

secondpathin which thecardselectedis black,Player1 choosesredandPlayer2 chooses

black leadingto a payoff of (0,3). As eachpathoccurswith equalprobabilityof 0.5, the

overall payoff to theplayersis (1.5,1.5).Thetwo playersmake thesameactionselections

in eachpathbecausePlayer1'sstrategy dictatesthatonly oneaction,R, will beplayedand

Player2'sconditionalplanalsoyieldsthesameactionbothtimesbecausePlayer2'schoice

is conditionedonly onPlayer1's choice.

As in extensive-formgames,in normal-formgamesa purestrategy is a strategy in which

only oneaction is selectedat eachinformationset. In this case,Player2 hasfour pure

strategieswhile Player1 hastwo purestrategies.Randomizationoverpurestrategies,how-

ever, resultsin mixedstrategiesratherthanbehaviour strategies.A mixedstrategy consists

of a singleprobability distribution over all of the possiblepurestrategies for the game.

Beforegameplay starts,a playerrandomlyselectsoneof herpurestrategiesaccordingto

this probability distribution. During gameplay, shethenfollows that purestrategy with

no furtherrandomization.For example,a mixedstrategy for Player2 might bef 0.35,0.2,

0.15,0.3g whichmeanshewill playRR35%of thetime,RB 20%of thetime,etc.

As opposedto behavioural strategies, which only involve independentrandomizations,

mixedstrategiespermitcorrelationsacrossinformationsets. For this reason,a behaviour

strategy canbeachievedby amixedstrategy (by morethanone,in somecases)but notev-

erymixedstrategy canbeachievedby abehaviour strategy. In gamesof perfectrecall(i.e.,

noplayerforgetsanactionor observationmadein apreviousround),mixedandbehaviour

strategiesareinterchangeableasany probabilitydistribution over outcomeswhich canbe

achievedby onecanbeachievedby theother.



2.1.Gamesof Imperfect Inf ormation 49

2.1.3 Formal De�nitions

A general-sumn-playernormal-formgameis de�ned asa tuple(I, A,R) whereI is a set

of players1 throughn, A = f A1, . . . , Ang is a setof actionchoicesfor eachplayerand

R = fR1, . . . , Rng is a setof payoff functions.Thepayoff functionRi(a1, . . . , an) gives

the payoff to playeri for eachcombinationof actionsai, . . . , an taken by all players. A

2-playernormal-formgameis generallyrepresentedasa setof matricesfM1,M2g. Each

elementri
jk of matrixMi correspondsto thepayoff toplayeriwhenPlayer1selectsstrategy

aj 2 A1 andPlayer2 strategy ak 2 A2. That is, eachrow of the matrix representsthe

payoffs for astrategy for Player1 andeachcolumnthepayoffs for astrategy for Player2.

A strategy is a function that assignsan actionto eachinformationsetof a player. There

arethreetypesof strategies:pure,behaviour andmixed. A policy in a normal-formgame

for playeri, πi, is de�ned to be a probabilitydistribution over its setof strategies. If the

gameinvolvesonly oneinstanceof actionselectionperplayer(a single-stage game),then

this set of strategies is the set of actionsAi. A purestrategy is representedby a policy

πi in which only one elementis non-zerowhile a mixed strategy is representedby any

probabilitydistribution. Underamixedstrategy, theprobabilityof playingaspeci�c action

aj is givenby πi(aj).

The expectedpayoff to player i underpolicy πi, assumingthat the other playersadopt

policiesπ1, . . . , πi� 1, πi+1 , . . . , πn, is givenby theexpectedvalueof Ri whenweightedby

theprobabilitiesof eachactioncombinationgivenby π = f π1, . . . , πng:

Ri(π) =
X

a2A

� nY

j=1

πj(aj)
�
Ri(a1, . . . , an) (2.1)

whereaj is theindividualactionof playerj in thejoint actiona.

A general-sumn-playergamewith multiple actionselectionsfor eachplayer is de�ned

similarly to a single-stagenormal-formgame,but it also includesinformationaboutthe

numberof stepsin the game,who makes decisionsat which points, and the action set

available to eachplayerat eachof their decisionpoints. In a mixed strategy for sucha

game,theprobabilityof playingthespeci�c sequenceof actionssj (i.e.,aspeci�c strategy)

is givenby πi(sj). Therewardfor a setof strategies,Ri(s), is simply thesumof rewards

over the sequenceof actionchoices. The expectedpayoff to player i, given a sequence

actionchoices,canthereforebede�ned by replacingtheactionaj with thestrategy sj in

Equation2.1.
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A behaviour strategy for anextensive-formgame,asstatedearlier, is aprobabilitydistribu-

tion over theactionsetfor eachpossibleinformationset. That is, it is a setof probability

distributionsπi = f σ1, . . . , σkg whereσk de�nesa probabilitydistribution over thepossi-

bleactionsat informationsetk . Similarly to anormal-formgame,for apurestrategy each

of theseprobabilitydistributionswill haveonly onenon-zeroelement.

2.1.4 Solution Techniques

While thede�nitions of a strategy andpolicy for extensive- andnormal-formgameshave

beengiven,whatis meantby asolutionto thegamehasnotyetbeende�ned. A solutionto

agameis asetof policies,π, whichdictatehow eachplayershouldplay thegamein order

to optimizesomecriterion.

First, thenotionof abest-responsepolicy mustbede�ned. A best-responsepolicy π �
i is the

policy for playeri thatmaximizesits expectedrewardgivenasetof known policiesπ� i for

all otherplayers:1

π�
i = argmax

πi
Ri(πi, π� i).

Thebene�t of playingmixedstrategiesnow startsto makesense:if any otherplayerknows

exactlywhatstrategy playeri will select,thenshecanguaranteeplayingherbest-response

to that speci�c strategy. If playeri insteadplaysaccordingto a mixedstrategy, theother

playerscanonly selectpolicies that arebestresponsesin expectation. That is, player i

cannow hide its speci�c strategy selectionfrom the otherplayersin order to achieve a

higherpayoff for itself (randomizationalsohasotherbene�ts in a general-sumgame). A

basicrequirementfor a stablesolutionto a gameis that the setof policiesπ be a setof

best-responsestrategies.

Therearevarioussolutionconceptsfor games,themostwell known of which is theNash

equilibrium(Nash,1950). Every normal-formgamehasat leastonesetof best-response

policiesπ� suchthatno playeri canimprove its expectedpayoff by unilaterallychanging

its policy π�
i . Thatis:

Ri(π�
i , π

�
� i) � Ri(πi, π

�
� i) 8πi, i 2 I.

1Thesubscript� i refersto all playersotherthani. For example,π� i = π1, . . . , πi� 1, πi+1 , . . . , πn.
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TheseequilibriapointsarecalledNashequilibria.While somegamescanhaveNashequi-

libria in purestrategies,every gameof this form is guaranteedto have at leastonemixed-

strategy Nashequilibria (Nash,1950). A gamemay have multiple Nashequilibria and

selectingan appropriateoneto play canbecomepart of the decision-makingprocessfor

certaingames.Unfortunately, it is very dif�cult to �nd Nashequilibriafor general-sumn-

playergames(seeMcKelvey & McLennan(1996)for anoverview of solutiontechniques

including approximationtechniques).Gameswith commonpayoffs, however, have nice

propertiesthatmake themeasierto solve.

First, in gameswith commonpayoffs, thereis no bene�t to hiding one's strategy from

teammatesor for randomizingactionchoicesandso the Nashequilibrium solutionscan

be found in purestrategies. Furthermore,not only cana Nashequilibrium be found,but

the setof Pareto-optimalNashequilibriacanalsobe found. In general,a Pareto-optimal

Nashequilibrium point is one in which it is not possiblefor oneplayer to be betteroff

withoutharmingtheperformanceof any otherplayers.2 For common-payoff games,in the

Pareto-optimalNashequilibriumeachplayeris receiving its highestpossiblepayoff outof

all possibleNashequilibriaof thegame.If it werenotthecase,andthereis anotherequilib-

rium in which oneplayercouldreceive a higherpayoff, thentheremustbeanequilibrium

in which all playersreceive a higherpayoff becausethey have thesamereward function.

Becauseall playersreceive thishigherpayoff, noplayersareharmedby moving to thenew

equilibrium point. But, by de�nition, the original Nashequilibrium could not have been

Pareto-optimal.Therefore,the setof Pareto-optimalNashequilibria for common-payoff

gamescorrespondto thesetof Nashequilibriawith highestpossiblepayoff to eachplayer.

Furthermore,thesePareto-optimalNashequilibriacanbede�nedto betheactionset(s)that

correspondto themaximumelement(s)in R.3 If multiple Pareto-optimalNashequilibria

exist, thenplayerswill requiresomeform of coordinationstrategy (e.g.,Boutilier (1996);

vonStengel& Koller (1997);Wang& Sandholm(2002))to ensurethatthey selectthesame

equilibrium. Without this coordination,playersmight selecttheir actionsfrom different

equilibriumpointsandtheresultingplay is generallysub-optimal(i.e., not anequilibrium

point itself).

Solutionsto extensive-form gamesaremuchharderto �nd. If eachinformationsetcol-

2Not every Nashequilibrium is Pareto-optimal.Considera casewith two Nashequilibria with payoffs
1.0and2.0to all players,respectively. While consideringthe�rst Nashequilibrium,Player1 cannotreceive
moreby unilaterallychangingits policy; however, shecoulddobetterif everyonewereto switchto thesecond
equilibriumpoint,makingthissecondonePareto-optimalfor theproblem.

3For afully observable,multi-stepcommonpayoff game,thesePareto-optimalNashequilibriacorrespond
to theoptimalsolutionthatwouldbefoundfor theMDP formulationof theproblemin joint-actionspace.
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lapsesto asinglenodein thetreethenasolutioncanbefoundthroughbackwardinduction,

startingat theterminalnodesof thetreeandworking upward(Fudenberg & Tirole, 1991).

Backward induction fails if information setscontainmultiple nodesas the sameaction

mustbeselectedfor eachnodein theset. Instead,a generalizationof backwardinduction,

sub-gameperfection,canbeusedto �nd policies(Fudenberg & Tirole, 1991).

Two alternativesexist for �nding solutionsto extensive-formgames.The�rst is to convert

thegameinto its normal-formequivalentandto then�nd optimalpolicies. In general,the

resultingpolicieswill bemixedstrategiesratherthanbehaviour or purestrategies;however,

in common-payoff games,the solutionswill correspondto purestrategies. The problem

with this methodis that thenumberof possiblepurestrategiesthatmustberepresentedis

exponentialin thesizeof thegametreeand,asthesizeof thegametreeincreases,it rapidly

becomescomputationallyinfeasibleto solve the correspondingnormal-formgame. This

exponentialscalingaffects not just general-sumgamesbut also common-payoff games;

while it is easierto solve thecommon-payoff case,conversionto normalform still requires

aniterationovereverycombinationof possiblepurestrategies.4

For example,considerthe gamein Figure2.2. In this common-payoff gameeachplayer

hastwo turnsin whichto selectbetweentheactionsA andB. In the�rst round,eachplayer

selectsan actionsimultaneously, thenin the secondroundthey areinformedof theother

player's previousselectionand,usingthat information,onceagain selectanactionsimul-

taneously. Theplayersboth receive a payoff of 1 for eachroundin which they selectthe

sameactionanda payoff of � 1 for eachroundin which they do not. Eachplayerhas� ve

uniqueinformationsets:aninitial informationsetin whichshehasnoinformationandthen

four informationsets,eachonecorrespondingto a combinationof her �rst move andthe

otherplayer's �rst move, to representthesecondround.For eachof these� ve information

sets,theplayerhastwo actionchoicesandtherefore25 differentpossiblepurestrategies.

Thenormal-formmatrix representingthis gamewould be32 � 32. If thegamewereex-

pandedto includea third roundtheneachplayerwould have anadditional16 information

setsleadingto a totalof 221 purestrategieseach.

In general,if eachplayerhasthesameactionsetwith sizejAj andhask possibleinforma-

tion setsduring thegame,theneachplayerhasjAjk differentpossiblepurestrategiesand

determiningthePareto-optimalNashequilibriumwill requirerepresentingjAjkn tabulated

4This statementdoesnot contradictChu& Halpern's (2001)NP-completenessproof for �nding theop-
timal solutionto a common-payoff extensive-formgame. While straightforward,conversionto thenormal
form is not themostef�cient methodfor solvingextensive form games.In Section2.1.5,thesequenceform
is presentedand an algorithm for �nding solutionsto common-payoff problemsusing this more ef�cient
representationdiscussed.This latteralgorithmis moreconsistentwith Chu& Halpern's result.
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Figure2.2: A morecomplicatedgametreeshowing a gamewith two turnsperplayer. In
thiscommon-payoff game,thetwo playersselectbetweentwo actionsA andB simultane-
ously, areinformedof eachother's actionchoiceandthenselectbetweenthe two actions
againsimultaneously. Eachplayerhas� veuniqueinformationsets.Nodeswithin adashed
box indicateone information set. The playersreceive a reward of 1 for eachround in
which they selectthesameaction,anda rewardof -1 for eachroundin which they do not.
Thehighlightedpaththroughthetreeindicatesthepathrealizedby thesequenceABA for
Player1.
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payoffs. While k may be low for gameswith only onedecisionpoint, asthe numberof

timesa playermakesa decisiongrows, sodoesk. For example,if theplayerseachselect

anactionat timestept andknow theactionstakenby all playersat times1, . . . , t � 1 then

by timestept eachplayerwill have:

k =
tX

j=1

�
jAjn

� j� 1
,

whichmakesthenumberof possiblepurestrategiesperplayerfor this typeof gamedoubly

exponentialin thenumberof players.

Thealternative is to convert thegameinto its correspondingsequenceformandthen�nd a

solutionto thenew game.

2.1.5 The SequenceForm

The sequenceform is designedto �nd equilibrium policiesin extensive-form gamesthat

aretoolargeto solveby conversionto normalform (Koller etal.,1996;vonStengel,1996).

Speci�cally, for 2-playergames,oncethegamehasbeenconvertedinto its sequenceform,

it canbesolvedasa linearcomplementarityproblem.For n-playercommon-payoff games

in sequenceform,analternating-maximizationalgorithmcanbeusedto �nd locallyoptimal

solutions.

Thesequenceform of a gameis similar to thenormalform of a gameexceptthat, instead

of usingpurestrategiesastheactionsetof eachplayer, sequencesareused.A sequenceof

actionsσi
j is theseriesof choicesmadeby playeri at eachinformationsetit encountersas

it traversesa singlepathj throughthegametree.Naturally, this sequencecanonly occur,

or be realized,if all otherplayersandNaturealsomake selectionsthat lie on the pathj.

For eachplayerthereareat mostasmany sequencesastherearenodesin thetree,andso

thesequenceform is linearin thesizeof thegametree(insteadof exponential).

A sequenceof movesis highlightedin Figure2.2. It correspondsto Player1's sequence

of actions:ABA (play actionA andthenplay actionB if Player2 playsactionA in the

�rst round). This speci�c sequence,however, is only realizedif Player2 hasa seriesof

actionsthat startswith actionA andthenmakesan actionchoiceconditionedon Player

1's �rst actionof A; otherwise,it cannotoccur. Player2 actuallyhastwo sequencesthat

permitPlayer1's sequencesto be realized:AAA andABA, bothof which arepartof the

highlightedpath.
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In general,for thesequenceform, if a playerhask informationsets,thenshehaskjAj + 1

sequences(theadditionalsequenceis aemptysequence,; , usedfor thepurposeof building

constraintsandthe setof sequencesincludesall sub-sequences).For the examplegame,

thetotal numberof sequencesis exponentialin thenumberof players,becausek is expo-

nential in the numberof players. Unlike the total numberof purestrategies,however, it

is not doublyexponential.For thegamein Figure2.2, thesequenceform has11 possible

sequencesperplayer: ; , A, B, AAA, AAB, ABA, ABB, BAA, BAB, BBA andBBB. In

contrast,thereare32differentpurestrategies.If thegameis extendedto athird round,then

thenumberof sequencesis 41comparedto the221 purestrategiesof thenormalform.

If σu representsa sequenceof actionsthat leadup to informationsetu, thenσua is the

sequenceof actionsthat includestheactionchoiceof a at informationsetu. A realization

plan x correspondsto a behaviour strategy for a player in which action a is playedat

informationsetu with probabilityx(σua)/x(σu) (Koller et al., 1996).Thegoalof solving

agamein sequenceform is to �nd a realizationplanx for Player1 anda realizationplany

for Player2 thatcorrespondto aNashequilibrium.

An equilibrium is formedby the realizationplansx andy if eachof the plansis a best

responseto the other. In order to solve for the optimal x andy simultaneously, the lin-

earcomplementarityproblemthat simultaneouslymaximizesthe payoffs to both players

subjectto constraintson x andy mustbecreatedandsolved,for example,usingLemke's

algorithm.Thepayoffs to Players1 and2 aregivenby thematricesB andC respectively.

Eachelementof B, bjk, is the expectedpayoff to Player1 if shetakesthe pathgiven by

hersequencej while Player2 takesthepathgivenby hissequencek. Thereareconstraints

Ex = e andFy = f thataredesignedto ensurethatanactionis selectedfor eachinfor-

mationsetandthat thesumof theprobabilitiesof reachingthechildrenof aninformation

setis equalto theprobabilityof reachingthat informationset.Undertherealizationplans

x andy, the expectedpayoff to Player1 is xTBy andto Player2 is xTCy. The optimal

solutionmaximizesthefollowing two equations,subjectto thegivenconstraints:

max
x

xT (By) (2.2)

subjectto xTET = eT

xT � 0

and:
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max
y

(xTC)y (2.3)

subjectto Fy = f

y � 0.

SeeKoller etal. (1996)andvonStengel(1996)for moredetailson thisalgorithm.

Solvingthesequenceform is non-trivial for arbitraryn-playergames;however, asetof lo-

cally optimal best-responsestrategies for common-payoff gamescan be found using an

alternating-maximizationalgorithm. Holding the realizationplans,x� i, of all but one

player�x ed,linearor dynamicprogrammingcanbeusedto �nd abestresponseplanxi for

theremainingplayer. Optimizationis donefor eachplayer, in turn,until no playerwishes

to changeits realizationplan (this processwill eventually converge for common-payoff

gamesbecausethe policiesaredeterministic). The resultingequilibrium point is a local

optimum,but randomrestartscanbe usedto further explore the strategy space.During

thisoptimizationprocess,it canbeensuredthatplayershaverealizationplansequivalentto

purestrategiesratherthanbehaviour strategiesby usingsomerulefor breakingtiesbetween

actionsthatareequivalentin reward.

For a 2-playergamethis algorithmis equivalentto repeatedlyperformingthe maximiza-

tionsgivenby Equations2.2and2.3but insteadof doingsosimultaneously, �rst y is held

�x edwhile xT (By) is maximizedandthenx is held�x edwhile maximize(xTB)y is max-

imized.

2.1.6 Alter nateSolution Concepts

In general-sumgames,correlatedequilibria (Aumann,1974)aregaining popularityover

Nashequilibria. In aNashequilibrium,eachplayerde�nesanindependentprobabilitydis-

tributionoverwhatactionsto play. In correlatedequilibria,however, playerscancondition

their actionselectionon an externalsignalin orderto achieve higherpayoffs. The bene-

�ts of a correlatedequilibriacanbeeasilyseenin theclassicBattleof theSexesproblem.

In this 2-playergame,eachplayerselectsfrom actionsA andB. Player1 hasa stronger

preferencefor actionA andPlayer2 for actionB, but bothpreferto play thesameaction

aseachotherleadingto thepayoff functionin Figure2.3.Thisgamehastwo purestrategy

Nashequilibria: (π1 = f 1,0g, π2 = f 1,0g) and(π1 = f 0,1g, π2 = f 0,1g). Theseequilib-
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Player 2
A B

Player 1 A (2,1) (0,0)
B (0,0) (1,2)

Figure2.3: Exampleof a general-sumgamewith a payoff structureequivalentto that of
Battleof theSexes. Eachplayerhasa preferencefor a differentactionchoicebut overall
prefersto choosethesameactionasits opponent.

ria leadto unequalpaymentsto thetwo players:eachplayergets2 or 1 dependingonwhich

equilibriumis selected.A mixedNashequilibriumsolutionhaseachplayerindependently

de�ne a probabilitydistribution over their individual actionchoicesin proportionto how

muchheprefersoneactionto theother. Themixedstrategy equilibriumof π1 = f 2/3,1/3g

andπ2 = f 1/3,2/3g generatesanexpectedrewardof 2/3 to eachplayer. Eventhoughthis

equilibriumgeneratesaloweroutcometo bothplayers,it couldbeconsideredmorefair be-

causeit doesnot favour oneplayerover theother. Additionally, if eachplayeroptsto play

accordingto thepurestrategy Nashequilibriumthatfavoursher, thentheresultingactions

donot form aNashequilibriumatall (i.e.,AB orBA) andeachplayerwould receiveonly

0.

During gameplay, even if playersselecttheir actionsaccordingto their mixedstrategies,

dueto the independenceof the probability distributions, the sub-optimaljoint actionsof

AB or BA canoccur. If, instead,actionchoicesareallowed to beconditionedon some-

thing like a coin-�ip (theoutcomeof which is observedby eachplayer),thenplayerscan

de�ne equilibrium policiesthat only result in situationsin whichAA or BB areplayed.

For example,if the coin is Heads,both playersplay A, otherwiseB. In this correlated

equilibrium,their expectedpayoff is now 3/2 which is clearlybetterthanthatgivenby the

mixedNashequilibriumsolution(andis equivalentto theplayersalternatingbetweenthe

two purestrategy Nashequilibria).Playerswill follow thepoliciesinducedby thecorrelat-

ing devicebecausethey donothaveany incentive to deviate: if Player2 knows thatPlayer

1 will playA if thecoin is Heads,hisbestresponseis to alsoplayA.

Correlatedequilibriaareequivalentto Nashequilibria in a largerversionof thegamethat

includesinformationaboutthe correlatingdevice. So the Nashequilibria of the original

gamewill alsoappearin thesetof correlatingequilibria. It is possibleto de�ne auniversal

correlatingdevice, ratherthan rely on an externaldevice, in which a trustedthird party

givesadviceonwhatactionsto play. As with arandomizedcorrelatingdevice,playerswill

have no incentive to deviate from the given advice. The correlatedequilibrium in which
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thepayoff to eachplayeris maximizedcanbefoundin polynomialtime by constructinga

linearprogramwith theappropriateconstraints(e.g.,thatthesumof eachplayer'spayoff is

optimized).However, constructingconstraintsthatexpressthe incentivesthateachplayer

hasto play accordingto the correlatedequilibriumstill requiresenumerationover all the

possiblejoint actionsor joint strategies.

In common-payoff games,the algorithmusedto �nd Nashequilibriaandto resolve con-

�icts betweenmultiple possibleNashequilibriacanbethoughtof asa correlatingdevice.

Additionally, asbothNashandcorrelatedequilibriawill exist in purestrategies,therewould

be no gain in reward to be achieved by switchingfrom onesolutionconceptto the other

(i.e.,aseachprobabilitydistribution is a point distribution,no farthercorrelationsarenec-

essary).5 Therefore,it is notnecessaryto usecorrelatedequilibriaasasolutionconceptfor

thesetypesof problemsunlessit simpli�es the searchfor a Pareto-optimalNashequilib-

rium. For this reason,this thesiswill focussolelyonNashequilibria.

2.1.7 Sub-GamePerfect Equilibria

For gameswith multiple turns,theissueof sub-gameperfectequilibriamustbeaddressed.

For extensive-form gamessolved usingbackward inductionor sub-gameperfectionthen

this issueis moot;however, if thegameis solvedby conversionto normalor sequenceform

thenit is important. Basically, while a strategy for a playerde�nes what it would do for

every informationsetin thegame,it is possiblethatdecisionsmadeearlyduringgameplay

will renderpartsof the gametree(i.e., sub-games)unreachable.6 Becauseany decisions

madein theseunreachableportionswill have no effect on theexpectedvalueof thegame

(if calculatedusingthenormalor sequenceform), theireffectonNashequilibriastrategies

is unusual;therecannow be multiple Nashequilibria that make the samedecisions(and

thereforehave the sameexpectedvalue) for all the reachablepartsof the gametreebut

makedifferentactionchoicesin theunreachableportions.WhichNashequilibriumis more

desirable?For general-sumgames,thenotionof crediblethreatsmakesit importantto play

sub-gameperfectequilibria.However, for acommon-payoff game,if onetruly believesthat

5If the policies of the agentsare stochastic,then correlatedequilibria may have higher payoffs. See
Bernsteinetal. (2005)for anexampleof using�nite-memory stochasticcontrollersthatincludeacorrelating
device to approximatethesolutionsto in�nite-horizon commonpayoff POSGs.

6By unreachable,it is meantonly thosepartsof the gametree that are impossiblegiven any common
informationratherthanthoseinformationsetsoff of the currentpathof play. For example,in Figure2.2,
if Player1 policy selectsactionA in the �rst roundthen,for the secondround,it is known that any of the
sub-gamesthatwouldbereachedby Player1 selectingactionB in the�rst roundarenow unreachable.
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thoseportionsof the gametreewill never be visited (becausethey representsub-optimal

play), thenit is perhapsnot important. But if a mistake couldoccur, eitherduringaction

selectionor actionexecution,thenthe strategiestaken by playersin thesenow reachable

partsof thegametreeareimportant.

A sub-gameperfectequilibrium (sometimesreferredto asa perfectequilibrium) de�nes

strategiesfor eachplayerthatarein equilibriumevenfor thosepartsof thegametreethat

cannever be reacheddueto earlierdecisions.That is, while any strategy de�nes what a

playerwould do for eachinformationset,only a sub-gameperfectequilibriais guaranteed

to bemadeup of strategiesthatarebestresponsesto eachotherat every point in thetree.

It is anextremelystablesolutionconceptbecauseit ensuresthatplayerswill recover and

playoptimally in thefuture,evenif somemistakeis madeby aplayeratanearliertimestep.

Mostof thesolutionmethodslookedat in thisthesiswill not,in general,generatesub-game

perfectequilibria.This is because,from thepointof view of thenormalor sequenceform,

a sub-gameperfectequilibrium and an equilibrium that de�nes identical action choices

for all reachableportionsof thetree(but differentactionsfor unreachablesub-games)will

generatethesameexpectedvalueandsothemore`optimal' of thetwo cannotbeidenti�ed.

Therefore,if thedomainis suchthatnoisyactionscanoccur, this will be re�ected in the

problemdynamics.

2.2 Gamesof Incomplete Inf ormation

Thissectiondescribesanexampleof anincompleteinformationgame:theBayesiangame.

In gamesof incompleteinformation, playersdo not have accessto information crucial

to the decision-makingprocessof otherplayers. While POSGsaregamesof imperfect

information, if one approximatesa POSGby interleaving planningand execution,then

eachtimestepmustberepresentedasaBayesiangamein orderto guaranteethattheagents

remaincoordinated.This observation is thecornerstoneof theBaGA algorithmwhich is

presentedin Section3.2.BecauseunderstandingBayesiangamesis crucialto therestof the

thesis,this sectionincludesa high-level overview of this kind of game,a formal de�nition

andasimple2-robotexample.
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2.2.1 BayesianGames

Bayesiangamesmodelsinglestateproblemsin which eachplayerhasprivateinformation

aboutsomethingrelevant to the decision-makingprocess(Harsanyi, 1968). While this

privateinformationcanrangefrom knowledgeaboutthenumberof playersin thegameto

theactionsetof theotherplayers,in generalit canberepresentedasuncertaintyaboutthe

utility (or payoffs) of thegame.In otherwords,utility dependsonthisprivateinformation.7

The gamesshown in Figures2.1(a)and2.2 do not have this type of privateinformation;

while theplayersmaynot know theactionstakenby theotherplayer, they do have access

to all informationrelevant to thedecision-makingprocess.Eachplayerknows thepayoff

functionsfor all players,theactionsavailableto all playersandthedynamicsof thegame.

Using this information, eachone can solve the gamein parallel to �nd a policy for all

playersand,provided that thereis a way to breakties betweendifferentNashequilibria,

they areguaranteedto �nd thesamepolicy π.

An exampleof agamein whichplayersdohaveprivateinformationwouldbeanartauction

in whicheachplayerhasreceivedanappraisalfor apaintingfrom adifferentappraiser. The

playersmustnow decideuponabid usingonly theirown evaluationof thepainting'sworth

andnot thoseof otherplayers. If Player1 makesassumptionsaboutthe valuesheld by

otherplayers,perhapsnaively assumingthey arethesameasherown, thenshewill create

andsolve a gameG1 to �nd a setof policiesπ1. Player2, however, following the same

reasoningbut having adifferentevaluationwill createandsolveadifferentgameG2 to �nd

π2. Theplayersareno longerplayingthesamegameandsowill no longerplay according

to anequilibriumsolution. This situationleadsto sub-optimalperformanceon thepartof

oneor bothplayers.TheBayesiangameframework, however, is ableto properlyrepresent

theinformationknown by eachplayerandguaranteethateachplayeris onceagainplaying

thesamegame.Generally, it doessoby makingtheassumptionthata commonprior over

all possibleinstantiationsof joint privateinformationis availableto all players.

Gameswith incompleteinformation suchas this auctionmight lead one to think about

solutionsin termsof in�nite hierarchiesof beliefs:Player1 hasbeliefsabouttheevaluation

of thepainting,shehasbeliefsabouttheotherplayer's evaluationof thepainting,shehas

beliefsaboutthe otherplayer's beliefsaboutherselfandso on. Using this in�nite belief

hierarchy, onecould imagineeachplayerbeingable to constructthe same,albeit large,

7In general,utility will be usedin this thesisto refer to the payoff or reward function for a problem
modelledasa Bayesiangame. This choicewasmadeto keepthe discussionin line with the game-theory
literature.
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gameand �nd a solution. Luckily, this in�nite belief hierarchy can be replacedwith a

probabilitydistributionover thespaceof all possiblejoint setsof privateinformation.

While eachplayerhasreceiveda differentevaluationof thepainting,thoseevaluationsare

not completelyindependentas they are basedupon the samepainting. This allows the

assumptionto be madethat, basedon somepublicly known facts(e.g., sumsfor which

paintingsby thesameartistwerepreviously auctioned),theplayerscandeterminea prob-

ability distribution over the set of all possiblecombinationsof painting evaluationsfor

Player1 andPlayer2. For example,the combinationof evaluationsf $100,$90g hasa

higherprobability of occurringthanf $100,$5g if previous paintingswerevaluedin the

rangeof $95. Furthermorethe assumptionis madethat eachplayercalculatesthe same

probabilitydistribution over thejoint setof evaluations(this assumptionwill beexplained

in moredetail later). Eachplayercannow createa larger gamein which purestrategies

de�ne anactionchoicefor eachpossibleevaluationshecanhold for thepainting.To keep

thingssimple,assumethatplayerscaneitherbid anamountequalto thevaluethey holdfor

thepainting(B) or notbid (N), andthatthey eitherhaveahighevaluationor low evaluation

for thepainting.An examplepurestrategy for Player1 would beBN, in which shebidsif

shehasa high evaluationfor thepaintingandotherwisedoesnot bid. Therewardreceived

for this strategy dependsnot only on the payoffs of the gamebut alsoon the distribution

overpossibleevaluations.

In thegame-theoryliterature,theprivateinformationheldby aplayeris calledits type, and

it encapsulatesall non-commonly-known informationto which theplayerhasaccess.The

setof possibletypesfor aplayercanbein�nite, but thisthesiswill belimited to gameswith

�nite sets. Eachplayerknows its own type with certaintybut not thoseof otherplayers.

Beliefs aboutthe typesof othersaregiven by a commonlyheld probability distribution

over joint types.Solong asthetypespacemeetscertainconsistency requirements,in�nite

recursionaboutbeliefsaboutthe beliefsof otherscanbe modelledasa prior over joint

typesratherthanexplicitly asa hierarchy. Thatmeansthat,for eachplayer, thesubjective

probabilitydistributionoverotherplayersthatwouldarisefrom reasoningaboutanin�nite

hierarchy of beliefsis thesameastheconditionalprobabilitydistribution generatedby the

commonprior over joint types(Harsanyi, 1968).

Theassumptionof a commonprobabilitydistribution over joint typesis actuallynot a re-

quirementfor Bayesiangames(seeSakovics (2001)for anexampleof work thatdoesnot

make this assumption);however, it makesthe gamesmucheasierto solve. Furthermore,

for thecommon-payoff gamesfor whichthis framework will beused,it is notanunreason-

ableassumptionto make asall playershave accessto thesameproblemdynamicsandare



62 Chapter 2. GameTheory and BayesianGames

functioningasa team.

If I = f 1, . . . , ng is the setof players,θi is a speci�c type of player i and� i is the set

of all possibletypesfor player i suchthat θi 2 � i, thena joint type θ is θ1, . . . , θn and

the joint-typespaceis � = � 1 � � � � � � n.8 θ� i is the typeof all playersbut i, and� � i

is de�ned similarly. A probabilitydistribution,P 2 �(�) , over the joint-typespace� is

usedto assigntypesto players,andthisprobabilitydistributionis assumedto becommonly

known. Fromthisprobabilitydistribution,themarginaldistributionovereachplayer'stype,

Pi 2 �(� i) canberecoveredascantheconditionalprobabilityPi(θ� ijθi).

The utility (or payoff) u of actionai to a player is dependenton the actionsselectedby

all otherplayersaswell ason their joint type,andis de�ned asui(ai, a� i, (θi, θ� i)) . By

de�nition, a player's strategy πi mustde�ne an actionfor every oneof its possibletypes

eventhoughat run-timeit will only beassignedonetype. This constraintfollows because

thesolutionto thegameis asetof best-responsepolicies.In orderfor playeri to know what

its bestresponseis to theotherplayers,it mustsimultaneouslysolvefor policiesπi andπ� i.

Therefore,π� i muststatewhatplayers� i will do for any oneof their typesbecausei does

not know their speci�c types. In turn, players� i arealsosimultaneously�nding policies

π� i andπi. Becausethey do not know what typeplayeri is, πi mustde�ne what i would

do for eachof its possibletypes.As theplayersaretrying to �nd thesameπi andπ� i, each

player's policy mustthereforebe conditionalover her entirepossibletype space� i. If a

player's strategy is givenby πi, thentheprobabilitydistribution over actionsit assignsfor

its typeθi is givenby P (aijθi) = πi(θi).

Formally, a Bayesiangameis a tuple (I, � , A, P, u) whereA = A1 � � � � � An, u =

f u1, . . . , ung andI, � andP areasde�ned above. Giventhecommonlyheldprior P (�)

overthedistributionoverplayers'types,eachplayercancalculateaBayesian-Nashequilib-

rium policy. A Bayesian-Nashequilibriumis a setof bestresponsestrategies,π, in which

eachplayermaximizesits expectedutility conditionedon its probabilitydistribution over

theotherplayers'types,andin which no playercando betterby unilaterallychangingits

strategy. In thisequilibrium,thepolicy πi maximizestheexpectedvalue:

ui(πi, θi, π� i) =
X

θ� i 2 � � i

P (θ� ijθi)ui(πi(θi), π� i(θ� i), (θi, θ� i))

for eachθi 2 � i, givenπ� i. Note that the conditionalprobabilityP (θ� ijθi) comesfrom

8In game-theoryliterature,a joint typeis alsoreferredto asa typepro�le. In this thesis,joint typeis used
becauseit is amoreconsistentwith termsfrom multi-agentcontrol(e.g.,joint action,joint observation).
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the marginals of the prior P (�) . By using the marginals in this way, eachplayer can

determine,in expectation,the bestactionto take for eachof its typeswithout having to

recursein�nitely onwhattypetheotherplayersare.Usedin thisway, theprior guarantees

thateachplayerwill solvethesamegamewhile still beingableto comeupwith conditional

policies.

In general,one �nds the setof Bayesian-Nashequilibria in the sameway one �nds the

setof Nashequilibria for a normal-formgame. It follows becausethe Bayesiangameis

representedasa normal-formgamewith a setof purestrategiesthatde�ne whatactionto

take for eachpossibletype. However, like theexponentialexplosionin theconversionof

anextensive-formgameto anormal-formgame,asthenumberof possibletypesincreases,

thenumberof purestrategiesgoesupexponentially.

In this thesis,Bayesiangamesaresolvedby transformingtheminto theirsequenceform. If

playeri hasasetof types� i andanactionsetAi, theneachtypeθi canbethoughtof asan

informationset.This transformationresultsin jAijj � ij possiblesequencesfor eachplayer.

For common-payoff Bayesiangamesin whichui = uj 8i, j, thealternating-maximization

algorithmdescribedin Section2.1.5canbeappliedto �nd thesetof realizationplansx that

correspondto a locally optimalsetof strategiesπ.

For common-payoff games,alternatingmaximizationwill �nd asetof locally optimalbest-

responsepoliciesthatcorrespondto a Bayesian-Nashequilibrium. Multiple restartsmust

thereforebe usedto determineif thereareotherBayesian-Nashequilibrium with higher

payoffs to the team. The global optimumof this searchproblemis equivalent to the set

of Pareto-optimalBayesian-Nashequilibria. Alternatingmaximizationasappliedto this

Bayesiangamerequiresthat the expectedpayoff of any combinationof joint sequences

beevaluated.If eachagenthasjAijj � ij sequences,thenthis algorithmhascomputational

complexity with anupperboundof O
�
jA� jnj� � jn

�
whereA� and� � arethelargestaction

andtypespacesof any player.

2.2.2 ExampleBayesianGame

Considera very simple 2-robot task-allocationproblem. In this problem,thereare two

differenttypesof tasks:simpleandcomplex. A simpletaskcanbecompletedby onerobot

while acomplex taskrequiresbothrobots.A taskis generatedwith probabilityp, andwith

probabilityq it will bea simpletaskandwith probability1 � q a complex task.Thereare

threepossibletasksor world states:no-task, simple-taskandcomplex-taskwith theprior
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Table2.1: Rewardfunctionfor the2-robottaskallocationproblem.

State Action Reward

* <do-nothing,do-nothing> 0

no-task <do-nothing,do-task> � f

no-task <do-task,do-nothing> � f

no-task <do-task,do-task> � 2f

simple-task <do-nothing,do-task> s � f

simple-task <do-task,do-nothing> s � f

simple-task <do-task,do-task> s � 2f

complex-task <do-nothing,do-task> � f

complex-task <do-task,do-nothing> � f

complex-task <do-task,do-task> c � 2f

Table2.2: Emissionprobabilitiesfor tasksignals.

State No-Signal Simple-Signal Complex-Signal

no-task 1.0 0.0 0.0

simple-task 0.2 0.5 0.3

complex-task 0.2 0.3 0.5

probabilityof eachoccurringbeing1 � p, pq andp(1 � q), respectively. Eachrobotmust

selectbetweenoneof two actions:do-nothinganddo-task.Therewardfunctionis givenin

Table2.1.A robotincursnocostsif it doesnothing,but hasafuel costof f for doingatask.

A simpletaskhasa rewardof s while a complex taskhasa rewardof c. It is assumedthat

c � 2f > s > f . Finally, therobotsdo not know theactualtaskor world state,but they

do eachreceive an independent(but correlated)observationof thatstate.Therearethree

possiblesignals:no-signal, simple-signalandcomplex-signalwith emissionprobabilities

asshown in Table2.2.

In thisexample,theprivateinformationreceivedby eachrobotis its observation: � i = f no-

signal, simple-signal, complex-signalg. Using the prior over the threeworld statesand

the emissionprobabilitiesof the observations,thesetof conditionalprobabilitiessuchas

Pi(no-signal� ijno-signali) can be calculated,as can the probability distribution over � ,

which consistsof ninepossiblejoint types. Thesevaluesareshown in Tables2.3 (a) and

(b), assumingavalueof 0.3for p and0.5for q.
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Table2.3: Commonprioroverjoint types(a),theresultingconditionalprobabilities(b),and
theutility function(c) for a2-robottaskallocationproblem.Thesevalueswerefoundusing
theemissionprobabilitiesgivenin Table2.2andtheprior probabilityoverworld stateswith
p = 0.3 andq = 0.5. In (b) eachelementis interpretedasPi(row-entry� ijcolumn-entryi).

no-signal2 simple-signal2 complex-signal2
no-signal1 0.328 0.056 0.056

simple-signal1 0.056 0.119 0.105

complex-signal1 0.056 0.105 0.119

(a)Commonprior.

no-signali simple-signali complex-signali
no-signal� i 0.745 0.127 0.127

simple-signal� i 0.2 0.425 0.375

complex-signal� i 0.2 0.375 0.425

(b) Conditionalprobabilities.

Joint Type
Joint Action

<do-nothing,do-task> or <do-task,do-nothing> <do-task,do-task>

(no-signal,no-signal) 0.043s � f 0.043s + 0.043c � 2f

(no-signal,simple-signal) 0.625s � f 0.625s + 0.375c � 2f

(no-signal,complex-signal) 0.375s � f 0.375s + 0.625c � 2f

(simple-signal,no-signal) 0.625s � f 0.625s + 0.375c � 2f

(simple-signal,simple-signal) 0.735s � f 0.735s + 0.265c � 2f

(simple-signal,complex-signal) 0.5s � f 0.5s + 0.5c � 2f

(complex-signal,no-signal) 0.375s � f 0.375s + 0.625c � 2f

(complex-signal,simple-signal) 0.5s � f 0.5s + 0.5c � 2f

(complex-signal,complex-signal) 0.265s � f 0.265s + 0.735c � 2f

(c) Utility function.Theutility for performing<do-nothing,do-nothing>is always0.0.
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In this problem,the utility of taking a setof actionsgiven a setof typesis the expected

rewardof takingthoseactionsgiventhebeliefoverworld statesinducedby thosetypes.For

example,if thejoint typef simple-signal, complex-signalg leadstoaprobabilitydistribution

over the threeworld statesof f 0.0,0.5,0.5g thentheutility of takingactionsf do-nothing,

do-taskg is 0.5(s � f ) + 0.5(� f ) = 0.5s � f . This is a common-payoff gameandso

u1 = u2 = u with thecompletepayoff functiontabulatedin Table2.3(c).

Thenormal-formrepresentationof this gamehaseightpurestrategiesperplayer. In order

to simplify notation,DN andDT representtheactionsdo-nothinganddo-taskrespectively

andn,s andc representtheobservationsno-signal, simple-signalandcomplex-signal. An

examplepurestrategy is thenDNnDNsDTc which correspondsto a strategy of only per-

forming the taskif the playerhearsthe complex-signal. As eachentry rjk in the normal

form representstheexpectedrewardof takingthepurestrategiesj andk, thecalculationof

eachentry involvesiteratingover theeightpossiblecombinationsof observationsandthe

resultingactionstakenby thetwo players.

Thesequence-formrepresentation,however, hassevendifferentsequencesperplayer(six

plus the null sequence; as a placeholderusedfor the purposeof building constraints).

An examplesequenceis ;DNn which meansthe player will do-nothingif it hearsthe

observationno-signal. If thepayoff matrixB is tabulatedfor thesequenceform,eachentry

bjk requirestheevaluationof takingsequencesj andk: if thetwo sequencescannotoccur

togetherthentheentryhasvalue0.0,otherwiseit is theexpectedoutcomeof takingthose

actionsgiven the associatedsignals(given by Table2.3 (c)), weightedby the probability

of thosesignalsoccurring(givenby Table2.3 (a)). The full payoff matrix canbeseenin

Table2.4.

In ordertosolvefor thelocallyoptimalsetof realizationplans,thealternating-maximization

algorithmis appliedto matrixB usinga setof randominitial plansx andy. If valuesfor

f , s andc of 2.0,3.0and10.0aresubstitutedthen,usingrandom-restarts,thebestplansare

x = f; DNn, ;DTs, ;DTcg andy = f; DNn, ;DTs, ;DTcg with anexpectedvalueof 1.02

to theteam(notationhasbeenabusedsomewhatto only show thesequenceswith weights

of 1.0). This resultcorrespondsto a policy in which eachrobotwill do thetasksolong as

it receivesthesimple-signalor complex-signal.
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Table2.4: Thepayoff matrixB for thesequenceform of the2-robottaskallocationprob-
lem. Player1'ssequencesareshown astherowsandPlayer2'sascolumns.Sequencesfor
thesameinformationsetaregroupedtogether. Becauseit is a commonpayoff game,the
solutionfor eachplayerrequiresthatsheselectsonesequencepergroup.

; ; DNn ; DTn ; DNs ; DTs ; DNc ; DTc

; 0.0 0.0 0.0 0.0 0.0 0.0 0.0

; DNn 0.0 0.0 0.014s � 0.328f 0.0 0.035s � 0.056f 0.0 0.021s � 0.056f

; DTn 0.0
0.014s �
0.328f

0.014s + 0.014c
� 0.656f

0.035s �
0.056f

0.035s + 0.021c
� 0.112f

0.021s �
0.056f

0.021s + 0.035c
� 0.112f

; DNs 0.0 0.0 0.035s � 0.056f 0.0 0.087s � 0.119f 0.0 0.053s � 0.105f

; DTs 0.0
0.035s �
0.056f

0.035s + 0.021c
� 0.112f

0.087s �
0.119f

0.087s + 0.032c
� 0.238f

0.053s �
0.105f

0.053s + 0.053c
� 0.21f

; DNc 0.0 0.0 0.021s � 0.056f 0.0 0.053s � 0.105f 0.0 0.032s � 0.119f

; DTc 0.0
0.021s �
0.056f

0.021s + 0.035c
� 0.112f

0.053s �
0.105f

0.053s + 0.053c
� 0.21f

0.032s �
0.119f

0.032s + 0.087c
� 0.238f

2.3 Summary

This chapterhasprovideda summaryof differentrepresentationsandsolutiontechniques

usedin gametheoryboth for gamesof imperfectinformationandgamesof incomplete

information.Becausethis informationis intendedto provide thereaderwith thenecessary

backgroundfor understandingBaGA, its focushasbeenongameswith commonpayoffs.

Therearetwo key conceptsaddressedin this chapterthat areof particularimportanceto

the restof this dissertationand,therefore,shouldbeunderstoodbeforecontinuing. First,

POSGsandextensive-formgamesarevery similar, with theprimarydifferencebeingthat

aPOSGincludesstatein its modelparameterswhile anextensive-formgamehasnonotion

of state.As a result,many of theissuesthatarisewhen�nding policiesfor extensive-form

gamesalsooccurin POSGs.In Section2.1.5,thesequenceform, analternativerepresenta-

tion of anextensive-formgame,waspresentedandsolutiontechniquesdiscussed.Unlike

the normal form, the sequenceform is linear in the sizeof the gametreeandnot expo-

nential. The spaceand time savings affordedby using the sequenceform allows larger

extensive-formgamesto besolved. In thefollowing chapter, this sequence-formapproach

to solvingextensive-formgameswill alsobeappliedto smallPOSGsin orderto �nd locally

optimalpolicies.

Thesecondkey conceptis thatof Bayesiangames.In Bayesiangames,playershaveprivate

informationthat is crucial to the decision-makingprocessof otherplayers.Thesegames

usea commonprior to implicitly representthe in�nite belief/knowledgehierarchy about
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private information and to �nd a set of best-responsepolicies for all players. Because

Bayesiangameswill beusedasthebuilding blocksof theBaGAalgorithmpresentedin the

following chapter, Section2.2.1,which describedBayesiangames,wasvery detailedand

anexampleBayesiangameis presentedandsolvedin Section2.2.2.



Chapter 3

Approximate Solutions for POSGs with
Common Payoffs

Thischapterpresentsanalgorithmfor �nding approximatesolutionsto aPOSGwith com-

mon payoffs that transformsthe original probleminto a sequenceof smallerBayesian

gamesthat are computationallytractable(Emery-Montemerloet al., 2004). So long as

eachrobotis ableto build andsolve thesamesequenceof games,theteamcancoordinate

on actionselection.This Bayesiangameapproximationalgorithm(BaGA) allows oneto

handle�nite horizonproblemsof inde�nite lengthby interleaving planningandexecution.

BeforepresentingtheBaGAalgorithm,it will beshown how thealternating-maximization

algorithmof thepreviouschaptercanbeusedto �nd locally optimalsolutionsto the full

POSG.It is, however, only appropriatefor very small problemsdueto its computational

overhead.

3.1 Alter nating-Maximization Approximation

In Section1.3,a POSGwasformally de�ned asa tuple(I, S, A, Z, T,R,O). Accompany-

ing thisde�nition wasadecision-theoreticanalysisfor �nding optimalsolutionsfor POSGs

with commonpayoffs; however, aPOSGcanalsobeanalyzedfrom agame-theoreticview.

While thePOSGtupleparametersareaverycompactrepresentation,aPOSGcanbemore

intuitively thoughtof asanextensive-formgame.1 In thisrepresentation,agametreeis built

1As mentionedin Chapter2, themajordifferencebetweenextensive-formgamesandPOSGsis that the
latterincludesstatein its de�nition. Thisstateinformation,however, canbefoldedinto thegametree.

69
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upin whichrobotssequentiallymakedecisionsaboutwhatactionsto takeandaplayerrep-

resentingNatureis usedto generatethe differentpossibleobservation historiesfor each

robot.

In thisextensive-formrepresentationof aPOSG,identi�cation of thedifferentinformation

setsis very importantto properly representwhat information is known to eachrobot at

eachof its decisionnodes.If a robothasonly accessto its own observationsof theglobal

stateandits own actions(i.e., no communicationandno knowledgeof the actionstaken

by otherrobotsthroughobservationof the reward functionetc.), thenat timestept it has

jAijt� 1jZijt differentpossibleinformationsets.Overtheentiretree,it has
P T

t=1 jAijt� 1jZijt

informationsets,eachof which haswell de�ned relationshipsbetweenitself andtheother

sets(suchas which information setsare children of other information sets). Finding a

solutionto suchanextensive-formgameis not trivial: convertingit to anormal-formgame

andthensolvingtheresultinggamewould requireasmuchcomputationastheexhaustive

searchover all possiblejoint policiesdescribedin Section1.3. However, asdiscussedin

Section2.1.5,onecan�nd a locally optimalsolutionto a common-payoff extensive-form

gameby convertingit to thesequenceform andapplyingalternatingmaximization.

Given the informationsetsof a POSGdescribedabove, eachrobothas
P T

t=1 jAijtjZijt or

O
�
(jAijjZij)T

�
possiblesequences.De�ning a startingpolicy (i.e., realizationplanxi) for

eachrobot takesexponentialtime asit requiresa weight,xi(σua), to beassignedto each

possiblesequenceσua (i.e.,O
�
n(jAijjZij)T

�
). Notethat this setof sequencesincludesall

sub-sequences,andnot just thoseof lengthT . Oncethis is done,alternatingmaximization

requiresthatevery joint sequenceof lengthT beevaluatedin orderto �nd thebestactions

for robot i to take at the �nal timestep.Thosevaluesarethenbacked up usingdynamic

programming.

The expectedvalueof a joint sequenceis the sumof expectedrewardsfor its associated

joint actionsat eachtimestep,multiplied by the probability of the joint sequenceitself

occurring(notethat this de�nition doesnot take into accountany future reward if these-

quenceis smallerthanlengthT ). Providedthatthesetof possiblesequencesof lengtht are

constructedincrementallyfrom the setof sequencesof lengtht � 1, thentheseexpected

rewardsandprobabilitiescanalsobecalculatedincrementally. Giventhat it takesO(jSj2)

to calculatethesevaluesfor eachjoint sequenceof length t, �nding the expectedvalue

of all joint sequencesof lengthT hasanoverall costof O(
�
jSj2

�
jA� jjZ� j

� nT �
. During the

second,dynamic-programming,partof thealternating-maximizationalgorithm,constraints

on informationsetsareusedto evaluatetheexpectedfuturevalueof sequencesof length

t < T . As a result the computationtime requiredby one iterationof alternatingmaxi-
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mizationhastwo parts:the �rst is O
�
jSj2

�
jA� jjZ� j

� nT �
, which allows thebestsequences

of lengthT to be found,while thesecondis O
�
(jA� jjZ� j)t+1

�
, which backsthevaluesat

timestept + 1 up to timestept.2

Assumingthat a boundednumberof iterationsof policy evaluationis requiredto �nd a

�x ed-pointsetof best-responsepolicies,thenoverall thisalgorithmisO
�
jSj2

�
jA� jjZ� j

� nT �

and,therefore,requirestime exponentialin thehorizonandnumberof robotsto �nd a lo-

cally optimalsolution.Thisprocedureis repeatedaconstantnumberof timeswith random

startingpoliciesin orderto searchthespaceof locally optimalsolutions.

In contrast,the exhaustive searchapproachto solving POSGspresentedin Section1.3

is O(jSj2jZ� jnT jA� jnjZ� jT ) andthereforerequirestime doublyexponentialin theplanning

horizon. This exhaustive search,however, is guaranteedto �nd theglobally optimalsolu-

tion ratherthanjust a locally optimalone. It is possibleto guaranteethat thealternating-

maximizationapproximationalso�nds theglobally optimalsolutionby restartingit suf�-

cientlymany times.However, theresultingalgorithmwouldbecomedoublyexponentialin

theplanninghorizonbecauseall combinationsof possiblestartingpolicieswould needto

beconsidered.

3.2 BayesianGameApproximation

In theprevioussection,locally optimalpolicieswerefoundby usingthesequenceform and

applyingalternatingmaximizationto the entirePOSGat once. This useof the sequence

form resultsin alargecomputationalsavingsoverexhaustivesearch;however, it is possible

to de�ne anapproximationalgorithmfor POSGsthatrequiresevenlesscomputationaltime

by interleaving planningandexecution.

WhenthePOSGis thoughtof asa largetree,thenanoptimalpaththroughthetreeis found

by �nding thebestactionto takeat theleavesandthenbackingupthosevaluesthroughthe

tree,takingcareto obey theconstraintsof information:robotsmustmakethesamedecision

at all pointsin thetreebetweenwhich they cannotdistinguish.Oncethevalueshave been

backedup throughthe tree,theoptimalpolicy canthenbe found in a forward fashionby

2To �nd out which sub-sequenceis bestfor eachof the information setsat timestept, the algorithm
mustevaluateeachof the(jA� jjZ� j)t sequences.Thevalueof eachsequenceis its immediatevalueplusthe
expectedvalueof eachpossiblenext sequence.In general,thismeanslookingat thepayoff generatedby each
of its jA� jjZ� j child sequences.Bookkeeping,however, canbeusedto look only at thosechild sequencesthat
have positive probabilityof beingplayed.Thisapproachreducesthecalculationof expectedfuturepayoff to
O

�
jZ� j

�
, andreducestheoverall complexity of thiscalculationby a factorof jA� j toO

�
jA� jtjZ� jt+1

�
.
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myopicallyselectingthebestactionfor eachinformationset.Thisactionselectioninvolves

game-theoreticreasoningabouttheactionstakenby theothermembersof theteam.

Thisapproach,however, whetherdoneapproximatelythroughalternatingmaximizationor

exactly, requiresall actionsto beevaluatedat the leavesof the treeandtheir valuesto be

backed up even if an actionchoiceat an early timestepmeansthat hugepartsof the tree

will not bevisited.Thatis, evenfor �nding locally optimalsolutions,a lot of computation

time is spentevaluatingtheeffectsof actionsfor informationsetsthatwill ultimatelynever

be reached.3 If onecould insteadsolve the gamein a forward fashion,thencomputation

time couldbefocusedon only therelevantpartsof thegametree.Of course,without loss

of optimality, thiswouldrequireautility functionthatreturnstheexactvalueof theinternal

nodesof the treewhich is impossibleunlessonehasalreadysolved theentiregametree.

However, solutionsthatarelocally optimalwith respectto a givenutility functioncanstill

befound.

This thesisproposesa Bayesiangameapproximation(BaGA) algorithmthat generatesa

solutionto aPOSGby myopicallyselectingactionsateachtimestepusingheuristicvalues

for the internalnodesratherthantheir true values. Interleaving planningandexecution,

a Bayesiangameis constructedfor eachtimestepin the problemand solved, with the

resultingpolicies,πt, concatenatedtogetherto form an overall policy π for the problem.

Thistransformationis similarto theclassicone-steplookaheadstrategy for fully observable

games(Russell& Norvig, 2002): therobotsperformfull, game-theoreticreasoningabout

theircurrentknowledgeand�rst actionchoice,but thenuseaprede�nedheuristicfunction

to evaluatethequalityof theresultingoutcomes.A verysimilarapproach,proposedby Shi

& Littman(2001),is usedto �nd near-optimalsolutionsfor ascaled-down versionof Texas

Hold'Em.

In Figure3.1 a high-level diagramof theBaGA algorithmis shown. If oneconsidersthe

full POSGgametree to be representedby the large triangle, then the BaGA algorithm

worksby constructinga smallergameat eachtimestepthatapproximatestheoptimalpol-

icy. Usinginformationcommonto theteam,suchasproblemdynamics(e.g.,T andO) and

thepoliciesfoundat previoustimesteps,therobotsareableto ignorepartsof thetreethat
3The degreeto which a child (or grandchildetc.) information set affects the action taken at a parent

informationsetdependson the ratio of the immediateexpectedreward that the actionyields the parent,to
any resultingfuturerewardfrom theappropriatechildren.For many problems,therearepartsof thegametree
thatcanbesafelyignoredwithout worrying abouttheir effect on parentinformationsets.For example,if a
teamof robotsis operatingin anenvironmentwith aclearlyidenti�able �ight of stairs,thennopolicy should
directa memberof theteamto take anactionthatwould leadit to fall down thestairs.All child information
setsthatwould follow from sucha decisioncanclearlybe ignoredduringpolicy constructionbecausethey
have essentiallynoeffecton immediateexpectedreward: oncea robotis dead,it is dead.
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full POSG
one-step 
lookahead game
for timestep t

Figure3.1: A high level representationof theBaGA algorithmfor approximatingPOSGs.
If all agentsknow everyotheragent'shistoryof observationsandactionsat timestept, then
eachone-stepgamewould berepresentedasa triangle. As this is not thecase,eachone-
stepgameis depictedasa trapezoid.Somepruningof thegametree,however, is possible
becauseof commonknowledgeaboutthepoliciesfoundatearliertimesteps.

would never bevisiteddueto previousdecisions.In this way, eachgamemodelsa subset

of thepossibleexperiencesoccurringup to thatpoint andthen�nds a one-steplookahead

policy for eachrobotcontingenton thatsubset.

Thesolutionto a POSGis a setof policiesthatguaranteethat therobotsarefully coordi-

natedduringtaskexecution.Eachrobot individually constructsthesamegameandsolves

it usingthesamealgorithmresultingin thesamesetof policiesfor theentireteam.In order

for the BaGA algorithmto guaranteethat robotswill remaincoordinated,it mustensure

thateachrobotbuilds andsolvestheexact samesequenceof Bayesiangames.This con-

straintis especiallyimportantasinformationaboutpreviouspoliciesis usedto keepfuture

gamessmall: shouldrobotsnot constructthesamegameat timestept, theneachwill use

a differentsetof policiesπi,t to build a new gameat timestept + 1, leadingto a different

gamebeingconstructedandfurthercompoundingfuturedifferences.

3.2.1 Conversion fr om a POSGto a Seriesof BayesianGames

In orderto modeleachtimestepof thefull POSGasa Bayesiangame,theconversionbe-

tweenthetwo frameworksmustbede�ned. In orderto modelasingletimestepof thegame

it is necessaryto beableto representeachsub-paththroughthetreeup to thattimestepas

a singleentity. A singlesub-paththroughthe treecorrespondsto a speci�c setof obser-

vationsandactionsup to timestept for all robotsin the team. If all robotsknow that a
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speci�c pathhasoccurred,thentheproblembecomesfully observableandthepayoffs of

takingeachjoint actionat timestept areknown with certainty. This is analogousto how

utility in Bayesiangamesis conditionedon speci�c joint types,which is why a Bayesian

game,ratherthanagameof imperfectinformation,hasbeenselectedasthemodelfor each

smallergame.

Eachpath in the POSGof length t is representedas a speci�c joint type, θt, with the

type of eachrobot, correspondingto its own observationsandactions,asthe type θt
i . A

singleθt
i mayappearin multiple joint types. With this de�nition of the typespacein the

Bayesiangame,robotsareableto conditiontheir policieson their individual observation

andactionhistoriesasthey do in theoriginalPOSG.Thereare,however, still two piecesof

theBayesiangamemodelleft to de�ne beforethesepoliciescanbefound.

First, theBayesiangamemodelrequiresrobotsto haveacommonprior over thejoint-type

space� . If it is assumedthatall robotshavecommonknowledgeof thestartingconditions

of the original POSG,i.e., a probability distribution P (so) over possiblestartingstates,

thenthealgorithmcaniteratively �nd both� t+1 andP (� t+1 ) usinginformationfrom � t,

P (� t), A, T , Z andO. Additionally, becausethesolutionof a game,π, is a setof policies

for all robots,eachrobot not only knows its own next-steppolicy but also thoseof its

teammates,andthis informationcanbe usedto updatethe joint-type space.That is, any

type θt
i that hasrobot i performa differentactionat timestept � 1 thanthe actiongiven

by the policy πt� 1
i canbe removed from � t

i becauseit haszeroprobability of occurring.

Becausethesetof all possiblehistoriesat timestept canbequite large, the initial BaGA

algorithmdiscardsall joint types(or joint histories)with prior probability lessthansome

thresholdandthenrenormalizesP (� t). By usingtheprior probability, it canbeguaranteed

thatall robotsdiscardthesamesetof joint histories.

The�nal pieceof theBayesiangamemodelthatmustbede�ned is thatof theutility func-

tion u that representsthe payoff of actionsconditionedon the joint-type space. Ideally,

a utility functionshouldrepresentnot only the immediatevalueof a joint actionbut also

its expectedfuturevaluebecause,in general,POSGsareusedfor multi-stepproblems.In

�nite horizonMDPsandPOMDPs,thesefuturevaluesarefoundby backingup thevalue

of actionsat the�nal timestepthroughtime. In BaGA,�nding thesevaluescorrespondsto

�nding thesolutionto theBayesiangamerepresentingthe�nal timestepT of theproblem,

usingthatasthe futurevalueof thegameat timestepT � 1, solving thatBayesiangame

andso-onuntil the�rst timestepis reached.Unfortunately, this approachis intractable:it

requiresBaGA to do asmuchwork assolvingtheoriginal POSGbecausea speci�c prob-

ability distribution over � T is not known until thegameis solvedfor timesteps0 through
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T � 1. In addition,unlike theproposedalgorithmthatinterleavesplanningandexecution,

no advantagecould be taken of any reductionin the sizeof � t that would arisethrough

applyingcommonknowledgefrom πt� 1. Instead,BaGA performsa one-steplookahead

usinga heuristicfunction for u, resultingin policiesthat arelocally optimalwith respect

to that heuristic. BaGA usesheuristicfunctionsthat try to capturesomenotionof future

valuewhile remainingtractableto calculate.Thoseheuristicsaredomain-dependent.

Now thatall parametersof theBayesiangamehavebeende�ned, therobotscaniteratively

build andsolve thesegamesfor eachtimestep.The t-th Bayesiangameis convertedinto

its correspondingsequenceform andalocally optimalBayesian-Nashequilibriumis found

usingalternatingmaximization.4 Onceasetof best-responsestrategiesis foundat timestep

t, eachrobotimatchesits truehistoryof observationsandactions,ht
i, to oneof thetypesin

its typespace� t
i andthenselectsanactionto executebasedon its policy πt

i andtypeθt
i .

5

BaGA runs in parallel on all robots in the teamas shown in Figure 3.2. So long as a

mechanismexists to ensurethat eachrobot �nds the sameset of best-responsepolicies

πt, then eachrobot will maintainthe samejoint-type spacefor the teamas well as the

sameprobability distribution over that joint-type spacewithout having to communicate.

This conditionensuresthat thecommonprior assumptionof theBayesiangamemodelis

alwaysmet. Shadingis usedin Figure3.2 to indicatewhich stepsof theBaGA algorithm

shouldresult in the sameoutput for eachrobot. Robotsrun the algorithm in lock-step

anda synchronizedrandom-numbergeneratoris usedto ensurethat all agentscomeup

with thesamesetof best-responsepoliciesusingthealternating-maximizationalgorithm.

It is assumedthat the robotshave somesort of locker-room agreementthat providesthis

synchronization.Locker-roomagreementscanbeusedto eliminateor reducetheneedfor

communicationby specifyinghow agentswill act in a certainscenario(Stone& Veloso,

1999). For example, if two joint actionsin a decentralizedMDP have the exact same

value,a locker-room agreementwould specifywhich of the two actionsshouldbe taken

(e.g., selectthe action that occurs�rst in an agreedordering). In this case,the locker-

roomagreementspeci�eseitherthepseudo-randomnumbergeneratorseedor sequenceof

randomnumbersto beusedfor any randomizationcallsin BaGA.

Only commonknowledgearisingfrom thepoliciesfor previoustimestepsor domainspe-

ci�c information(e.g.,robotsmight alwaysknow the positionof their teammatesfrom a
4Note that this instanceof alternatingmaximizationis not thesameasthealternating-maximizationap-

proximationof Section3.1, which was appliedto the entire POSGat once. This instanceof alternating
maximizationis appliedonly to theBayesiangamerepresentationof timestept.

5If therobot's truehistoryhasbeenpruned,thentheactualhistory is mappedto thenearestnon-pruned
historyusingHammingdistance.A bettermethodof mappingwill bede�ned in Chapter4.
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Figure3.2: A diagramshowing theparallelnatureof BaGA. Shadedboxesindicatesteps
thathave thesameoutcomefor eachrobot.



3.2.BayesianGameApproximation 77

commonobservation signal)is usedto updateindividual- andjoint-typespaces.This in-

cludespruningof typesdueto low probabilitybecausepruningthresholdsarecommonto

theteam.Theshadedboxesof Figure3.2indicatestepsin whichrobotswill have thesame

outcome:they all solve thesameBayesiangameand�nd thesamepolicy πt+1 . Thenon-

shadedboxesof Figure3.2 indicatestepsin which robotswill have differentoutcomes:

eachrobotwill matchits trueobservationandactionhistory, ht
i, to a typemodeledin the

gameandthenexecutetheactiongivenby thattype,at
i = πt

i(θ
t
i).

3.2.2 Implementation Issues

In practicetherearetwo possibledif�culties with usingtheBaGA algorithmfor approxi-

matingthefull POSG.The�rst is thatthejoint-typespace� t canbeextremelylarge,and

thesecondis that it canbedif�cult to �nd a goodheuristicfor u. A systemdesignercan

exert somecontrolover thesizeof thejoint-typespacethroughtheselectionof theproba-

bility thresholdfor pruningunlikely histories.Thebene�t of usingsucha largetypespace

is thatit canbeguaranteedthateachrobothassuf�cient informationto independentlycon-

structthesamesetof joint historiesgivenby � t andthesameprobabilitydistributionover

� t at eachtimestept. In the following chapters,two additionalapproachesaredescribed

for reducingthesizeof � t while still doingagoodjob of representingthetruedistribution

over joint histories.

Findinga goodutility functionu thatallows to Bayesiangameto �nd high-qualityactions

is moredif�cult becauseit dependson thesystemdesigner's domainknowledge.For real

robot problems,goodresultshave beenachieved with aQMDP heuristic(Littman et al.,

1995).QMDP is a very simpleto calculatePOMDPapproximation.In theQMDP utility

function,u(a, θ) is thevalueof thejoint actiona whenexecutedin thebelief statede�ned

by θ, assumingthattheproblembecomesfully observableafteronetimestep.Thisis equiv-

alentto theQMDP valueof thatactionin thatbelief state.To calculatetheQMDP valuesit

is suf�cient to �nd Q-valuesfor a fully observableversionof theproblem.TheseQ-values

can be found by dynamicprogrammingor Q-learningwith either exact or approximate

Q-values,dependinguponthenatureandsizeof theproblem.

Perhapsa betterutility function is onethat is basedon thePOMDPsolutionof a version

of theproblemin which therobotscanshareall observations.Thatis, insteadof assuming

thattheproblembecomesfully observablein thenext timestep,it is assumedthattherobots

have full communicationon the next stepwhile retainingthe partially observablequality

of the world. However, even the smallestof the robot problemsexaminedin this thesis
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aretoo largeto solve usingapproximatePOMDPtechniquessuchasthoseof Pineauet al.

(2003a). Section3.4.1.2,however, presentsexperimentalresultscomparinga variety of

differentheuristicsfor a smallproblemin which thePOMDPsolutioncouldbefoundfor

thejoint-actionand-statespaces.Hand-codedheuristicsarecomparedwith thosethatmake

useof aPOMDPsolutionthatassumestherobotswill beableto shareall observationsafter

thecurrenttimestep.

3.3 Algorithms for the BayesianGameApproximation

Algorithmsshowing how to implementBaGA aregivenin Algorithms3.1and3.2. Algo-

rithm 3.1takestheparametersof theoriginalPOSG(theinitial joint-typespaceis generated

usingtheinitial distribution overS) andbuilds up a seriesof one-steppolicies,π t. In par-

allel, eachagentwill: solve theBayesiangamefor timestept to �nd πt; matchits current

history of experiencesto a speci�c type θt
i in its type space;matchthis type to an action

asgivenby its policy πt
i ; andthenexecutethataction. Algorithm 3.2 providesan imple-

mentationof how to solveaBayesiangamegiventhedynamicsof theoverallPOSGanda

speci�c joint-typespaceanddistribution over thatspace.It alsopropagatesthe joint-type

spaceandits prior probabilityforwardonetimestepbasedon thethesolutionto thatgame.

NotethatthequantityP (z, ajθ) in Algorithm 3.2is theprobabilityof anobservationz and

anactiona occurringastheone-stepextensionto thetypeθ andwill thereforedependboth

onproblemdynamicsaswell asthepolicy just foundfor theteam.

Additionalvariablesusedin thesealgorithmsare:r is therewardto theteam,rs is arandom

seed,σi is a genericstrategy, φ a generictype,andsuperscriptsreferto thetimestepunder

consideration.ThefunctionbeliefState(θ) returnsthebelief stateoverS givenby thejoint

historyof observationsandactionsde�ned by thejoint typeθ. In Algorithm 3.2,aQMDP

heuristicfor calculatingutility is used,but any otherheuristiccouldbesubstituted.

For alternatingmaximization,shown in its dynamic-programmingform in Algorithm 3.3,

randomrestartsare usedto move the solution out of local maxima. In order to ensure

that eachagent�nds the sameset of policies, BaGA synchronizesthe randomnumber

generationof eachagent.For eachBayesiangame,alternatingmaximizationis appliedfor

only asingletimestepandso,unlikeSection3.1,it is notnecessaryto backupvaluesfrom

timestept + 1 to t.
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Algorithm 3.1: PolicyConstructionAndExecution
I,Θ0, A, P (Θ0), Z, S, T,R,O
Output : r, st, πt,8t
begin

hi  � ; ,8i 2 I
r  � 0
initializeState(s0)
for t  0 to tmax do

for i 2 I do (in parallel)
setRandSeed(rst)
πt,Θt+1 , P (Θt+1 )  BayesianGame(I,Θt, A, P (Θt), Z, S, T,R,O, rst)
hi  hi [ zt

i [ at� 1
i

θt
i  matchToType(hi,Θ

t
i)

at
i  πt

i(θ
t
i)

/*all agents execute their action at
i */

st+1  T (st, at
1, ..., a

t
n)

r  r +R(st, at
1, ..., a

t
n)

end

3.3.1 Computational Complexity

For a problemin which thetypespaceof a robotconsistsof its historyof observationsof

theglobalstateandactionsup to timestept (i.e., robotscannotobserve theactionsof their

teammates),thenthesizeof thattypespace,j� t
ij, wouldbejAijt� 1jZijt if nopruningof the

gametreewasdone.BaGA,however, doespruneawaypartsof thegametreethatall agents

know will neverbevisitedin thefuturedueto previouspolicy decisions.Basically, because

BaGAensuresthatpoliciesaredeterministic,for all typesθt� 1
i 2 � t� 1

i , only thoseone-step

extensionsof typeθt� 1
i that includetheactiongivenby πt� 1

i (θt� 1
i ) will be includedin the

type spaceat timestept. This constraintmakesthe sizeof its type spacehave an upper

boundof j� t
ij � jZijt asfurther pruningmay be possibledueto problemconstraintsor

othercommonknowledgesuchasapruningthreshold.

Eachtimestepof theBaGA algorithmrequiresa Bayesiangameto besolved,which, us-

ing the sequenceform andalternatingmaximization,hasa computationalcomplexity of

O
�
(jA� jj � t

� j)n
�
. Due to pruning,this complexity hasanupperboundof O

�
jA� jnjZ� jnt

�
.

Solving this game,however, alsorequiresthat theutility function for eachf θt, ag pair to

bede�ned. With aheuristiclikeQMDP , thisprocedurerequiresjSj operationsperjoint se-

quence,leadingto anoverall complexity of O
�
jSjjA� jnjZ� jnt

�
. Finally, for eachtimestep

of thealgorithmt 6= T , thejoint-typespaceandtheprobabilitydistributionover it mustbe

generatedfor t + 1. Generatingthenew joint-typespacerequiresiteratingover all possi-

ble (jA� jjZ� j)n one-stepextensionsof each� t� 1 andcalculatingtheprobabilityof suchan
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Algorithm 3.2:BayesianGame
Input : I,Θ, A, P (Θ), Z, S, T,R,O, randSeed

Output : π,Θ0, P (Θ0)

begin
setSeed(randSeed)
for a 2 A, θ 2 Θ do

u(a, θ)  qmdpV alue(a, beliefState(θ))

π  findPolicies(I,Θ, A, P (Θ), u)
Θ0  � ;
Θ0

i  � ; , 8i 2 I
for θ 2 Θ,z 2 Z, a 2 A do

φ  θ [ z [ a
P (φ)  P (z, ajθ)P (θ)
if P (φ) > pruningThresholdthen

θ0  φ
P (θ0)  P (φ)
Θ0  Θ0 [ θ0

Θ0
i  Θi [ θ0

i,8i 2 I

end

Algorithm 3.3: findPolicies
Input : I,Θ, A, P (Θ), u

Output : πi,8i 2 I

begin
for j  0 tomaxNumRestarts do

σi  random, 8i 2 I
while !converged(π) do

for i 2 I do
for θi 2 Θi do

σi(θi)  argmax[
P

θ
−i 2 �

−i
P (θ� ijθi)ui(σi(θi), σ� i(θ� i), (θi, θ� i))]

if bestSolutionthen
πi  σi,8i 2 I

end
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extensionrequiresO(jSj2) operations.

If thehorizonof theproblemis T , thenaltogethertheBaGAalgorithmhasanupperbound

oncomplexity of O
�
jSj2jA� jnjZ� jnT

�
, which is at leasta factorof An(T � 1) lessthanthatof

performingalternatingmaximizationon the entirePOSGat once. In practice,this factor

canbeevenlargerdueto any furtherreductionsin thesizeof thetypespace.

It is importantto notethatfor many problems,thesizeof theglobalstatespace,jSj, actu-

ally servesasa fairly looseupperboundin thesecalculationsdueto problemconstraints.

For example,considera robotic tag problemin which the type of eachrobot speci�es

its actions,position, and any observationsof its teammatesand the opponent. I.e., Zi

includesthe position of robot i. Ratherthan iterateover all statesin S, for eachjoint

typeθt, only thoseelementsof S thatareconsistentwith theassociatedrobotpositionsat

timestept needto be consideredwhendeterminingthe probabilityandutility of θt. If S

is the cross-productof the robots' positions(RT) andthe opponent's position(Opp), i.e.,

jSj = jRT jnjOppj, thentheupperboundon thecomplexity of theproblemwould actually

beO
�
jOppj2jA� jnjZ� jnT

�
, which is muchsmallerthanO

�
jSj2jA� jnjZ� jnT

�
.

3.3.2 BaGA for POSGswith Limited Communication

While POSGscanmodelproblemswith any degreeof communication,in thischapter, and

the onefollowing it, the BaGA algorithmis developedfor solving POSGswithout com-

munication.Theadditionof periodiccommunicationcanonly improve theperformanceof

theteamasit wouldallow robotsto sharetheir speci�c informationhistoriesandtherefore

make decisionsconditionedon the true joint historyof the teamratherthana probability

distribution over the setof possiblejoint histories. In this way, POSGswith no commu-

nicationprovide a lower boundon theperformanceof a robot teamwhile thosewith full

communication,modeledasPOMDPsfor a largermeta-agent,provide anupperbound.A

POSGwith arbitrary, but limited communication,will have performancesomewherebe-

tweenthetwo.

If a POSGhasa �x ed communicationpolicy in which robotssharetheir observationsat

periodic intervals thenthe BaGA algorithmcanbe modi�ed to incorporatethis commu-

nicationby treatingthecommunicatedinformationascommonknowledgethat is usedto

affect the setof joint types� t andthe probabilitydistribution over themP (� t). For ex-

ample,if theteamcommunicateseveryx timesteps,thenfor t = cx, thesetof joint types

wouldcontainjustoneelement,thetruejoint historyof theteamθt, andthiselementwould
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haveprobabilityof 1.0of occurring.6

The generationof dynamiccommunicationpolicies, in which robotsmake decisionsto

communicatebasedonspeci�c observationhistories,is amuchharderproblemandwill be

examinedin moredetail in Chapter5.

3.3.3 Levelsof Approximation

In BaGA,therearetwomainlevelsof approximationusedto �nd thesolutionto theoriginal

POSG.First, alternatingmaximizationis usedto �nd a locally optimal Bayesian-Nash

equilibrium of the one-stepgamerepresentingthe currenttimestep. This equilibrium is

notguaranteedto bethePareto-optimalBayesian-Nashequilibriumbecauseonly a limited

numberof randomrestartsare usedto move out of local maxima. Unlessone were to

exhaustively searchthespaceof all policies,onecannotguaranteethat thePareto-optimal

equilibrium hasbeenfound, nor placeuseful boundson how much worsethe expected

payoff of a locally optimal policy is than that of the Pareto-optimalpolicy. Worst-case

boundscould be found by comparingthe optimal joint actiongiven full observability to

theexpectedvalueof thefoundequilibriumpoint;however, in practice,thePareto-optimal

Nashequilibrium would not be ableto achieve this fully observablevaluedueto partial

observability.

If the expectedfuture valueof actions,given the currenttimestep,wereknown with cer-

tainty, thenusingalternatingmaximizationto �nd the one-steppolicy would be the only

placein whichapproximationwasintroducedinto thealgorithm;however, asthis function

is not known (it would involve solvingtheoriginal problem),furtherapproximationis in-

troducedthroughthe useof heuristicsto estimatethis function. Again, error boundson

performanceintroducedthroughthis secondlevel of approximationcannot,in general,be

found.Assumptionscanbemadeontheproblemdomainthatrendertheheuristicscorrect,

suchasrobotsbeingableto shareall observationson thefollowing timestep.An example

would beproblemswith somesortof delayedcommunication;robotshave full communi-

cationbut thecommunicatedinformationtakesonetimestepto reachtherestof theteam.

In practice,however, theseassumptionsarenotvalid in many interestingproblems.

Theeffectsof thesetwo levelsof approximationcanbemitigatedat theexpenseof greater

computation.First, alternatingmaximizationcanbe replacedwith an algorithmthat has

6If robotscanonly sharepartialinformationthenthis informationis simplytreatedascommonknowledge
andusedto updatethecommonprior over thesetof possiblejoint typesasappropriate.
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guaranteeson the global optimality of the found policies, suchas an exhaustive search

methodthatwould iterateoverall possiblejoint policies.For common-payoff games,mov-

ing from a (Bayesian)Nashequilibriumto a correlatedequilibriumsolutionconceptdoes

notreducethecomplexity of thissearch.Althoughacorrelatedequilibriumthatmaximizes

thepayoffs to all robotscanbefoundin polynomialtimethroughlinearprogramming,con-

structingtheconstraintsof this linearprogramstill involvesenumeratingover all possible

joint policies.7

Theeffect of thesecondlevel of approximationis affectedby thequality of theheuristic

used. Improving the quality of the heuristiccaninvolve moreoff-line computation,such

assolving smallerhorizonversionsof a problemin orderto estimatethe future valueof

actionsratherthanrelying on aQMDP heuristic.Regardlessof heuristicquality, BaGA is

effectively doinga one-steplookaheadin orderto evaluatetheeffectsof takinganaction.

Using the sameheuristic,solution quality could be improved, at an increasein on-line

computationalcosts,by moving to multi-steplookahead.

In multi-steplookahead,ratherthandoinggame-theoreticreasoningover only thecurrent

actionchoice,robotswould �nd locally optimalpoliciesof lengthn. Givena typespace

equalto thesetof all possiblejoint historiesat timestept, robotswouldconsidersequences

of actionsfor thenext n timestepsasthebuilding blocksof their policiesratherthanjust

singleactions.Thesesequencescanbestbe thoughtof asn-steppolicy trees:the root of

the treegives the immediateaction for a robot to take while actionchoicesfor the next

n � 1 stepsareconditionedon possiblefutureobservations.Theexpectedvalueof sucha

policy treewould betheexpectedsumof theimmediaterewardsover then stepsplusthe

expectedfuturevalueof thelastaction(leafof thetree)asgivenby aheuristic.A policy π t

now tells robotswhich policy treeto follow for eachof their possibletypesat timestept.

To selectanaction,arobotusesπt
i to �nd thepolicy treewhich is assignedto its (true)type

θt
i andthenimplementstheactiongivenby theroot of thatpolicy tree. At timestept + 1,

robotsconstructanew gameto �nd anew policy of lengthn ratherthanre-usingany of the

previously foundpolicy treesbecausetheexpectedvalueof thenew policy treeprovidesa

moreaccurateestimateof theexpectedpayoffs of actionsat timestept + 1. Thisapproach,

sometimecalledreceding-horizoncontrol, reducesthe negative effectsof approximating

7It actuallyrequiresenumerationoverall joint strategieswhereastrategy is anassignmentof anactionto
eachpossibletype. For general-sumproblems,a strategy is deterministicwhereasa policy is not andsothe
setof all joint policiesis muchlargerthanthesetof joint strategies.For acommon-payoff problem,however,
thereis no needto randomizeover actionsandso only deterministicpoliciesareconsidered.In this case,
policiesandstrategiescanbethoughtof asequivalentandsothesetof all possiblejoint policiesis equalin
sizeto thesetof all joint strategies.
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thefuturevalueof actionsasn ! T , thehorizonof theproblem.

In additionto thesetwo mainkindsof approximation,thepruningof low-probabilityjoint

histories(i.e., joint types)resultsin additionalapproximationbecauseall possiblejoint

historiesareno longerrepresentedby BaGA. However, unlike theothertwo levelsof ap-

proximation,theeffectsof low-probabilitypruningcanbeeasilynegatedby reducingthe

pruningthresholdto zero.Alternatively, moreprincipledmethodsfor reducingthenumber

of joint historiesthataremaintainedby BaGAcanbeapplied.Thesemethodsarethefocus

of Chapter4.

3.3.4 Sub-GamePerfect Equilibria

In Section2.1.7,thenotionof asub-gameperfectequilibriumwasintroduced.In sub-game

perfectequilibria,thestrategiesof robotsareguaranteedto bestresponsesto eachotherat

all partsof the tree,even in thosesub-gamesthat cannot be reacheddueto earlierdeci-

sions.8 While alternatingmaximizationis ableto �nd a locally optimalequilibria for the

full POSG,in general,it is notableto �nd asub-gameperfectequilibria.Thispropertyre-

sultsfrom thecombinationof usingthesequenceform anddynamicprogrammingto solve

the problem. In the sequenceform, the expectedvalueof a joint sequencethat haszero

probabilityof occurringis 0.0.Therefore,duringadynamic-programmingback-up,theal-

gorithmcannotdistinguishbetweena joint sequencethathaszeroprobabilityof occurring

but would resultin optimal reward if it couldoccurandonethatalsohaszeroprobability

but hasa lower reward. As a result, it will selectbetweenthe two in an arbitrary fash-

ion. Even if thedynamic-programmingalgorithmwereto resultin a setof strategiesthat

area sub-gameperfectequilibrium(dueto how randomchoicesweremade),thosestrate-

gieswill have thesameexpectedvalueasany othersetof strategiesthatarethesamefor

the reachableportionsof the tree(but differentfor theunreachableparts). Thealgorithm

therefore,cannotidentify whichof thetwo setsof strategiesis superior.

TheBaGA algorithmalsodoesnot �nd sub-gameperfectequilibria. By de�nition, a sub-

gameperfectequilibriumwill de�ne asetof best-responsestrategiesfor everysub-gameof

thetree.But, BaGA only generatesstrategiesfor reachablesub-gamesof thetree.Indeed,

8Theonly reasonthatanequilibriumpoint for a multi-stagegamewould not satisfysub-gameperfection
would be if it wasfoundby solvinga normalor sequence-formversionof theoriginal game.As explained
in Chapter2, in thesetwo forms a sub-gameperfectequilibrium policy and a policy that is identical for
reachablesub-gamesof thetreebut differentfor non-reachablesub-games,have identicalevaluationsandso
bothsatisfythetheequationsfor �nding best-responsepolicies.Differencesbetweenthetwo policieswould
thereforebeapparentonly to ahumanandnotamachine.
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part of its computationalsavings resultsfrom pruningout partsof the treethat arecom-

monly known to beunreachable.Therefore,becauseit doesnot de�ne actionsto take for

unreachablesub-games,it cannot,by de�nition, �nd sub-gameperfectequilibria. Further-

more,becauseof thatpruning,if somethingwereto occurthatwouldmakeanunreachable

sub-gameof the tree suddenlypossible,BaGA would not be able to properly represent

the problem. However, for the type of problemsexaminedin this thesis,the inability of

BaGA to �nd sub-gameperfectequilibria is not importantbecauseunreachableportions

of thegametreeremainunreachable.If thereis thepossibilityof noisyactions(e.g.,in a

real robotproblem),thenthatnoiseis taken into accountin theproblemdynamics.9 This

propertyallowsBaGAto retaintheappropriatejoint typesandstill generatevalid solutions.

3.4 Experimental Results

In this section,experimentalresultsarepresentedfor threedifferentdomains.The �rst is

that of the Lady and the Tiger, which is a 2-agentproblemfor which the full POSGcan

besolved for small time horizons.Thesolutionquality andcomputationalcomplexity of

BaGA is comparedto that of the full POSG.Additionally, the effectsof differentutility

functionson theperformanceof BaGA is analyzed.Theseconddomainlookedat is that

of theMultiple AccessBroadcastChannel. Like theLadyandtheTiger, thefull POSGof

thisn-agentproblemcanbesolvedfor small time horizons.It is includedto demonstrate

how BaGA handlesproblemswith morethantwo agents.The �nal domainis anabstract

2-robotTag problemandis muchlarger in sizethantheprevious two problems.The full

POSGcannotbeconstructedfor RoboticTag andso,instead,theperformanceof BaGA is

comparedto thatof well known heuristics.

3.4.1 Lady and The Tiger

TheLadyandtheTiger problemis amulti-agentversionof theclassictigerproblem(Kael-

bling et al., 1998)createdby Nair et al. (2003). In this two-state,�nite-horizon problem,

two agentsarefacedwith theproblemof openingoneof two doors.Onedoorhasa tiger

behindit, andthe othera treasure.Whenever a door is opened,the locationof the tiger

is randomlyresetandthegamecontinuesuntil the �x edtime haspassed.Thecrux of the

9This is somewhatrelatedto thenotionof “trembling hands”which canbeusedto resolve thesub-game
perfectequilibrium problem(Selten,1975). However, applying “trembling hands”unilaterally to BaGA
would resultin greatlyreducedpruningandsonoisyactionexecutionis only modelledasnecessary.
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LadyandTheTiger problemis thatneitheragentcanseetheactionsor observationsmade

by its teammate,norcanit observe therewardsignalandtherebydeducethatthegamehas

beenreset.It is, however, necessaryfor eachagentto reasonaboutthis information.

The setof statesis S = f tiger-left, tiger-rightg, which indicateswhetheror not the tiger

is behindthe left or right door. The initial distribution over S is f 0.5,0.5g. Eachagent

hasthreeactions,Ai = f listen, open-left,open-rightg, and two possibleobservations,

Zi = f hear-left, hear-rightg. Thetransition,rewardandobservationemissionsfunctions,

T , R andO aregiven in Table3.1. The reward function is suchthat it is alwaysbetter

for the agentsto selectthe sameaction;a POMDPformulationof the problemin which

agentscansharetheir observationsleadsto only theactions<listen, listen>, <open-left,

open-left> and<open-right, open-right> beingused(i.e., theremainingjoint actionsare

dominated).If agentscannotcommunicate,thenthey mustreasonaboutwhatactionis best

to take givenwhatobservationsandactionstheir teammatemayhave taken. For example,

if adooris openedby Agent1 at timestept, thentheproblemis reset,drasticallychanging

theemissionprobabilitiesfor Agent2. If Agent2 doesnot reasonaboutthepossibilitythat

a doorwasopened,it will placetoo high a weighton its observationat timestept during

futuredecisionmaking.

3.4.1.1 Comparison to Full POSG

While theLadyandtheTiger problemis small,it allows thepoliciesconstructedby build-

ing the full extensive-form gameversionof the POSGto be comparedto thosefrom the

BaGA approximation. It alsoshows how even a very small POSGquickly becomesin-

tractable.Table3.2 comparesperformanceandcomputationaltime for this problemwith

varioustime horizons. The full POSGversionof the Lady and the Tiger wassolved us-

ing thedynamic-programmingversionof alternatingmaximizationon thesequenceform

with 20 randomrestarts.Increasingthenumberof restartsdid not resultin highervalued

policies.

For theBaGA algorithm,eachagent's typeat timestept consistsof its entireobservation

and actionhistory up to that point. For example,a possibletype at timestep4 is <lis-

ten, hear-left, listen, hear-right, listen, hear-right>. Eachjoint typeθ completelyde�nes

a belief bθ over world state. Joint typeswith probability lessthan0.000005arepruned

duringtheconstructionof thetypespace� t andtheprobabilitydistributionover thejoint-

type spacerenormalized.If an agent's true history is pruned,thenfor actionselectionit

is assignedtheclosestmatchedtypein � t
i. This matchis foundusingHammingdistance.



3.4.Experimental Results 87

Table 3.1: Transition, reward and observation emissionfunctionsfor the Lady and the
Tiger problem.All functionsaresymmetricwith respectto theagentsandsoonly half of
the joint actionshave beenshown (e.g.,<open-left, open-right> and<open-right, open-
left> result in the sameoutcome). Becauseopeningthe door resetsthe tiger's position,
usefulobservationsareonly madeif bothagentsperformthelistenactionat thesametime.

State Action tiger-left tiger-right
tiger-left <listen, listen> 1.0 0.0

tiger-right <listen, listen> 0.0 1.0
* <open-left, *> 0.5 0.5
* <open-right, *> 0.5 0.5

(a)T

State Action Reward
* <listen, listen> -2.0

tiger-left <open-left, listen> -101.0
tiger-left <open-right, listen> 9.0
tiger-left <open-left, open-left> -50.0
tiger-left <open-left, open-right> -100.0
tiger-left <open-right, open-right> 20.0

tiger-right <open-left, listen> 9.0
tiger-right <open-right, listen> -101.0
tiger-right <open-left, open-left> 20.0
tiger-right <open-left, open-right> -100.0
tiger-right <open-right, open-right> -50.0

(b)R

State Action hear-left hear-right
tiger-left <listen, listen> 0.85 0.15

tiger-right <listen, listen> 0.15 0.85
* <open-left, *> 0.5 0.5
* <open-right, *> 0.5 0.5

(c)O
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Table3.2: Computationalandperformanceresultsfor the Lady and the Tiger. Expected
rewardandcomputationtimeis shown for thefull POSGsolution.For theBaGAalgorithm,
rewardsare averagedover 100000trials with 95% con�denceintervals shown. Timing
experimentswereperformedon a Intel Pentium4, 2.80 GHz machine. Memory, rather
thancomputationrequirements,preventedthefull POSGfrom beingsolvedfor thehorizon
7 problem.

Time Horizon Full POSG BaGA
ExpectedReward Time(ms) AverageReward Time(ms)

3 5.19 50 5.18� 0.15 1
4 4.80 1000 4.77� 0.07 5
5 7.02 25000 7.10� 0.12 20
6 10.38 900000 10.28� 0.21 50
7 � � 10.00� 0.17 200
8 � � 12.25� 0.19 700
9 � � 15.28� 0.26 3500
10 � � 15.07� 0.23 9000

At eachtimestepalternatingmaximizationwith 20 randomrestartsis usedfor policy con-

struction. The heuristicusedto calculatethe utility of actionsfor the resultsshown in

Table3.2 wasexperimentallyhand-tunedto maximizeperformanceandmakesuseof the

performanceof policiesfound for shorterhorizons.This heuristicis actuallya collection

of heuristicswith the one that maximizedperformancebeingusedfor eachhorizon. In

thefollowing section,theeffectsof speci�c heuristicsonperformanceis investigatedmore

closely.

For thosetimestepsfor which the full POSGcould be solved, BaGA was able to �nd

policiesthatresultedin similar performancebut at a fractionof thecomputationtime. For

thosetimestepsin which thefull POSGwasnot solved,theoverall performanceof BaGA

could not be directly evaluated. Onecould comeup with an estimationof the expected

performanceof thefull POSGbysplittingupaproblemwith ahorizonof n into twoormore

smallerhorizonproblemsandthenapplyingtheir policiesconsecutively. For example,a

problemwith a horizon of 9 could be consideredas threeconsecutive instancesof the

horizon 3 problemor as an instanceof the horizon 4 problemfollowed by a horizon 5

problem.Policiesthatconcatenatetogethersmallerpoliciesin thiswaycanberepresented

by thechosentypespace,andthereforecanmakeuppartof valid solutionsto thisproblem.

For example,apolicy calculatedfor ahorizonof 6 is shown in Figure3.3(a). Theequilib-
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rium pointwith highestexpectedvaluefoundfor boththefull POSGandtheBaGAwith the

complex heuristicis madeupof anidenticalpolicy for eachagentthatcanbedescribedby

thepolicy treein Figure3.3 (a). In this policy eachagentperformsthelistenactiontwice,

andthen,if it receivesthesameobservation twice in a row it openstheappropriatedoor,

andotherwiseit chooseslistenagain. Regardlessof whatactionwasselectedon thethird

timestep,theagentslistenon thefourth and�fth timesteps.Then,usingonly observations

gatheredon thosetwo timesteps,eachagentwill openthedoor if its last two observations

arethesame.In otherwords,evenif theagentdoesnot opena dooron thethird timestep,

it still ignoresthe observationsit receiveson that timestepbecausethe event that at least

oneagenthasopeneda door hashigh enoughprobability to make this a badobservation

uponwhich to conditiondecisions.Becausetheagentsignorethis information,onemight

interpretthisoverallpolicy astheagentsfollowing theirhorizon3 policy treefor threesteps

andthen,on thefourth timestep,simply re-startingat therootof thispolicy tree.

Using a lesscomplex heuristic,suchas someof thosediscussedin the next section,a

differentlocal optimumwasfound in which eachagentlistensfor the �rst � ve timesteps

andthen,if it hearsfour or � ve of thesameobservations,openstheappropriatedoor. This

policy is shown asapolicy treein Figure3.3(b). Thispolicy illustratesoneof thedownfalls

of usinga heuristicto evaluatethe futurevalueof actions.In this case,theheuristicused

is overly optimisticbecauseagentsassumethey will beableto shareall observationsin the

future. Therefore,whenmakinga decisionat timestep3, agentsbelieve they will beable

put off openingthedoor for anothertimestep(in orderto make a moreinformeddecision

aboutwhich door to open),but still have enoughtime to get the observationsneededto

openadooron the�nal timestep.However, oncethefourth timestepis reached,theagents

have a betterestimateof thefact thatopeninga doornow andthenperforminga listenon

the �fth timestepwill not yield enoughinformationto opena door on the �nal step. As

a result they do not openthe door on the fourth or �fth timestepseither. With a better

heuristic,agentsareableto evaluatethebene�tsof openinga doortwice,eachtime on the

basisof lessinformation(andthereforewith lower expectedreward),againstopeningthe

dooronly oncebut with higherquality information.

BaGA requiredmuchlesstime to arrive at the 6-steppolicy thanperformingalternating

maximizationover the full POSGbecauseit hadto keeptrack of a fraction of the num-

ber of observation histories. In the full POSG,therewere over a thousandinformation

setsin its tree representation.Thus, the evaluationof the leaves (all policies of length

6) requiredevaluatingroughlyninemillion joint sequencesbeforethat informationcould

be backed up to earlier timesteps. In contrast,BaGA resultedin type spaceswith size
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of j� t
ij = f 1,2,4,8,16,32g for eachagentmeaningthat the most expensive alternating-

maximizationstep,which wason the �nal timestep,only hadto evaluate1024 joint se-

quences.

As thehorizonof theproblemincreases,thepruningthresholdof 0.000005startsto reduce

the numberof joint types,which in turn reducesthe numberof individual typesfor each

agent.For example,while theupperlimit on thetypespaceof a 10-stepproblemis j� t
ij =

2t� 1, in practicethe sizesof the type spaceswerej� t
ij = f 1,2,4,8,16,32,52,104,208,416g

whichhelpedto keeptheproblemmanageable.

3.4.1.2 Heuristic Function Evaluation

In orderto evaluatethe effectsof the heuristicfunctionuponperformance,four different

utility functionswere usedin the BaGA algorithm. A sel�sh versionof eachof these

heuristicswasalsoimplementedin orderto judgehow performanceis improvedby doing

a full stepof game-theoreticreasoningon thecurrentactionselection.In a sel�sh policy,

eachagentconstructsabeliefstateusingonly its own observationsandthenusesthatbelief

stateto evaluatetheexpectedrewardof actionsgiventhecurrentheuristic.Theagentthen

implementswhatit believesto bethebestaction.

The�rst of thefourutility functions,simple-heuristic, isasimpli�ed versionof theheuristic

usedthe previous section. This heuristicis alsobaseduponthe performanceof policies

foundfor shortertime horizons,but hasnot beenhand-tunedfor eachhorizonvalue(i.e.,

ratherthanhave a differentheuristicfor eachhorizon,thesingleheuristicthatperformed

bestfor themosthorizonswaspicked).This heuristicmakestheassumptionthat,afterthe

currenttimestep,theagentswill playaccordingto apreviouslyfoundapproximatesolution.

The secondutility function, coop-POMDP, usesa heuristicthat assumesthat the agents

will be able to fully communicateafter the next timestep. This heuristicwascalculated

usingthepublicly availablepomdp-solve(Cassandra,1999)to solve thePOMDPin which

ameta-agenthasanactionandobservationspaceequalto thejoint-actionand-observation

spaceof the original problem. The utility of a joint-action,joint-type pair, f a, θg, is the

expectedimmediatereward for that joint actiongiven thebelief bθ, plus thesumover the

expectedfuturevalueof eachpossibleoutcomeof thejoint actionasgivenby thePOMDP

solution.For thesel�shapplicationof thisheuristic,eachagentsimplyconstructsits current

beliefandthenappliesits partof thebestjoint actionasgivenby thePOMDPsolution.This

approachis anexampleof anextremelyoptimisticheuristic,which resultsin sub-optimal

policiessuchastheoneshown in Figure3.3. Theover-estimationof futurerewardcauses
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Figure3.3: Examplepoliciesgeneratedfor a 6-stepversionof the Lady and the Tiger problem. The policiesgeneratedusing
alternatingmaximizationon thefull POSGwerethesamefor eachagentandsoonly oneis shown (asapolicy tree)in (a). While
BaGA is ableto �nd thesamepolicy treesusingtheheuristicdescribedin Section3.4.1.1andthesingle-POMDP(pessimistic)
heuristicof Section3.4.1.2,otherheuristicsresult in a locally optimal policy in which both agentshave a policy given by the
policy treein (b). Theactionandobservationssetsareshown using<L,OL,OR> and<HL,HR> respectively in orderto save
space.
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the agentsto not opena door at a (riskier) earlierstepbut ratherto put off openingthe

dooruntil they becomemorecon�dentaboutthetiger's location.Dueto themisconception

thatfutureobservationswill bepooled(andtherefore,not asmany stepswill beneededto

determinethetiger's new position),theagentsbelieve they still have time to openthedoor

twiceeventhoughit is no longertrue.

The�nal twoutility functions,single-POMDP(optimistic)andsingle-POMDP(pessimistic),

make theassumptionthatwhile theagentswill not beableto communicateafter thenext

step,the otheragentwill be passive. As with coop-POMDP, the utility of a joint-action,

joint-type pair is the expectedimmediatereward for the joint action,plus the sumof the

expectedvalueof eachpossibleoutcomeof thejoint actiongiventhePOMDPsolutionfor

eachresultingbelief. The POMDPformulationusedto constructtheseutility functions

only usesthe individual actionsetof an agentandits observations(andassociatedemis-

sionprobabilities).Therewardfunctionused,however, re�ects whetheror not thesecond

agentis assumedto pick thesameaction(optimistic)or only pick listen (pessimistic).In

theformercase,therewardfunctionis overly optimisticbecauseit assumesthattheagents

will alwaysopendoorstogether, while in the latter it is overly pessimisticas it assumes

the agentswill never opena door together. What makesthe single-POMDP(optimistic)

utility function different from that of coop-POMDPis that only individual observations

andtheir emissionprobabilitiesareusedto solve the POMDP. For the POMDPsolution,

it meansmorelisten actionsarerequiredto generatebeliefsfor which openinga door is

optimal,andfor BaGAit meansthatagentsarenotasproneto over-estimatingtheamount

of rewardthatthey canreceive in asmallnumberof timesteps.

For theseproblemsBaGA ran with 200 randomrestartsas time was not an issue. The

single-POMDP(pessimistic)utility function wasalsorun with a quasiadditionalstepof

lookahead. It was not a true 2-steplookaheadversionof BaGA. Instead,the function,

whenevaluatingtheexpectedfuturevalueof a<listen,listen> action,propagatesforward

all possibleobservationsandthen,ratherthanconverting thosedirectly into belief states

and looking up their value in the POMDPsolution,calculateswhat happensin the true

rewardspaceif theagentsareableto coordinatein thenext timestep.Regardlessof what

action is taken in this hypotheticalsecondstep, the outcomesare convertedinto belief

statesandtheir expectedfuturevaluesarelookedup in thePOMDPsolution.Theresultis

a �fth utility heuristicthatfalls somewherebetweencoop-POMDPandsingle-POMDP: it

assumesthattheagentswill beableto communicate(andthereforecoordinate)on thenext

timestepbut will notbeableto communicatewith eachotherafterthat.

As shown in Figure3.4, in all but the single-POMDP(pessimistic)case,BaGA clearly
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performsbetterthanthesel�sh policy thatusesthesameutility function. Theonestepof

game-theoreticreasoningover the observationsandactionselectionof otheragentssub-

stantiallyimprovesthequality of theresultingpolicy. As expected,thesel�sh implemen-

tationof single-POMDP(pessimistic)doesmuchbetterthantheothersel�sh implementa-

tions,becausethesingle-POMDP(pessimistic)utility functionprovidesa decentestimate

of how well a singleplayercando. ThePOMDPsolutionis constructedusingonly a sin-

gle agent's observationemissionprobabilitiesandusesa rewardfunctionthatassumesthe

otheragentwill never opena door. As a result,a sel�sh agentis muchmoreconservative

(performsmorelistenactionsbeforeopeninga door)whenusingthis heuristicthanit is in

theotherthreecases.While no oneinstanceof BaGA outperformedthesel�sh heuristic,

BaGAachievedbetterperformanceonalternatetimestepswith eitherthebasicheuristicor

with a versionthat simulatedanotherlookaheadin reward space.This resultre�ects the

cyclical natureof theproblemandhow oncertaintimestepsit paysto bemoreconservative

whenestimatingfuturerewardthanon others(seethediscussionin Section3.4.1.1on the

optimal6-steppolicy for anexample).

Theseresults,however, do not meanthattheBaGA approachis invalid, it just emphasizes

that thechoiceof heuristicis importantto theoverall solutionquality. Evenwith a lower

quality heuristic(e.g.,onethat overemphasizesfuture coordination),BaGA canresult in

muchhigherperformancethanasel�sh approachin which thereis noattemptto modelthe

decision-makingprocessof theotheragents.

3.4.2 Multiple AccessBroadcastChannel

TheMultiple AccessBroadcastChannelproblem(MABC) is designedto simulatea com-

municationsnetwork in which thereare multiple nodes,eachof which can receive and

transmitmessages.In this network, only onemessagecanbetransmittedat a time andthe

overall goalof thesystemis to maximizethethroughput,or numberof messagessuccess-

fully transmitted.Eachnodehasa buffer that is limited to containonly onemessage.If

nodei'sbuffer is emptyat timestept, thenanew messagewill arriveontimestept+ 1 with

probabilitypi. Thereis no communicationavailableto the nodesandso eachnodemust

independentlydecidewhento transmitamessage.However, nodesreceive(possiblynoisy)

observationsaboutwhetheror notamessageis successfullytransmitted:they areinformed

if a collision occurred,if a messagewassuccessfullytransmittedor if thesystemwasidle

(no nodetransmitteda message).If a collision doesoccur, thenany messagesinvolvedin

thecollisionarelost.
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Figure3.4: Comparisonof differentutility functionsfor the Lady and the Tiger. For all
cases,joint typeswith probability lessthan0.000005wereprunedandperformancewas
averagedover 100000trials with 95%con�denceintervalsshown. In (d), theperformance
of boththebasicutility functionandonethatattemptsto simulatea2-steplookaheadin the
rewardspaceareshown. BaGAused200randomrestartsto �nd eachpolicy.
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Table3.3: The local transitionfunction for theMultiple AccessBroadcastChannelprob-
lem. This function governsthe transitionsbetweenthe local stateof agenti with new
messageratepi.

Local State Local Action full empty
full transmit pi 1.0-pi

full idle 1.0 0.0
empty idle pi 1.0-pi

This canonicaldecentralizedMABC problemwas formulatedby Ooi & Wornell (1996)

andlaterrecastasa fully cooperative POSGby Hansenet al. (2004).In this latterversion,

nodesareonly informedif a collision occurredor did not occur; they cannotdistinguish

betweenthe systembeingidle anda successfultransmissionby a singlenode. It is this

reducedobservationsetthatis usedin this thesis.Thisproblemhasbeenincludedbecause

it is anexampleof an-agentPOSG.

The statespacefor this domainis the cross-productof the buffer statesof eachof the

n agents,Si = f full,emptyg, which hasa size of 2n. In this versionof the problem,

the initial global stateis unknown. Eachagenthastwo possibleobservations,collision

and no-collision, in addition to full knowledgeof its own local state. The observation

spaceisZi = f collision,no-collisiong � f full,emptyg exceptfor the�rst timestepin which

Zi = f full,emptyg asno observationaboutcollisionshasyet beenreceived. This problem

is implementedwith no noisein the observationsandso eachagentreceivesan identical

observationof eitherno-collisionor collision. Theproblem,however, is still partially ob-

servablebecause,in additionto having only knowledgeof its localstateandown action,an

observationof no-collisiondoesnot, by itself, allow a singleagentto distinguishbetween

a teammatesuccessfullysendingamessageor noonesendingamessage.

Eachagenthastwo possibleactions,Ai = f transmit, idleg; however, if an agenthasa

local stateof empty, it canonly choosethe idle action. This restrictionis usedto reduce

theoverall numberof actionchoicesthatmustberepresentedandre�ects thefact that the

transmitactionhasno effect on an emptybuffer. The local statetransitionof eachagent

is shown in Table 3.3. The teamreceives a reward of 1 for eachmessagesuccessfully

transmittedandotherwiseit receivesnothing.

Like the Lady and the Tiger problem,MABC is small enoughto allow the full POSGto

be constructedandsolved for short time horizons. The full POSGwassolved usingthe



96 Chapter 3. ApproximateSolutionsfor POSGswith CommonPayoffs

dynamic-programmingversionof alternatingmaximizationon its sequenceform with 10

randomrestarts.Table3.4comparesperformanceandcomputationaltime for thisproblem

with variousnumbersof nodes,timehorizonsandtwo setsof new messageratespi.

For theBaGA algorithm,eachagent's typeat timestept consistsof its entireobservation

andactionhistory up to that point. For example,a possibletype at timestep3 is <f full,

transmitg, f no-collision,empty, idleg, f no-collision, fullg>. Eachjoint typeθ completely

de�nesa statein S, sθ, becausetheproblemis collectively fully observable.Observations

arethereforeusedascommonknowledgeto helppruneimpossiblejoint types.For exam-

ple, it is commonknowledgethatall agentsreceive thesameobservationandsoany joint

type with con�icting observationshaszeroprobability. Furthermore,if the policy found

at timestept � 1 hasonly oneagenttransmitting,thenit is impossiblefor a collision to

haveoccurredandsoany joint typewith theobservationcollisioncanbecut. Additionally,

joint typeswith probability lessthan0.000001areprunedduring the constructionof the

typespace� t andtheprobabilitydistributionover thejoint-typespacerenormalized.If an

agent's true history is pruned,thenfor actionselectionit is assignedthe closestmatched

type in � t
i. This matchis found usingHammingdistance.At eachtimestepalternating

maximizationwith 20 randomrestartsis usedfor policy construction

Threedifferent heuristicfunctionswere consideredfor evaluatingthe utility of actions.

Themostsimpleof theheuristics,greedy, de�nesthevalueof a joint actiona to beonly its

immediatevaluegiventheglobalstatede�ned by thejoint typeθ. Thisheuristicis de�ned

entirelyby therewardfunction. Thesecondheuristicfunction,fully-cooperative, assumes

that after the currenttimestep,the agentswill have full communication.The utility of a

joint action,joint typepair, f a, θg, is thereforethe immediatereward for that joint action

given thestatesθ, plus thesumover the futurevalueof eachpossiblenext globalstates0
θ

asgivenby thesolutionto a fully observableversionof theproblem.

The�nal heuristic,no-communication, makesnoassumptionson theinformationavailable

to the teamafter the currenttimestep. As with fully-cooperative, the expectedvalueof

f a, θg at timestept is de�ned to be the immediatereward given the global statesθ plus

the sumover the expectedvalueof eachpossiblenext states0
θ. Unlike fully-cooperative,

this expectedvalue of s0
θ doesnot comefrom the fully observable problem,but rather

from the solution to the full POSGwith startingconditionss0
θ and a horizon of t � 1.

Thesolutionsto full POSGsrepresentingall possiblestartingconditionsandtimehorizons

wereprecalculatedin orderto implementthisheuristic.It waspossibleto dosobecausethis

heuristicdoesnot requirethemostcomputationallyexpensive conditionsof f n = 3, T =

4g or f n = 4, T = 3g to becalculatedfor eachpossibleglobalstates,but ratheronly for



3.4.Experimental Results 97

f n = 3, T = 3g andf n = 4, T = 2g.

As with LadyandTheTiger, asel�sh versionof eachheuristicfunctionwasalsoevaluated.

For thesel�sh policy, eachagentconstructsa belief stateover thetheglobalstateS based

on its own local stateandthenew messageratesof its teammates,p� i. Using thatbelief

state,theagentchoosesthejoint actionwith highestexpectedreward,giventheappropriate

heuristicfor evaluatingutility, andthenimplementsits partof thatjoint action.

Usingtheno-communicationheuristicfor a utility function,BaGA is ableto performsim-

ilarly to the full POSG,but at a fractionof thecomputationalcost. As seenin Table3.4,

thesavingsin time is a directeffect of thesmallersetof joint typesthatarerepresentedin

theBaGAalgorithm.Unlikethefull POSG,BaGAinterleavesplanningandexecution,and

soit is ableto pruneaway largepartsof thegametreedueto earlydecisions.It alsodoes

not needto representjoint typesthat it knows to be impossiblesuchasthosethat include

a collision observationeven thoughonly onenodetransmitted.If thenew messagerates,

pi, aresuchthatonenodehasa muchhigherprobabilityof receiving a messagethanthe

othernodes,thenthe optimal solutionto the POSGhasonly that onenodetransmitting.

The othernodesarealwaysidle in orderto avoid a collision. This type of policy allows

BaGA to pruneaway morejoint typesthanin thecasewherepi = pj for all i 6= j. The

sequenceform for thefull POSG,however, cannotbene�t from thispruning.

Theno-communicationheuristicis veryaccurate:it usessmallerversionsof thefull POSG

to evaluatethefutureexpectedvalueof takingactions.As anticipated,astheheuristicused

for the utility function increasesin accuracy, the overall performanceof BaGA also in-

creases.This factcanbeseenin Table3.5in whichtheperformanceof thethreeheuristics,

greedy, fully-cooperative, andno-communicationarecompared.Resultsfor thesel�sh im-

plementationof eachpolicy arealsoincludedto show how onestepof game-theoreticrea-

soningimprovesperformanceoverblindly applyingthebaseheuristic.Thegreedyheuristic

is the leastaccurateof the threeheuristicsbecauseit only usesimmediatereward to eval-

uateactions,but it is alsothe easiestto evaluate.The fully-cooperative heuristicis more

accuratebecauseit includesanestimationof futureexpectedreward. It canthereforeiden-

tify whenit is advisablefor a nodeto hold off on transmittingon the currenttimestepin

orderto transmiton a future timestep.The estimateof future expectedreward,however,

assumesthatthenodeswill have full communicationafterthecurrenttimestep.It is there-

fore lessaccuratethanno-communication, in which thefutureexpectedvalueis calculated

usingtheoriginalproblemdynamics.However, it is mucheasierto evaluatethesolutionto

afully-cooperativeversionof thegamethanit is to solve thefull POSGwith horizonT � 1

for eachpossibleglobalstate.
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Table3.4: Computationalandperformanceresultsfor MABC whentheinitial globalstate
is unknown. Expectedrewardandcomputationtime is shown for thefull POSGsolution.
For theBaGA algorithm,rewardsfor theno-communicationutility heuristicareaveraged
over10000trialswith 95%con�denceintervalsshown. Theaveragenumberof joint types
ateachtimestepis shown for BaGAand,unlessstatedotherwise,95%con�denceintervals
were0.005or smaller. Timing experimentswereperformedonaIntel Pentium4,2.80GHz
machine.

Parameters Full POSG BaGA
Exp.

Reward
Time(ms) jΘtj Avg.

Reward
Time(ms) jΘtj

n = 2, T = 5,
p = f 0.4, 0.4g

2.96 243000 f 4, 100,
2704,
73984,

2027776g

2.96�
0.02

35 f 4, 12,36,
107.99�

0.01,323.96
� 0.04g

n = 2, T = 5,
p = f 0.7, 0.3g

3.77 243000 f 4, 100,
2704,73984,

2027776g

3.77�
0.02

30 f 4, 12,32,
80,239.91�

0.04g

n = 3, T = 3,
p = f 0.4, 0.4, 0.4g

1.82 36000 f 8, 1000,
140608g

1.84�
0.02

90 f 8, 36,144g

n = 3, T = 3,
p = f 0.75, 0.5, 0.25g

2.44 36000 f 8, 1000,
140608g

2.40�
0.01

85 f 8, 36,
136.92�

0.16g
n = 3, T = 4,

p = f 0.4, 0.4, 0.4g
2.61 6960000 f 8, 1000,

140608,
20123648g

2.62�
0.02

370 f 8, 36,144,
576.99
� 0.01g

n = 3, T = 4,
p = f 0.75, 0.5, 0.25g

3.31 6960000 f 8, 1000,
140608,

20123648g

3.31�
0.01

330 f 8, 36,
128.05
� 0.02,

480.12�
0.06g

n = 4, T = 3,
p = f 0.4, 0.4, 0.4, 0.4g

1.90 5570000 f 16,10000,
7311616g

1.91�
0.01

6700 f 16,144,
864g

n = 4, T = 3,
p = f 0.8, 0.6, 0.4, 0.2g

2.60 5570000 f 16,10000,
7311616g

2.58�
0.01

1800 f 16,108,
575.72�

0.08g
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Table3.5: Comparisonof threedifferentutility functionsfor MABC: greedy, fully-cooperativeandno-communication. For all
cases,joint typeswith probability lessthan0.000001wereprunedandperformancewasaveragedover 10000trials with 95%
con�denceintervalsshown. Theaveragesumof joint typesovereachtimestepis shown for BaGAwith 95%con�denceintervals.
Resultsarealsoincludedfor thesel�sh applicationof eachheuristic.

Parameters greedy fully-cooperative no-communication
BaGA sel�sh BaGA sel�sh BaGA sel�sh

Avg.
Reward

P
j� t j Avg.

Reward
Avg.

Reward

P
j� t j Avg.

Reward
Avg.

Reward

P
j� t j Avg.

Reward

n = 2, T = 5,
p = f 0.4, 0.4g

2.40� 0.02 1364.00� 0.00 2.38� 0.02 2.96� 0.02 483.98� 0.02 2.34� 0.02 2.96� 0.02 484.85� 0.05 2.41� 0.02

n = 2, T = 5,
p = f 0.7, 0.3g

3.74� 0.02 367.32� 0.11 2.90� 0.02 3.77� 0.02 367.89� 0.05 2.90� 0.02 3.77� 0.02 367.91� 0.04 2.90� 0.02

n = 3, T = 3,
p = f 0.4, 0.4, 0.4g

1.77� 0.02 272.18� 0.03 1.29� 0.02 1.76� 0.02 272.00� 0.00 1.27� 0.02 1.84� 0.02 188.00� 0.00 1.29� 0.02

n = 3, T = 3,
p = f 0.75, 0.5, 0.25g

2.41� 0.01 181.06� 0.16 1.22� 0.17 2.40� 0.01 180.93� 0.16 1.22� 0.02 2.40� 0.01 180.92� 0.16 1.21� 0.02

n = 3, T = 4,
p = f 0.4, 0.4, 0.4g

2.53� 0.02 1137.84� 0.24 1.72� 0.02 2.63� 0.02 763.99� 0.01 1.71� 0.02 2.62� 0.02 763.99� 0.01 1.74� 0.02

n = 3, T = 4,
p = f 0.75, 0.5, 0.25g

3.24� 0.02 694.79� 0.74 1.63� 0.02 3.32� 0.01 652.12� 0.07 1.63� 0.02 3.31� 0.01 652.17� 0.08 1.61� 0.02

n = 4, T = 3,
p = f 0.4, 0.4, 0.4, 0.4g

1.89� 0.02 1024.00� 0.00 1.03� 0.02 1.89� 0.02 1024.00� 0.00 1.03� 0.02 1.91� 0.02 1024.00� 0.00 1.03� 0.02

n = 4, T = 3,
p = f 0.8, 0.6, 0.4, 0.2g

2.58� 0.01 699.73� 0.08 0.75� 0.01 2.59� 0.01 699.69� 0.09 0.74� 0.01 2.58� 0.01 699.72� 0.08 0.74� 0.01
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Thelowerperformanceof thegreedyheuristiccomparedto theothertwo is mostnoticeable

in thecasewhenall nodeshave thesamenew messagerate.Unlike thecasein which one

nodehasa much higher pi than the rest (and thereforeleadsto a policy in which it is

theonly nodeto transmit),all nodeshave equalstatusandso the futureeffectsof actions

becomesmoreimportant.Additionally, becausepi is setfairly low, it is now possiblefor a

solutionto have policiesin which two nodestransmittingmessageson thesametimestep.

Thesepoliciesdo not actuallyresultin a lot of collisionsbecausetheprobabilitythatboth

nodeshavea full buffer (andthereforeactuallytransmitat thesametime), is very low.

For themostpart,thefully-cooperativeandno-communicationheuristicsperformsimilarly

with theonly exceptionbeingthen = 3, T = 3, pi = 0.4 casein whichno-communication

outperformstheothertwo heuristics.Thisresultis promisingbecausethefully-cooperative

heuristicis easierto computeandso it canbe moreeasilybe extendedto problemswith

longertimehorizonsaswill bedonein thefollowing chapter.

In all theresultspresented,thenetwork startsoutwith anunknown globalstate.This leads

to policiesin which, if onenodehasa muchhighernew messagerate,it is the only one

which ever implementsa transmitaction. If BaGA (or alternatingmaximizationon the

full POSG)is startedwith a known global state(suchas all nodeshaving full buffers),

thenthe optimal policy changes.For example,if n = 3, T = 3 andall nodesstartwith

full buffers, thenregardlessof the new messagerateof eachnode,a differentnodewill

transmiton eachtimestepleadingto a guaranteedreward of 3. In this fashion,BaGA is

ableto generatepoliciesthatperformedequivalently to theresultsin Hansenet al. (2004)

for n = 2, p = f 0.9,0.1g, T � 4, andaknown initial globalstate(e.g.,all buffersfull).

3.4.3 Robotic Tag

The RoboticTag domainis a 2-robotversionof Pineauet al.'s (2003a)Tag problem. In

this problem,two robotshave 100 timestepsto herdandcaptureanopponentthatmoves

with a known stochasticpolicy in thediscreteenvironmentshown in Figure3.5. Oncethe

opponentis herdedinto the goal cell, the two robotsmustcoordinateon a tag action in

orderto receivea rewardand�nish thetask.

The statespacefor this problemis the cross-productof the two robot positions,ri =

f s0, . . . , s28g, and the opponentstateop = f s0, . . . , s28, staggedg. The size of the state

spaceS = r1 � r2 � op is 25230states.All threeagentsstart in independentlyselected

randompositionsandthe gameis over whenop = stagged. Eachrobot has� ve actions,
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Ai = f north, south,east,west,tagg, andall actionshave deterministiceffects (e.g.,an

action of eastwill always move the robot right a cell unlessthe robot is at the eastern

boundaryof theenvironment). A sharedrewardof -1 is imposedfor eachrobot's motion

actionwhile the tag actionresultsin a rewardof +10 to the teamif bothrobotsselecttag

andtheconditionsshown in Figure3.5aremet. Otherwise,this actionresultsin a reward

of -10 to theteam.

Eachrobot is ableto detectits currentcell positionwith certaintyandsohasfull observ-

ability of its own local state.Eachrobothowever, is only ableto senseonly its currentcell

andso thepositionof theopponentis completelyunobservableunlesstheopponentis in

the samecell asthe robot. Two versionsof this problemareconsidered:in the �rst, the

positionof the two robotsare fully observable to eachother (known-teammate-position)

andin thesecond,a robotonly observesits teammate'spositionif they arein thesamecell

(unknown-teammate-position). Thereis nocommunicationbetweentherobotsandsothey

cannotshareobservations,nor their position in the caseof unknown-teammate-position.

The startingpositionof eachrobot is, however, alwaysknown with certainty. The oppo-

nentalwaysselectsactionswith full knowledgeof the positionsof the robotsandhasa

stochasticpolicy that is biasedtowardsmaximizingits distanceto the two robots. In this

fashion,even thoughmultiple agentscanbe locatedin the samecell, the robot teamcan

still move in suchawayasto in�uence thepositionof theopponent.

This problemis interestingwith respectto decentralizeddecisionmakingfor several rea-

sons. First, it is a muchlarger problemthanthat traditionally looked at in the POSGlit-

erature.Second,becausetheopponentis attemptingto maximizeits distanceto therobot

teamthe robotsmustcoordinatetheir actionsin orderto `herd' theopponenttowardsthe

goalcell. This coordinatedherdingis necessaryeven in a fully observableversionof the

problemandis only madeharderby the robotshaving suchlimited sensors.Finally, the

robotsmustalsocoordinateon selectingthe tag actionat the sametime andin the right

placein orderto win.

A fully observablepolicy wascalculatedfor arobotteamthatcouldalwaysobservetheop-

ponentusingdynamicprogrammingandassuminganin�nite-horizon versionof theprob-

lem with a discountfactorof 0.95. TheQ-valuesgeneratedfor this policy werethenused

asaQMDP heuristicfor calculatingutility in theBaGAalgorithm.Thisutility functionas-

sumesthat,afterthegame-theoreticreasoningof thecurrenttimestep,therobotswill have

full observability of theproblem.

In the�rst versionof theproblem,known-teammate-position,thesetof types,� i, for each
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Figure3.5: AbstractWeanHall environmentfor RoboticTag. This pictureshows theen-
vironment in which the two robotsare trying to capturethe opponent. They can only
successfullytagtheopponentif it is in thecell markedwith thestarandat leastoneof the
robotsis alsoin thatcell with theotherrobotin oneof Cells25,27or 28.

robotconsistsof all possiblehistoriesof observationsof theopponent.It is not necessary

to include informationaboutthe actionstaken by eachrobot becausetheir positionsare

completelyknown to theteamandactionsaredeterministic(andtherefore,any joint history

that hasan actionfor a robot given by πt that is inconsistentwith the robot's positionat

timestept + 1 canbepruned).10 While this versionof theproblemhasa branchingfactor

with anupperboundof three(oneachtimestepthereareasmany asthreetimesthenumber

of possiblejoint histories,or types,as therewereon the previous timestep),in practice

many fewer typesarekeptateachtimestep.Thecommonknowledgeof teammateposition

allows any type for which the policy assignsan action that doesnot matchthe robot's

currentpositionto beprunedfrom furtherconsideration.Becauseof this pruning,thesize

of thetypespacefor arobotrarelygotabove20in theexperimentalrunsandwasfrequently

muchsmaller. As a result,eachrobotactuallyhasa fairly goodideaof whatobservations

its teammatehasmade.
10Alternatively, onecanconsiderthelocalstateof eachrobotto bepartof its observationsabouttheglobal

stateof theproblemandaugmentthetypespaceaccordingly. All typesthatdo not conformto thetruelocal
stateof therobot,however, will beprunedbecausein theknown-teammate-positionversionof this problem
this local stateinformationis known to becommonknowledge.
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In unknown-teammate-position, a history tracksthe robot's position and action taken at

eachtimestepaswell asitsobservationsof its teammateandtheopponent.Thisinformation

allowstheprobabilitydistributionover joint typesto bemodi�ed bothby usingthepolicies

πi computedby BaGA andthroughmutualobservations(or lack thereof).This versionof

theproblemalsohasabranchingfactorwith anupperboundof three(dueto perfectsensing

of boththeteammateandopponent);however, thereis no longerthatcommonknowledge

of teammatepositionto keepthe sizeof the type spacebounded.Instead,over time, the

sizeof thetypespacegrows. In theexperimentalruns,ahigherpruningthresholdof 0.0025

wasusedfor theunknown-teammate-positionconditionbut still, thetotal numberof types

wasaboutanorderof magnitudegreaterthanthatof theknown-teammate-positionvariant.

For eitherversionof theproblem,eachjoint typeθ containsenoughinformationto de�ne a

beliefstatebθ over thepositionof theopponentin theenvironmentandthepositionsr1 and

r2. It is possible,however, thatθ is not a valid joint historyandsoduringtheconstruction

of thesetof possiblejoint historiesat timestept + 1, any joint historythatdoesnot result

in a valid belief stateis pruned(i.e., its probabilityof occurringis zero).For example,two

historiesthathave therobotsseeingtheopponentin two differentcellscannotcombineto

createa valid joint history. If observationsof the teammatearepartof thehistories,then

a valid joint history will have teammateobservationsthat areconsistentwith the robot's

positionasgiven by their histories. Note that this is a direct consequenceof the sensor

modelbeingusedin thisdomainandis not truefor all problems.

Givenavalid joint type,θ, theutility of takingtheactionsa1anda2 is:

u(a1, a2, θ) =
X

s2 sop

bθ(s)Q(f r1, r2, sg, f a1, a2g)

whereQ(f r1, r2, sg, f a1, a2g) is theQ-valueof takingthejoint actionf a1, a2g in thestate

givenby thepositionsr1, r2 andop = s. Becausethede�nition of aQ-valueis therewardin

thecurrentstateplusthediscountedfuturereward(assuminganoptimalpolicy is followed

from thenon), thisheuristiccombinestheimmediateexpectedrewardof takingtheactions

a1 anda2 with thefutureexpectedrewardratherthancalculatingthemseparately. For this

problem,joint historieswith probabilitylessthan0.00025wereprunedfrom consideration

in theknown-teammate-positioncaseand0.0025in theunknown-teammate-positioncase.

If a robot's true history is prunedaway then it implementsthe action for the type with

which it hasthesmallestHammingdistance.In thenext chapter, a bettermethodfor type

matchingis discussed.
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Two commonheuristicsfor partially observableproblemswereimplementedin addition

to BaGA. In thesetwo heuristics,eachrobot maintainsan individual belief statebased

only uponits own observationsandusesthatbelief stateto make joint actionselections.It

thenimplementsits half of the joint actionit selected.In thecaseof unknown-teammate-

position, eachrobot alsomaintainsa believed positionof its teammatethat it updatesby

assumingthat its teammatewill implementthe otherhalf of the joint action it selectsat

eachtimestepandby usingany positiveobservationsof its teammate(theonly information

aboutactionselectionto which it hasaccess).That believed positionis thenusedasthe

valuefor r� i in its action-selectionprocess.

In the Most Likely State(MLS) heuristic,a robot selectsthe most likely opponentstate

from its belief stateandthenimplementsits half of the bestjoint actionfor that stateas

givenby thefully observablepolicy. In theQMDP heuristic,therobot implementsits half

of the joint actionthat maximizesits expectedreward given its currentbelief state. This

QMDP heuristic is similar to the sel�sh applicationof the Lady and The Tiger's utility

functionsin thateachrobot implementstheactiongivenby theBaGA utility functionbut

for its independentlyconstructedbelief state.

Table 3.6 comparesthe performanceof MLS, QMDP and BaGA for both the known-

teammate-positionandunknown-teammate-positionconditions.Successis thepercentage

of trials in whichtheopponentis caughtwithin 100timesteps.Also includedis how ateam

with full individual observability of the problemperforms.While this is an upperbound

on performancein this domain,it is not intendedasa realisticestimateof how the opti-

malsolutionto thisproblem,giventhetrueindividualpartialobservability, wouldperform.

A morerealisticboundwould be foundby solving the fully cooperative POMDPversion

of this problem;however, the problemis too large to do so usingcurrentapproximation

techniques.

With anopponentthat tries to maximizeits distancefrom theteam,a goodstrategy is for

eachrobot to go towardsdifferentendsof themaincorridorandthen`herd' theopponent

towardsthegoalcell. Herdingcanbeaccomplishedwithouteveractuallymakingapositive

identi�cation of theopponent's position.For example,usingtheBaGA policy, eachrobot

makes its way down to one of the two endsof the corridor and then waits a coupleof

timestepsuntil its teammatereachestheotherend. By this time, it is highly likely that, if

theopponentwasin thiscorridor, it wouldhavestartedto makeits waytowardsthemiddle.

Therobotsthenstartto move towardsthemiddleof thecorridor in lock-step,driving the

opponentup into theroomat thetop. Therobotsthenmove into this roomin sucha way

asto forcetheopponentinto theupperright corner.
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Table3.6: Resultsfor RoboticTag in the WeanHall environment. Averagecumulative
reward for the teamaswell asaveragenumberof iterationsto capturethe opponentare
shown with resultsaveragedover 10000trials with 95% con�denceintervals shown. %
successis thepercentageof trialsin whichtheopponentwassuccessfullytaggedwithin 100
timesteps.Resultsarealsoshown for theperformanceof thefully observablepolicy under
full observability. In the known-teammate-positionvariation,joint typeswith probability
lessthan0.00025areremovedfrom thetypespaceandin theunknown-teammate-position
this thresholdwasraisedto 0.0025.

Algorithm AverageReward AverageIterations % Success
known-teammate-positioncondition
Fully Observable -17.61� 0.24 14.80� 0.12 100.0%

BaGA -73.26� 1.32 39.24� 0.59 86.8%
MLS -106.32� 1.51 54.72� 0.11 74.2%
QMDP -168.70� 1.48 78.88� 0.57 41.0%

unknown-teammate-positioncondition
BaGA -88.15� 1.52 45.69� 0.67 77.5%
MLS -186.85� 1.63 82.74� 0.64 23.4%
QMDP -202.04� 0.81 96.23� 0.33 4.9%

Dependingon thestartingconditionsof thetwo robots,BaGA doesnot alwaysfollow this

policy exactly. For example,considerthe robot trajectoriesshown in Figure3.6. In this

case,the two robotsstartnearthe top room,andsothey move towardsthegoalcell in an

attemptto quickly catchthe opponent(Figure3.6 (a)). If the opponentwastherethenit

would becaptured;however, it is not,andsotherobotsmove backdown into thecorridor

(Figure3.6 (b)) andstartherdingthe opponenttowardsthe goal (Figures3.6 (c) through

(f)). While this sortof strategy paysoff enoughto make it worth while in expectation,if

theopponentis not in thetop roominitially, thediscovery of this factusuallycomesat the

costof a failedtag actioninitiatedby therobotthatis not in thegoalcell.

In otherruns,becausetheopponent's behaviour is only biasedtowardsmoving away from

the team,the low-probability event of the opponentnot moving away from the endof a

corridorcausestherobot that is handlingthatendof thecorridor to startto move towards

themiddlewithout herdingtheopponentin front of it. If therobotseestheopponentit is

ableto correctits policy; otherwise,oncethis it discoveredthrougha miscoordinationof

thetagactionat thegoalcell, therobotsgobackandaresuccessful.A robot,however, does

wait multiple timestepsat theendof a corridor, which minimizestheprobability that the

opponentwill notmove. Overall, therobotsareableto capturetheopponentabout87%of
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thetimewithin 100steps,averaging40 timestepsonsuccessfultrials.

With theMLS heuristic,therobotswill only pick coordinatedactionsif they have similar

belief states. If they do have similar beliefs, then they will both selectsimilar statesas

themostlikely positionfor theopponentandfollow a similar herdingstrategy to theone

above, but modi�ed to take into accountwherethey think the opponentactually is. For

example,if they start in the middle of the corridor, thenthe belief aboutthe opponent's

positionquickly becomestri-modalastheopponentwill move away into eitherthe room

or opposingendsof the corridor. Dependingon which modehashigherprobability, the

robotswill eithersweeptowardsthe endsof the hall or into the room directly. As more

observationsaremade,thedistribution over themodeswill shift, which cancausea robot

to decidethata new locationis morelikely. For example,if a robotis moving towardsthe

left endof thecorridorbecauseit believesoneof thosepositionsto bethemostlikely state

for theopponentbut thenswitchesto believing theroomis morelikely, it will not go right

to theendof thecorridorbut insteadturn around.Therefore,if theopponentwasactually

at the endof the corridor, it will not be herded. Furthermore,if the robotsstart in very

different locations,their belief stateswill still be multi-modal,but canbe quite different

from eachother, leadingeachrobotto selecta differentpositionfor theopponentandasa

resultbe lesseffective with its herding.Eventually, asmoretime passes,thebelief states

of therobotswill becomemoreaccurate,allowing themto capturetheopponent.It takes

about15moretimestepsonaveragefor MLS to dosothanit doesBaGA.

QMDP alsoresultsin robotscreatingmulti-modalbeliefsaboutthe opponent's position;

however, becauseeachrobotwill pick the joint actionwith highestexpectedreward, this

heuristiccanfall into thecommontrapof usingsuchanapproach.As discussedby Cas-

sandra(1998),QMDP assumesthatany uncertaintywill disappearafter thecurrentaction

is executedandsoif thereis oneactionthat is essentiallyrewardneutral(receivessimilar

reward for eachpossiblestate),thenit will be selectedby QMDP becausethe algorithm

thinksit canstill dowell on thefuture(fully observable)steps.But of course,if thataction

haslittle or no effect on thebelief statethenit will continueto beselected,causinga lack

of progresstowardsthegoal.For RoboticTag, if thebestactionfor eachmodeof thebelief

is very different,thenno singleactionis bestfor all casesandso actionswhich have the

robotsstayin their currentpositionsor move towardsthecenterof theenvironmentappear

better(i.e., arerewardneutral). As a resulttherearecertainrobotpositionsor sequences

of actionsthat leadthe teamto stopmoving or to oscillatebetweentwo locations. This

behaviour is re�ectedin themuchlowersuccessrateof QMDP . MLS doesnot fall into this

sametrapbecausetherobotsalwayschooseactionsthatarebestfor a singleposition.Un-
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(a) (b)

(c) (d)

(e) (f)

Figure 3.6: Exampleof a BaGA policy for the known-teammate-positionvariation of
RoboticTag. The trajectoriestaken by the robotsdemonstratehow the teamcoordinates
to capturetheopponentwithout any communication.Therobots�rst searchthetop room
andthenmove out into theendsof thecorridors.Membersof therobotteamareshown as
thesolidcircles.
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lessthis mostlikely opponentpositionrapidly �ip-�ops betweentwo locations,therobots

areableto make progress.While BaGA doesuseQMDP asits heuristic,for themostpart,

theadditionalstepof game-theoreticreasoningon top of QMDP preventstherobotsfrom

engagingin this typeof behaviour. Thereis, however, onecon�gurationthatdoescausethe

robotsto stopmoving or oscillate.It occurswhenonerobotis in Cell 7 andtheotherin Cell

20andandis causedby how thecell con�guration,sensormodelandtheopponent'spolicy

interactwith eachotherto createbelief states.Themajority of thetrials in which theteam

doesnot catchthe opponentseemto be causedby the robotsenteringthis con�guration,

andnotbeingableto leave it.

Theunknown-teammate-positionmodi�cation highlightstheimportanceof reasoningabout

theactionsandexperiencesof others.With MLS andQMDP , therobotsassumethat their

teammatewill implementtheotherhalf of thejoint actionthey selectandusethatassump-

tion to updatea believed positionof the teammateusedfor future actionselection.This

incorrectassumptionmakesthebelievedpositionof theteammatequickly divergefrom the

truepositionwith only positive observationsof the teammateableto rectify thesituation.

In this problem,however, robotsrarelymove into thesamecell. Furthermore,eachrobot

mustusethisbelievedlocationof its teammateto propagateits beliefabouttheopponent's

positionbecausetheopponentis trying to moveaway from theteam.As a result,unlike in

theknown-teammate-positionversion,robotsmight actuallyhold a belief abouttheoppo-

nent'spositionthatis totally inconsistentwith its trueposition.For example,a robotmight

believe that theopponentis in the top roombecauseit is at oneendof thecorridorandit

believesits teammateis at theother. In reality, if theteammatesarebesideeachother(but

in separatecells), thereis alsoa high probability that theopponentis just at theotherend

of thecorridor ratherthanthe low (or sometimeszero)probabilitybelieved by the robot.

This is aself-reinforcingproblem:asthebeliefstateof thetwo robotsstartsto diverge,the

joint actionsthey selectdiffer leadingthemto updatethebelievedpositionof theteammate

incorrectly, which in turncausestheirbelief statesto divergefrom eachotherevenmore.

As the believed teammateandopponentpositionbecomesmoreandmore incorrect,the

joint actionselectedby a robotbecomeslessappropriateandlesslikely to matchtheone

selectedby its teammate,which leadsto sub-optimalbehaviour. For example,in MLS

andQMDP robotsfrequentlygo down the samebranchof the hallway becausethey both

incorrectlymake theassumptionthattheir teammatewill godown theotherbranch.

With BaGA and its maintenanceof a probability distribution over joint types,however,

the robotsareable to bettertrack the true positionof their teammate,allowing themto

effectively maintainconsistentbelief statesover theopponent's positionandthereforeco-
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ordinatetheir actions. As a result,while MLS andQMDP controllersfor the unknown-

teammate-positioncaseshow ahugedegradationin performance,BaGAdoesnot. Instead,

it performsmuchmoresimilarly to how it did in known-teammate-position, bothwith re-

spectto the percentageof successfulrunsandaveragereward. If oneexaminesthe joint

typethat is mostprobablegiventhetruetypeof a robot,that joint typewill usuallyre�ect

thetruepositionof its teammateeventhoughtherobotshave never seeneachother(aside

from commonknowledgeof startingpositions).Becauseeachrobothasa very goodidea

aboutwhereits teammateis, they arestill ableto performtheherdingmaneuver required

to sweeptheopponentinto thegoalcell.

An exampleof aBaGApolicy for theunknown-teammate-positioncaseis shown in Figure

3.7. In Figures3.7 (a) and(b), themembersof theteammake their way to theendsof the

corridors. This drivestheopponentout of the right-handcorridorandup towardsthe top

room. After a few timesteps,the robotsstart to make their way backtowardsthe center

of theenvironment(Figures3.7 (c) and(d)), andthenup into the top room. Finally, they

coordinateon trappingtheopponentandtaggingit (Figure3.7(f)).

3.5 Summary

In this chapter, two algorithmsfor �nding approximatesolutionsto POSGswith common

payoffs werepresented.The �rst, an alternating-maximizationalgorithm,is usedto �nd

locally optimalsolutionsto anentirePOSGat once.While it canbeusedto �nd solutions

for small problemslike the Lady and the Tiger andMABC, this algorithmstill hashigh

memoryandcomputationalcosts,makingit inappropriatefor biggerproblemslikeRobotic

Tag.

Thesecondalgorithmpresented,BaGA,is thecorecontributionof this thesis.BaGA�nds

approximatesolutionsto a POSGby transformingthe original probleminto a sequence

of Bayesiangamesrepresentingeachtimestep.In eachof thesesmallergames,therobots

reasonaboutall possiblejoint historiesof observationsandactionsthatmighthaveoccurred

in orderto �nd policiesfor eachmemberof team.Eachpolicy is amappingfrom arobot's

setof possibleindividual historiesto its setsof actions.So long aseachrobotbuilds and

solvesthe samesequenceof games,the teamcancoordinateon actionselectioneven in

the absenceof communication.Heuristicevaluationsof expectedfuture reward and the

pruningof low-probabilityjoint historiesareusedto helpkeepcomputationtractable.This

processresultsin policies that are locally optimal with respectto the heuristicfunction
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(a) (b)

(c) (d)

(e) (f)

Figure3.7: Exampleof a BaGA policy for the unknown-teammate-positionvariationof
RoboticTag. The trajectoriestaken by the robotsdemonstratehow the teamcoordinates
to capturethe opponenteven whenthe robotsdo not know wheretheir teammateis with
certainty. Membersof therobotteamareshown asthesolidcircles.
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used.

ThisbasicBaGAalgorithmis ableto �nd solutionsfor LadyandtheTiger andMABC that

performcomparablyto thosegeneratedby alternatingmaximization.For thelargerRobotic

Tag domain,thetrajectoriestakenby BaGA-controlledrobotsdemonstratehow BaGA re-

sultsin bettercoordinationthantwo commonheuristicsfor decision-theoreticcontrol.Over

thenext two chapters,additionalre�nementswill bemadeto BaGAin orderto furtherim-

prove its ef�ciency andperformance.





Chapter 4

Improving Efficiency with Clustering

The bene�t of usingBaGA over the full POSGfor robot controllersis that it calculates

a goodapproximationof the optimal policy tractably. The overall desirabilityof this ap-

proximationis thereforecloselytied to how fastBaGA canconstructthesepolicies. The

requiredcomputationtime, however, is directly relatedto the numberof individual and

joint historiesthataremaintainedin thetypeandjoint-typespaces.Limiting thealgorithm

to useonly a representative fractionof thetotalnumberof historiesis key to improving the

overallef�ciency of BaGAand,therefore,to applyingthisapproachto realrobotproblems.

In this chapter, differentwaysof limiting thenumberof historiesmaintainedin the joint-

type spaceby the BaGA algorithmarecompared.The simplestof thesemethodsis the

pruningusedby BaGAto removejoint typesfrom � t thathaveprobabilitylowerthansome

threshold.While thisschemeis anef�cient meansof keepingthenumberof types,or histo-

ries,low, it generatesacrudeapproximationof therealjoint-historyspace.Commonsense

dictatesthatbetterperformancewould beachievedby groupingtogethersimilar histories;

afterall, whenhumansmake decisionsthey do not considertheexactsequenceof actions

andobservationsthey have madesincebirth, but only thosefeaturesthat arerelevant to

their currentdecision.BaGA-Clustercapturesthatintuition by groupingtogetherhistories

that result in the samedecisionsbeingmadenow andin the future (Emery-Montemerlo

etal., 2005).

For example,in theLadyandtheTiger problem,BaGA appliedto a 6-stepversionof the

problemresultsin a policy in which anagentlistenstwice, opensa door if it receivesthe

sameobservationof thetiger'sposition,listenstwiceagainandthenagainopensadoorif it

receivedthesametwo observationsof thetiger's position.For all historiesin whichAgent

1 opensadooronthethird timestep,by thetimethelasttimestepis reached,thebestaction

113
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for it to take will not be basedon any of the observationsit madein timesteps1 through

3, because,if a door is opened,then the tiger's position is resetand thoseobservations

provide no usefulinformation.This notionextendsto Agent2's actionselection.Agent2

doesnot have to worry abouttheactualobservationsmadeby Agent1 beforetimestep3:

givenAgent1 openedthedoor, thoseobservationshave no bearingon thecurrentposition

of thetigerandsothey all leadto thesamejoint beliefwhencombinedwith any oneAgent

2'sown individualhistories.Therefore,they alsoall have thesameimpacton theexpected

valueof actions.Theonly importantthing from Agent2's perspective is, givenoneof its

observation histories,what is the probability that Agent 1 openeda door on timestep3?

This quantitycanbe found by summingthe conditionalprobabilitiesof all of Agent 1's

historiesin which it doesopenthedoor.

This ideacanbe extrapolatedto any sequenceof observationsandactionsthat endswith

a door beingopened.Regardlessof what thoseobservationswere,for all thosehistories

the agentcurrentlybelievesthat the tiger hasjust resetits position. For any instantiation

of thosepastobservationsandactions,the sameactionwould be now be selectedby the

agent:to listen. Thesehistoriesalsohavesimilareffectsonthedecision-makingprocessof

theteammate.A greatdealof computationalsavingscouldbemadeif, insteadof reasoning

aboutall of thosepossiblehistories,theagent(andits teammate)couldgroupthemtogether.

Of course,statingthatsimilarhistoriesshouldbegroupedtogetheris anebulousstatement

thatrequiresa formalde�nition of whatis meantby `similar'.

4.1 Low-Probability Pruning

In the original implementationof BaGA, the numberof typesmaintainedper robot was

kept manageableby pruningout low-probability joint types. If the probability of a joint

type,P (θt), wasbelow somethreshold,it wascut andtheprobabilityover the remaining

joint types,P (� t), renormalized.Theallowableindividual typesfor eachrobotwerethen

takento bethosethatexistedin thesetof remainingjoint types.

At run time, a robot's true individual historymayberepresentedby oneof the typesthat

waspruned.In this case,thebestmatchto the truehistory is foundamongstthe retained

types,andtherobotactsasif thisbestmatchwasthehistoryof observationsandactionsthat

occurredinstead.In BaGA, this matchwasoriginally madeusingtheHammingdistance.

Therearebetterwaysto de�ne thebestmatch.A simpleonethatworkswell is to look at

reward pro�les: therewardpro�le for anindividual typeθt
i is thevectorrθt

i whoseelements
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are:

r
θt

i
a = E(u(a, θt)jθt

i). (4.1)

That is, rθt
i

a is the robot's belief abouthow muchreward it will receive, both now andin

thefuture,whentheteamperformsthejoint actiona, givenits historyasrepresentedby θt
i

andtheutility functionu. This expectationis calculatedusingtheconditionalprobability

distributionP (� tjθt
i) inducedover thesetof joint typesby θt

i . Similarly, if thereis a true

historyht
i for whichthereis noassociatedθt

i becauseof low-probabilitypruning,its reward

pro�le rht
i canbe found. This approach,however, requiresmorework asthe probability

distributionP (� tjht
i) mustbecalculated.

Giventherewardpro�les for thetruehistoryht
i andsomecandidatematchθ0

i, thetwo are

comparedusingtheirworst-casereward difference:

max
a2A

jrht
i

a � r
θ0

i
a j (4.2)

and the matchthat has the smallestworst-casereward differencefrom the true history

selected.At run time, therobotexecutestheactiongivenby πt
i(θ

0

i) if θ0
i is thebestmatch

accordingto this criterion. Reward pro�les are usedbecausea history shouldonly be

matchedto a type for which thesameactionwould beselectednow andin the future. In

comparison,directly comparingtheexpectedrewardsof types(i.e., the reward generated

by thebestindividual actionto take for eachtype)doesnot meetthis requirementbecause

differentactionscan lead to the samepayoffs. For example,in the Lady and the Tiger

problem,thetypesf listen, hear-left, listen,hear-leftg andf listen, hear-right, listen,hear-

rightg both lead to an agentopeninga door. The immediateexpectedvalueof opening

the(best)door is thesamefor bothtypes,andtheexpectedfuturerewardis alsothesame

because,in both cases,the positionof the tiger will be reset. The actualdoor to open,

however, is very different. If anagent's truehistory is f listen, hear-left, listen,hear-leftg,

andit usesonly expectedreward to matchthathistory to oneof thesetwo types,thenthe

agentcouldmatchitshistoryto thewrongoneandendupopeningtheleft door, eventhough

it shouldopentheright door. By comparingrewardpro�les, however, thisdifferencewould

beidenti�ed.



116 Chapter 4. Impr oving Ef�ciency with Clustering

4.1.1 Limitations of Low-Probability Pruning

Low-probabilitypruningis averysimpleway to reducethenumberof typesmaintainedat

eachtimestepof theBaGAalgorithm.It requiresnoadditionalstepsto thebasicalgorithm

givenin Algorithm 3.2,whichalreadyincludesapruningThresholdparameter. Thiskind of

pruningcanbeeffectivein smalldomainssuchastheLadyandTheTiger becauserelatively

few joint historieshave to be prunedto keepcomputationmanageable;however, it is a

crudeapproximationto pretendthata history's importancefor planningis proportionalto

its probability. Whentherearea largenumberof historiesthateachhave a low probability

of occurringbut togetherrepresentasubstantialfractionof thetotalprobabilitymass,low-

probabilitypruningcanremove all of themandcausea signi�cant negative changein the

predicatedoutcomeof thegame.

4.2 Clustering

Insteadof blindly removing low-probability histories,it is necessaryto make surethat

eachhistory that is prunedcanbe adequatelyrepresentedby someothersimilar history

that is retainedin thesetof types. That is, historiesneedto beclusteredinto groupsthat

have similar predictedoutcomes,andthena representative history for eachgroupusedto

build up the typespacefor eachrobot. If doneproperly, theprobabilitydistribution over

theseclustersshouldbeanaccuraterepresentationof thetruedistributionover theoriginal

histories.As theexperimentalresultswill show, makingsureto retainarepresentative type

from eachclusterof observationhistoriescanyield asubstantialimprovementin thereward

achievedby theteamover retainingonly higherprobabilitytypes.In fact,improvementis

seeneven in runsin which therobots' truehistorieswerenot pruned:theperformanceof

the teamdependsnot just on what the robotshave seenbut alsoon how well they reason

aboutwhatthey mighthaveseen.

At eachtimestept, theBaGA-Clusteralgorithmstartswith thesetof joint types,� t� 1 and,

usingthe associatedjoint history representedby eachθt� 1, constructsall one-stepexten-

sionsby appendingeachpossiblejoint actionandobservation. Fromthesejoint histories

of lengtht, all possibleindividualhistoriesfor eachrobotareidenti�ed. Clusteringis then

performedon theseindividualhistoriesto producea �nal setof historyclustersC t
i for step

t. Eachhistoryclustercti is representedby anexemplarhistoryht
i (generallytheindividual

history within the clusterwith highestprobability),andthis setof representative individ-

ual historiesbecomesthe type space� t
i for eachrobot. Unlike low-probability pruning,
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clusteringoperateson individualhistoriesratherthanjoint types.Thisway, eachrobotcan

determine,without communication,to which clusterits true history belongs.The corre-

spondingrepresentative joint histories,or joint-typespace� t, is thecrossproductof all of

theexemplarsfor eachhistorycluster.

Onceclusteringhasbeencompleted,a reducedBayesiangameis constructedusingthose

historiesthatnow make up � t. It is solved to �nd a policy for eachrobot thatassignsan

actionto eachof its historyclusters.As with low-probabilitypruning,at run time, worst-

caserewarddifferenceis usedto matchthetruehistoryof a robotto oneof its clustersand

selectanaction(with aquick,�rst passdoneto seeif arobot's truehistorydirectlymatches

oneof theexemplarhistoriesexactly).1

Therearemany different typesof clusteringalgorithms(Everitt et al., 2001),but in this

thesisa versionof agglomerative clusteringis used.In BaGA-Cluster, eachhistorystarts

off in its own clusterandthensimilarclustersaremergedtogetheruntil astoppingcriterion

is met.The�nal setof clustersbecomesthetypespace� t
i for therobot.Similarity between

clustersis determinedby comparingthe reward pro�les eitherof representative elements

from eachcluster(i.e.,its exemplarhistory)or of theclustersasawhole.Therewardpro�le

for aclusterci, rci is de�ned by astraightforwardgeneralizationof Equation4.1:

rci
a = E(rhi

a jhi 2 ci) = E(u(a, h)jci).

If eachclusterci is initialized to containonly onehistoryhi thenrci = rhi andP (ci) =

P (hi). This initialization allows therewardpro�le of thelargerclusterci [ c0
i to becalcu-

latedas:

r
ci [ c0

i
a = [P (ci)rci

a + P (c0
i)r

c0
i

a ]/[P (ci) + P (c0
i)].

Worst-caserewarddifference,asde�ned in Equation4.2,couldbeusedfor determiningthe

similarity two clusters.However, becausethereis informationabouttheprior probabilityof

bothclusters,i.e.,P (ci) andP (c0
i), worst-caseexpectedlossis usedinstead(theprobability

1Alternatively, thealgorithmcouldkeeptrackof all historiesthatarecontainedwithin eachclusteranduse
thatinformationto matcharobot's truehistoryto aclusterat run time. However, in orderto keepthismatch-
ing processasimplelook up,thesetof historiesmakingupeachclusterwouldhaveto bepropagatedforward
for eachtimestep.While therewouldstill becomputationalsavingsfrom usingonly theexemplarsfor build-
ing andsolvingtheBayesiangameat eachtimestep(andfor generatingthenext setof clusters),maintaining
the setof all possibleindividual historiesandtheir associatedclustersrequiresO(jAijjZij) operationsfor
eachof theO(jZijt� 1) possibleindividualhistoriesof eachrobot.
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Algorithm 4.1: High-level overview of theBaGA-Clusteralgorithm. Elementsshown in
boldarethosethatrepresentchangesfrom thebasicBaGAalgorithmof Chapter3.
1: Constructall possiblejoint historiesfrom thesetof individualexemplarhistoriesgivenby Θt� 1

i and
thepolicy πt� 1. Updatetheprobabilitydistributionover theset.

2: For eachrobot construct the setof all individual historiesH t
i and their probability distrib ution.

3: Cluster togetherall individual historieswith similar expectedreward pro�les until no more
clustering canbedone.

4: Constructandsolve thecorrespondingBayesiangame,BGt, using the �nal clusters,Ct
i , asthe type

spaceΘt
i.

5: Find thebestmatchto thetruehistoryht
i fr om the setCt

i . The robot's matching type θt
i is the type

representingcti.
6: Implementtheactiongivenby thesolution,at

i = πt
i(θ

t
i).

of a robot's trueobservationhistory is not availableat run time andsoworst-casereward

differenceis still usedfor matchinga truehistory to a cluster). Worst-caseexpectedloss

betweentwo historieshi andh0
i is de�ned to be:

max
a2A

�
[P (hi)jrhi

a � r
hi [ h0

i
a j + P (h0

i)jr
h0

i
a � r

hi [ h0
i

a j]/P (hi [ h0
i)

�
.

Worst-caseexpectedlossbetweentwo clustersis de�ned analogouslyin termsof rci [ c0
i

a :

max
a2A

�
[P (ci)jrci

a � r
ci [ c0

i
a j + P (c0

i)jr
c0

i
a � r

ci [ c0
i

a j]/[P (ci) + P (c0
i)]

�
.

Worst-caseexpectedlossis a goodmeasureof thesimilarity of therewardpro�le for two

clustersbecauseit indicateshow much loss in reward onecould expectby merging the

clusterstogether. As with histories,it is importantto determineif two clustershave sim-

ilar reward pro�les (ratherthanjust similar expectedreward) becauserobotswill endup

performingthe sameaction for eachelementof the cluster. Furthermore,augmentinga

comparisonof expectedreward with a checkto make sureit wasgeneratedby the same

actionis not suf�cient. Theexpectedvalueof non-optimalactionscangive an indication

of whetheror not therearesomeotherdifferencesbetweenthe historiesworth preserv-

ing, especiallyasthequality of theheuristicusedfor calculatingthefutureexpectedvalue

of actionsin u degrades.A high-level overview of the clusteringalgorithmis shown in

Algorithm 4.1.

Two differentalgorithmsfor selectingandmergingpairsof clusterswereconsidered.These

algorithmsarelow-probabilityclusteringandminimum-distanceclustering.Low-probability

clusteringisdesignedtobesimilarto thelow-probabilitypruningalgorithm,whileminimum-

distanceclusteringis designedto produceabetterclusteringatahighercomputationalcost.
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4.2.1 Low-Probability Clustering

In low-probability clustering,the setof clusters(eachonecontaininga singlehistory) is

orderedrandomlyandthena singlepassis madethroughthe list of clusters.Eachcluster

is testedto determinewhetherits probabilityis below a threshold;if so,it is removedfrom

the list andmergedwith its nearestremainingneighbourasdeterminedby theworst-case

expectedlossbetweentheirexemplarhistories.Theneighbour'sexemplarhistorystaysthe

same,andits probabilityis incrementedby theprobabilityof theclusterbeingmergedin.

Thisclusteringmethodreliesonrandomization,sothesynchronizationof therandomnum-

bergeneratorsof therobotsis crucialto ensurethateachrobotperformsthesameseriesof

clusteringoperationsandarrivesat identical�nal clusters.This synchronizationrequire-

ment,however, is alreadymetby theoriginal BaGA algorithmbecauseof thealternating-

maximizationalgorithm's dependenceon randomization.

Low-probability clusteringhassomesimilaritiesto low-probability pruning. In both ap-

proaches,a history is consideredasa candidatefor pruningor clusteringif it is lesslikely

to occur. As a result,a robot's truehistoryis muchmorelikely to matchoneof theexem-

plar historiesat executiontime. Like low-probability pruning,low-probability clustering

hasthedrawbackthatall low-probabilityhistoriesmustbematchedto anotherclustereven

if they are far away from all othercandidates.Unlike pruning,however, it maintainsa

distributionover joint historiesthatmorecloselymatchestheoriginaldistribution. By ran-

domlyorderingthesetof candidateclusters,it is alsopossiblethatindividualhistoriesthat,

on their own, have too low a probability to keep,will have otherlow-probabilityhistories

matchedwith themandthereforesurvive to the�nal setof histories.

4.2.2 Minimum-Distance Clustering

Like low-probabilityclustering,minimum-distanceclusteringdoesnotoperatesonclusters

of joint historiesbut rathergroupsof individualhistories.In minimum-distanceclustering,

the two most similar clustersare repeatedlyfound and merged together. The similarity

measureusedis that of worst-caseexpectedloss betweenthe two reward pro�les. The

algorithm stopswhen the closestpair of clustersis too far apart,or when a minimum

numberof clustersis reached.By settingthemaximum-allowabledistancebetweenclusters

for which merging will still occur, a tradeoff betweentheamountof lossin rewardoneis

willing to incurandcomputationalspeed(minimizingthenumberof clusters)canbemade.
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Theexemplarhistoryfor eachclusteris simply thehighestprobabilityindividualhistoryin

thatcluster. This representative elementis only usedfor generatingthesetof all possible

joint historiesat the next timestep;clustermerging andmatchingof the true observation

historyto a clusterarebothdoneusingtheclusters'rewardpro�les.2 That is, at run time,

eachrobotmatchesits truehistoryht
i to thetypewith which it hastheminimumworst-case

rewarddifference:

arg min
θt

i 2 � t
i

(max
a2A

jrht
i

a � r
θt

i
a j)

whereeachtypeθt
i correspondsto aclustercti andrθt

i = rct
i .

Unlike single-passlow-probability pruning,minimum-distanceclusteringis a multi-pass

algorithmandthereforerequiresmorecomputationtime thanlow-probabilitypruning. It

does,however, resultin a moreaccuraterepresentationof theoriginal typespacebecause

outliers in reward-pro�le space,regardlessif they are high or low probability, are still

maintained.With respectto pickingoneof thesetwo typesof clustering,onemusttradeoff

betweenthespeedof clusteringwith thequalityof theresultingclusters.It is alsopossible

to combineclusteringwith low-probability pruning by removing any joint history with

probability lessthansomethresholdfrom thesetof all possiblejoint historiesof lengtht

beforeconstructingthesetof clusters.

Table4.1providesacomparisonof low-probabilitypruning,low-probabilityclusteringand

minimum-distanceclustering.Thekey differencebetweenpruningandclusteringis thatthe

formeroperateson joint historieswhile thelatteroperateson thesetof individualhistories

for eachrobot. BaGA-Cluster, therefore,requireseachrobot to clusternot only its own

histories,but alsothoseof its teammatesin orderto guaranteethat eachrobot constructs

andsolvesthesameBayesiangameat timestept.

2With respectto implementation,thematchingprocessactuallyhasa �rst passin which eachexemplar
history is comparedto the true observation history to seeif they areidentical. If this passis unsuccessful,
thentherewardpro�le for thetrueobservationhistory is generatedandrewardpro�le matchingperformed.
Generatingthis reward pro�le, however, is expensive andso the successof the �rst passis maximizedby
settingtheexemplarof eachclusterto beits highestprobability individual. Theoretically, otheralternatives,
suchasthehistorythatminimizesintra-clusterexpectedloss,couldbeused.
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Table 4.1: Comparisonof the different methodsfor limiting the size of the joint-type space. Low-probability pruning, low-
probabilityclusteringandminimum-distanceclusteringarecomparedwith respectto thespaceuponwhichthey act,theparameter
usedto selectan elementof that spacefor pruning/clustering,the outcomeof the operation,the complexity of the operation
and,�nally , the advantagesanddisadvantagesof eachapproach.In all cases,the matchingof the true observation history to a
maintainedhistoryis doneby �nding thebestmatchin reward-pro�le space.

Method Space Parameter Outcome Complexity Advantages Disadvantages

Low-Probability
Pruning

Joint
histories

Priorprobabilityof
joint historyθ, i.e.,
P (θ) givenP (�)

Jointhistorynotmeeting
parameterthresholdis
removedfrom space

No additionalcosts,occurs
duringgenerationof all
possiblejoint histories

Fast Poorapproximationof
originaldistributions,
Low-probabilityevents
still have impacton
expectedperformance

Low-Probability
Clustering

Individual
histories

Priorprobabilityof
individualhistoryθi ,
i.e.,P (θi ) given
P (�)

Individualhistorynot
meetingparameter
thresholdis mergedwith
nearestneighbourin
rewardspace

Singlepassoncesetof all
individualhistoriescreated
from setof joint histories

Singlepass,
Groupsof low-probability
historiesthatareclose
enoughcancluster
togetherandsurvive

Low-probabilityoutliersin
reward-pro�le spacecan
belost

Minimum-Distance
Clustering

Individual
histories

Maximumexpected
lossbetweentwo
historyclustersc1 and
c2

If distancebetweentwo
closestclustersis below
parameterthreshold,then
clustersaremerged

Multi-passoncesetof all
individualhistoriescreated
from setof joint histories

Outliersin reward-pro�le
spaceremainevenif low
probability,
More intuitiveparameter
to set

Multi-pass
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Algorithm 4.2:BayesianGameWithClustering
Input : I,Θ, A, P (Θ), Z, S, T,R,O, randSeed

Output : π,Θ0, P (Θ0)

begin
setSeed(randSeed)
for a 2 A, θ 2 Θ do

u(a, θ)  heuristicV alue(a, beliefState(θ))

π  findPolicies(I,Θ, A, P (Θ), u)
Θ0,P (Θ0)  � MinimumDistanceClustering(I,Θ, A, P (Θ), π, u, Z, S, T,R,O)

end

4.3 Algorithms for Minimum-Distance Clustering

Algorithms for the implementationof minimum-distanceclusteringare shown in Algo-

rithms 4.2, 4.3 and 4.4. As with BaGA, the outer loop of BaGA-Clusteris given by

Algorithm 3.1; however, Algorithm 3.2, BayesianGame, is replacedwith Algorithm 4.2,

BayesianGameWithClustering. ThefunctionmatchToTypeis alsoassumedto usereward-

pro�le spacematchingratherthan Hammingdistanceas it did in Chapter3. In the al-

gorithm BayesianGameWithClustering, a Bayesiangameis constructedandsolved using

thedynamicsof theoverall POSG,a speci�c joint-typespace� , andtheprobabilitydis-

tribution over that spaceP (�) . The �nal stepin the algorithmis to createthe joint-type

spaceanddistribution over that spacefor the next timestepof the problem. In this case,

minimum-distanceclusteringis usedto createof thisspace.

Algorithm 4.3,MinimumDistanceClustering, generatesall possibleone-stepextensionsof

eachjoint type θ 2 � andstoresthemin the setof proposedjoint types� andproposed

individual types� i. A clustercx is thencreatedfor eachof a robot's typesγi 2 � i. The

exemplarhistoryfor clustercx is setto γi andthecluster's rewardpro�le rcx calculated(η

is usedin thesecalculationsto representa genericmemberof � ). Then,Algorithm 4.4 is

usedto repeatedlyidentify the two closestclusters,c1 andc2, by �nding thepair of clus-

terswithin setCi with thesmallestmaximumexpectedlossthatwould occurif they were

merged. If this maximumexpectedloss is smallerthana speci�ed threshold,threshold,

thetwo clustersaremergedtogether. If c1 hashigherprobabilityof occurring,thentheex-

emplarhistoryc1 is adoptedastheexemplarhistoryof themergedcluster. Otherwise,the

exemplarhistoryof clusterc2 is used.Whenthisalgorithmterminates,theexemplarhisto-

ries in eachof the remainingclustersandtheprobabilitydistribution over themis copied

into thesetof �nal types� 0
i and�nal joint types� 0.

If low-probabilityclusteringwereto beusedinsteadof minimum-distanceclustering,Al-
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Algorithm 4.3:MinimumDistanceClustering
Input : I,Θ, A, P (Θ), π, u, Z, S, T,R,O

Output : Θ0, P (Θ0)

begin
Γ  � ;
Γi  � ; , 8i 2 I
for θ 2 Θ,z 2 Z, a 2 A do

γ  θ [ z [ a
P (γ)  P (z, ajθ)P (θ)
Γ  Γ [ γ
Γi  Γi [ γi,8i 2 I

/*initializing clusters */
for i 2 I do

x  0
Ci  0
for γi 2 Γi do

cx  γi

P (cx)  
P

η2 � ,ηi = γi
P (η)

for a 2 A do
rcx
a  

P
η2 � P (ηjγi)ui(a, η)

Ci  Ci [ cx
x  x+ 1

/*performing clustering */
for i 2 I do

while minDist < threshold do
c1,c2,minDist  TwoClosestClusters(Ci, r)
if P (c1) < P (c2) then

P (c1)  P (c1) + P (c2)
for a 2 A do

rc1
a  (P (c1)r

c1
a + P (c2)r

c2
a )/(P (c1) + P (c2))

Ci  Ci � c2

P (c2)  0
for c� i 2 C� i do

P (c� i [ c1)  P (c� i [ c1) + P (c� i [ c2)
P (c� i [ c2)  0

else
P (c2)  P (c2) + P (c2)
for a 2 A do

rc2
a  (P (c1)r

c1
a + P (c2)r

c2
a )/(P (c1) + P (c2))

Ci  Ci � c1

P (c1)  0
for c� i 2 C� i do

P (c� i [ c2)  P (c� i [ c1) + P (c� i [ c2)
P (c� i [ c1)  0

Θ0  C
P (Θ0)  P (C)

end
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Algorithm 4.4: TwoClosestClusters
Input : C, r
Output : c1, c2,minDist

begin
minDist  0
for cx 2 C do

for cy 2 C do
expectedLoss  0
for a 2 A do

r
cx [ cy
a  (P (cx)rcx

a + P (cy)r
cy
a )/(P (cx) + P (cy))

expectedLoss  maxf expectedLoss, P (cx)jrcx
a � r

cx [ cy
a j + P (cy)jrcy

a � r
cx [ cy
a j g

if expectedLoss < minDist then
minDist  expectedLoss
c1  cx
c2  cy

end

gorithm 4.3wouldbemodi�ed to performasinglepassthroughthesetof possibleclusters

Ci of eachrobot. If a clustercx is below the pruningthreshold,thenits closestmatchcy

is found in the setCi. Any probability massis transferredto cy andcx is removed from

Ci. Low-probabilitypruningoccursduring the constructionof all one-stepextensionsof

thejoint typesof timestept. If a proposednew joint typeγ hasprobability lower thanthe

threshold,it is simplynotaddedinto theset� .

4.3.1 Computational Complexity

All threewaysof reducingthe numberof typesrequiresthe enumerationof all possible

one-stepextensionsto the joint-type spaceof the previous timestep,which hasa costof

j� t� 1jjZ jjAj or anupperboundofO(j� t� 1j
�
jZ� jjA� j

� n
) (reminder, thesubscript� denotes

the biggestset of any one robot). Low-probability pruning doesnot requireadditional

computation,asit prunesduringtheconstructionof � . Clustering,however, does.

Minimum-distanceclusteringrequiresthe reward pro�le of eachclusterto be calculated.

As eachclusteris initialized with oneof a robot's possibletypes,eachrobot startswith

j� ij = j� t� 1
i jjZijjAij clusters.Thealgorithmmusttheniterateoverall possibletypesin � � i

in orderto calculatetherewardpro�le for aclusterleadingto anoverallcostof j� � jn. Each

iterationof clusteringitself requiresO
�
jC� j2) operationsto �nd thetwo closestclusters.On

the�rst iteration,jC� j = j� � j andonthek-th iterationjC� j = j� � j � k+ 1. In theworstcase,

therewill beonly one�nal clusterandsoj� � j � 1 iterationswill berequired.As aresult,the
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upperboundon thecostof minimum-distanceclusteringis j� � jn + n
� P j � � j� 1

k=1 (j� � j � k)2
�

which isO
�
j� � jn + nj� � j3

�
.

Low-probability clusteringalso requiresthe reward pro�le of clustersto be calculated;

however, only a single passwill donethroughthe set of clustersfor eachrobot. This

procedureresultsin acostof O
�
j� � jn + nj� � j2

�
.

4.3.2 Additional Issues

It is possibleto constructproblemsin which therewill be two clusterswith identical(or

nearlyidentical)rewardpro�les thatshouldnot bemergedtogether. This situationwould

occur if the two clusterslead to very differentconditionalprobability distributionsover

teammates'clustersbecauseit suggeststhat, in the future, differencesbetweenthe two

clustersneedto bepreserved.For example,considerthecasewhereRobot1 hastwo clus-

ters,a andb, andRobot2 hastwo clustersc andd. Clustersa andb have identicalreward

pro�les; however, while thejoint typesf a,cg andf b,dg arevalid, thejoint typesf a,dg and

f b,cg arenot becausethey aremadeup of individual typesthatareinconsistentwith each

other. For example,in RoboticTag a joint typein which therobotsobserve theopponentin

differentcellsor observea teammatein acell thatdoesnotcorrelateto theteammate's true

positionis not valid. A validity vectorcanbede�ned for eachclusterin which a oneor a

zerois assignedto eachpossiblesetof teammates'clustersindicatingwhetheror not the

robot's currentclusterresultsin avalid or non-valid joint typein combinationwith them.

Generally, non-valid joint typesdo not exist in the setof all possiblejoint typesbecause

they have zeroprobability of occurring. It is only during the clusteringprocessthat one

startsto considerthembecausethe �nal setof joint typesis thecross-productof the �nal

setof clustersfor eachrobot. So, if clustersa andb aremergedtogether, becausetheir

reward pro�les arethe same,then(assumingthat a becomesthe exemplarof the cluster)

both f a,cg andf a,dg would have to be consideredvalid joint typesor someinformation

will belost. Clearly, thesolutionis to not mergea andb, leadingto to anadditionalcheck

duringtheclusteringprocessin which, if two clustersdonothave thesamevalidity vector,

thenthey cannotbeacandidatefor mergingnomatterhow similar their rewardpro�les are.

This problemis actually not just limited to whetheror not two clusterslead to similar

validity vectors,but whetheror not the two clustersleadto similar conditionalprobabil-

ity distributionsover joint types. However, one can think of thesevalidity vectorsas a

thresholdedapproximationof theseprobability distributions. To fully addressthis issue,
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agglomerative clusteringcould be replacedwith divisive clusteringin which clustersare

repeatedlysplit if elementswithin the clustersleadto differentreward pro�les or differ-

entprobabilitydistributionsover theclustersof others.3 Divisive clusteringwould require

multiple passes,not just within the setof clustersfor eachrobot but alsoover the setof

robotsbecausesplittingonerobot's clustermayleadto splitsin anotherrobot's clusters.

It shouldbenotethatin thetypesof problemsexaminedin this thesis,clusterswith similar

rewardpro�les generallydo have similar distributionsover theclustersof others.Usually,

unlessa problemhasbeenspeci�cally constructedto highlight this issue,differencesin

probabilitydistributionstranslateinto differencesin expectedrewardandrewardpro�les.

For this reason,agglomerative clusteringhasbeenused,with theadditionalvalidity vector

checkfor theMABC androbotictagdomains.

4.4 Experimental Results

In orderto testtheeffectivenessof BaGA-Cluster, thealgorithmwasimplementedin two

domains: the Lady and the Tiger and the Multiple AccessBroadcastChannelproblems

of Section3.4. In this section,theperformanceof policiesusinglow-probabilitypruning,

low-probabilityclusteringandminimum-distanceclusteringis analyzed.

4.4.1 Lady and The Tiger

Table4.2shows theperformanceof BaGA andBaGA-Clusterfor a 10-stepversionof the

LadyandtheTiger. In all cases,thesimple-heuristicof Section3.4.1.2wasusedto evaluate

thefutureexpectedvalueof actionsandalternatingmaximizationwasrunwith 200random

restarts.BaGAwas�rst runwith nopruningor clusteringto determinethetotalnumberof

joint typesmaintainedover the10stepsof theproblem.It tookabout30minutesonanIn-

tel Pentium4, 2.8GHzmachineto generateasolutionthathadanaveragerewardof 10.68

to the team. In Table4.2, thepercentageof truehistoriesretainedindicateswhat fraction

of the time an agent's true history of observationswaspresentin its setof types. As the

low-probabilitypruningthresholdis raisedfrom 0.000001to 0.001,it canbeseenthatre-

moving toomany joint typesfrom considerationnegatively impactsperformance.Negative

3This typeof clusteringcanbethoughtof asanextensionof thework on modelminimizationin MDPs
(Dean& Givan, 1997)andPOMDPs(Pineauet al., 2003b)to Bayesiangamesbecauseit groupstogether
typeswith thesameactionpayoffs andinducedprobabilitydistributionsover thetypesof others.
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outcomesoccureven if theactualobservationsof theagentsalwaysmatchexactly to one

of the retainedhistoriessuchasthe casewherethe thresholdis 0.000005.As previously

discussed,this situationis dueto low-probability eventsthat do not necessarilyoccur in

practice,but canstill impactdecisionmaking.

If low-probability clusteringis applied,many fewer historiescanbe maintainedwithout

compromisingperformance.For example,low-probability clusteringwith a thresholdof

0.05(i.e., a type is prunedif it occurswith probability lessthan0.05)resultsin about2%

of thetotalnumberof possiblejoint types.Eachagent's truehistoryof observationscanbe

foundamongsttheretainedtypesabout70%of thetimewith rewardpro�le matchingused

the other30%. The resultingperformanceis still equivalentto that of the full algorithm,

but at a fraction of the computationalcost. If the probability thresholdis set too high,

however, performancedoesstartto degrade.Thedistribution over joint typesis no longer

beingapproximatedwell becausehistoriesthataretoo differentarebeingaliasedtogether.

Minimum-distanceclusteringis ableto avoid this problemat a higherlevel of clustering

becauseit lets thesystemclustermorehistoriestogetherwhile still representingthejoint-

historyspacewell. UsingBaGA-Cluster, thetotal numberof joint typescanbedroppedto

aslow as109,with only 55%of the trueobservationhistoriesappearingasexemplarsin

thetypespace,without lossin performance.An additionaladvantageof minimum-distance

clusteringis thatits parameter, maximum-allowableexpectedloss,is easierto interpretthan

theprobabilitythresholdusedin low-probabilityclustering.For example,if theminimum-

distancethresholdis setto 0.1 it meansthatoneis willing to acceptup to 0.1pertimestep

in lost rewardin returnfor savingsin computationtime.

With this domain, it is not possibleto seethat low-probability clustering,for the same

numberof candidatetypes,runsfasterthanminimum-distanceclustering;however, in the

tagproblemslookedat in Chapter6, it is indeedthecase.

In Figure 4.1, an exampleof the computationaland spacesavings of BaGA-Clusteris

shown for a6-stepversionof theLadyandtheTiger. At the�rst timestep,eachagentonly

hasonepossiblehistory, andthereforeonecluster, becauseit hasno observationsabout

the world. After performinga listen action,the agentnow hastwo possibleobservations

histories: f listen, hear-leftg and f listen, hear-rightg. Again, no clusteringcanbe done

becausethesetwo historieshaveverydifferentrewardpro�les. Onthethird timestep,how-

ever, somehistoriescanbeclusteredtogetherwith no lossof expectedreward.Becausethe

agentknowsthatits teammatehaslistenedonthe�rst two timesteps(fromπ1 andπ2, which

only includelistenactions),theonly importantpieceof informationfor decisionmakingis

whetheror not it heardthesameobservationtwiceand,if so,whichoneobservationit was.
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Table4.2: Clusteringandperformanceresultsfor a 10-stepversionof the Lady and the
Tiger problem. Resultsare averagedover 100000trials with 95% con�dence intervals
shown. The numberof joint historiesis the sumof all of the joint historiesmaintained
over the 10 steps.Policy computationtime is the percentageof time taken to computea
solutionrelative to the�rst conditionin which all historiesaremaintained(a runningtime
of 199018ms). The% of truehistoriesretainedis thepercentageof stepsin which thetrue
agent'shistoryis presentin thesetof retainedhistory. Performanceis notdependentonthis
valuebut ratheron how well the entiresetof possiblehistoriesis approximated.Timing
experimentswereperformedona Intel Pentium4, 2.80GHzmachine.

Condition Reward # Joint Types Computation Time % True History Retained

All possiblejoint historiesmaintained 10.68� 0.10 231205 100.00% 100.0%

Low-prob. pruningwith cutoff of 0.000001 10.66� 0.10 74893 56.28% 100.0%
Low-prob. pruningwith cutoff of 0.000005 9.89� 0.13 34600 51.98% 100.0%
Low-prob. pruningwith cutoff of 0.001 5.32� 0.26 1093 1.54% 93.8%

Low-prob. clusteringwith threshold0.01 10.69� 0.09 7715 4.81% 91.3%
Low-prob. clusteringwith threshold0.05 10.68� 0.10 563 0.25% 71.2%
Low-prob. clusteringwith threshold0.1 6.38� 0.21 201 < 0.10% 63.3%

Min.-distanceclusteringwith max. loss0.01 10.58� 0.10 335 < 0.10% 56.4%
Min.-distanceclusteringwith max. loss0.1 10.72� 0.09 177 < 0.10% 56.1%
Min.-distanceclusteringwith max. loss0.5 10.69� 0.10 109 < 0.10% 55.1%

If theagenthearstwo differentobservations,it doesnotmatterat thispoint in whichorder

thoseobservationsweremade,andsothehistoriesf listen, hear-left, listen,hear-rightg and

f listen, hear-right, listen,hear-leftg aregroupedtogether.

For timestep4, ratherthangenerateall possibleone-stepextensionsof the original four

historiesfrom timestep3, only thoseextensionsof the �nal setof clustersfor timestep3

needto bepropagatedforward. So, insteadof startingthenext stepof clusteringwith all

of the eight possiblehistoriesof length four, thereareonly six candidates.If a door is

opened,asit is with four of the possibletypesat timestep4, the problemis reset,so the

observation received by the agentis irrelevant. This situationallows, without any lossin

expectedreward,for all of thosetypesto begroupedtogether. Furthermore,regardlessof

whattheteammate's typeis, any oneof thosefour typesresultin thesamejoint belief. The

last two candidatetypescannotbe groupedtogetherbecausethey lead to different joint

beliefsandthereforedifferentrewardpro�les.

On the�fth timestepno clusteringcanbedone,althoughclusteringon previoustimesteps

hasreducedthe numberof typesto six from the sixteenpossiblehistoriesof length� ve.

What is perhapsnot obvious is why the typesf listen, hear-right, listen, hear-left, listen,

hear-right, listen,hear-leftg andf listen,hear-right, listen,hear-left, listen,hear-left, listen,
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Figure 4.1: Clusteringexamplefor a 6-stepversionof the Lady and the Tiger. These
are the clustersthat aregeneratedfor eachtimestepduring the generationof the policy
treeshown in Figure3.3, with the clusterexemplarshown in eachcase.In orderto save
space,the observation andactionsetareshown as<HL,HR> and<L,OL,OR> respec-
tively with ; astheemptyobservationset.Without clustering,thesizeof thetypespaceis
j� t

ij = f 1,2,4,8,16,32g andwith clusteringit is j� t
ij = f 1,2,3,3,6,9g.
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hear-rightg have not beengroupedtogether;afterall, eachonehastwo instancesof each

possibleobservationandat timestep2, observationorderwasfoundnot to matter. On this

timestep,however, orderdoesmatterbecausethesetwo typesleadto very differentbeliefs

whenpairedwith a teammate's type in which a door is openedon the third timestep. In

thiscase,theonly relevantobservationof thetiger'scurrentpositionis thelastobservation,

which is differentin thetwo cases.However, two typesof length5 thatdo have thesame

observation on the last timesteparealsonot groupedtogether: if either is pairedwith a

type in which the teammatedoesnot opena door, thenall observationscanbe valid and

a differentjoint belief will occur. Thesedifferencesin joint beliefsleadto differencesin

rewardpro�les, whichpreventtheclusteringfrom beingdone.

By the last timestep,thereare only twelve surviving candidatetypesratherthan the 32

possiblehistoriesof length six. Thesetypescan be groupedinto nine clustersas now,

regardlessof whetherpairedwith atypein whichadooris openedor not,thespeci�c order

of thelasttwo observationsno longermatters.

4.4.2 Multiple AccessBroadcastChannel

Table4.3 shows theperformanceof BaGA-Clusterfor variousconditionsof theMultiple

AccessBroadcastChannelproblem. In all cases,the full-cooperativeheuristicof Section

3.4.2wasusedtoevaluatethefutureexpectedvalueof actionsandalternatingmaximization

wasrunwith 20randomrestarts.While no-communicationwasfoundto beaslightly more

accurateheuristicfor utility evaluation,it wasnot usedfor BaGA-Clusterbecauseof the

prohibitive cost of precalculatingthe requiredvaluesfor T < 9 that would have been

necessaryfor the problemswith time horizon10. As the purposeof this experimentis

to analyzehow theperformanceof BaGA-Clusterchangesasthenumberof joint typesis

decreased,thespeci�c heuristicusedis notasimportantasis theconsistentuseof thesame

heuristic.

In Table 4.3, low-probability pruning with a thresholdof 0.000001is comparedto that

with athresholdof 0.01.While low-probabilitypruningwith thehigherthresholdis ableto

generatesolutionsfaster, asevidencedby thesmallernumberof total joint typesmaintained

by BaGA, thosesolutionsarenot ashigh quality, becausethe remainingjoint typesare

no longerrepresentative of the true distribution over possiblejoint types. This effect can

especiallybe seenin the caseof n = 4, T = 10, pi = 0.4 in which, for about85% of

trials, low-probabilitypruningwith a thresholdof 0.01resultedin all possiblejoint types

beingprunedbeforethe�nal timestep.This resultoccurswhen,baseduponthejoint types
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Table 4.3: Comparisonof different clusteringresultsfor MABC using the fully-cooperative utility function. Performanceis
averagedover10000trialswith 95%con�denceintervalsshown. Theaveragesumof joint typesovereachtimestepis shown for
BaGA with 95%con�denceintervals. Pruningrefersto low-probabilitypruningwith a cutoff asshown while clusteringrefers
to minimum-distanceclusteringwith a maximium-allowableexpected-lossthresholdasshown. If memoryrestrictionsprevented
thecalculationof asolutionfor acertainclusteringcondition,it is indicatedwith a “ � ”.

Parameters pruning, cutoff 0.000001 pruning, cutoff 0.01 clustering, max. losszero clustering, max. loss0.01
Avg. Reward

P
j� t j Avg. Reward

P
j� t j Avg. Reward

P
j� t j Avg. Reward

P
j� t j

n = 2, T = 5,
p = f 0.4, 0.4g

2.96� 0.02 483.98� 0.02 2.97� 0.02 112.00� 0.00 2.95� 0.02 138.96� 0.02 2.96� 0.02 20.00� 0.00

n = 2, T = 5,
p = f 0.7, 0.3g

3.77� 0.02 367.89� 0.05 3.62� 0.02 114.00� 0.00 3.77� 0.02 76.00� 0.00 3.79� 0.02 20.00� 0.00

n = 3, T = 3,
p = f 0.4, 0.4, 0.4g

1.76� 0.02 272.00� 0.00 1.65� 0.02 58.00� 0.00 1.77� 0.02 196.92� 0.01 1.56� 0.02 24.00� 0.00

n = 3, T = 3,
p = f 0.75, 0.5, 0.25g

2.40� 0.01 180.93� 0.16 2.37� 0.01 64.00� 0.00 2.39� 0.01 24.00� 0.00 2.40� 0.01 24.00� 0.00

n = 3, T = 4,
p = f 0.4, 0.4, 0.4g

2.63� 0.02 763.99� 0.01 2.61� 0.02 96.00� 0.00 2.60� 0.02 458.36� 1.55 2.60� 0.02 32.00� 0.00

n = 3, T = 4,
p = f 0.75, 0.5, 0.25g

3.32� 0.01 652.12� 0.07 3.24� 0.02 96.00� 0.00 3.31� 0.01 32.00� 0.00 3.30� 0.01 32.00� 0.00

n = 3, T = 10,
p = f 0.4, 0.4, 0.4g

� � 7.31� 0.03 256.02� 0.01 � � 7.29� 0.03 80.00� 0.00

n = 3, T = 10,
p = f 0.75, 0.5, 0.25g

� � 8.38� 0.03 315.05� 0.02 8.63� 0.02 80.00� 0.00 8.62� 0.02 80.00� 0.00

n = 4, T = 3,
p = f 0.4, 0.4, 0.4, 0.4g

1.89� 0.02 1024.00� 0.00 1.59� 0.02 50.00� 0.00 1.87� 0.02 868.02� 0.96 1.67� 0.02 48.00� 0.00

n = 4, T = 3,
p = f 0.8, 0.6, 0.4, 0.2g

2.59� 0.01 699.69� 0.08 2.55� 0.01 69.99� 0.00 2.60� 0.01 507.20� 0.20 2.59� 0.01 48.00� 0.00

n = 4, T = 4,
p = f 0.4, 0.4, 0.4, 0.4g

� � 2.02� 0.03 96.01� 0.00 2.67� 0.02 4581.54� 3.80 2.33� 0.03 64.00� 0.00

n = 4, T = 4,
p = f 0.8, 0.6, 0.4, 0.2g

� � 3.38� 0.01 99.25� 0.02 3.46� 0.01 1494.59� 1.23 3.48� 0.01 64.00� 0.00

n = 4, T = 10,
p = f 0.4, 0.4, 0.4, 0.4g

� � 6.88� 0.10a 213.29� 0.08 � � 6.72� 0.06 160.00� 0.00

n = 4, T = 10,
p = f 0.8, 0.6, 0.4, 0.2g

� � 8.70� 0.03 307.49� 0.09 � � 9.11� 0.02 159.76� 0.03

a85%of therunsusingthisconditionactuallyresultedin all joint typesbeingprunedandsoresultsareaveragedover theremaining15%.
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thatarebelievedpossibleby BaGA,an`impossible'observationis receivedby at leastone

agent.Of course,suchanobservationis not really impossible;it is theresultof too many

joint typesbeingprunedfrom consideration.While theremaining15%of thetrials for this

pruningthresholdandparametersdid resultin viablesolutionsto theproblem,thisexample

underlineshow importantit is to maintaina goodapproximationof thetruesetof possible

joint types.

If minimum-distanceclusteringis usedinsteadof low-probabilitypruning,thena smaller

numberof joint typescanberepresentedwithout adverselyaffectingthequality of theso-

lutions.TheMABC domainhasaninterestingpropertythat,unlessa maximum-allowable

expected-lossthresholdof zerois used,eachagenthasonly two clusterspertimestep:one

to representall typeswith afull buffer at thattimestepandoneto representall thosewith an

emptybuffer (i.e., this typeof clusteringoccurswhethertheexpectedlossparameteris set

to 0.01asin Table4.3or 0.0001,etc.).This characteristicproducesanextremelycompact

representationof the type space.It does,however, leadto somelossin performance,es-

peciallywhenall agentshave thesamenew messagerate,becausedifferenttypeswith the

samecurrentbuffer statefor anagentcanstill leadto differentprobabilitydistributionsover

thetypesof othersbasedon theagent's previousbuffer states.In turn, thesedifferencesin

probabilitydistributionsleadto differencesin expectedrewardpro�les. Evenwith this loss

in performance,theresultingclustersareamuchmorecompactandintuitiverepresentation

of the true joint-typespaceof the problemthanthatachieved by low-probabilitypruning

with a thresholdof 0.01. With a singleexception(n = 3, T = 3, pi = 0.4), minimum-

distanceclusteringwith a thresholdof 0.01alsooutperformsthis low-probabilitypruning

condition.

If a maximum-allowable expected-lossthresholdof zero is used,only thosetypeswith

identicalexpectedrewardpro�les will bemerged,andno lossin performanceis observed

comparedto low-probability pruningwith a thresholdof 0.000001.The amountof clus-

teringdoneby BaGA-Clusterwith this thresholdvariesbaseduponthenew messagerates

of the agents.If oneagentshasa highernew messageratethenmoreclusteringoccurs.

Indeed,in thecaseof n = 3, p = f 0.75,0.5,0.25g, thetypesareclusteredinto thosewith a

full buffer on thecurrenttimestepandthosewith anemptybuffer asthey werefor BaGA-

Clusterwith a maximum-allowableexpectedlossof 0.01. This type of clusteringis why

BaGA-Clusterwith a maximum-allowableexpectedlossof zerocangeneratea solutionto

then = 3, T = 10, p = f 0.75,0.5,0.25g scenariobut not thatof n = 3, T = 10, pi = 0.4,

which would requiretoo many clustersto be computationallyviable. While this BaGA-

Clusterconditionresultsin excellentperformance,overall it usesamuchhighernumberof
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clustersthanminimum-distanceclusteringwith a thresholdgreaterthanzeroandsocannot

beappliedto thelargestproblemssuchasn = 4, T = 10. As such,therelatively smallloss

in reward generatedby increasingthe maximum-allowableexpectedlossseemsa worth-

while tradeoff for the increasein computationalandspacesavings. BaGA-Clusterwith a

maximum-allowableexpectedlossof 0.01alsohasthebene�t that thenumberof clusters

peragentis time invariantunlike theotherpruningandclusteringconditionsexaminedin

thissection.This invariancewouldallow it to beappliedto problemsof inde�nite length.

4.5 Summary

In this chapter, theef�ciency of BaGA wasimprovedthroughtheadditionof historyclus-

tering. Ratherthanreasonover thesetof all possiblehistories,BaGA-Clustergroupsto-

gethersetsof historiesthathave thesame,or similar, expectedrewardpro�les. Policiesfor

the robotsarenow conditionedon theseclustersof histories. Computationalsavings are

achievedbecauseBaGAno longerhasto reasonoverall possiblehistoriesbut insteaddoes

soovera reducednumber.

Threedifferentmethodswereimplementedfor achieving this reduction: low-probability

pruning,low-probabilityclusteringandminimum-distanceclustering.While eachmethod

hasits own advantagesanddisadvantages,minimum-distanceclusteringgeneratestheset

of clustersthatbestrepresentstheoverall historyspace.

Thecomputationalsavingsof clusteringis phenomenal.BaGA-Clusteris ableto generate

solutionsto LadyandTheTiger in lessthan0.1%of theprocessingtimerequiredby BaGA,

withoutany lossin performance.Similar resultsareobservedin MABC.





Chapter 5

Extending BaGA to Robot Teams with
Communication

In this chapter, communicationis usedto both improve the performanceof a robot team

andto further reducethe computationalcostsof the BaGA algorithm. While the BaGA

algorithm,aspresentedin Chapters3 and4, solvesproblemsin which no communication

is available to the team,it canbe appliedto a wider rangeof communicationproblems.

Thepreviousfocuswason problemswithout any communication;theadditionof commu-

nicationcanonly improve performanceof the teamasit allows therobotsto synchronize

theirobservationhistories.Asidefrom �x edcommunicationpolicies,theBaGAalgorithm

canalsobe usedto generaterun-timecommunicationpoliciesbecauseit helpsto deter-

minebothwhento communicateandwhatto communicate.In thischapter, amodi�cation

of BaGA-Clusteris presentedin which a few, but critically placed,communicationacts

greatlyimprove the overall performanceof the systemat a fraction of the computational

costof thefull POSGsolution.

In orderto make the mostef�cient useof bandwidth,the questionsof whenandwhat to

communicatemustbeanswered.Communicationactsthatimprove thequalityof decision

makingaredesirable,while thosethatdo not shareimportantinformationbetweenrobots

arenot necessary. If communicationpoliciesarenot ef�cient, thentheoverall systemwill

suffer from scalabilityproblems;while thecurrentbandwidthmightbesuf�cient to handle

full communicationbetweenrobots,increasingthe numberof robotswill placetoo large

a burdenon thecommunicationframework. A dynamiccommunicationpolicy thatmakes

run-timedecisionsin aprincipledmanneris betterableto exploit thegainsin performance

affordedby speci�c communicationactsthanastaticpolicy.

135
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5.1 Run-Time Communication Policies

Themostobviousway to generateoptimalcommunicationpoliciesfor a POSGis to aug-

ment the action setA to include communicationactionsin addition to domainactions.

Thesecommunicationactionsmay take the placeof domainactions(or-communication)

or they canbe chosenin combinationwith domainactions(and-communication). In this

thesis,only and-communicationis considered:that is, robotswill alwaysselecta domain

actionat eachtimestepbut arealsofreeto communicate.At timestept, robots�rst decide

whetheror not to communicationandthen,if any communicationactionshouldtakeplace,

all robotson the teamareableto implementa domainactionconditionedon the speci�c

informationreceived. Otherwise,robotswill implementa domainactionconditionedon

theirown observationhistory.

A globally optimal run-time communicationpolicy can be found by building a POSG

thatrepresentsall possibleand-communicationactsat eachtimestepandthensolvingthat

POSGexactly. Theresultis apolicy tree(or conditionalplan)for eachrobotthat,givenan

observationhistoryht
i, tells therobotwhetheror not to communicateandthentells it what

actionto take in responseto eachpossiblesetof communicatedinformationthattherobot

canreceive from its teammates.This optimalpolicy allows for multiple robotsto commu-

nicateat onceor for no robotsto communicateat all dependingon whatobservationsare

actuallymade.By �nding sucha policy in a backwardfashion(i.e.,sub-gameperfection),

communicationactionsareonly takenif they resultin higherexpectedpayoff to theteam.

While theinclusionof communicationactionsinto theactionsetseemsarelatively straight-

forward way to generatecommunicationpolicies,it is alsonot feasibleto �nd the corre-

spondinggloballyoptimalpolicy. POSGsarealreadycomputationallyintractable;increas-

ing the sizeof the actionset to includecommunicationactionsonly makes the problem

harder. Furthermore,directly applyingtheBaGA-Clusteralgorithmto sucha POSGdoes

notaddressthedif�culties thatarisethroughtheincreasedactionset.As discussedin previ-

ouschapters,thecomputationalrequirementsof eachBayesiangamearedominatedby the

numberof histories(or clustersof histories)representedin the typespace.The inclusion

of communicationactionsvia and-communicationincreasesthe total numberof possible

historiesby a factorexponentialin the numberof agentsbecauseeachhistory mustnow

alsoincludean instantiationof the possibleinformationreceived from eachteammateat

timestept (with anull placeholder, ; , to indicatenocommunicatedinformationreceived).1

1It is possiblethattherearedomainsin whichthesizeof thetypespacewill remainsmallenoughto allow
for BaGA-Clusterto beperformeddirectly. In general,mostof thehistoriesgeneratedat timestept will not
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Instead,theBaGA-Commalgorithmcomputesdomainpoliciesandtheexpectedvalueof

thosepoliciesboth with andwithout communication.In this approach,robotsno longer

createuniversalcommunicationpolicies(i.e.,acommunicationpolicy conditionedoneach

possiblehistory) but ratherdetermine,at run time, if communicationof their currentob-

servationhistorywill make a differencein theperformanceof theteam.If communication

is warrantedbasedupona given criterion (e.g., increasein expectedperformance),then

the robot transmitsinformation to the rest of the team. Upon receiving any communi-

catedinformation,eachrobot createsandsolvesa �nal Bayesiangamethat re�ects any

sharedinformation. Section5.2.1 discussesthe complexity of using this BaGA-Comm

approach,andcomparesit to usingBaGA-Clusterto solve a POSGthat includesall and-

communicationacts.

Finally, with all communicationpolicies therearetwo questionsthat mustbe answered:

what to communicateandwhento communicate.Generally, thesecondquestionis easier

to answerandin many implementedsystemsthecommunicatedinformationis left overly

inclusive in order to avoid leaving out any important information (e.g., Gutmannet al.

(1999);Brusey etal. (2001);Emeryetal. (2001);Khoo& Horswill (2002)).Thisapproach

is not themosteffective useof bandwidthandtheclusteringversionof theBaGA-Cluster

algorithmoffersasimple,yetelegant,solutionto theproblemof bandwidthutilization.

5.1.1 What To Communicate

Thepurposeof clusteringis to grouptogethersetsof observationandactionhistoriesthat

leadto similar expectedrewardpro�les whencombinedwith thehistoriesof otherrobots.

That is, it identi�es a setof groupsthataredistinct in someimportantway (e.g.,expected

rewardpro�les). If robotstransmitthecluster(i.e., the identifying numberof the typeθ t
i

to which their observedhistorybestmatches),ratherthantheobservedhistory itself, two

problemsaresolved. First, transmittingan identifying typenumbertakeslessbandwidth

thantransmittinga history of all observationsandactionsmadesincethe last communi-

cationact (especiallyasthe lengthof theproblemincreases).It is guaranteedthata �nite

numberwill be usedby limiting the maximumnumberof clustersthat canbe generated

andthereforethesizeof thetypespacej� t
ij.

survive to timestept + 1 becauseonly thoseextensionsthat includetheinformationactuallycommunicated
at timestept will have positive prior probability. The problemis that eachsurviving history still hasan
exponentialnumberof possibleone-stepextensions. Domainswith a high level of additionalconstraints
(e.g.,knowing thepositionof all teammates)maystill remainmanageable.
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Second,via its construction,eachclusterencapsulatesall informationpertinentto decision

makingandallows the robotsto ignoreany aspectsof history thatareirrelevant. For ex-

ample,considertheLadyandtheTiger problemin which anagentis decidingwhat to do

two timestepsafter it hasopeneda door. Theobservationsit receivedbeforeopeningthe

doorarenow irrelevant to thedecision-makingprocessasthey give no informationabout

the currentpositionof the tiger; only the observationsmadeon a following listen action

mayhaverelevance.2 As aresult,whenimplementingtheBaGA-Clusteralgorithmall pos-

siblehistoriesfall into only oneof two clusters:theagenteitherreceived theobservation

hear-left or theobservationhear-right afterits mostrecentlistenaction.

By makinguseof the work alreadydoneby BaGA-Cluster, it is not necessaryto decide

what subsetof an agent's observation history will lead to the largest information gain.

Instead,the agentonly transmitsthe informationthat makesa differencewith respectto

policy generationandexpectedreward: thecluster, or type,number. With theLadyandthe

Tiger problem,this approachallows a teammateto ignoretheirrelevantinformation:what

observationsweremadebeforethedoorwasopened,andfocusontherelevantinformation:

therobothassinceperformeda listenactionandheardobservationx. This approachis not

theonly wayto answerthequestionof whatto communicate(for exampleseeRosencrantz

etal. (2003)andNettletonetal. (2003)),but it is awayto answerthequestionthatleverages

work alreadydoneby BaGA-Cluster.

Communicationactsareassumedto bebroadcastto theentireteamandnot just robot-to-

robot. They do not, however, forcea synchronizationbetweenthe entireteam: if robot i

informs the teamof its history's cluster, the restof the teamdoesnot have to inform i of

theirhistories'clusters.

5.1.2 When To Communicate

Informally, the BaGA-Commalgorithmhaseachrobot �nd a policy for the teamgiven

communicationis not possibleandthe policy for the teamgiven everyoneknows its true

cluster. Therobot thencomparesthosetwo policiesandcommunicatesits clusternumber

if appropriate.BaGAwith clusteringis usedto build andsolveeachof thesetwo games.

In BaGA-Cluster, at timestept, robotsconstructthesetof all possiblejoint historiesbased

on anexemplarhistoryfrom eachclusterat timestept � 1, thepolicy πt� 1 andany infor-

mationcommunicatedat timestept � 1. Minimum-distanceclusteringis thenperformed

2In turn, their relevancedependsonwhetheror not theteammateopenedadoorat thesametime.
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on eachsetof possibleindividual historiesto constructthe �nal setof clustersfor each

robot,C t
i . A BayesiangameBGt is constructedusingthesetC t asits joint-typespace� t

anda proposedpolicy πt found. If no communicationis permitted,a robotwould match

its observedhistoryht
i to themostappropriateclusterin C t

i andthenimplementtheaction

givenby its policy for thecorrespondingtype,at
i = πt

i(θ
t
i). Thisprocessis thenrepeatedat

timestept + 1.

Instead,with BaGA-Comm,the robotsdecideif communicatingwith their teammatesis

bene�cial. As before,eachrobotmatchesits observedhistoryht
i to oneof its clusterscti in

Ct
i . It thencreatesa new Bayesiangame,BGC t

i , usingthesetf cti, C
t
� ig asthe joint-type

space� t. In this Bayesiangame,robot i hasonly onepossibletype, its currentcluster,

while theotherrobotsstill have all of their possibleclusters.Theprobabilitydistribution

over this subsetof joint typesis found by normalizingthe probability distribution over

the set of joint typesin which i's componentis equalto ct
i. This gameis smallerthan

the original Bayesiangameandthereforefasterto solve. The outcomeof this gameis a

proposedpolicy, σi,t, for theentireteam.A superscriptof i hasbeenaddedto indicatethat

eachrobot will constructa differentgameBGC t
i andtherefore�nd a differentproposed

policy σi,t.

After �nding σi,t eachrobotdecides,baseduponπt andσi,t, whetheror not to communi-

cate. This communicationdecisioncanbe basedon many differentfactorsbut only four

typesof communicationpolicieswill beconsideredhere.The�rst is a�x edcommunication

policy in which robotscommunicateevery x steps.This type of policy doesnot actually

requirethegenerationof bothπt andσi,t. Instead,eachrobotcanwait to receive thetype

numberof eachof its teammatesandthenconstructa Bayesiangameconsistingonly of

thosetypes. In fact, this gameis no longera Bayesiangamebut a regular normal-form

gamebecausethejoint-typespacecontainsonly oneelement.

For this �x ed communicationpolicy, if a robot hasonly oneclusterand thereforetype,

thereis noneedto transmitthatinformationasall therobotswill alreadyknow its type. In

practice,it meansthatthetotal numberof communicationactsfor eachrobotundersucha

policy canbefewer thanT/x whereT is thetotalnumberof timestepsin theproblem.

The �rst of the dynamiccommunicationpoliciesconsideredis that in which a robot de-

cidesto communicateif thedifferencebetweentheexpectedvalueof thepoliciesσ i,t and

πt, giventheclusterits currentobservationhistoryfalls into, is greaterthanthecostof com-

munication.If therobot'struehistoryht
i fallsinto theclustercti, whichis in turnrepresented

by thetypeθt
i thenthisdecisionis equivalentto decidingif:
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jE
�
u(σi,t

i (θt
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t)jθt
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t
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t)jθt
i

�
j > commCost.

This expected-value-differencecommunicationpolicy, EVD, is able to tradeoff the ex-

pectedgain in performanceto theteamwith thecostof communication.As with the�x ed

communicationpolicy, nothingis communicatedif the robotonly hasonecluster. While

this robotdoesnot have to constructBGC t
i , all of its teammateswill unlessthey too only

haveonepossibletype.

Theseconddynamiccommunicationpolicy consideredis that in which a robotcommuni-

catesif it calculatesa policy σi,t that is differentfrom thepolicy πt for eitheritself or any

of its teammates.In otherwords,communicationis promptedif eitherπt
i(θ

t
i) 6= σi,t

i (θt
i)

or πt
j(θ

t
j) 6= σi,t

j (θt
j), 8j 2 � I and8θt

j 2 � t
j. This rule is a policy-difference,or PD,

communicationdecision.It doesnot take into accountthecostof communicationbut looks

only atdifferencesin actions.Themotivationfor theuseof PDis thatBaGA-Commusesa

heuristicto calculatetheexpectedfuturevalueof policies:shouldthatheuristicnotbeaccu-

rateenoughto properlyevaluatethetruedifferencein expectedvaluebetweenpoliciesσ i,t

andπt (andthereforedetermineif thatdifferenceis really greaterthanthecommunication

cost),but still be accurateenoughto maintainthe properorderingbetweenthe two (i.e.,

thatE(σi,t) 6= E(πt)), thenthis type of communicationdecisionstill makesappropriate

decisions.

The �nal type of dynamiccommunicationpolicy is one that looks at the computational

costsassociatedwith �nding πt and it canbe usedin combinationwith EVD or PD. If

jCt
i j, the�nal numberof clustersfor roboti at timestept, is greaterthansomethresholdk,

thenthe robot communicatesits best-matchedcluster's numberto the team. Becausethe

timerequiredto solveaBayesiangameis directlyrelatedto thenumberof differenthistory

clusterstracked for eachrobot, this decisiongeneratescommunicationpoliciesthat trade

off bandwidthconstraintswith computationconstraints.

Onceall communicationdecisionshavebeenmade,thoserobotsthathavedecidedto com-

municatebroadcasttheir currenttypeto theteam.In BaGA-Comma robotmustcommu-

nicateinformationto theentireteamandnot just to a subsetof its teammatesin orderto

satisfy the assumptionof this thesisthat communicationis a sourceof commonknowl-

edge. BecauseBaGA-Clusterrequiresthat only commonknowledgebe usedduring the

constructionof theBayesiangameat eachtimestep,if only a subsetof therobotsknow a

pieceof information,it cannotbeusedby themto modify theprior probabilityover theset

of possiblejoint types.
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Algorithm 5.1: High-level overview of thedynamiccommunicationdecisionalgorithmfor
BaGA-Comm.Elementsshown in bold arethosethat representchangesfrom theBaGA-
Clusteralgorithmof Chapter4. The criterion for communicationusedis an increasein
expectedreward(EVD).
1: Constructall possiblejoint historiesfrom thesetof historyclustersgivenby Θt� 1

i , thepolicy πt� 1, and
any communicatedinformation at timestept � 1. Updatetheprobabilitydistributionover theset.

2: For eachrobot,constructthesetof all individualhistoriesH t
i andits probabilitydistribution.

3: Clustertogetherall individualhistorieswith similarexpectedrewardpro�les until nomoreclustering
canbedone.

4: Constructandsolve thecorrespondingBayesiangame,BGt, usingthe�nal clusters,Ct
i , asthetype

spaceΘt
i.

5: Find thebestmatchto thetruehistoryht
i from thesetCt

i andcalculatethe expectedreward for the
cluster cti.

6: Construct and solvea newBayesiangame,BGC t
i , in which robot i hasonly onetype θt

i = cti but
all other robotshave the type setgivenby Θt

� i = Ct
� i.

7: If the expectedreward for the newgame(including communicationcosts)is greater than that
found in Step6, communicateθt

i to the restof the team.
8: If any communication takesplace,construct and solvea �nal Bayesiangame,BG0t, using

communicatedtypesand the modi�ed probability distrib ution that the communicatdknowledge
inducesover the joint setΘt.

9: Implementtheactiongivenby thesolution,at
i = π0t

i (θt
i).

Providedthatthereis at leastonecommunicationact,eachrobotconstructsa�nal Bayesian

gameBG0t usinga joint-typespacebasedon thesetf ct
j, C

t
l g, wherej is thesetof robots

thatcommunicatedtheir clusternumberandl is thesetof robotsthatdid not. Thesolution

to thisgameis the�nal policy π0t andeachrobotexecutesits actionat
i = π0t(θt

i). If nonew

informationis receivedby arobot,BG0t doesnothaveto beconstructed,asthe�nal policy

π0t is simplyequalto thepolicy πt. Theprocessis thenrepeatedat timestept + 1.

Algorithm 5.1givesa high-level overview of this communicationalgorithm.With respect

to implementation,this type of communicationcanbe thoughtof ashaving two phases:

eachrobotplans,waitsa (short)setlengthof time to seeif it will receive any new infor-

mationandtheneitherimplementsits original, no-communicationpolicy or usesthenew

informationto re-plan.If suchawait timeis notfeasiblefor thedomain,thenrobotssimply

usetheir no-communicationpolicies. The resultingrun-timecommunicationpoliciesare

robust to communicationfailuresso long astherobotsareableto detectthatcommunica-

tion failed.3 The robustnessfollows becausethe robotsnot receiving the communication

will useπt by default andthecommunicatingrobot,uponrealizingthefailureof its team-

mateto receive its message,canswitchbackto usingπt. ThePOSGframework allows the

3Examplesof sucharobustcommunicationprotocolcanbefoundin Stone& Veloso(1998),Barbuceanu
& Fox (1995)andEmeryetal. (2002).Usingtheseprotocols,robotsareableto detectfailedcommunication
acts.A similar systemcouldbeusedin BaGA-Comm.
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robotsto continueto makeuseof theirobservations,evenif communicationfails.

5.2 Algorithms for Run-Time Communication

Algorithms5.2 through5.5 detailhow BaGA-Comm�nds run-timecommunicationpoli-

cies. At eachtimestepa Bayesiangameis constructedandsolvedusingBaGA-Clusterto

generatea proposedpolicy πt, andjoint-typespacefor thenext timestep� t+1 . Eachrobot

then �nds the bestmatchto its currenthistory, θt
i , in reward-pro�le space. Using θt

i , it

thenmakesa communicationdecisionωt
i . If ωt

i is true, thenrobot i communicatesθt
i to

all theotherrobotsin theteam.Eachrobotmaintainsa vector, ψi,t, of any typesthathave

beencommunicatedto it and,uponreceiptof any θt
j, eachrobotupdatesψi,t to includeθt

j.

Finally, if any robot communicated,thenAlgorithm 5.5 is usedto �nd a new policy and

joint-typespacefor theteamthattakesinto accountany communicatedinformation.Each

robotthenimplementstheactiongivenby policy πt
i for typeθt

i .

Algorithm 5.3 is responsiblefor makingthecommunicationdecisionand,asshown, does

sousingthepolicy-differencecondition.It �rst constructsa setof joint typesusingtheset

of clusteredtypes� t passedinto it, aswell astheknown typeof roboti, θt
i (whichis passed

into Algorithm 5.3astheparameterψi). Thenew setof joint types,� , only includesthose

joint typesthathave θt
i asanelement.η is usedto representa genericelementof � during

probability renormalizationover the �nal setof joint types.Algorithm 5.4 is thenusedto

�nd a proposedpolicy σ using� . JustSolveBayesianGame(Algorithm 5.4) is usedrather

thanBayesianGameWithClusteringbecausetheproposedtypespacefor thenext timestep,

�
0
, is never going to be usedby Algorithm 5.2 andso it doesnot needto be generated.

If the policy σ is differentthanthe onefound without the teammembersknowing robot

i's type, then i's decisionis to communicateandsoωi is set to true. Obviously, the PD

conditioncanbe replacedwith any otherrun-timedecisionsuchasEVD or even a �x ed

communicationdecisionsuchascommunicatingeveryx timesteps.

Findingthe�nal policy is very similar to makingthecommunicationdecision,only Algo-

rithm 5.5 takesin an entirevectorof any communicatedindividual typesandusesall of

themto constructa new setof possiblejoint types� t. Given this setandthe probability

distribution over it, BayesianGameWithClusteringis usedto �nd a policy σ andthe joint-

typespace� 0 for thenext timestep.Finally, Algorithm 5.2usesthis informationto setthe

joint-typespace� t+1 equalto � 0andpolicy πt equalto σ.
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Algorithm 5.2: PolicyConstructionAndExecutionWithCommunication
I,Θ0, A, P (Θ0), Z, S, T,R,O
Output : r, st, πt,8t
begin

hi  � ; ,8i 2 I
r  � 0
initializeState(s0)
for t  0 to tmax do

for i 2 I do (in parallel)
setRandSeed(rst)
/*set all known types to null */
for j 2 I do

ψi,t
j  ;

πt,Θt+1 , P (Θt+1 )  
BayesianGameWithClustering(I,Θt, A, P (Θt), Z, S, T,R,O, rst)

hi  hi [ zt
i [ at� 1

i

θt
i  matchToType(hi,Θ

t
i)

at
i  πt

i(θ
t
i)

ωt
i  CommunicateDecision(I, i, θt

i ,Θ
t, A, P (Θt), Z, S, T,R,O, πt, rst)

if ωt
i = true then
/*broadcast θt

i to all other robots */
for j 2 I do

ψj,t
i  θt

i

for i 2 I do (in parallel)
if 9i such that ωt

i = true then
setRandSeed(rst)
πt,Θt+1 , P (Θt+1 )  FindFinalPolicy(I, ψi,t,Θt, A, P (Θt), Z, S, T,R,O, rst)
at

i  πt
i(θ

t
i)

st+1  T (st, at
1, ..., a

t
n)

r  r +R(st, at
1, ..., a

t
n)

end

5.2.1 Computational Complexity

Thesecommunicationpolicieshavetwo levelsof approximationwith respectto theoptimal

communicationpolicy describedat thestartof Section5.1.First,BaGA-Commmakesuse

of heuristicsfor calculatingthefuturevalueof actionsratherthanbackingup theoptimal

policy. Secondly, ratherthaneachrobotgeneratingaBayesiangameapproximatingthet-th

stepof aPOSGthatmodelsall possiblecommunicationanddomainactions(andtherefore

all possiblecombinationsof communicationandnocommunication),eachrobotgenerates

two Bayesiangames: one with no communicationfactoredin and one in which all its

teammatesknow its clusterbut it receives no information from them. Therefore,if the
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Algorithm 5.3: CommunicateDecision
Input : I, i, ψi,Θ, A, P (Θ), Z, S, T,R,O, π, randSeed

Output : ωi

begin
ωi  false
Γ  ;
/*add all joint types to Γ that have ψi as an individual type for i */
for θ 2 Θ do

if θi = ψi then
γ  θ
P (γ)  P (θ)
Γ  Γ [ γ

for γ 2 Γ do
P (γ)  P (γ)/

P
η2 � P (η)

/*note that Θ, and therefore Γ, already clustered */
σ  JustSolveBayesianGame(I,Γ, A, P (Γ), Z, S, T,R,O, randseed)
if σ ! = π then

ωi  true

end

Algorithm 5.4: JustSolveBayesianGame
Input : I,Θ, A, P (Θ), Z, S, T,R,O, randSeed

Output : π
begin

setSeed(randSeed)
for a 2 A, θ 2 Θ do

u(a, θ)  qmdpV alue(a, beliefState(θ))

π  findPolicies(I,Θ, A, P (Θ), u)

end
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Algorithm 5.5: FindFinalPolicy
Input : I, ω, ψ,Θ, A, P (Θ), Z, S, T,R,O, randSeed

Output : σ,Γ0, P (Γ0)

begin
Γ  ;
/*add all joint types to Γ that contain any individual types given by
ψ */

for θ 2 Θ do
add  true
i = 0
while add = true && i < jI j do

if ψi ! = ; && θi ! = ψi then
add  false

i  i+ 1

if add then
γ  θ
P (γ)  P (θ)
Γ  Γ [ γ

for γ 2 Γ do
P (γ)  P (γ)/

P
η2 � P (η)

/*Need to find σ but also generate set of types for next time-step */
σ,Γ0, P (Γ0)  BayesianGameWithClustering(I,Γ, A, P (Γ), Z, S, T,R,O, randseed)

end

performanceof the teamcanonly be improved by all robotscommunicatingandnot just

one,thatcommunicationpolicy will notbegenerated.

The calculationof theserun-timecommunicationpoliciesare,however, computationally

ef�cient comparedto the optimal communicationpolicy: at worst threeBayesiangames

must be constructedand solved, BGt, BGCt
i andBG0t. BGCt

i is smaller thanBGt

andBG0t is guaranteedto be no larger thanBGt. The solution to BGt is found using

a sequence-formrepresentationof the Bayesiangameandalternatingmaximization. As

describedin Section2.2.1,for an arbitraryBayesiangame,eachrobot will have jAijj � ij

differentpossiblesequences.If the utility function requireslinear time to compute,then

alternatingmaximizationhascomputationalcomplexity of O(
�
jA� jj � � j

� n
).

SolvingBGt hasan upperboundon computationalcomplexity of O
�
(jA� jjCt

� j)n
�

where

jCt
� j the sizeof the largestsetof clustersof any robot (in generaljC t

� j is exponentialin

t).4 Alternatively, if onetried to constructa Bayesiangamerepresentinga timestepof the

POSGthat includesall possibleand-communicationactions,thenthenumberof possible

4Notethatthis formulais thecomputationalcomplexity for solvingBGt anddoesnot includethecostof
�nding thetypes/clustersfor timestept+ 1. SeeSection3.3.1for moredetails.
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sequencesfor eachrobotis increasedby a factorexponentialin thenumberof robots.This

Bayesiangamewould actuallybesolvedasa 2-stepgame: the resultingpolicy tells each

robot whetherto communicateits clusteror not, and then, basedon whatever informa-

tion it receivesfrom the team,what domainactionto do. As describedin Section2.1.5,

sucha multi-stepgamerequiresa sequenceto becreatedandevaluatedfor every possible

paththroughthe `game-tree'.Constraintsarethenusedduringpolicy constructionto en-

force therequirementthat robot i mustmake thesamecommunicationdecisionfor every

sequencethat includesthe sameclusterct
i. In this case,a singlerobot's path includesa

communicationandactiondecisionfor every possiblef cluster, informationreceivedfrom

teammatesg pair. If teammatej hasjC t
j j possibleclusters,it caneitherbroadcastoneof

thoseclusternumbersor not broadcastany informationleadingto
Q

j2� I(jC
t
j j + 1) differ-

entpossiblecombinationsof received informationfor i. As a result,robot i hasanupper

boundon its numberof possiblef cluster, informationreceived from teammatesg pairsof

jCt
i j(jC

t
� j + 1)n� 1. With two possiblecommunicationactionsandjAij domainactions,each

robothasatmost(2jAij)[jCt
i j(jC

t
� j + 1)n� 1] differentpossiblesequences,resultingin anup-

perboundon thecomputationalcomplexity for �nding thesolutionof O
�
(2jA� j)njCt

� jn
2 �

.

This quantity is a factorof 2njCt
� jn greaterthan the computationsperformedby BaGA-

Commfor thesametimestepof theproblem.

As a �nal note,thecomputationalsavingsby BaGA-Comm's myopicapproachdoesmean

thatrobotscannotmake useof `negative information'. In theoptimalcommunicationpol-

icy, if a robotdoesnotcommunicatethenthatinformationis usedby theteamto adjustthe

probabilitydistribution over futurepossibleobservationhistories(i.e., theteamcanignore

historiesfor which that robotwould have communicatedasit is commonknowledgethat

they have not occurred). In orderfor BaGA-Commto make similar useof this negative

information,eachrobotwould have to know whetheror not eachof its teammateswould

communicatefor eachoneof their possibleclusters(i.e., �nd a cluster-to-communication

mapping).Thisapproachwouldrequireeachrobotto notonly build thegameBGC t
i to �nd

its own communicationdecision,but to alsobuild andsolve theseriesof gamesBGC t
j in

whichall robotsknow thatrobotj'shistoryis in clustercj. Eachrobotthenappliesthecom-

municationcriteriontoBGt andeachBGC t
j to comeup with a cluster-to-communication

policy for eachof its teammates.So long asthe algorithmis constructedsuchthat each

robot �nds thesamepolicies,theteamcannow incorporatebothpositive andnegative in-

formation.Likebefore,if a robotcommunicatesits clusternumberat timestept, thenonly

thosejoint historiesthat includethatclusterwill have non-zeroprior probability timestep

t + 1. However, if a robotdoesnotcommunicate,thenall joint historiesthatcorrespondto



5.3.Experimental Results 147

clustersfor which it wouldcommunicate,will havezeroprior probabilityat timestept+ 1.

While this approachwould allow for negative informationto be included,insteadof just

solvingonegameof theformBGC t
i , eachrobotmustnow solveBGC t

j for all its possible

clustersandfor all of its teammates'possibleclusters.This increaseraisesthenumberof

gamesto besolvedfrom 1 toO(jC t
� jn), bringingthecomplexity of suchanalgorithmcloser

to thatof applyingBaGA-Clusterto thePOSGthatincludesand-communicationacts.For

this reason,negative informationis notusedin BaGA-Comm.

5.3 Experimental Results

In order to test the effectivenessof the dynamiccommunicationpolicies generatedby

BaGA-Comm,the algorithm was testedin two domains: the Lady and the Tiger prob-

lemandtheRoboticTag problemof Section3.4.3.In thissection,theperformanceof both

�x edandrun-timecommunicationpoliciesin thesedomainsis analyzed.

5.3.1 The Lady and The Tiger

A �x ed communicationpolicy in which agentscommunicatetheir clusternumberevery

x stepswas �rst implemented.Communicationis assigneda costof 1.0 (i.e., the same

as a listen action) and agentsdo not communicateon the �rst timestepof the problem

(becausethey have no observations),nor if they only have one cluster. An x of 1 is

usedto representthe caseof no communication.Performancewascomparedto a sel�sh

implementation,alsousingthe �x ed communicationpolicy, for both the simple-heuristic

andcoop-POMDPutility functions.Resultscanbeseenin Figures5.1and5.2respectively.

In bothcases,BaGA-Commwasimplementedusingminimum-distanceclusteringwith a

maximum-allowableexpected-lossthresholdof 0.01. A communicationact in the sel�sh

versionconsistsof transmittingall observationsandactionssincethe lastcommunication

act;however, it is assumedto have thesamecostastransmittingaclusternumber.

With this type of �x ed communicationpolicy, both BaGA-Commandthe sel�sh imple-

mentationperformbestwith full communicationandworstwith no communication,even

whenthecostsof communicationarefactoredinto reward. With BaGA-Comm,however,

theagentsarestill ableto properlyreasonabouttheotheragent's actionsandobservations

in betweencommunicationactsandthereforeperformancedoesnot dropoff asquickly as

x increasesin value,asit doeswith thesel�sh version.With thecoop-POMDPheuristic,
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averagerewarddoesnot decreasemonotonicallyasx is increased.For thesel�sh version,

performanceis de�nitely betterwith certainvaluesof x, while BaGA-Commdoesbetter

with x = 5 thanit doeswith x = 4.

This resultmakessensebecause,in this domain,communicatingat certaintimescanbe

betterthanothers.For example,if anagentis aboutto opena door, thensharingobserva-

tionswith its teammateswill eithercausebothagentsto openthesamedooror neitherto

opena door. Overall, this behaviour will increaseaveragereward. If thevalueof x is such

thatagentsdo not happento communicateon thesekindsof timesteps,thenlower perfor-

manceoccurs. As expected,this effect on performanceis mostapparentwith the sel�sh

applicationof the coop-POMDPheuristicbecause,for this heuristic,sel�sh agentsopen

doorsthe most frequently. Therefore,they will be impactedthe mostby the correlation

betweendifferentvaluesof x andonwhich timestepsthey opendoors.

If it is the casethat whenandnot just how often an agentcommunicatesaffectsperfor-

mance,thenrun-timecommunicationdecisionsbecomevery important. Table5.1 shows

theperformanceof theEVD andPD communicationdecisionsfor BaGA-Comm.BaGA-

Comm was implementedwith minimum-distanceclusteringwith a maximum-allowable

expected-lossthresholdof 0.01. EVD andPD result in similar performanceandnumber

of communicationactsto eachother. For the Lady and the Tiger domain,the policy σ i,t

tendsto satisfyboth the EVD andPD conditionsat the sametime. The resultof sucha

communicationactis to eithercoordinatetheagentsonopeningthesamedooror to inform

themthatthey havecon�icting observationsandthatnodoorshouldbeopened.

If onewereto look at the policiesgeneratedby simple-heuristicor coop-POMDPin the

absenceof communication,they areactuallyquitesimilar. Eachagentneedsto receive a

majorityof observationsof onekind beforeit will committo openingadoor, andeachagent

will listen for many moretimestepsin a row thanit doesin the communicatingpolicies.

Becauseeachagentcannotdirectly pool its observationswith its teammate,it canonly in-

fer aprobabilitydistributionover thesetof all possiblejoint-observationhistoriesandwill

thereforebemoreconservative andrequirehigherquality evidenceof its own beforecom-

mitting to openinga door. It is thereforeinterestingthat,whencommunicationis added,

coop-POMDPperformsbetterthansimple-heuristic. This is, however, a resultof how the

two utility functionsestimatethefutureexpectedvalueof actions.While coop-POMDPis

very optimistic,simple-heuristicdoesnot assumethat in the futureagentswill beableto

sharetheirobservations.As aresult,simple-heuristicsleadsto policiesin whichagentsare

moreconservativeaboutwhenthey wouldopendoorsbecauseit doesnotoverestimatethe

numberof timesthatthey will beableto opendoorsin theremainingtimesteps.If commu-
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Figure 5.1: Fixed communicationpolicy resultsfor a 10-stepversionof the Lady and
TheTiger. TheBaGA-Commandsel�sh algorithmsusedthesimple-heuristicfor estimat-
ing the future valueof actions. Each�x ed communicationpolicy communicatesevery x
steps,with x = 1 meaningnever communicate.BaGA-Commwas implementedwith
minimum-distanceclusteringwith a thresholdof 0.01 andused200 randomrestartsfor
alternating-maximizationcalls. Theaveragecumulative reward to the teamwithout com-
municationcostsfactoredin is shown in (a),while theaveragerewardwith communication
costsincludedin shown in (b). (c) shows theaveragenumberof communicationactsfor
the teamover the 10 timesteps.The differencein the numberof communicationactsfor
thex = 1 caseis causedby a BaGA-Commcontrolledagentnot needingto communicate
onthosetimestepsin which it hasonly onetype.All resultsareaveragedover10000trials,
and95%con�denceintervalsareshown aserrorbars.
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Figure5.2: Fixedcommunicationpolicy resultsfor a 10-stepversionof theLadyandThe
Tiger. TheBaGA-Commandsel�sh algorithmsusedcoop-POMDPfor estimatingthefu-
turevalueof actions.Each�x edcommunicationpolicy communicatesevery x steps,with
x = 1 meaningnever communicate.BaGA-Commwas implementedwith minimum-
distanceclusteringwith a thresholdof 0.01and200randomrestartsusedfor alternating-
maximizationcalls. The averagecumulative reward to the teamwithout communication
costsfactoredin is shown in (a), while the averagereward with communicationcostsin-
cludedin shown in (b). (c) shows theaveragenumberof communicationactsfor theteam
over the10 timesteps.Thedifferencein thenumberof communicationactsfor thex = 1
caseis causedby a BaGA-Commcontrolledagentnot needingto communicateon those
timestepsin whichit hasonly onetype.All resultsareaveragedover10000trials,and95%
con�denceintervalsareshown aserrorbars.



5.3.Experimental Results 151

Table5.1: Run-timecommunicationpolicy resultsfor a10-stepversionof theLadyandthe
Tiger. BaGA-Commwasimplementedwith minimum-distanceclusteringwith a threshold
of 0.01 and 200 randomrestartsfor eachinstanceof alternatingmaximization. All re-
sultsareaveragedover 10000trials with 95%con�denceintervalsshown. Figures5.3and
5.4comparetheperformanceof BaGA-Commwith EVD to various�x edcommunication
policies.

Algorithm # Comm. Acts Reward Reward+Comm.Costs Average# Clusters

simple-heuristic
EVD 5.16� 0.02 38.97� 0.30 33.81� 0.30 20.59� 0.05
PD 5.13� 0.02 39.05� 0.31 33.92� 0.31 20.62� 0.05
sel�sh, justaboutto opendoor 4.94� 0.01 39.74� 0.10 34.80� 0.10 n.a.

coop-POMDP
EVD 9.79� 0.01 57.53� 0.54 47.74� 0.54 16.92� 0.03
PD 9.79� 0.01 57.79� 0.53 48.00� 0.53 16.93� 0.03
sel�sh, justaboutto opendoor 9.71� 0.01 58.45� 0.17 48.74� 0.17 n.a.

nicationis allowed,however, theassumptionsgoverningthecoop-POMDPutility function

becomemorerealisticasagentswill beableto sharefutureobservations.coop-POMDP's

run-timecommunicationpoliciesarethereforemoreaggressive andinvolve morecommu-

nication.

For example,with coop-POMDP, the agentscommunicatetheir clusternumberafter re-

ceiving a singleobservation. If their observationsmatchthenthey bothopentheappropri-

atedoor. At best,theagentswill beableto open� vedoorsoverthe10stepsof theproblem.

Even thoughopeningdoorsbasedon theevidenceof just two observationsis riskier than

gatheringmoreevidence,the averageperformanceof sucha policy is quite high. With

simple-heuristic, theagentswait until they have receivedtwo observationsbeforecommu-

nicating. If threeout of thesefour total observationsare the same,then the agentswill

opentheappropriatedoor. With thispolicy, theagentswill only havethreechancesto open

thedoorandsodo not have asmany opportunitiesto achieve high reward. They do,how-

ever, actuponhigherquality information(asit incorporatesmoreevidence)andsotheloss

in averagerewardcomparedto coop-POMDPis lessthanthatwhich would begainedby

openingonemoredoor.

BaGA-Commwith eithersimple-heuristicor coop-POMDPis veryaggressive in thenum-

ber of communicationactsit makeswith both EVD andPD. As a result, the type space

of eachagentstaysvery small and it was not necessaryto implementany communica-

tion decisionsbasedon the sizeof this space.With simple-heuristic,becauseeachagent

communicatesafter two listen actions,the sizeof the type spaceof eachagentdoesnot



152 Chapter 5. Extending BaGA to Robot Teamswith Communication

grow abovethreefor any singletimestep,while for coop-POMDPthetypespacehasasize

limited to two.

Regardlessof theutility functionchosen,eachpolicy takestheform of anagentgathering

someamountof information(thatamountbeingdependenton theutility functionchosen)

andthensharingthatinformationwith its teammateto decidewhetheror notto openadoor.

Theagents,asa result,alwaysselectthesameaction: they eitherboth listenor bothopen

thesamedoor. Thesejoint actionscorrespondto the joint actionsthatarenon-dominated

in aPOMDPversionof theproblemin whichall observationsaresharedbetweentheteam

(by non-dominated,it is meantthat,in suchaPOMDP, only thesejoint actionswill everbe

executed).Thesameis not trueof BaGA-Clusterwhentheagentscouldnotcommunicate.

However, intuitively, asmorecommunicationis addedinto the POSGmodel, the agents

shouldstart to act moreandmoreas they would in the POMDPversionof the problem

with full communication.As expected,theBaGA-Commpoliciessatisfythis intuition.

The policies generatedby BaGA-Comminspireda communicationheuristic for sel�sh

agentsin which an agentwill communicateits observation history to its teammateif it

hasreceivedenoughinformationto bewilling to opena door. Thatway, solong asit does

not have con�icting information,the teammatewill alsoopenthat door. If the teammate

doeshave con�icting observations(for example,it hasheardthetiger behindtheleft door

twice while theotheragentheardit behindtheright doortwice), thenit generallyhasalso

decidedto opena doorandsowill communicatethat informationto theoriginal agentas

well. In this case,thetwo agentswould thenbothpick the listenactionin orderto gather

moreevidence.In otherwords,agentswill alwaysperformthesameaction.This commu-

nicationheuristic,whencombinedwith thesel�sh implementationof eitherutility function,

performsextremelywell. Theaveragerewardachievedby theteam,oncecommunication

costshave beenfactoredin, is the sameor similar than how it did with full communi-

cation(x = 1) but with lessthanhalf the numberof communicationactsneeded.Even

without communicationcostsfactoredin, this communicationheuristicoutperformedthe

�x edcommunicationpolicy with any valueof x greaterthan1. This heuristicis alsoable

to achieve performanceequalor betterthan that of BaGA-Commusingeither the EVD

or PD communicationdecisionat a fraction of the computationalcost. Of course,this

heuristicdoesnot attemptto make any tradeoffs betweencommunicationcostsandper-

formance;however, it doesshow thatrun-timecommunicationpoliciesgeneratedthrough

BaGA-Commcanbeusedto inspirecommunicationheuristicsthatwork verywell.
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Figure5.3: Effectsof varying thecommunicationcostsfor a 10-stepversionof theLady
andTheTiger. Theperformanceof both�x edcommunicationpoliciesandEVD arecom-
pared. All policiesusesimple-heuristicfor estimatingthe future valueof actions. Each
�x edcommunicationpolicy is to communicateevery x steps,with x = 1 meaningnever
communicate.BaGAwasimplementedwith minimum-distanceclusteringwith athreshold
of 0.01and200randomrestartsusedfor alternatingmaximization.Theaveragecumula-
tiverewardto theteamwith communicationcostsfactoredin is shown in (a). (b) showsthe
averagenumberof communicationactsfor theteamover the10 timesteps.All resultsare
averagedover 10000trials but the error barsrepresenting95% con�denceintervals have
beenomittedin orderto improve clarity.

5.3.1.1 Varying Communication Cost

Up to this point, communicationcostshave beenheld �x ed at 1.0. Figures5.3 and5.4

graphthe effectsof varying communicationcosts. The performanceof both �x ed com-

municationpoliciesandBaGA-Commwith theEVD conditionarecomparedfor a10-step

versionof theLadyandtheTiger. As thecostof communicationincreases,BaGA-Commis

ableto reducethenumberof communicationactionsit takesuntil it startsto performmore

similarly to BaGAwithoutcommunication(indicatedby thex = 1 case).The�x edcom-

municationpolicies,however, arenot ableto take thecostof communicationinto account

andsotheirperformancedropsoff drastically.

Figure 5.3 (a) shows the averagereward, including communicationcosts,generatedby

thesepoliciesusing the simple-heuristicutility. The averagenumberof communication
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Figure5.4: Effectsof varying thecommunicationcostsfor a 10-stepversionof theLady
andTheTiger. Theperformanceof both�x edcommunicationpoliciesandEVD arecom-
pared.All policiesusecoop-POMDPfor estimatingthefuturevalueof actions.Each�x ed
communicationpolicy is to communicateevery x steps,with x = 1 meaningnever com-
municate.BaGA wasimplementedwith minimum-distanceclusteringwith a thresholdof
0.01and200randomrestartsusedfor alternatingmaximization.Theaveragecumulative
reward to the teamwith communicationcostsfactoredin is shown in (a). (b) shows the
averagenumberof communicationactsfor theteamover the10 timesteps.All resultsare
averagedover 10000trials but the error barsrepresenting95% con�denceintervals have
beenomittedin orderto improve clarity.
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actsis shown in Figure5.3 (b). The �x ed communicationpolicy of communicateevery

stepbut the �rst, i.e., x = 1, averages10.87 communicationactsper run (ratherthanthe

expected18.00), becauseagentsdonotneedto communicateif they haveonly onepossible

type.

Thesimple-heuristicutility wasdesignedfor thecaseof nocommunicationandasaresult,

doesnot accuratelymodelfuture expectedreward whenthe agentsareableto communi-

catefrequently. Therefore,the�x edcommunicationpoliciesof x = 1 andx = 2 do better

thanEVD whencommunicationcostszeroor 1.0 peract. EVD, however, performssimi-

larly to thex = 3 casefor thesecommunicationcosts,eventhoughit performsonefewer

communicationact per run. As the costof communicationincreasesto 2.0, EVD starts

to performaswell asthex = 2 case,andby the time communicationcostshave reached

3.0, it is performingsimilarly to thex = 1 case.It is postulatedthat theslight increasein

communicationactswhencommunicationcosts3.0 is causedby EVD communicatingat

differenttimestepsfor certainsetsof observations(e.g.,if EVD pushesoff communication

at anearliertimestep,this will effect whatactionsaretakenlaterand,for certainhistories,

actuallyendup triggeringtheEVD conditionmoreoften).

By thetimecommunicationcostsareincreasedto 5.0,EVD is barelycommunicatingandit

stopsentirelywhenthecostsareraisedto10.0.At thispointitsperformanceis equivalentto

BaGA-Clusterwithout any communication.BaGA-Clusterwithout communication(x =

1 ) doesnot entirely provide a lower boundon the performanceof EVD (asseenwhen

communicationscosts5.0),becauseof EVD's myopicnatureandtheuseof a heuristicfor

the utility function. EVD's successis dependenton beingableto accuratelycomparean

expectedincreasein performancewith thecostof communication.At somepoint,however,

unlesstheheuristicusedto calculatethisdistanceis exact,EVD will errandresultin either

moreor fewercommunicationactsthanis `optimal'. For simple-heuristic,thispointseems

to occurwhencommunicationcosts5.0.Oncethecostis raisedto 10.0,theseinaccuracies

have lesseffect.

A comparisonof theperformanceof thesepolicieswasalsomadeusingthecoop-POMDP

heuristicfunction,andcanbeseenin Figure5.4. As coop-POMDPis a muchbetteresti-

mateof futurerewardwhenagentscancommunicate,EVD performssimilarly to thex = 1

casefor communicationcostsof 1.0,2.0and3.0. As communicationcostsincreaseabove

3.0,EVD outperformsall of the�x edcommunicationpolicies.By this point,EVD hasre-

ducedits averagenumberof communicationactsby aboutthree.As with simple-heuristic,

theperformanceof BaGA-Clusterwithoutcommunicationdoesnotentirelyprovidealower

boundto theperformanceof EVD. Whencommunicationcosts10.0,EVD still communi-
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cates1.92timeson average.However, by thetime communicationhasincreasedin costto

15.0,EVD stopscommunicatingandbehaveslike thex = 1 case.

5.3.2 Robotic Tag

Communicationpolicieswerealsoimplementedfor the unknown-teammate-positionver-

sionof RoboticTag. This variantwasselectedbecauseBaGA requiresa largenumberof

typesin orderto �nd goodsolutionswithout communication,andsoit is a goodcandidate

for communicationdecisionsdesignedto reducecomputationalcosts.BaGA-Commwas

usedwith acombinationof low-probabilitypruningwith acutoff of 0.00025andminimum-

distanceclusteringwith a thresholdof zero,except for the caseof no communicationin

which theseparameterswere0.0025and0.0001respectively (in this lattercase,thelackof

communicationrequiredthat thepruning/clusteringparametersbe raisedin orderto keep

thejoint-typespacemanageable).

First, the �x ed communicationpolicy of broadcastinginformationevery x timestepswas

implementedwith resultsshown in Figure5.5 for both BaGA-Command the MLS and

QMDP heuristics.As with theLadyand theTiger domain,communicationis assumedto

have a costof 1.0 regardlessif it is thebroadcastof a clusternumberor, asin thecaseof

MLS andQMDP , thehistoryof observationsandactionsmadesincethe lastcommunica-

tion act. In BaGA-Comm,even for x = 1, a robotdoesnot communicateevery timestep

becausethereis no needto do soif it only hasonecluster. For this reason,thenumberof

communicationactsperformedby BaGAis alwayslessthantwice thenumberof iterations

takento capturetheopponent.MLS andQMDP , however, do not have anything similar of

which to takeadvantageandtherebyreduceoverall communication.

MLS andQMDP , after an initial increasein averagereward (with communicationcosts

included),experiencea rapid drop-off in performanceas the numberof communication

actsdecreases.As discussedin Section3.4.3,thecoordinationof theteambecomescom-

promisedif the robotsdo not have an accurateideaof wheretheir teammateis located.

While communicationis ableto re-syncthebelievedpositionof theteammatewith its true

position,in betweencommunicationactsthesepositionswill startto drift apartagain. As

x increases,therobotsspendmoreof their time uncoordinatedandthereforeperformance

suffers.

For valuesof x greaterthan1, BaGA-Commis ableto reasonabouthistoriesin between

communicationacts.If onelooksat theaveragerewardwith communicationcostsfactored
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in, BaGA-Comm(and,to a limited extent, the othertwo heuristics)performsbetterwith

fewer communicationacts. In fact, BaGA-Commis fairly stablewith respectto average

reward and numberof iterationstaken to capturethe opponent,even as the numberof

communicationactsdecreases.It is, however, a result of using a �x ed communication

policy, becausethe robotsdo not necessarilycommunicateat key points in the problem.

For this domain,a critical decision-makingpoint is whenthetwo robotsarepositionedto

tag theopponentin thegoalcell but theopponentis not actuallythere.Oneof therobots

will be aware of this fact and the communicationof this pieceof information makes a

differenceto the overall performanceof the game. While a �x ed communicationpolicy

cannotmake thedecisionto communicateat this critical time, a run-timecommunication

policy can.

The �rst typeof run-timecommunicationexaminedis thatof EVD. TheEVD communi-

cationpolicy takesaboutthreetimestepsmoreto capturetheopponentthana �x edcom-

municationpolicy with x = 1, but it leadsto a higheraveragereward oncethe costof

communicationis factoredin. With EVD, theaveragenumberof communicationactsper

trial is lessthanone(comparedto about23 for thex = 1 policy). If onelooks at when

the robotsdo communicateusingEVD, the primary time they do so is whenthe robots

aresetup to tag the opponentandonerobot is in the goal cell. If the opponentis there,

it is not necessaryfor the robot in that cell to transmitthat information to its teammate

so long asthepolicy for the teammate,πt
� i, hasit alsoperforminga tag actionwith high

probability. If thetag actionwill not beperformedwith high enoughprobability, thenthe

robotin thegoalcell doestransmittherelevantinformation(i.e., its clusternumberthaten-

capsulatesthat information)sothat they will bothdo tag. If theopponentis not there,but

theteammatewill beperforminga tag actionwith high probabilityaccordingto π t
� i, then

therobottells its teammateits clusternumberandthemiscoordinationof thetag actionis

avoided. Becausemiscoordinatingon the tag actionhasa penaltyof 10 while thecostof

communicationis 1.0, thesetypesof scenariostrigger theEVD condition. EVD will also

be triggeredif a robot is in thesamecell astheopponentduringanearly timestepof the

problem.

EVD wasalsocombinedwith the computational-tradeoff decisionin which robotscom-

municateif their currentnumberof clustersexceedsa thresholdof k = 20. Adding the

additionalcluster-thresholdconditionto EVD doesnot resultin theteamcatchingtheop-

ponentfaster, but it doesgreatlyreducethe total numberof clustersmaintainedby each

robot,which translatesto fasterplanning.On its own, thecluster-thresholdconditiondoes

performbetterthanno communicationat all, but not nearlyaswell asEVD or PD,which
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Figure5.5: Fixedcommunicationpolicy resultsfor theunknown-teammate-positionvari-
ationof RoboticTag. Each�x edcommunicationpolicy communicatesevery x steps,with
x = 1 meaningnever communicate.BaGA-Commwasimplementedwith a combination
of low-probabilitypruningwith acutoff of 0.00025andminimum-distanceclusteringwith
a thresholdof zero(i.e., two clustersareonly mergedif they have identical reward pro-
�les), exceptfor the caseof x = 1 in which thoseparameterswere0.0025and0.0001,
respectively (theparameterswereraisedin this lattercaseto helpkeepthejoint-typespace
manageable).The averagecumulative reward to the teamwithout communicationcosts
factoredin is shown in (a),while theaveragerewardwith communicationcostsincludedis
shown in (b). (c) shows theaveragenumberof communicationactsfor the teamover the
lengthof the task,while (d) shows the averagenumberof timestepstaken to capturethe
opponent.All resultsareaveragedover10000trialswith 95%con�denceintervalsshown.



5.3.Experimental Results 159

Table 5.2: Run-timecommunicationpolicy resultsfor the unknown-teammate-position
variationof RoboticTag. All resultsareaveragedover 10000trials with 95%con�dence
intervals shown. The averagenumberof clustersis the averageof the summednumber
of clustersmaintainedby a robot at eachtimestep,i.e.,

P
t jCt

i j. BaGA-Commwasim-
plementedwith a combinationof low-probability pruning with a cutoff of 0.00025and
minimum-distanceclusteringwith a thresholdof 0.00exceptfor thecaseof no communi-
cation,in which casethoseparameterswere0.0025and0.0001,respectively. Resultsfor
�x edcommunicationpoliciesareincludedfor comparisonpurposes.

Policy CaptureTime # Comm. Acts Reward Reward+Comm.
Costs

Average#
Clusters

% Success

BaGA-Comm
nocomm. 45.69� 0.67 n.a. -88.15� 1.52 n.a. 1032.81�

27.86
77.5%

�x ed,x = 1 38.67� 0.61 23.06� 0.21 -67.06� 1.29 -90.11� 1.40 50.20� 0.67 85.6%
�x ed,x = 2 40.23� 0.24 16.57� 0.17 -72.71� 1.34 -89.28� 1.42 62.14� 0.74 84.7%
EVD 41.73� 0.64 0.89� 0.02 -73.65� 1.36 -74.53� 1.37 742.46� 26.91 82.1%
EVD +
jCi j > 20

41.41� 0.64 2.43� 0.04 -72.94� 1.36 -75.37� 1.37 248.02� 3.45 82.5%

PD 38.91� 0.61 6.45� 0.08 -67.51� 1.28 -73.96� 1.31 171.27� 3.42 85.7%
PD+ jCi j > 20 38.86� 0.61 6.57� 0.08 -67.41� 1.28 -73.98� 1.32 152.19� 2.49 86.0%
jCi j > 20 42.84� 0.63 2.38� 0.04 -80.32� 1.39 -82.70� 1.41 287.98� 3.66 82.5%

Sel�sh Heuristic
MLS, nocomm. 82.74� 0.64 n.a. -186.85� 1.64 n.a. n.a. 23.4%
MLS, �x ed
x = 1

39.63� 0.52 79.26� 1.03 -68.02� 1.07 -147.28� 2.10 n.a. 93.5%

MLS, �x ed
x = 2

40.61� 0.53 41.12� 0.53 -72.74� 1.17 -113.61� 1.70 n.a. 92.4%

MLS,
unexpected- no
sync

64.16� 0.66 7.21� 0.12 -131.98� 1.66 -139.19� 0.12 n.a. 60.1%

MLS,
unexpected-
forcedsync

48.84� 0.60 4.40� 0.07 -89.81� 1.29 -94.21� 1.34 n.a. 85.5%

QM D P , no
comm.

96.23� 0.34 n.a. -202.05� 0.81 n.a. n.a. 4.9%

QM D P , �x ed
x = 1

36.93� 0.60 73.93� 1.19 -63.44� 1.25 -137.37� 2.44 n.a. 87.3%

QM D P , �x ed
x = 2

39.12� 0.58 39.73� 0.58 -70.85� 1.24 -110.59� 1.81 n.a. 86.6%

QM D P ,
unexpected- no
sync

76.35� 0.61 14.78� 0.18 -159.78� 1.41 -174.57� 1.54 n.a. 46.3%

QM D P ,
unexpected-
forcedsync

56.28� 0.65 8.10� 0.14 -110.14� 1.41 -118.23� 1.46 n.a. 70.6%
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wasthesecondtypeof run-timecommunicationpolicy tested.

PD resultsin similar performanceto communicatingevery timestepbut at a quarterof

the numberof communicationacts. With communicationcostsfactoredin, its average

cumulative reward is similar to that of the EVD communicationpolicy. This result is a

re�ection of how the EVD policy actually tradesoff communicationcostsandexpected

increasein rewardwhereasthePD policy doesnot. Again, addingtheadditionalcluster-

thresholdconditionto PD did not greatlyaffect performance,but it reducedthe average

numberof total clustersmaintainedby eachrobot,therebyimproving computationtime.

While PD is triggeredby every situationin which EVD would be triggered(asa policy

differenceis whatleadsto anexpecteddifferencein performance),it will alsobetriggered

by casesin which a policy differencewould occur as the result of communicationbut

with no restrictionson theresultingdifferencein expectedreward. Theseadditionalcases

arewhy PD resultsin aboutsix timesthe numberof communicationacts. For example,

PD will be triggeredif a robot is in the goal cell, regardlessof whetherthe opponentis

thereor not, or it will be triggeredif both robotsappearin Cell 24 at thesametime. It is

postulatedthatthislasteventresultsin apolicy changebecauseit is oneof thefew positions

in the grid in which robotssometimesappearsimultaneously. While eachrobot will see

its teammate,it is not assumedto becommonknowledge(i.e., that robot i knows that its

teammateseesit andthatits teammateknows thati knows thatits teammateseesit andso

on),thereforeby establishingthis informationascommonknowledge(achievedby sharing

clusternumbers),theprobabilitydistributionover thesetof joint typesis changedsomuch

thatpolicy changeswouldalsooccur.

TheconditionsunderwhichEVD andPDleadto communicationactswereusedto createa

run-timecommunicationheuristicfor MLS andQMDP . Essentially, this heuristiccaptures

the ideathat in BaGA-Commrobotscommunicatewhensomethingunexpectedhappens.

For example,if theopponentis not in thegoalcell but the joint-typespaceof the teamis

suchthatamiscoordinationonthetag actionis likely to occur, thenbothEVD andPDwill

communicate.Ratherthanjusthave thecommunicationheuristicbespeci�c to unexpected

eventsconcerningthegoalcell, it wasexpanded.For example,if arobotfollowing theMLS

heuristicorQMDP heuristicdeterminesthatthemostlikely positionfor theopponentonthe

next timestepis cell y but, uponmoving into thatcell itself, doesnot detecttheopponent,

it will communicate.Similarly, a robotmoving into thegoal cell thatdoesnot detectthe

opponentwould broadcastits observationandactionhistoryto its teammate(it would not

have moved into that cell unlessit believed with high probability that the opponentwas

there).Otherunexpectedeventsarewhena robotdoesnot detectits teammatein thecell
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in which it believesits teammateto bein.

Thisunexpectedcommunicationheuristicwasimplementedbothwith andwithoutaforced

synchronizationbetweentherobots.If arobotdecidesto communicate,it tells its teammate

its observationandactionhistory. In the forced-synccase,its teammatemustthentell its

own historyback.Both approachesresultedin betterperformancethanif thereis no com-

municationavailableto the team. As anticipated,the forced-syncversionof theheuristic

workedbetterfor bothMLS andQMDP becausemany of theunexpectedeventsthattrigger

a communicationdecisionactuallyinvolve a robotneedinginformation(suchasits team-

mate's truepositiongiventhattherobot's believedpositionof it mustbewrong).For both

MLS andQMDP , theforced-synccommunicationheuristicresultedin performancesimilar

or betterthanany of the �x edcommunicationpoliciesoncethecostof communicationis

factoredin. Withoutcommunicationcostsfactoredin, they bothperformedsimilarly to the

x = 5 case,but with fewer thanhalf thenumberof communicationacts. If synchroniza-

tion is not forced,the communicationheuristicdoesnot leadto suchgoodperformance.

Only the caseof x = 1 is now outperformedwith respectto averagereward including

communicationcosts.

5.4 Summary

In this chapter, BaGA is extendedto handlerobot teamswith communication.In order

to �nd optimalrun-timecommunicationpoliciesit is necessaryto includecommunication

actsin theactionset. Unfortunately, doingso increasesthenumberof historiesthatmust

betrackedby theBaGA algorithmby a factorexponentialin thenumberof robots.Rather

than �nd suchan optimal universalplan, BaGA-Commgeneratesrun-timecommunica-

tion decisionsmyopically: eachrobot computesdomainpoliciesboth with andwithout

communicationand,basedon theirdifferences,communicates.

Variouscriteria canbe usedto determinewhento communicate,BaGA-Commincludes

decisionsbasedon expectedimprovementsin performanceaswell asdecisionsbasedon

computationalrequirements.Theserun-timecommunicationpoliciesnotonly improve the

performanceof the robot teamin domainslike Lady and the Tiger andRoboticTag, but

alsoreducecomputationalcosts.By usingrun-timecommunicationdecisionsratherthan

�x edcommunicationpolicies,robotscanadapttheir behaviour to accommodatedifferent

communicationcosts.





Chapter 6

Real-Time Robot Controllers

Thischapterdiscusseshow theBaGAalgorithmscanbeusedto implementreal-timerobot

controllers.Realisticrobotproblemsgenerallyrequiremoresophisticatedstatetransition

andobservation modelsin order to take into accountnoisy sensorsandactuators.As a

result,a large numberof observation andactionhistoriesmustbe tracked by the BaGA

algorithm.In orderto examinetheeffectsof morecomplex models,a gameof robotictag

in theGatesBuilding atStanfordUniversityis presented.Severalversionsof thegameare

considered,whichgraduallyincreasein realism.

In thesegames,a robot teamis trying to coordinateandtag an opponentthat is moving

aroundanof�ce building. Evenif only onerobotis requiredto tagtheopponent,theteam

is penalizedfor movement,andsorobotsmuststill coordinatetheir searches.Therobots

only have100timestepsin which to tagtheopponentin any locationin theenvironment.

6.1 SimpleGatesTag

In themostabstractversionof thisproblem,theA Wing of theGatesBuilding is converted

into agrid world by discretizingthefreespaceinto aseriesof cellsthatareroughly1.0m �

3.5m. Two robotsarehuntingfor anopponentwithin this grid world asshown in Figure

6.1(a). The statespacefor this problemis the cross-productof two robot positionsr1 =

r2 = f s0, . . . , s25g andthe opponentstateop = f s0, . . . , s25, staggedg andhasa total of

18252states.All threerobotsstartin randomlyselectedcellsandthegameis over when

op = stagged. Eachrobot has� ve actionsAi = f north, south,east,west,tagg andall

actionshave deterministicoutcomes.A sharedpenaltyof � 1 is incurredfor eachmotion

163
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action. The tag actionresultsin a reward of +10 to the teamif the robot performingthe

tag actionis in thesamecell astheopponent(ri = op andai = tag), otherwiseit resultsin

a penaltyof -10. Theopponentmoveswith Brownianmotionandat eachtimestepeither

doesnotmoveor movesinto oneof its adjacentcellswith known probability.

Eachrobotis ableto observe theopponentonly if they arein thesamecell; otherwiseit re-

ceivesanull observationof theopponentleadingtoanobservationsetZi = f s0, . . . , s25, ;g .1

For thisvariationof GatesTag, therobotshavenocommunicationandsocannotshareob-

servationsof the opponent,but they do know the exact positionof themselvesandtheir

teammate.2 As a result,a historyθi for a robot includesonly theobservationsit hasmade

of theopponent.After constructingthepolicy πt, any joint historiesthathave a robot im-

plementan actionfrom this policy that is not consistentwith its currentpositioncanbe

removedfrom considerationat timestept + 1.

As with theRoboticTag problemof Chapter3, theutility functionfor BaGA comesfrom

theQ-valuesfor thefully observableversionof theproblem,which werefoundusingdy-

namicprogrammingfor anin�nite-horizon versionof theproblemwith adiscountfactorof

0.95.Thevalueof takingasetof actionsf a1, a2g, giventhejoint historyθ andtheresulting

belief statebθ it inducesover thepositionof theopponentin theenvironment,is:

u(a1, a2, θ) =
X

s2 sop

bθ(s)Q(f r1, r2, sg, f a1, a2g)

whereQ(f r1, r2, sg, f a1, a2g) is theQ-valueof taken the joint actionf a1, a2g in thestate

givenby thepositionsr1, r2 andop = s.

With respectto thenumberof joint historiesthatmustbetrackedby theBaGA algorithm

at eachtimestep,SimpleGatesTag hasanupperboundon thebranchingfactorof three.3

That is, thenumberof possiblejoint historiesat timestept + 1 is at mostthreetimesthat

1Technically, Zi is actually the cross-productof the two robots' positions and the observation set
f s0, . . . , s25, ;g becauseeachrobotknows both its own positionandthatof its teammate:thenotationhas
beenabusedfor simplicity. However, it is importantto rememberthat jZij is actuallymuchgreaterthan27
whenconsideringupperboundson jΘt

i j suchasthosediscussedin Sections3.3.1and4.3.1.
2In all of thedomainsexaminedin this chapter, theassumptionis madethat robotscanalwaysidentify

their currentcell with certainty. This assumptionis valid for thesereal-world problemsbecausethe local-
ization algorithmusedin the high-�delity simulationandon the real robotsis very accurate(Montemerlo
et al., 2002). In all experimentsrun for this chapter, themappingbetweena robot's localizedpositionin the
continuousworld andadiscretegrid cell wasalwayscorrect.

3Dueto constraintsonobservationswith respectto thepositionsof eachrobot(for example,if bothrobots
arein thesamecell, thenthey musthavethesameobservationof theopponentor, if they arein differentcells,
they cannotbothseetheopponent),thebranchingfactoris not four.
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Figure6.1: TheGatesBuilding environmentfor robotictag.Thediscreteenvironmentused
for obtainingstatisticalresultsis shown in (a). Theopponentcanbecaughtby eitherrobot
in any cell. A mapof aportionof thephysicalGatesBuilding thatwasusedfor simulation
andphysical robot runsis shown in (b) andoneof theBotricsObotd100robotsusedfor
thereal-robotrunsis shown in (c).
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Table6.1: Resultsfor SimpleGatesTag in thegrid world environment.BaGA wasimple-
mentedwith a low-probabilitypruningwith a cutoff of 0.001.Averagecumulative reward
andtheaveragenumberof iterationsto capturetheopponentareshown. % successis the
percentageof trials in which the opponentwassuccessfullytaggedwithin 100 timestep.
Resultsarealsoincludedfor theperformanceof thefully observablepolicy underfull ob-
servability. All resultsareaveragedover10000trialswith 95%con�denceintervalsshown.

Algorithm AverageReward AverageIterations % Success
Fully Observable 1.18� 0.11 5.41� 0.06 100.00%

BaGA -18.22� 0.55 15.10� 0.27 99.86%
MLS -21.04� 0.56 16.52� 0.28 99.95%
QMDP -38.56� 1.11 25.01� 0.54 95.40%

at timestept. For this reason,the BaGA algorithm can be implementedwith just low-

probability pruningwith a cutoff of 0.001. To farthercut down on the numberof joint

typestracked, any joint type that leadsto a policy in which a robot implementsthe tag

actionwhile in the samecell as the opponentat timestept � 1 wascut from any future

possibletypes.Actionsaredeterministicandobservationsnevernoisyandsoif a robotdid

executethetag actionin thissituation,thentheproblemwouldhaveended.As theproblem

hascontinuedon to anothertimestep,this event could not have happened.Becauseit is

mutualknowledgethat the taskis not complete,this commonknowledgecanbe usedto

updatethesetof possiblejoint types.

In additionto theBaGA controller, theMLS andQMDP heuristicswerealsoimplemented

for this environment in an identical fashionas how they were donefor RoboticTag in

Section3.4.3.Resultsfor thethreecontrollerscanbefoundin Table6.1,ascantheresults

for a fully observableversionof the problemusing the policy given by taking the joint

actionwith highestQ-valuefor eachstate.Therandomnatureof theopponentmeansthat

all thecontrollersarealmostalwaysableto completethetaskwithin 100timestepsbecause,

even if therobotswereto never move, theopponentwould eventuallystumbleinto them.

The performancedifferences,therefore,comefrom how the controllersmake the robots

exploretheenvironment.

In BaGA, the robotssplit the environmentbetweenthem,with robotsexploring different

endsof thehallway. Furthermore,while onerobotmovesaroundtheloop in theright-hand

sideof theenvironment,theotherrobotwill movebackandforth in front of theintersection

to that loop. If the opponentis in the loop, theneitherit will be discoveredby the robot
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moving aroundtheloop or by therobot`guarding'theentranceto theloop. Becauseonly

onerobot is necessaryto tag theopponent,splitting up theenvironmentin this fashionis

ef�cient.

With theMLS heuristic,therobotshave a tendency to follow eachotheraround.Provided

thatthetwo robotsgeneratea similar belief state,they will bothselectsimilar locationsas

themostlikely positionfor theopponent.By thentreatingtheproblemasfully observable,

it is logical for bothrobotsto move towardsthesamelocationbecausetherewardfunction

is suchthat the teamwantsto minimizeopponentcapturetime. However, astheproblem

is not really fully observable,this schemeis not anef�cient useof resourcesleadingto a

slightly longercapturetime thanBaGA.

TheQMDP heuristictakeslongeronaverageto capturetheopponentthanotherapproaches

becausethe robotshave a tendency to get `trapped'in cells nearthe middle intersection.

Duringa trial, therobotswill movetowardsthis intersectionandthenstopmoving because

amulti-modalbeliefstateleadsnosingleactionto havehighestexpectedreward.A similar

misbehaviour arosewith theQMDP heuristicin theRoboticTag problemof Section3.4.3.

The reason,however, thatQMDP managesto successfullycapturethe opponentmostof

the time in this problemis becausethe opponentis not moving away from the teambut

rathermoving randomly. In caseswherethe robotsdo not get trappednearthe middle

of the environment,QMDP doesresult in robotssplitting the environmentbetweenthem

andadoptingsimilar pathsto thosetaken by BaGA. This behaviour is expectedbecause

BaGAusesQMDP asits utility functionfor actions.UnlikeQMDP , however, BaGArarely

getstrappedbecausetheonestepof game-theoreticreasoningallows robotsto avoid these

situations.

6.1.1 High-Fidelity Simulation and PhysicalRobot Results

After testingthecontrollerin thediscretizedversionof theenvironment,policieswerethen

executedin both a high-�delity simulatorandon physical robots. The mappingbetween

the grid world and the real GatesBuilding and two Botrics Obot d100robotswasdone

using the Carmensoftwarepackagefor low-level control (Montemerloet al., 2002). In

thismapping,observationsandactionsremaindiscreteandthereis anadditionallayerthat

convertsfrom thecontinuousworld to thegrid world andbackagain. Figure6.1(b) shows

ascreenshotfrom thesimulatorandFigure6.1(c) showsoneof therobotsused.

Localizedpositionsof the robotswithin themapof theGatesBuilding areusedto calcu-

late their speci�c grid-cell positions. Robotsnavigateby converting the actionsselected
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by BaGA into goal locations.In orderto ensurerobotsalwaysplanandexecuteactionsin

lockstep(becausein thegrid-world modelrobotsmove at thesametime), robotswill not

executetheirnext actionsuntil amessagehasbeenreceivedby acentralcontrollerindicat-

ing that all robotshadreachedtheir last goal location. For runsin the real environment,

no opponentwasusedin order to observe how the teamcoordinatedto searchthe area.

Therobots,therefore,alwaysreceiveda no-opponent-presentobservation. As a result,the

robotswouldcontinueto huntfor anopponentuntil stoppedby ahumanoperator.

Figures6.2,6.3 and6.4 show thetrajectoriestakenby robotsin a simulationof this envi-

ronmentasthey attemptto captureandtaga (non-existent)opponentwhile controlledby

threedifferentcontrollers.Therewardfunctionfor this problemhasnot beendesignedto

encouragetherobotsto ef�ciently covertheenvironmentin thesearchfor theopponent,but

ratherto minimize opponentcapturetime. However, whenthereis no opponentactually

presentin theenvironment,onecangetafeel for how well therobotteamactuallysearches

for theopponentasopposedto takingadvantageof therandomnatureof theopponent.It

shouldbenotedthat,given thesensorlimitations imposedon the robotsfor this problem

andthestructureof theenvironment,it is impossiblefor two robotsto cover theenviron-

mentin sucha way asto guaranteecaptureof anopponent(speci�cally, moving into the

middlecorridorallowsanopponentto `sneak'by theteam).

In thesimulationruns,bothrobotsstartedat thefar right of thetop corridor(Cells22 and

23). With thesestartingconditions,the two robotswill initially have very similar belief

statesabouttheopponent's positionandthis conditionwill persistso long asthey remain

physically close. With the MLS controller, shown in Figure 6.2, the two robotsfollow

eachotheracrossthetop corridor, down themiddlecorridorandinto thebottomcorridor.

Therobotsalmostgo entirelyinto thefar left sideof thecorridorbeforeturningaroundto

traversetheloop on theright-handsideof theenvironment.If they have still not foundthe

opponent,they thenmovebackinto theuppercorridorandthenstartto retracetheir steps.

Therobotsdonotgoentirelyinto theendsof thecorridorwith MLS becausegenerally, by

the time they get into Cells 23 and1, the probability that the opponentis in Cell 24 or 0

is low enoughthatsomeothercell is pickedasthemostlikely positioncausingtherobots

to turn around.This typeof behaviour is alsoexhibitedbyQMDP andBaGA; however, as

time progressesandtheopponenthasstill not beenfound, thecontrollersaremorelikely

to move into theendcells.

ThetrajectoryforQMDP underthesestartingconditions,shown in Figure6.3,demonstrates

how this controllercausestherobotsto stopmoving. After following eachotherout of the
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(a) (b)

(c) (d)

(e) (f)

Figure6.2: Exampleof MLS-controlledrobottrajectoriesfor SimpleGatesTag. TheMLS
heuristicresultsin pathswheretherobotsfollow eachotherandsodo not cover thespace
well. In this,andall following �gures, thecurrentgoal locationof eachrobotis shown by
thepalecircles.Robotsthemselvesarerepresentedby darker circleswith a line indicating
heading.
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(a) (b)

(c) (d)

(e) (f)

Figure6.3: ExampleofQMDP -controlledrobottrajectoriesfor SimpleGatesTag. With the
QMDP heuristic,therobotsstartto cover thespacewell but, aftera few moves,therobots
gettrappedanddonotmakeany moreprogress.
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(a) (b)

(c) (d)

(e) (f)

Figure6.4: Exampleof a BaGA-controlledrobot trajectoriesfor SimpleGatesTag. With
theBaGA algorithm,the robotsdo a betterjob of covering thespacethanthey did when
controlledwith MLS orQMDP .
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uppercorridor, onerobotmovesdown themiddlecorridorwhile theotheronestaysnear

the top intersection. Onceits teammatereachesthe bottom of the middle corridor, the

robotseffectively stopmoving (with someoscillationin the positionof the bottomrobot

betweenCells 6 and5). With an opponentthat is moving randomly, thesearerelatively

goodpositionsto bein as,with high probability, theopponentwill eventuallycrossoneof

theseintersections.

BaGA startsoff similarly to QMDP , however, the robot that staysat the top continuesto

move into the loop while its teammateoscillatesbetweenCells 5 and6 at the bottomof

the middle corridor (Figures6.4 (a) and(b)). Onceits teammatehasalmostcompletely

traversedtheloop, this robotthenmovesinto thebottomcorridor. Theotherrobot�nishes

traversingthe loop beforemoving backup themiddlecorridor towardstheupperleft cor-

ridor (Figure6.4 (c)). If the opponenthasstill not beenfound, the robot in the bottom

corridorturnsaroundandstartsto traversetheloop counter-clockwise,while its teammate

clearstheuppercorridorandthenmovesbackdown to `guard'thelower intersectionof the

middlecorridor(Figure6.4(d) and(e)). It will �nally move into thebottomcorridorwhen

its teammate�nishes traversingtheloopandmovesinto theuppercorridor(Figure6.4(f)).

Runson the physical robotsgeneratedsimilar pathsfor the sameinitial conditions. A

slight modi�cation to theinterleaving of planningandexecutionwasmadewith respectto

thephysicalrobotsin orderto improve therunningtime of BaGA.After the�rst timestep,

robotsconstructthesetof possiblejoint typesandsolve thecorrespondingBayesiangame

for timestept + 1 while executingtheactionfoundfor timestept. If for somereasonthe

actionfails to executeproperly(e.g.,the low-level controllercannotcalculatea pathfrom

onecell to anotherso the robotdoesnot move), the robotsreconstructthesetof possible

joint types,takingtheir truecurrentpositionsinto account,andthenre-plan.Thisapproach

allows a robot to usea policy that was constructedassumingdeterministicactionsin a

world whereactionsfail a small fraction of the time. It only worked, however, because

the robotsalwaysknew their teammates'true positions. In order to properlymodelany

non-deterministiceffectsof actionsin real robots,themodelmustbeenrichedto include

noisyactions.This andotherchangesleadto theRealisticGatesTag problem,described

next.
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6.2 RealisticGatesTagA and B

Thesetwo variantsof RealisticGatesTag capturethefactthateachphysicalrobotusedfor

experimentshasonly onelaserrange�nder andsowhile eachrobotcanseeforward(and

to someextent to the sides),it cannotseebackwards. This additionto the modelresults

in a muchlargerstateandobservationspace:eachrobot's statenow includesboth its cell

locationanda discreteheading(orientation).Along a corridor, a robotcanfacein either

direction,while at anintersectionit canhave a headingin all four cardinaldirections.The

opponentis still modelledasin SimpleGatesTag. This additionalstatevariablefor each

robotincreasesthesizeof theproblemfrom the18252world statesof SimpleGatesTag to

97200states.

Robotscanno longermove in the four cardinaldirectionsbut insteadhave the actionset

Ai = f do-nothing, move-forward, turn-clockwise, turn-counterclockwise, tagg. As ex-

pected,thedo-nothingactionresultsin no changein therobot's state,while move-forward

movesthe robot forward onecell in the directionit is facingunlessthereis a wall in the

way. Theturn-clockwiseandturn-counterclockwiseactionscausetherobotto turn in place

andchangeits heading.Along a corridor, thesetwo actionshave thesameeffect,while at

an intersectionthey allow the robot to selectthe directionit rotates.If a robot wishesto

turn 180o at an intersection,it mustselecteitherturn-clockwiseor turn-counterclockwise

twice in a row. Thetag actionandtheopponentpolicy areasin SimpleGatesTag. Unlike

SimpleGatesTag, however, all actionsexceptfor tag have a known, non-zeroprobability

of failing.

To take into accountthe effects of headingon observations,a robot can now senseits

currentcell locationand the cell immediatelyin front of it. This modelcorrespondsto

robotsthat have a sensingrangeof about5m. As with SimpleGates,robotsstill have

perfectknowledgeof theirown cells.

In the �rst variationof this problem,RealisticGatesTag A, observationsarenoisy. The

robotsstill know the stateof their teammate(both positionand heading),but they may

not sensethe opponenteven if it is within their visible range. Positive detectionsof an

opponent,however, arealwayscorrect.This typeof observationnoisewaschosenbecause

it modelsthefactthattherobot'slasersonlyhavea180o �eld of view andso,if theopponent

movesinto a cell behinda robot, the robotmaynot seeit. If theopponentis detectedby

the laser, however, it is really there. This observation model, in combinationwith noisy

actions,resultsin anupperboundon thebranchingfactorof joint historiesof seven. That

is, at timestept+ 1 thereis atmostseventimesthenumberof possiblejoint typesthatthere
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wereat timestept. This numberis morethantwice thebranchingfactorof SimpleGates

Tag.

The secondvariationof this problem,RealisticGatesTag B, looks at the effectsof not

knowing thelocationof one's teammate.Therobots' sensorsarenot noisy in this version

(helpskeepthe problemmoremanageable),but the robotsdo not know the stateof their

teammate,beyondits initial state,unlessthey senseit. Theassumptionis madethatsensing

the teammateprovidesenoughinformationto infer both its headingandits cell location.

Thiscombinationresultsin abranchingfactorof up to twenty, makingRealisticGatesTag

B substantiallylargerthanvariationA.

Thefully observablepolicy of Section6.1wasrecalculatedto take into accounttheeffects

of noisyactions.TheQ-valuesgeneratedby thispolicy wereusedfor theutility functionof

BaGA aswell asfor theMLS andQMDP controllers.In thecaseof variationB, thesetwo

heuristiccontrollersrequiretherobotsto maintainanestimatedpositionof their teammate.

This estimateis updatedusingthe joint actionselectedby the controller for the robot at

eachtimestep(i.e., therobotassumesits teammatewill implementthesamejoint actionas

it) andany positiveobservationsof theteammate.

Dueto thelargersizeof theseproblems,BaGA-Clusterwasusedto reducethenumberof

historiestrackedateachtimestepandthereforekeepthecontrollersoperatingin realtimeor

better. For VariationA, low-probabilitypruning,low-probabilityclusteringandminimum-

distanceclusteringwereall implemented.Thethresholdparameterusedfor eachcondition

wasselectedsuchthatsimilarperformancewasgeneratedfor all threecases.Theresulting

parameters,however, generateda very differentnumberof historiesbeingmaintainedfor

eachrobotover theproblem.As shown in Table6.2,minimum-distanceclusteringwith a

maximum-allowableexpected-lossthresholdof 0.05wasthemostcomputationallyef�cient

of the threeconditions,aseachrobotmaintained,on average,about50 historiesover the

entireproblem.In comparison,low-probabilitypruning(with a thresholdof 0.00025)had

to maintainabout167typesper robot to achieve thesameperformance.All threeBaGA-

Clusterconditionsoutperformedthe MLS andQMDP conditionsgiven randomstarting

locationsfor therobotsandopponent.

BaGA-ClusterandQMDP dobetterin RealisticGatesTag A thanthey did in SimpleGates

Tag. In VariantA, therobotscannow seetheopponentif it is in thecell in front of themand

not just their own cell. This additionhelpsreducethenumberof con�gurationsin which

robotsget`trapped'dueto themulti-modalnatureof thebeliefstate,which in turn impacts

overall performance.As a result,BaGA-Clustercaughtthe opponentin abouttwo fewer
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stepson averagewhileQMDP improveddramaticallyby almost10 steps.MLS, however,

performedaboutthesame.It haslessto gain from the increasedobservationcapabilities

thanBaGA-ClusterandQMDP because,in both typesof tag, the MLS-controlledrobots

follow eachotheraroundratherthantakingdifferentpathsfrom eachother.

RealisticGatesTag B is a much larger problemwith respectto the numberof histories

that must be tracked for eachrobot. As a result, BaGA-Clusterwas implementedwith

a combinationof low-probabilitypruningwith a cutoff of 0.0005andminimum-distance

clusteringwith a thresholdof 0.001in order to keepthe numberof maintainedhistories

manageable.Furthermore,becausetheresultingcontrollerrunsin realtime (andnot faster

asin VariationA), only onestartingconditionwasused:onerobotstartsin Cell 6 looking

down andtheotherin Cell 18 facingright with theopponentin Cell 12.4 In about3% of

thetrials, however, BaGA-Clusterstill ranout of memorybeforethetaskwascompleted.

Theresultsshown in Table6.2for thisconditionarethereforeaveragedover theremaining

successfultrials. Thisstartingconditionis verydif�cult for theMLS andQMDP heuristics

which is re�ected in their poorperformancein comparisonto BaGA-Cluster. In thenext

section,exampletrajectoriesaregiven that show how this startingconditionexposesthe

weaknessesin thetwo heuristics.

With both RealisticGatesTag A and B, minimum-distanceclusteringhad the effect of

groupingtogetherobservationandactionhistoriesthatweresimilarwith respectto reward.

The resultsof this clusteringis similar to how a humanwould manuallygrouptogether

histories.For example,a historyin which a robot in Cell 10 facingwestseesanopponent

in Cell 9 is clusteredtogetherwith ahistoryin whicharobotin Cell 22 facingeastseesthe

opponentin Cell 21. In bothcases,therobotmustmove forwardto capturetheopponent.

They bothalsohave a similar distanceto anintersectionpoint andthereforesimilar future

actionsshouldthe opponentmove away from the robot. By increasingthe maximum-

allowableexpected-lossthreshold,historieswith robotpositionsthatareonly similar in the

shorttermwill alsobegroupedtogether. For example,a robotin Cell 19 facingeastseeing

anopponentin Cell 18will only generatesimilaractionsto ahistoryin whicha robotis in

Cell 7 facingwestandseeinganopponentin Cell 6 for immediatetimesteps.

Communicationwasalsoaddedto RealisticGatesTag B at a costof 1.0 per communi-

cation act (i.e., the samecost as a move action) in order to improve the computational

requirementsof this controller. In additionto �x edcommunicationpoliciesof communi-

4Thenumberof trials requiredto generatestatisticallysigni�cant resultsfor randomizedstartingcondi-
tionsis muchgreaterthanthatrequiredif only onestartingconditionis used.Becausethis controllerrunsat
realtime, it wasnot feasibleto run therequirednumberof trials.
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Table6.2: RealisticGatesTag resultswith 95% con�denceintervals shown. Resultsare
averagedover 10000trials exceptfor minimum-distanceclusteringin RealisticGatesTag
B, which is over 1000trials. Averageiterationsis thenumberof stepsit takesto capture
the opponent.Total numberof typesper robot is the averagenumberof individual types
or clustersmaintainedfor eachrobot. Thenumberof historiesnot retainedis theaverage
numberof timestepseitherrobot's true history wasnot in the maintainedset. The initial
robotpositionsfor RealisticGatesTag B hasonerobotstartingin cell 6 facingdown andthe
otherin cell 18 facingright. Theopponentstartsin cell 12. BaGA-Clusterusedalternating
maximizationwith 200randomrestartsto �nd policies.

Algorithm Reward Iterations # TypesPer Robot # Histories Not Retained

RealisticGatesTagA: know teammatestate,noisyobservations,random starting positions
Fully Observable -2.51� 0.15 6.91� 0.08 n.a. n.a.
BaGA, low prob. pruning,
cutoff 0.00025

-15.19� 0.43 13.09� 0.21 166.73� 4.17 0.31� 0.05

BaGA, low prob.
clustering,threshold0.0025

-15.48� 0.43 13.24� 0.22 118.68� 2.71 0.32� 0.03

BaGA-Cluster, min.dist.
clustering,max. loss0.05

-15.20� 0.43 13.10� 0.21 50.45� 0.87 1.54� 0.08

MLS -21.13� 0.51 16.02� 0.25 n.a. n.a.
QM D P -19.91� 0.58 15.45� 0.29 n.a. n.a.

RealisticGatesTagB: do not know teammatestate, noise-freeobservations, �xed starting positions
Fully Observable -3.68� 0.08 7.45� 0.04 n.a. n.a.
BaGA-Cluster, low prob.
pruning0.0005,min.dist.
clustering,max. loss0.001,

-12.84� 1.46 11.57� 0.51 463.40� 78.41 5.13� 0.79

MLS -58.92� 0.52 32.30� 0.21 n.a. n.a.
QM D P -72.82� 1.00 41.44� 0.48 n.a. n.a.
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Table6.3: RealisticGatesTag B communicationresults.Resultsareaveragedover 10000
trials with 95% con�denceintervals shown. Reward is the averagereward with commu-
nicationcostsof 1.0 percommunicationact factoredin. Averageiterationsis thenumber
of stepsit takesto capturetheopponent.Total numberof clustersperrobot is theaverage
numberof clustersmaintainedfor eachrobot. BaGA-Commusedalternatingmaximiza-
tion with 200randomrestartsto �nd policiesandacombinationof low-probabilitypruning
with a thresholdof 0.0005andminimum-distanceclusteringwith a maximum-allowable
expected-lossthresholdof 0.001.

Communication Decision Algorithm Reward Iterations # Comm. Acts # ClustersPer Robot

Fixed starting conditions,robotsin cells6 and 18,opponentin cell 12
Communicateevery BaGA-Comm -35.11� 0.52 11.53� 0.12 23.02� 0.25 43.06� 0.45
timestep MLS -93.24� 0.59 26.30� 0.16 52.31� 0.30 n.a.

QM D P -35.08� 0.49 11.54� 0.12 23.09� 0.25 n.a.
Communicateevery BaGA-Comm -19.89� 0.30 11.33� 0.11 8.22� 0.08 97.53� 0.95
third timestep MLS -60.88� 0.43 26.70� 0.16 18.46� 0.11 n.a.

QM D P -21.93� 0.36 12.10� 0.14 8.74� 0.09 n.a.
jC t

i j>20 BaGA-Comm -15.09� 0.25 11.24� 0.11 3.59� 0.03 119.95� 1.33
PD BaGA-Comm -18.72� 0.44 11.30� 0.11 6.97� 0.08 103.62� 1.47
badmatch BaGA-Comm -13.70� 0.26 11.75� 0.12 1.23� 0.03 301.40� 4.37

Randomstarting conditions
Communicateevery BaGA-Comm -35.49� 0.79 11.65� 0.19 23.20� 0.38 46.50� 0.72
timestep MLS -42.73� 0.90 13.51� 0.22 27.03� 0.45 n.a.

QM D P -35.61� 0.72 11.68� 0.18 23.36� 0.36 n.a.
Communicateevery BaGA-Comm -19.19� 0.50 11.06� 0.19 8.07� 0.12 101.35� 1.75
third timestep MLS -26.13� 0.62 13.64� 0.23 9.79� 0.15 n.a.

QM D P -20.80� 0.49 11.66� 0.18 8.47� 0.12 n.a.
jC t

i j>20 BaGA-Comm -15.94� 0.44 11.43� 0.19 4.03� 0.07 142.49� 2.48
PD BaGA-Comm -20.37� 0.89 11.46� 0.19 7.61� 0.15 138.19� 2.76
badmatch BaGA-Comm -14.47� 0.39 11.91� 0.18 2.12� 0.05 347.87� 7.22
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catingeverytimestepor everythird timestep,threerun-timecommunicationdecisionswere

alsoimplemented.The�rst wasthecluster-thresholdconditionin whicharobotcommuni-

catesif it hasmorethan20historyclustersonthecurrenttimestep(jC t
i j > 20). Thesecond

is thepolicy-difference(PD) conditionin which a robotcommunicatesif doingsowould

resultin a differentpolicy for eitheritself or its teammate.Finally, a third communication

decisionwas implementedin which a robot initiatesa forcedsynchronizationif thereis

no goodmatchbetweenits truehistoryandoneof its retainedhistories.This `badmatch'

conditionis triggeredif thedifferencebetweentherewardpro�les of the truehistoryand

its bestmatchamongstthe history clustersis larger thana speci�c threshold.Unlike the

previouscommunicationdecisions,if thebadmatchconditionis triggered,arobotdoesnot

tell its teammatetheclusterto which its truehistorybelongs.Ratherit tells its teammate

its truehistoryand,in turn, its teammatetells it the teammate's truehistory. This sharing

resultsin therobotshaving identicalinformationaboutthecurrentsituation(i.e.,onejoint

type). While it is a moreexpensive operation,eachrobot still only incursa costof 1.0

eachif sucha forcedsynchronizationoccurs.This communicationconditionwasconsid-

eredbecauseit canhelpcompensatefor theaggressive low-probability thresholdusedfor

BaGA-Comm:if a robot's truehistoryhaseffectively beenprunedfrom considerationthen

it can`re-initialize' thesetof possibleindividual andjoint types.Experimentalresultsare

not includedfor expectedvaluedifference(EVD) for this problembecauseit resultedin

communicationso rarely (i.e., communicationdoesnot have a big effect on performance

in this domainso EVD wasrarely triggered),that the trials took too long to run. EVD

wasrun in combinationwith thecommunicateif jC t
i j > 20conditionfor the�x edstarting

conditions;however, this latter conditiontriggeredall of thecommunicationactsandthe

outcomewasessentiallyidenticalto simplyapplyingcommunicateif jC t
i j > 20by itself.

While for the initial startingcon�guration, communicationof any kind doesnot result in

BaGA-Commcapturingthe opponentany sooner, asseenin Table6.3, it doesresult in

many fewer clustersbeing tracked for eachrobot. Without communication,eachrobot

mustmaintainabout450clustersover thecourseof theproblem.Whencommunicationis

added,this numberdropsto aslow as43 for thecommunicate-every-time-stepcondition.

It is not surprising,however, thataddingcommunicationdoesnot affect the time takento

capturethe opponent.Unlike the RobotTag problemof Section5.3.2,only onerobot is

requiredto tag the opponentandthe opponentis moving randomly. Therefore,knowing

theclusterto which its teammate's truehistorybelongshaslessof an impacton a robot's

decisionsthanit did in theRoboticTag case.

The resultsshown in Table6.3 factorthe costof communicationinto the averagereward



6.2.RealisticGatesTagA and B 179

achievedby eachalgorithmfor the team. Thebad-matchcommunicationdecision,while

retainingthe greatestnumberof historiesand thereforebeing the most computationally

expensive, also resultsin the leastnumberof communicationactsand thereforehasthe

highestaveragerewardfor any of theBaGA-Commcommunicationconditions.Out of all

theconditions,jC t
i j > 20 is ableto strike a goodbalancebetweencomputationalrequire-

mentsandnumberof communicationacts.

MLS andQMDP aremoreaffectedthanBaGA-Commby theadditionof communication

every timestepor every third timestep.Without communication,it takesMLS about32.3

iterationsto catchthe opponentbut with a �x ed communicationpolicy this performance

improves to about26 iterations. QMDP shows an even moredrasticimprovementfrom

anaverageof 41.4timestepsto about12. For bothof theseheuristics,communicationdi-

rectly affectsthe belief statebuilt up by eachrobot andthereforehasa biggerimpacton

actionselectionthanit doesfor BaGA-Comm.For example,with thisspeci�c startingcon-

dition,QMDP without any communicationsuffersfrom theoscillatingproblempreviously

describedasaweaknessofQMDP in general.By sharingobservationsfrom theverybegin-

ning, robotsareableto avoid thebelief statethat leadsto this problemandmake progress

towardsthegoal.

Theresultingspeed-upin planninggeneratedby addingcommunicationallowsBaGAto be

run for randomstartingconditionsandnot just thesingle�x edstartingconditionstestedin

theno-communicationcase.As with the �x edstartingconditions,BaGA-Commwasrun

with low-probabilitypruningandminimum-distanceclusteringwith parametersof 0.0005

and0.001,respectively. For the �x ed communicationdecisions,BaGA-Commperforms

aswell as,or betterthanQMDP , andmuchbetterthanMLS. This �nding makessense

becauseBaGA-Commis usingQMDP asits utility functionfor approximatingtheexpected

futurevalueof actions.As with the�x edstartingconditions,therun-timecommunication

decisionof jC t
i j > 20representsa goodcompromisebetweencomputationalrequirements

andoverall performance.While it cannotbeveri�ed, it is believed that,aswith the �x ed

startingconditions,communicationdoesnot have a greatimpacton theoverall time taken

to capturethe opponentfor this domain,but insteadjust reducesthe numberof clusters

tracked by the algorithm. This reductiondirectly translatesto a reductionin algorithm's

computationaloverhead,allowing thecontrollersto run faster.
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6.2.1 High-Fidelity Simulation and PhysicalRobot Results

As with SimpleGatesTag, theBaGAcontrollerwasexecutedin botha high-�delity simu-

lator andon physical robotsusingtheCarmensoftwarepackagefor low-level control. As

in SimpleGatesTag, anadditionallayerwasusedto mapbetweenthegrid world andcon-

tinuousworld. The headingof eachrobot,asdeterminedby its localizedpositionwithin

the map of the GatesBuilding, was convertedinto one of the allowable cardinaldirec-

tions asgiven by its correspondingcell in the grid world. While actionsweremodelled

asnoisy in the grid-world versionof this problem,no arti�cial noisewasaddedinto ac-

tions in the simulatoror on the real robots. For the speci�c startingconditionsusedfor

RealisticGatesTag, actionsrarelyfailedin thesimulatorandneveron thephysicalrobots.

Therefore,while the robotsstill tracked historiesin which actionsfailed, robotsrarely

hadtruehistoriesfor which this occurred.This doesnot negatethevalidity of modelling

non-deterministicactions:previousexperiencewith SimpleGatesandthephysical robots

indicatethatmodellingthisnoiseis importantin general.

Overall, the BaGA controllersfor RealisticGatesTag A and B show somesimilar be-

haviour to thoseof SimpleGatesTag. For example,onerobotwill `guard' theintersection

while theotheronetraversestheloop. Figures6.5,6.6and6.7show thetrajectoriestaken

by the robot teamin simulationfor the �x ed initial startingconditionsof RealisticGates

Tag B with nocommunication.Theopponentis notpresentin this speci�c setof runsasit

allowsoneto understandhow theteamsearchesthespacefor theopponent.

This startingconditionis very dif�cult for theMLS andQMDP heuristics.With MLS, the

two robotshave somewhat similar startingbelief statesandso follow eachotheraround.

As aresult,they continueto havesimilarbeliefstatesandcontinueto follow eachother. As

seenin Figure6.5,thetwo robotsmove into thebottomleft corridorbeforeretracingtheir

stepsto the intersectionandmoving aroundthe loop. Finally, they move into the upper

left corridor. Unlessthe opponentstartsin the bottomleft corridor, this path is a fairly

inef�cient way to move aroundthespaceandgivestheopponentlots of waysin which to

movearoundtheenvironmentwithoutencounteringa robot.

With theQMDP heuristic,shown in Figure6.6,thetwo robotsturn to facethecenterof the

environmentandthennever move again. They eachnow have a multi-modalbelief state

that resultsin thedo-nothingactionhaving thebestexpectedreward. In part, this starting

conditionwaschosenbecauseit soclearlyshows this �a w of theQMDP heuristic.

While BaGA-ClusterusesQMDP asautility function,theadditionalstepof game-theoretic

reasoningallows the robotsto overcomethis `trap' asshown in Figure6.7. Instead,the
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(a) (b)

(c) (d)

(e) (f)

Figure6.5: Exampleof MLS-controlledrobot trajectoriesfor RealisticGatesTag B (no
communication).The MLS heuristicresultsin pathswherethe robotsfollow eachother
andsodonotcover thespacewell.
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(a)

,

(b)

(c) (d)

(e) (f)

Figure6.6: Exampleof QMDP -controlledrobot trajectoriesfor RealisticGatesTag B (no
communication).With theQMDP heuristicthe robotsstopmoving after they turn to face
eachotheranddonotmakeany moreprogress.
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(a) (b)

(c) (d)

(e) (f)

Figure6.7: Exampleof aBaGA-controlledrobottrajectoriesfor RealisticGatesTag B (no
communication).With the BaGA algorithm, the robotscoordinateto do a betterjob of
coveringthespacethanthey did whencontrolledwith MLS orQMDP .
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top robot turnsto facethecenterof theenvironmentand`guards'that intersection,while

the other robot movesaroundthe loop in a counter-clockwisedirection (Figures6.7 (a)

through(c)). Onceit reachesthe top intersection,it continuesinto theupperleft corridor

while its teammatemoves down and into the lower left corridor (Figure 6.7 (d)). It is

a more effective way to cover the environmentthan the trajectoriesgeneratedby MLS.

Under BaGA-Clustercontrol, the robotsstill do not perfectly cover the environment(it

is impossiblegiven the sensorrangeand the numberof robots),but they seemto leave

fewer openingsfor a randomlymoving opponentto escapedetectionby splitting thework

betweenthem.

Runson thephysicalrobotsgeneratedsimilar pathsfor thesamestartingconditions.Runs

were madeboth with and without the presenceof the opponent. If the opponentstarts

in Cell 12, thenBaGA-Clusterwill catchit the fastestbecauseit sendsthe bottomrobot

aroundthe loop while `guarding' the top intersectionwith the otherone. The opponent

canthereforenot passby eitherrobot without beingcaptured.With MLS, dependingon

how theopponentmoves,thetime to capturecanvary but is, on average,longerthanwith

BaGA-Clusterbecausetherobotsarelessef�cient aboutsearchingthespace.With QMDP ,

therobotsmustwait for theopponentto randomlymove into oneof thecellsoccupiedby

therobotsbecausethey nevermoveon theirown.

6.3 TeamGatesTag

In thisversionof GatesTag, therobotteamis expandedto threerobotsto show how BaGA

scalesto a 3-robotcontroller. Eachrobothasthesamelocal state,actionandobservation

spaceasin RealisticGatesTag, but bothactionsandobservationsarenow consideredto be

deterministicratherthannoisy (unlike thecaseof SimpleGates, noneof thesimulatoror

physical robot runsexaminedin this sectionresultedin caseswherethis assumptionwas

violated).Theadditionof a third robotincreasesthesizeof theproblemfrom 93600states

in RealisticGatesTag to 5832000states.As with RealisticGatesTag B, the robotsdo

notknow thepositionof their teammateswith certaintybut insteadreceiveobservationsof

their teammates.

In TeamGatesTag, theopponentno longermoveswith Brownianmotionbut insteadfol-

lowsaknown, stochasticpolicy in which it triesto maximizeits distanceto therobotteam.

This changewasmadebecause,in RealisticGatesTag, theQMDP controlled-robotswere

still ableto successfullytagthewithoutmoving simplybecausetheopponentwouldeven-
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tually wanderpastoneof them. Furthermore,taggingtheopponentnow requiresat least

two of therobotsto coordinateon thetag action.Similarly to RoboticTag (Sections3.4.3

and5.3.2),oneof thetaggingrobotsmustbein thesamecell astheopponentwith at least

oneotherteammatein thesameor adjacentcell. Robotsmustnow coordinateon boththe

tag actionaswell ason �nding theopponentand`herding' it to a locationin which it can

betaggedby multiple teammembers.UnlikeRoboticTag, theopponentcanbecapturedin

any cell.

As with RealisticGatesTag B, BaGA-Commwasusedwith bothlow-probabilitypruning

andminimum-distanceclusteringto keepthenumberof historiesfor eachrobotmanage-

able.Communication,with acostof 1.0peract,wasalsopermittedbetweenteammembers

to ensurereal-timecontrollers. Becauseactionsaredeterministic,TeamGatesTag hasa

branchingfactoron the numberof joint typeswith an upperboundof seven ratherthan

the twenty of RealisticGatesTag B.5 However, the increasednumberof robots,possible

joint actionsandaveragelengthof time to capturetheopponentmakesthis problemmore

computationallyexpensive to solve.

The utility function for BaGA-Commcomesfrom the Q-Valuesfor a fully observable

versionof the problem. Thesewere found using dynamicprogrammingon an in�nite-

horizonversionof theproblemwith a discountfactorof 0.95. In orderto �nd this policy,

theassumptionwasmadethat, in the fully observableproblem,the robotsareeffectively

interchangeable.That is, it is assumedthat if the global statef r1 = (12, north), r2 =

(15, west), r3 = (21, east), op = 25g resultsin anoptimal joint actionof f move-forward,

do-nothing, turn-clockwiseg, thentheglobalstatef r1 = (21, east), r2 = (12, north), r3 =

(15, west), op = 25g will result in an optimal joint action of f turn-clockwise, move-

forward, do-nothingg. This assumptionreducesthe statespaceover which a fully ob-

servablepolicy mustbecalculatedfrom 5832000to 1021140.

UnlikeSimpleGatesTag andRealisticGatesTag, MLS ratherthanQMDP wasusedasthe

heuristicfor evaluatingtheutility of actionsin BaGA-Comm.Thevalueof takinga setof

actionsf a1, a2, a3g, giventhejoint historyθ andtheresultingbeliefstatebθ it inducesover

thepositionof theopponentin theenvironment,is now:

u(a1, a2, a3, θ) = Q(f r1, r2, r3, smaxg, f a1, a2, a3g)

5Becauseeachjoint typehighly constrainswhatobservationsof opponentsandteammatesarepossibleat
t+ 1, themajority of the273 possibleone-stepextensionswill not occur. Thus,thebranchingfactoris only
seven.



186 Chapter 6. Real-Time Robot Controllers

wheresmax is the most likely statein sop given the belief bθ, and its associatedQ-value

is Q(f r1, r2, r3, smaxg,f a1, a2,a3g). During experimentalruns, it was found that for this

problemtheMLS heuristicgreatlyoutperformedtheQMDP heuristic.Becausetheoverall

performanceof BaGA dependson thestrengthof theheuristicusedfor evaluatingutility,

thedecisionwasmadeto useMLS. It is importantto note,however, that if BaGA-Comm

usesQMDP to evaluateutility, it is still ableto improve on theperformanceof theQMDP

heuristicappliedwithoutany game-theoreticreasoning.

Figure6.8 shows the performanceof BaGA-Comm,MLS andQMDP for �x ed commu-

nicationpolicies. BaGA-Commwasrun with a combinationof low-probability pruning

with a cutoff of 0.000005andminimum-distanceclusteringwith a maximum-allowable

expected-lossthresholdof zero,exceptfor the caseof x = 5 in which casethe parame-

terswere0.0005and0.001,respectively. Unlike RealisticGatesTag B, communication

hasa positive effect on performance.Becausethe opponent's policy is dependenton the

positionsof therobot teamandbecauseat leasttwo robotsmustcoordinateto tagtheop-

ponent,it is now necessaryto cooperateon morethanjust coveringtheenvironment.Any

communicatedinformationcanonly improve thatcooperation.

For all but thecaseof full communication,BaGA-Commwasableto catchtheopponent

in the fewestnumberof iterations. If the costof communicationis factoredinto the av-

eragereward achieved by the team,thenBaGA-Commalways performsbetterthan the

two heuristics.Becauseit is unnecessaryfor a robotto transmitits typeif it hasonly one,

fewercommunicationactswererequiredby BaGA-CommthanMLS, evenwhenthey took

similar numbersof iterationsto tag the opponent.With respectto reward andnumberof

iterations,BaGA-Comm's performancevaried slightly lessthan MLS as the numberof

communicationactsdecreased.This stability is becauseBaGA-Comm-controlledrobots

arebetterableto reasonabouttheobservationsof teammatesandtheir locationsthanthose

controlledby MLS. In MLS andQMDP , performanceis tiedto how well therobotsareable

to coordinatetheir belief statesaboutthe opponent's position,which in turn is positively

affectedby communication.

Theeffectsof run-timecommunicationdecisionsareshown in Table6.4.Policy difference

(PD) andexpectedvaluedifference(EVD) wererun in combinationwith thejCij > k de-

cision,which placesanupperboundon thecomputationalrequirementsof thealgorithm,

aswell asthe bad-matchdecisionin which the robot teamsynchronizeson the true joint

historyif any onemember'struehistorydoesnothaveagoodmatchwith any of its possible

types.As expected,limiting computationthroughtheuseof the jCij > k communication

decisionalonedoesnot have aspositive an impacton performanceas it doesin combi-
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Figure6.8: Fixedcommunicationpolicy resultsfor TeamGatesTag. Each�x edcommu-
nicationpolicy is to communicateevery x steps.BaGA-Commwasimplementedwith a
combinationof low-probabilitypruningwith a cutoff of 0.000005andminimum-distance
clusteringwith a thresholdof zero(i.e., two clustersareonly mergedif they have identical
rewardpro�les), exceptfor thecaseof x = 5 in which thoseparameterswere0.0005and
0.001,respectively. The averagecumulative reward to the teamwithout communication
costsfactoredin is shown in (a) while the averagereward with communicationcostsin-
cludedin shown in (b). (c) shows theaveragenumberof communicationactsfor theteam
over the lengthof thetaskwhile (d) shows theaveragenumberof timestepstakento cap-
turetheopponent.All resultsareaveragedover10000trialswith 95%con�denceintervals
shown.
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Table6.4: Run-timecommunicationpolicy resultsfor TeamGatesTag. Resultsareaver-
agedover 10000trials with 95%con�denceintervalsshown. Theaveragenumberof clus-
tersis theaverageof thesummednumberof clustersmaintainedby arobotateachtimestep,
i.e.,

P
t jCt

i j. BaGA-Commwasimplementedwith acombinationof low-probabilityprun-
ing with a cutoff of 0.000005andminimum-distanceclusteringwith a thresholdof zero.
Resultsfor two of the�x edcommunicationpoliciesareincludedfor comparisonpurposes.

Communication Decision CaptureTime # Comm. Acts Reward Reward+Comm.
Costs

Average#
Clusters

EVD + jCi j > 20 + badmatch 14.81� 0.15 4.66� 0.04 -32.40� 0.45 -37.06� 0.48 94.30� 0.86
EVD + jCi j > 10 + badmatch 14.89� 0.15 5.80� 0.05 -32.64� 0.45 -38.44� 0.49 62.66� 0.53
PD+jCi j> 50+ badmatch 15.00� 0.15 11.65� 0.10 -32.88� 0.45 -44.54� 0.52 64.37� 0.79
PD+ jCi j> 20 15.00� 0.16 11.88� 0.11 -32.95� 0.48 -44.83� 0.56 52.80� 0.52
Fixed,x = 1 15.28� 0.15 21.21� 0.16 -33.70� 0.46 -54.91� 0.58 24.50� 0.20
Fixed,x = 2 15.51� 0.15 14.41� 0.34 -34.43� 0.50 -48.71� 0.59 32.71� 0.28
jCi j > 8 15.88� 0.16 6.47� 0.05 -35.83� 0.51 -42.30� 0.55 64.18� 0.51
jCi j > 12 + badmatch 16.16� 0.15 5.53� 0.04 -36.49� 0.45 -42.03� 0.50 79.67� 0.63

nationwith PD or EVD. PD, however, requiresmorecommunicationactsto achieve its

performanceandsooncecommunicationcostsarefactoredin, PD andjCij > k perform

morecomparablyto eachotherwith respectto reward.With respectto thelengthof time it

takesto capturetheopponent,PDandEVD takeaboutonetimestepfewer to accomplisha

successfultagthanjCij > k alone.

EVD in combinationwith jCij > 10 strikes the bestbalancebetweenperformanceand

computationalcosts.While it only averagesaboutonemorecommunicationactionperrun

thanEVD with jCij > 20, eachrobothasabout30 fewer clusterson average,which lets

thecontrollerrun faster. EVD with jCij > 10 generatesa similar numberof clustersand

communicationactionsto jCij > 8; however, it hasamuchbetterperformancewith respect

to rewardandcapturetime.

In comparisonto �x edcommunicationpolicies,thePD andEVD conditionsperformsim-

ilarly or betterto the �x ed communicationcasesof x = 1 andx = 2 (both with respect

thenumberof iterationstakento capturetheopponentandreward);however, they require

fewer communicationactsto do so. With EVD andPD, therobotsareactuallyevaluating

whencommunicationis usefulasopposedto following a�x edschedule.ThejCij > k con-

ditions,which servesto boundcomputationalcosts,performsimilarly to thex = 3 �x ed

communicationcase,but trackahighernumberof possibletypesfor eachrobot.
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6.3.1 High-Fidelity Simulation

As with the 2-robot examples,the BaGA controllerfor TeamGatesTag wasexecutedin

a high-�delity simulator. Themappingbetweenthediscreteandcontinuousworlds is the

sameas for RealisticGatesTag B. BaGA-Commwith both the EVD and PD run-time

communicationdecisionswasusedto control the simulatedrobots. For the two example

trajectoriesshown in Figures6.9and6.10,jCij > 40wasalsoincludedasacommunication

decision;however, in thesecasesit wasnever triggered.BaGA-Commwasimplemented

with low-probabilitypruningwith a cutoff of 0.000005andminimum-distanceclustering

with amaximum-allowableexpected-lossthresholdof zero.

Figure6.9illustrateshow in thisproblemonerobotwill `trap' theopponentin acorneruntil

oneof its teammatesarrivestocoordinateonatagaction.For thissimulationrun,therobots

werecontrolledusingBaGA-Commwith theEVD communicationdecision.A memberof

therobotteamstartsin thefar left of eachof theleft-handcorridors,while a third member

of theteamis locatedalongthetopcorridor, just to theright of themiddleintersection.All

threerobotsstartto move towardsthemiddlecorridor. Whenthebottomrobotsensesthe

opponent(Figure6.9(b)), it letstheopponentpassit andtakesupa�x edposition.Because

the opponenthasa policy that tries to maximizeits distanceto the robot team,this �x ed

positioneffectively trapstheopponentat theendof thebottomleft corridor. At thesame

time, sensingtheopponenttriggerstheEVD conditionfor this robotandit broadcastsits

typeto therestof theteam.

After the `trapping' robot broadcastsits type, its closestteammatemakes its way to the

bottomleft corridor to help it tag the opponent.The `trapping' robot maintainsits �x ed

positionuntil its teammatedraws near, at which point it turns(Figure6.9 (d)) andmoves

into theendof thecorridorandthetwo robotscoordinateto capturetheopponentwithout

any communication.The third robot remainsin its position in the top left corridor be-

causeit is unnecessaryto accomplisha successfultag. By not moving, it alsomaintains

a constanteffect on the opponent's policy. For this entire run, only onecommunication

actwasperformedby any robotandthatwasto indicatethat theopponenthadbeenseen.

For thesestartingconditions,BaGA-Commwith a �x edcommunicationpolicy generates

similar robotpathsbut with many morecommunicationacts.

An exampleof BaGA-CommusingthePDconditionis shown in Figure6.10.In thiscase,

all threerobotsstartin theupperleft corridorof theenvironment,while theopponentis on

the far right sideof the right-handloop. Whenthe �rst two robotsreachthe intersection

with themiddlecorridor, onecontinuesstraightwhile theotheronestartsto turndown. Just
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(a) (b)

(c) (d)

(e) (f)

Figure6.9: Exampleof BaGA-Commrobot trajectoriesfor TeamGatesTag. Thesetra-
jectoriesdemonstratehow the robotscoordinateto capturethe opponentusing the EVD
communicationdecision.Membersof theteamstartin threedifferentpartsof theenviron-
mentandaredarkwhile theopponentstartsin the far left of thebottomleft corridorand
is light. Theonly communicationactin this run takesplacewhentheteammemberon the
lower left observestheopponentin (b). That teammemberthentrapstheopponentin the
endof the far left corridoruntil a teammatearrivesin (d), at which point they coordinate
on thetagactionwithout theneedfor any additionalcommunication.
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(a) (b)

(c) (d)

(e) (f)

Figure6.10: Exampleof BaGA-Commrobot trajectoriesfor TeamGatesTag. Thesetra-
jectoriesdemonstratehow therobotscoordinateto capturetheopponentusingthePDcom-
municationdecision.Themembersof the robot teamstartin the top right corridorwhile
theopponentstartsin themiddleof the far right portionof the loop. Key communication
actsoccur in (b), whenneitherof the two robotsat the intersectionseethe opponent;in
(e), whenthe teammemberof the top right seestheopponent;andin (f), whenthe team
memberis in the samecell asthe opponent.This communicationact allows the bottom
right teammateto coordinatewith the roboton the tag actioneven thoughthat teammate
cannotobserve theopponentitself.
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beforetheserobotsmove out of the intersection,thePD conditionis triggeredfor bothof

them(Figure6.10(b)). As no opponenthasbeensighted,thetwo robotscontinueon their

way, approachingthe right-handloop from both sides. Meanwhile,the third robot stays

closeto themiddlecorridor, placingit in a goodpositionto supportits bottomteammate

for anopponentcapturein thebottomleft corridorshouldtheopponentprove not to bein

theloop.

Whentherobot in thetop right sideof theloop sensestheopponent,it broadcastsits type

to therestof theteam(Figure6.10(e)). It againbroadcastsits typewhenit is locatedin the

samecell astheopponent(Figure6.10(f)). This informationallows its teammate,located

at the bottomright of the loop, to coordinateon the tag actionwith it, even thoughthat

teammatecannotsensetheopponentitself (althoughit is in anadjacentlocation,it is facing

thewrongwayto observetheopponent).While communicationactswerealsotriggeredby

PD in someotherlocations,overall theBaGA-Commcontrollerbehavedsimilarly to how

it wouldwith full communicationbut with fewercommunicationacts.

6.4 Real-World Operation

Robustcontrolof a teamof robotsin thephysicalworld requiresanalgorithmto meetsev-

eralcriteriathatdonotarisein abstractproblems.In orderto beappropriatefor real-world

use,a multi-robotsoftwareframework mustdemonstrateinter-robotcoordination,compu-

tationalfeasibility andscalability, robustnessto uncertaintyandrobustnessto failuresand

malfunctions(Dias& Stentz,2003;Diaset al., 2004).This sectiondiscusseshow POSGs

andBaGA areableto meetthesecriteriadespitethe fact that theseframeworksarebased

on relatively abstractnotionsof controlandoptimality.

6.4.1 Inter -Robot Coordination

By usingPOSGsto modelproblems,theresultingrobotcontrollersusegame-anddecision-

theoreticprinciplesto achieve coordinationin tightly-coupledproblems. Robotsdo not

individually selectthe best joint action for the teamat eachtimestep,but rather �nd a

setof complementarypoliciesthatdictatewhatactioneachmemberof theteamwill pick

for eachof its possibleobservation histories. While eachrobot doesnot know the exact

observationsmadeby teammates,it doesknow exactlywhatthey will do in everypossible

caseandthereforehasanaccurateprobabilitydistribution over their actionchoices,even



6.4.Real-World Operation 193

in the absenceof communication. Thesebestaction choicesare found simultaneously

with thoseof all other robots. In this thesis,coordinationhasbeende�ned as �nding a

(Pareto-optimal)Nashequilibriumbecause,in theresultingpolicies,therobotspick actions

conditionedonboththeirobservationsof theworld andtheir (implicit) beliefsof whattheir

teammateswill do. Therefore,it is believedthatNashequilibriumpoliciesfor POSGswith

commonpayoffs resultin robotcontrollersthatprovide full inter-robotcoordination.

While alternatingmaximizationcan be usedon problemsof limited size to �nd locally

optimal Nashequilibria for POSGs(andthereforeguaranteecoordination),it is not fea-

sible in real-world problems. Instead,BaGA canbe usedat the costof anotherlayer of

approximation.This algorithm�nds one-steplookaheadpoliciesby doingonefull stepof

game-theoreticreasoningoverexpectedactionpayoffs thatareestimatedusingaheuristic.

Theresultingpoliciesattemptto maximizeperformanceof theteam(i.e., thelevel of coor-

dination)with respectto thisheuristicratherthanthetrueexpectedfuturevalueof actions.

However, becauseeachrobot is usingthe sameheuristicfunction, thesepoliciesarestill

in a Nashequilibriumwith respectto therobots' viewpointsandtherefore,with respectto

gametheory, resultin controllersthatarein full coordination.

It canbe arguedthat Nashequilibriaarenot necessarilythe bestsolutionto a game(and

thereforeto the questionof coordination)because,while a Nashequilibrium is stablein

that no oneplayerwould wish to changeits policy, it is possiblethat eachplayercould

gain greaterreward if multiple playerswere to simultaneouslyswitch their policies. As

discussedin Section2.1.6,correlatedequilibriaallow for agentsto comeupwith correlated

probability distributions over their setsof actionsthat generatehigher payoffs than the

independentprobability distributions found in Nashequilibria. This correlationrequires

somesortof signalbetweenplayersonwhichto conditionactionselectionand,while it can

behardtomotivatetheuseof suchasignalin arbitrarygames,it iseasytodosoin common-

payoff gameswhereplayersareworking towardsthesamegoals.However, in a common-

payoff game,thePareto-optimalNashequilibriumsolutioncorrespondsto theequilibrium

in which all robotsreceive their highestpayoff andso, unlessit simpli�es the searchfor

this equilibrium,it is not necessaryto move to a differenttypeof solution.Therefore,it is

believedthattheNashequilibriumsolutionconceptusedin thisthesisis anappropriateway

to de�ne optimalcoordinationbetweenteammembers.While guaranteescannotbemade

aboutplaying a Pareto-optimalNashequilibrium,a large numberof random-restartswas

usedin bothalternatingmaximizationandBaGAto ensurethat,underthesameconditions,

anidenticalhigh-qualitysolutionis found.
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6.4.2 Computational Feasibility

POSGswith commonpayoffs arecomputationallyintractableasshown by their NEXP-

completeness(Bernsteinetal., 2002);however, theBaGAalgorithmhasbeenusedto gen-

eratereal-timecontrollersfor robot teams. This computationalfeasibility doescomeat

thecostof tradingbounded-errorin solutionquality for thecomputationalsavingsgained

throughtheuseof heuristics(boundsareonly on one-stepregret). Furthercomputational

savings canbe madeby allowing robotsto transmittheir observation histories(clusters)

shouldthat numberexceedsomethreshold.Experimentally, this type of communication

hada signi�cant impactin the time taken by the controllersto �nd an appropriateaction

in theRealisticandTeamGatesTag problems,but without introducinga largenumberof

additionalcommunicationacts. While themajority of problemdomainsin this thesisas-

sumedno communicationis availableto the team,in real-world problemsthis constraint

canberelaxedsothattheteamtriesto minimizebandwidthusein ordernot to overwhelm

thesystem.

If computationaltimepermits,BaGAcanbeextendedto amulti-steplookaheadratherthan

just its currentone-steplookahead.Indeed,anany-time algorithmcanbeconstructedthat

generateshigherquality solutionsasmoretime is madeavailableto the teamfor compu-

tation. As discussedin Section3.3.3,in ann-steplookaheadrobots�nd locally optimal

policiesof lengthn. Thesepoliciescanbe thoughtof aspolicy treeswith their expected

valuebeingtheexpectedsumof theimmediaterewardsover then stepsplustheexpected

future valueof the last actiongiven the heuristicfunction used. The policy π now tells

robotswhichpolicy treeto follow for eachof their clustersof historiesandso,at run time,

robotswould implementthe actiongiven by the root of the appropriatepolicy tree. At

timestept + 1, robots�nd anew policy of lengthn anduseit to pick theirnext action.

An anytimeversionof BaGAwouldnotre-usecomputationin thetraditionalsensebecause

it cannotreusecalculationsmadeduring the constructionof a (n � 1)-steppolicy in the

calculatingof ann-steppolicy. Instead,someof thatcomputationcouldbereusedat future

timestepsby giving robotstheoptionof continuingto useapolicy calculatedin aprevious

timestepratherthancomputea new policy. In this anytime algorithm,eachrobot �nds a

seriesof n-steplookaheadsolutionsfor the �rst timestep.Dependingon how muchtime

is available,robotswill solve for increasingvaluesof n, startingwith one(i.e., thecurrent

BaGA algorithm),until no morecomputationtime is available. A robotnow hasa policy

of lengthn thatdictatesa policy treeto beusedfor eachof its clustersandimplementsthe

actiongivenby therootof theappropriatepolicy tree.
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If there is enoughtime (and assumingsuf�cient space),the robots �nd the full T -step

policy on the�rst timestepandnofurthercomputationis necessary. Otherwise,at timestep

t + 1, a robot will again constructits n-steplookaheadpolicies for increasingvaluesof

n until time runsout. It, however, doesnot necessarilyhave to startwith n = 1 because

anm-steppolicy at timestept is equivalent to a (m � 1)-steppolicy at timestept + 1.

For example,if a 2-steppolicy σi wasfound at timestept, a robot knows that the action

given by σi(ht
i [ ot

i) would be equivalent to the action that would be found for a 1-step

policy conditionedon historiesof lengtht + 1. Therefore,a robot canstartconstructing

n-steppolicieswith n = m wherem is themaximumvalueof n reachedat theprevious

timestep. In the worst case,only a 1-steppolicy canbe found at eachtimestepandno

computationreusecanbemade;however if morecomputationtime is availablerobotscan

increasethequalityof theirsolutions.Thisapproachallows for anicetradeoff betweenthe

approximationsmadeby BaGAandthecomputationaloverheadof a longer, moreaccurate

policy. It is, however, crucial to thealgorithmthatall robotscomeup with policiesof the

samedepthat eachtimestepor elseit cannotbeguaranteedthat they remaincoordinated.

Theassumptionneedsto bemadethatrobotseitherhavesimilarcomputationalresourcesto

eachother(andthereforewouldbeableto �nd policy treesof depthm in thesametime)or

thatsomefunctionexistsfor relatingtimeto policy-treedepthandrobotsusethisto pick an

appropriatedepthfor which to solve (asimilarapproachis takenby Noh& Gmytrasiewicz

(2005)andis discussedin Section7.3.1).

6.4.3 Scalability

In order to be applied to large real-world robot teams,an algorithm must demonstrate

good scalability as the size of the teamincreases. Obviously, scalability is a concern

for BaGA becauseit hasa strongexponentialdependenceon thenumberof robotsin the

team.As discussedin previouschapters,BaGA-Clusterhasacomputationalcomplexity of

O
�
jSj2(jA� jjC� j)n

�
with jC� j � jZ� jt. Therefore,solvingeachtimestepof a problemwith

BaGAwill alwaysbeexponentialin thenumberof robotsand,if noclusteringcanbedone,

in thetimehorizon(theuseof thesequenceform preventsit from beingdoublyexponential

in time).

While BaGA doesnot scaleas well as heuristicapproaches,it hasbeenshown in this

thesisthat it signi�cantly outperformscommonheuristicmethods.Furthermore,it scales

betterthantheuseof thefull POSG:BaGAis ableto takeadvantageof problemdynamics

to reducethe numberof historiesthat must be maintainedfor eachrobot and therefore
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reducetheeffectsof thetimehorizononcomputation.For example,in theMultiple Access

BroadcastChannelproblem,BaGA-Clusterwasable to generateclustersfor eachagent

thatwereindependentof thetimestep,i.e., jC t
i j = jCk

i j 8t, k.

6.4.4 Uncertainty

POSGsprovide a decision-andgame-theoreticway to reasonaboutuncertaintyin world

stateandstochasticmotion(i.e.,noisyactuators)aswell astheactionsof teammates.Un-

certaintyin world statecanbecausedby partsof theenvironmentnot beingaccessibleto

theteamor individual membersof theteam(e.g.,wrongtypeof sensors,sensoraliasing),

aswell as throughsensorerror. No limitations areplacedon the type of uncertaintyin

observationsor motionsolong asit canbemodelledthrougha probabilisticfunction(i.e.,

a modelis required).Furthermore,thePOSGmodelplacesno assumptionson thetypeof

partialobservability to bemodelled:membersof theteamdo not have to receive thesame

observationsof world statenor do they have to sharethemwith eachother. Theseobser-

vations,however, will becorrelateddueto thefactthatthereis someprobabilisticfunction

governingthemwhich is conditionedon thetrueworld state.

In BaGA, robotsareableto conditiontheir actionselectionon individual observationhis-

toriesdespitethefactthattheir teammatesdo not know themwith certainty. They areable

to do soin a way thattakesinto accountwhatobservationhistoriestheir teammatesmight

have seenwithout having to explicitly representthe associatedin�nite belief hierarchy.

Therefore,BaGA-controlledrobotsarenot only robust to incompleteinformationabout

theenvironment,sensorerrorandactuatorerror, they arealsorobust to uncertaintyin the

observations,andthereforespeci�c actionchoices,of their teammates.

6.4.5 RobustnessTo Failur e

Therearethreemajortypesof failurein a roboticsystem:communicationfailure;apartial

robotmalfunctionin whichtherobotis still operablebut in areducedcapacityorwith actual

errorsin how it executesactions;andcompleterobot failure in which the robotceasesto

operate(Diasetal.,2004).Thereis noreasonin theorywhy aPOSGmodelcannotinclude

thesefailuresaspart of its world statealthough,in practice,sizeof the problemplaysa

limiting factor. While noneof the problemsin this thesishave modelledthesetypesof

failures,thissectiondiscusseshow to addthemto BaGA.
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In POSGsandBaGA, communicationis not requiredfor robotsto conditiontheir action

choiceson their own observationhistories;however, if communicationis present,perfor-

mancecanbe improved both with respectto quality andcomputation.In this thesis,the

assumptionhasbeenmadethatcommunicationis globalandessentiallyfailure free. But,

asbrie�y mentionedin Section5.1.2,a communicationprotocolcanbe introducedwith

robotsreverting to their no-communicationpolicy if a failure is indicated. Theoretically,

if communicationis not guaranteed(i.e., failure free), thencommonknowledgeaboutan

eventcannotbeachievedthroughany �nite seriesof acknowledgementsaboutthereceiptof

information(Faginetal.,1999).Instead,approximatecommonknowledgecanbeachieved

throughtheuseof robustcommunicationlanguagesandprotocolssuchasthosedescribed

in Stone& Veloso(1998),Barbuceanu& Fox (1995)andEmeryet al. (2002).Thesesorts

of �nite protocolsresultin boththesendingandreceiving robotbeingmutuallyawarethat

eithertherewassuccessfulcommunicationor, if therewasa problem,in the appropriate

robotsknowing thata failureoccurred.

The questionsof partial robot malfunctionand total robot failure can be addressedby

addingcomponentsrepresentingfailureinto thestateof eachrobot.For example,thestate

of arobotcanincludeabit representingwhetheror not it hasamalfunctioningmotor, com-

municationsystem,andsoon. Historieswouldnow includeinformationabouttheseadded

componentsandthestandardBaGAalgorithmapplied.While communicationprovidesthe

mostreliablesourceof informationaboutthe failure of others,BaGA still works even if

it is not present:bothcommunicationandobservationsof teammates(e.g.,gatheredusing

opponentor teammatemodelling(Kaminka& Tambe,2000;Browning et al., 2002)),can

be usedasa sourceof commonknowledgefor updatingthe prior probability over joint

types.Additionalparameters,suchasa functionthatrelateselapsedtimeto theprobability

of certainfailures,canalsobeincorporated.

Clearlyaugmentingstateto includefailure increasesboth thesizeof thestateandobser-

vationspacesfor eachrobot. As a result,thenumberof possibletypesfor eachrobotwill

increasebecauseeachof its typesmustnow includeobservationsof thestatusof its team-

mates.In general,thosetypesthat includea malfunctioningstatuswill tendto have low

probabilityandsousingminimum-distanceclusteringwill bemosteffectiveatrepresenting

the true distribution over historieswhile keepingtheselow-probability outliersin reward

space.
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6.5 Summary

In this chapter, it is shown that BaGA is not limited to controlling robotsin simplegrid-

world problems,but can also be usedto control physical robots in real time. BaGA,

BaGA-Clusterand BaGA-Commwere usedto generatereal-timecontrollersfor robots

in a seriesof tagproblemsthatgraduallyincreasedin realismandsize. Thesecontrollers

wereimplementedin both a high-�delity simulatorandon physical robots. In all cases,

theBaGA-controlledrobotsoutperformedthosecontrolledby two commonheuristicsfor

decision-theoreticproblems.

Robustcontrolof a teamof robotsin therealworld requiresthataframework demonstrates

inter-robotcoordination,computationalfeasibilityandscalability, robustnessto uncertainty

androbustnessto failuresandmalfunctions. Although POSGsandBaGA are relatively

abstractnotionsof control,they still meettheserequirementsbothin theoryand,asshown

in thischapter, in practice.
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Related Work

This chapterdiscussesvariousapproachestaken to solving the problemof decentralized

controlof arobotteam.Themajorityof thechapteris devotedgame-anddecision-theoretic

frameworks andhow they, andtheir solutiontechniques,relateto POSGsandthe BaGA

algorithm. This discussionincludesa comparisonof BaGA-Commto existing algorithms

for generatingrun-timecommunicationpoliciesfor POSGswith commonpayoffs.

Severalothermajormulti-robotframeworksarealsointroducedandanalyzedwith respect

to how robotstake teammatesinto accountduring decisionmaking. While theoriesof

teamwork, behaviour-basedapproachesandmarket-basedapproachesdo not make useof

gametheoryin thesameway thatPOSGsdo,suchananalysisis still usefulbecauseit can

help identify what partsof problemsrequiregametheoryto model teammatesandwhat

partsdonot.

7.1 RelatedFrameworks

In this section,a variety of frameworks that arerelatedto the POSGmodelandits sub-

classesarediscussed.This discussionis fairly in-depthandis designedto show that al-

thoughsomeof theseframeworks were originally formulatedwith respectto their rela-

tionshipsto MDPs andPOMDPs,they areall sub-classesof POSGs.The orderof pre-

sentationwas selectedto move roughly from thosePOSGsub-classesthat are the most

restrictive to thosethat arethe mostgeneral.For example,the �rst framework, MMDPs

(Boutilier, 1999),assumesfull individual observability of the problemwhile I-POMDPs

(Gmytrasiewicz & Doshi,2004)make no assumptionson collective observability andare

199
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POSG Sub-Classes
restricted general

MMDP

factored
DEC-MDP

DEC-MDP

factored 
DEC-POMDP

Finite-State
Dynamic 
Games

DEC-POMDP
MTDP

COM-MTDP

I-POMDP

Figure7.1: POSGsub-classes.

able to handleagentswith arbitraryobjective functions. An approximatecontinuumof

wherethesemodelsfall with respectto POSGsub-classesis shown in Figure7.1.

7.1.1 Multi-Agent Mark ov DecisionProcesses

The multi-agentMarkov decisionprocess(MMDP) is an extensionof the single-agent

MDP to the multi-agentcase(Boutilier, 1996). Agentsare assumedto sharethe same

rewardfunctionR andto have full observability of world state.Optimal joint-actionpoli-

ciescanbefoundin sucha systemby solvingthecorrespondingMDP in joint-actionand

-statespace.MMDPsareperhapsthemostrestrictivesub-classof POSGs.

While optimal joint-action policies can be found for MMDPs in either a centralizedor

decentralizedfashion(with eachagentsolving the samecopy of the MMDP), execution

of thesepoliciescanstill result in miscoordinationif therearemultiple optimal joint ac-

tions. This problemis relatedto the problemof choosinga singleNashequilibrium to

play from thesetof all Nashequilibria: if therearemultiple optimal joint actionchoices

andeachagentselectsa differentoneto play, the resultingjoint actioncanbe arbitrarily

bad. Boutilier (1999)looksat incorporatingcoordinationmechanismsinto theMMDP in

orderto solve this problem.Thesecoordinationmechanismsareprotocolsthatrestrictthe

focusof agentsto asubsetof theoptimaljoint actions.Statesin theexpandedMMDP now

includesystemstateandthestateof a coordinationmechanism.In BaGA andalternating

maximization,locker-room agreementsaboutthe randomnumbergeneratorsareusedas

a coordinationmechanismand,shouldmultiple actionshave thesamevalues,robotswill
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alwaysselecttheactionthatcomes�rst in theactionset.

In a MMDP, structurecanbeexploitedto �nd optimalor near-optimalsolutionsin a more

ef�cient waythanevaluatingeverypossiblejoint action.In theseapproaches,thejoint value

function is brokenup into a setof local valuefunctionsfor eachagentthataredependent

on only a subsetof the actionandstatespaceof the entire team(Guestrinet al., 2001,

2002;Guestrin& Gordon,2002). Dependingon the problem,the combinationof these

local valuefunctionsareeitherexact or approximate.Using its local value function, an

agentthendecideswhichpartsneedto beoptimizedjointly andwhichdonot(e.g.,through

acoordinationgraph).Jointoptimizationdoesnotalwaysrequirecommunicationbetween

agents(Kok etal., 2005).

Alternatively, MMDPs canbe thoughtof asstochasticgameswith commonpayoffs. In

thesegames,agents�nd individual actionsto play at eachstateby solvinga normal-form

gamerepresentationof that state. For a gamewith commonpayoffs, thereis a Pareto-

optimal Nashequilibrium for eachstatethat correspondsto the optimal joint action of

theMMDP. Stochasticgamesarefrequentlyusedasa way to modelagentslearningpoli-

cies in the presenceof otheragents,be they teammatesor opponents,in model-freeset-

tings.ExamplesincludeNashQ-learning(Hu& Wellman,2003),Friend-or-FoeQ-learning

(Littman,2001),CorrelatedQ-learning(Greenwald& Hall, 2003)andJointAction Learn-

ing (Claus& Boutilier, 1998).

7.1.2 FactoredDecentralizedMDPs and POMDPs

FactoredDEC-MDPs(Beckeretal.,2003)arePOSGsin whichtheglobalstateis thecross

productof the local stateof eachagent,andthe transitionfunction for eachagent's local

stateis independentof the local stateandactionsof the otheragents.Furthermore,each

teammemberhasfull observability of that local stateleadingto collective full observabil-

ity. Unlike the transitionfunction, the reward function is not decomposableandremains

dependentontheglobalstateandthejoint actionof theagents.This typeof problemis still

NEXP-complete(Bernsteinetal.,2002);however, it is possibleto exploit thestructurethat

resultsfrom transitionindependence.

In a 2-agentfactoredDEC-MDP, eachagentcreatesanaugmentedMDP that is its under-

lying local MDP but with a modi�ed reward function. This new reward function is based

on theoriginal reward function, includingany joint-rewardstructure,anda policy for the

otheragent.In otherwords,it is conditionedonapolicy for theotheragentandsomultiple
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reward functionsmayexist. As a result,eachagentactuallyneedsto de�ne a setof aug-

mentedMDPsthatareparameterizedbasedonthemodi�ed rewardfunction,�nd thesetof

optimalpolicies(theoptimalcoverageset)for thesetof augmentedMDPs,andthendoan

exhaustivesearchin thejoint optimalcoveragesetto �nd theoptimaljoint policy. While by

de�nition thereareanin�nite numberof augmentedMDPs(althoughonly a �nite number

correspondto augmentedMDPs that representa valid policy of the otheragent),the op-

timal coveragesetis keptsmallbecausemany augmentedMDPsshareanoptimalpolicy.

The actualdeterminationof the optimal coveragesetfor eachagentis doneusinga geo-

metric representation.Thesearchfor theoptimal joint policy is thereforereducedfrom a

searchthroughall possiblejoint policiesto asearchthroughonly thosejoint policieswithin

thejoint optimalcoverageset.At a lossof globaloptimality, analternating-maximization

stylealgorithmcouldbeappliedto asetof augmentedMDPsto �nd a locally optimaljoint

policy.

One could usea factoredDEC-MDP as a way of approximatinga POSGthat doesnot

have transition independence.The resultingsolution could then be usedas a heuristic

for evaluatingthe futurevalueof actionsin theBaGA approximation.Unlike theQMDP

heuristic,which assumesthat the agentswill know the global statewith certaintyon the

following timestep,this heuristicwould assumethat theagentsonly know their own state

with certainty(e.g.,in theGatesTag problems,eachrobot's local statecouldbede�ned to

beits own positionandthepositionof theopponent).

The factoredDEC-MDP modelcanbe extendedto includepartial observability of each

agent's local state. This factoredDEC-POMDPmodel, however, still assumesthat the

globalstatespaceis thecross-productof eachagent's local stateandthatbothactiontran-

sition functionsand observation emissionprobabilitiesare independentof other agents'

statesandactions(Goldman& Zilberstein,2003). In otherwords,agentsdo not have any

observationsof thelocal stateof others.

7.1.3 Finite-StateDynamic Games

In �nite-state dynamicgameswith asymmetricinformation(Fershtman& Pakes,2004),

eachagentis characterizedby a vectorof statevariablesthat evolve over time according

to the player's actions(i.e., thereis transitionindependenceof local state). Somestate

variablesarepublicly observablewhile othersareprivate,andagentscanhave arbitrary

rewardfunctions.Agentsselectactionsateachtimestepandtheirpayoffs aredependenton

thestatevariablesof all agentsandthe joint action. This framework is moregeneralthan



7.1.RelatedFrameworks 203

factoredDEC-POMDPsbecause,while local stateis still factored,agentsnow havepartial

observability of thelocal stateof otheragentsin additionto full observability of their own

state.It is commonlyusedfor problemsfrom theIndustrialOrganizationliterature,which

areknown ascapitalaccumulationgames.

Fershtman& Pakes(2004)presenta simplealgorithmfor calculatingtheMarkov Perfect

equilibriaof thesegames.A Markov strategy is astrategy in whichactionsareconditioned

only on payoff-relatedvariablesratherthanjust any statevariable. A perfectequilibrium

is the sameasa sub-gameperfectequilibrium: even for partsof the gametree that can

never be reacheddueto earlierdecisions,thestrategiesfor eachagentde�ne actionsthat

arein equilibrium.Theiralgorithmfor �nding Markov perfectequilibriacalculatessimple

suf�cient statisticssuchthat, if agentsmaximizetheir actionchoicewith respectto them,

thenthisactionchoiceis thesameasif theMarkov Perfectequilibriumstrategy wasplayed.

In thismodel,thesestatisticsturnout to besomewhatequivalentto theutility functionused

in Bayesiangames:they aretheexpecteddiscountedpayoff given thepossibleoutcomes

of anagent'sactionchoice,andarecomputedconditionedon theprivateinformationof all

the otheragents(i.e., the possiblestateof the gameasgiven by eachagent's statevector

andany othercommonknowledge).LikeBayesiangames,if thedistributionoverpossible

statevectorsis known, thenthestatisticscanbecalculated;however, if it is unknown, then

theauthorsshow it canbeapproximatedby a reinforcement-learningalgorithm.

Thisapproachis similar to thattakenby BaGA: if theexpectedfuturevalueof actionswas

known with certainty, thentheactionsselectedby thealgorithmwould bethesameasthe

actionsgiven by the optimal solution. In BaGA, a heuristicis usedto approximatethat

valuefunction,while in thiswork reinforcementlearningis used.

7.1.4 DecentralizedPOMDPs

DEC-POMDPsarea generalizationof POMDPsto the distributedagentcase(Bernstein

et al., 2002). In its formalization,a DEC-POMDPis equivalentto a POSGwith common

payoffs. If theglobalstatecanbeuniquelydeterminedfrom theobservationsof all agents

together, thentheproblemis of thespecialcaseof decentralizedMDPs(DEC-MDPS).Un-

likethefactoredversionsof theseproblemsdiscussedin Section7.1.2,thestatespaceis not

limited to thecross-productof thelocal statesof agentsandthetransitionandobservation

probabilitiesarenot assumedto be factored. Communicationdoesnot explicitly appear

within theDEC-POMDPmodel.
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Perhapsthebiggestcontribution of thework on theDEC-POMDPmodelis thecomputa-

tional complexity analysisperformedby Bernsteinet al. (2002),which shows that DEC-

POMDPsareNEXP-completeandthereforerequiresolutiontechniquesotherthansearch-

ing for aconversionto aPOMDP.

7.1.5 CommunicativeMulti-Agent TeamDecisionProblem

TheMulti-agentTeamDecisionProblem(MTDP) is essentiallythesamemodelasaPOSG

with commonpayoffs (Pynadath& Tambe,2002)asit appliesonly to problemsin which

all membersof the teamsharea reward function. Like a POSG,actionsareconditioned

on sequencesof observations(despitethesomewhatconfusingterminologyof belief state

usedto refer to theseobservationhistories),andthemodelparametersincludeanexplicit

de�nition of the setof all possiblejoint sequencesof any length. Like POSGs,MTDPs

placenorestrictionon thetypeof observability availableto theteam:in general,collective

partialobservability is assumed.

The MTDP model is extendedto the Communicative MTDP (COM-MTDP) in order to

explicitly modelcommunicationactions. The COM-MTDP model includesa parameter

to representthe setof all possiblecommunicationmessages(the cross-productof the in-

dividual agent's communicationmessagesets)andtherewardfunctionR is now assumed

to be factoredinto two independentparts:onecomingfrom thedomain-level actionsand

the otherfrom communication.The belief statesof the agentsarenow setsof sequences

of observationsandreceivedcommunicationmessages.Pynadath& Tambe(2002)break

thedecision-makingprocessinto two rounds:�rst, theagentsusetheirpre-communication

beliefstatesto selectacommunicationactionandthenuseanupdatedpost-communication

belief stateto selecta domain-level action.As a result,COM-MTDP is designedfor and-

communication. Theauthorsalsoassumethatcommunicationis instantaneousandnoise-

free,which is similar to theassumptionsmadeby BaGA-Comm.

As it is computationallyintractableto �nd optimaldomain-level andcommunicationpoli-

ciesin theCOM-MTDP framework (asidefrom thecaseof freecommunication),theau-

thors are only able to presenta theoreticalway of constructingoptimal communication

policies. They thereforeusethe framework asa tool for theanalysisof theoptimality of

teamperformancefor problemsin which a domain-actionpolicy is givenanda communi-

cationpolicy canbeconstructedfrom modelsof teamwork. This topicwill bediscussedin

moredetail in Section7.4.
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An extensionof COM-MTDP that takes advantageof the useof roles for reducingthe

complexity of actionselectionandsetsof domain-level actionsis presentedin R-COM-

MTDP (Junget al., 2002). In this model, a set of possibleroles is identi�ed for each

agent.An agent's actionsarenow role-taking(theagenttakeson a speci�ed role) or role-

executionactions. It is assumedthat the setof role-executionactionsfor a speci�c role

area subsetof the full setof possibledomainactionsandthis restrictionin actionscan

leadto computationalsavings. While this modelallows for theanalysisof differenttypes

of teamformationandreorganization,it alsoshows that role decompositioncanprovide

signi�cant reductionsin computationalcomplexity. With completelydecomposableroles,

thisapproachis similar to factoredDEC-POMDPs.

7.1.6 Interacti vePOMDPs

UnlikeDEC-POMDPsandCOM-MTDPs,interactivePOMDPs(I-POMDPs)aredesigned

to modelagentswith arbitraryobjectives(Gmytrasiewicz & Doshi,2004). This property

makes them more similar to POSGswith arbitrary reward functionsthan to thosewith

commonpayoffs. In I-POMDPs,eachagentmodelsthe problemasa POMDPin which,

insteadof maintaininga belief over physical statesof the world, the agentmaintainsa

belief over interactive states.An interactive stateis a combinationof a physicalstateand

an instantiationof a set of modelsfor eachof the other agentsin the problem. These

modelsaredesignedto expresshow theotheragentswill performandthereforeallow for

predictionabouttheir behaviour. By modellingtheotheragentsin theproblem,solutions

to I-POMDPsare not restrictedto equilibrium policies as they are in POSGs. Instead,

they allow agentsto conditionpolicieson beliefsaboutexpectedbehaviour. That is, if an

agentbelievesall otheragentswill actaccordingto anequilibriumthenit toowill play that

equilibrium;however, if it hasreasonto believe thattheotheragentswill divergefrom the

equilibriumthenit canoptimizeits own behaviour accordingly.1 Thisdistinction,however,

is not importantwhenagentsarein a teamandit canbeassumedthatthey areall Bayesian

rational(i.e.,playaccordingto anequilibriumpolicy).

A generalmodelof anagentis a functionthatmapsfrom possibleobservationhistoriesof

thatagentto aprobabilisticpredictionof its actionchoice.However, if all agentsareknown

1This ideatiesinto thenotionthata game-theoreticequilibriumis only a `good' solutionif all agentsare
rational. If anagentis not playing rationally, thentheotheragentscoulddo muchbetterby exploiting that
information.For example,in Rock-Paper-Scissorstheequilibriumsolutionis to playeachof thethreeactions
randomlywith equalprobability. However, if theopponentonly everplaysrock thenonecandomuchbetter
by alwaysplayingpaperinsteadof theequilibriumsolution.
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to beusingI-POMDPfor decisionmaking,thenthemodelsof themshouldre�ect this fact.

This goal is accomplishedby usingan intentionalmodel in which the modelledagentis

assigneda typeandassumedto beBayesianrational. The typeof theagentis de�ned to

be a combinationof its belief (both over physical statesof the world andthe modelsof

all otheragents)andthe remainingparametersof its I-POMDP. This type is usedin the

Bayesiangamesense:anagent'sbeliefsareprivateinformationuponwhichdecisionmak-

ing is based.Becauseeachagentdoesnot necessarilyknow thespeci�c parametersof the

otheragents'I-POMDPs,thenit mustmaintainadistributionover thesemodels,muchasa

playermaintainsadistributionoverthetypespaceof otherplayersin aBayesiangame.Un-

fortunately, thetypesof anintentionalmodelinvolvepossiblyin�nitely nestedbeliefsover

others'typesandtheirbeliefsaboutothers,leadingto computationallyinfeasiblesolutions

for I-POMDPs.

I-POMDPsarerelatedto the recursive modellingmethod(RMM) in which agentstry to

maximizetheir expectedutility given their beliefs (Gmytrasiewicz & Durfee,1995). In

RMMs, an agentconstructsa payoff matrix that representsits beliefsaboutthe environ-

ment, its capabilitiesand its utility function. In order for an agentto characterizewhat

it thinks otherswill do, it alsomodelsthe otheragentsin termsof their payoff matrices.

A recursive nestingof thesemodels,however, resultsbecause,for decisionmaking, an

agentneedsto modelthefactthatotheragentsaremodellingit andsoon. In practice,like

I-POMDPs,only a �nite nestingof modelsis used.

In Rathnasabapathy & Gmytrasiewicz (2003),theauthorsproposeusinganI-POMDPfor

a common-payoff problemwith socially rationalagentsin which agentsarerestrictedto

modelswith second-orderbeliefs (however, no experimentalresultsareprovided). That

is, they proposeusinga modelof a teammatethat capturesthat teammate's belief about

its physical stateand aboutother agents'beliefs about their physical state. While this

�nite level recursioncanresult in sub-optimalbehaviour, it is necessaryto tradeoff the

computationalcostsassociatedwith deepeningthebelief hierarchy with theexpectedgain

in performance.Noh & Gmytrasiewicz (2005)performthis kind of analysisfor RMMs by

usingoff-line machinelearningto �nd afunctionthatassociatestheamountof information

includedin themodelof otheragents(modeldepth)with expectedperformancegain. At

run time,anagentcalculatesthevalueof time andthenusesthelearnedfunctionto select

theappropriatemodeldepthto usefor actionselection.

Givenintentionalmodelswith Bayesianrationalityandasharedrewardfunction,I-POMDPs

(andRMMs) canbeconsideredequivalentframeworksto POSGswith commonpayoffs so

long asthe modelnestingor belief hierarchy is in�nite. Otherwise,they areapproxima-
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tionsof POSGs.2 ThePOSGmodelgetsaroundthein�nite recursionin thebeliefhierarchy

by not explicitly representinga knowledgehierarchy. Approximationmethodsfor POSGs

only needto worry abouttheeffectsof truncatingthebelief hierarchy too earlyif they ex-

plicitly representit. Otherwise,their approximationswill comefrom othersources.For

example,in theBaGA algorithm,thebelief hierarchy is representedimplicitly in thecom-

monprior over all possiblejoint historiesat timestept. In fact, it is essentialto build up

the BaGA in sucha way asthat the commonprior assumptionis not invalid in ordernot

to useanexplicit representationof sucha belief hierarchy: work doneby Sakovics (2001)

showsthatin ordernot to haveacommonprior assumptionin aBayesiangame,knowledge

hierarchiesof this form mustbeexplicitly represented(in his work, eachplayermodelsits

opponentsashaving a �nite-order beliefhierarchy onelayershorterthanits own).

7.2 Exact Dynamic-Programming Algorithm for POSGs

In Hansenet al. (2004),a dynamic-programmingalgorithmfor POSGsis presentedthat

combinesdynamicprogrammingfor POMDPsanditeratedeliminationof dominatedstrate-

giesfrom normal-formgames.Oneway to solve POSGsis to convert theminto normal-

form gamesandto theniteratively eliminatevery weakly dominatedstrategiesfrom this

gameuntil a reducedsetremains.3 A solutionis thenfoundfrom this reducedsetof strate-

gies. Unfortunately, becausethe strategy set of eachagentin a POSGis O
�
jAij jZi jT

�
,

this solutiontechniqueis computationallyintractable.Instead,dynamicprogramming,us-

ing thepolicy-treerepresentationof agentstrategies,is usedto eliminatethevery weakly

dominatedstrategies without having to constructthe full normal-formgame. For com-

monpayoff games,thisalgorithmis exactandresultsin optimalsolutions(for general-sum

games,theremoval of very weaklydominatedstrategiesis not necessarilya goodideaas

randomizationbetweenpayoff-equivalentstrategiescouldbebene�cial).

2Thedegreeto which oneagentmodelsanothergivesits level: a k-level agentmodelsits teammatesas
(k � 1)-level agentsand0-level agentsdo not reasondirectly aboutothersat all (Vidal & Durfee,1997).
For example,thesecond-order�nite modelfor I-POMDPsproposedin Rathnasabapathy & Gmytrasiewicz
(2003)resultsin 2-level agents.Assumingcommonknowledgeof thegameandrationality, game-theoretic
agentsareconsidered1 -level eventhoughthey do not explicitly constructa modelof teammates(Wellman
& Wurman,1998).This result,meansthatanagentin aPOSGis only equivalentto anagentin anI-POMDP
if thatagentis alsoan1 -level agent.Creatingan1 -level agentfor anI-POMDP, however, requiresin�nite
modelnesting.

3Strategy A is weaklydominatedby Strategy B if, regardlessof what strategiesC arepicked by others,
theexpectedpayoff for B is at leastasgoodasA and,for oneinstanceof C, strictly better. Strategy A is very
weaklydominatedby Strategy B if B is at leastasgoodasA regardlessof C (i.e., thestrict dominancenot
required).
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In themulti-agentdynamic-programmingoperator, eachbackupstepinvolvesasetof depth

t policy trees(if t = T , thenthe treesarejust one-steptrees)for eachagentanda corre-

spondingsetsof valuevectors.Basedon theparametersof thePOSG,eachtreeis exhaus-

tively backedup to form a new setof policy treesandtheir valuevectors.Any dominated

treeis thenprunedbecause,astheauthorsprove in this paper, if a sub-treeis very weakly

dominatedthen the entire tree is actuallyvery weakly dominated.That is, if at the last

timestepall but oneactionis very weaklydominated,thenany full-length policy treethat

doesnot have thatactionasits laststepwill alsobevery weaklydominated.The�nal set

of policy treesis thereducedsetof strategiesin which therearenoveryweaklydominated

strategies. Theproblemof selectinganequilibriumamongstthis reducedsetof strategies

still exists,but it is now possibleto constructthis subsetwithout having to iterateover all

possiblefull lengthstrategies.

For common-payoff games,this approachis an exact algorithmthat resultsin a globally

optimal solutionunlike approximationmethodsfor POSGsthat result,at best,in locally

optimalsolutions(e.g.,in thecaseof BaGA thesolutionis locally optimalwith respectto

theheuristicused).While thisdynamic-programmingalgorithmdoesallow largerproblems

to besolved thanwithout it, they arestill relatively smallproblems.Hansenet al. (2004)

discusspruning policy treesthat are almostvery weakly dominatedas a way to farther

reducethenumberof policy treesin exchangefor boundedsub-optimality. Unlike BaGA,

thisalgorithmcouldplaceguaranteeson theperformanceof theresultingpolicies.

It wouldbepossibleto makeuseof thismulti-agentdynamic-programmingoperatorwithin

theBaGAalgorithmasawayto extendits singlestepof game-theoreticreasoningover the

currentactionselectioninto n stepsof lookahead.As discussedin Section3.3.3,at each

timesteprobotswould constructa Bayesiangamethat representedthenext n-stepsof the

problemratherthanjust onestep. Ratherthanusingalternatingmaximization,however,

Hansenet al. (2004)'s algorithmwould be usedto reducethe setof purestrategiesover

thesen stepsandthena searchmethodwould beappliedto �nd theoptimal joint policy.

Robotswould then implementthe �rst stepof their resultingpoliciesandre-plan. This

n-steplookaheadwould allow robotsto tradeoff speedin calculatingthe future valueof

actionswith accuracy.
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7.3 POSGApproximation Methods

In this section,a varietyof algorithmsfor �nding approximatesolutionsto POSGsandits

sub-classesarepresented.Figure7.2 presentsa high-level overview of thesealgorithms

showing how they roughly relateto the BaGA algorithm. This �gure alsoincludesalgo-

rithmsdiscussedin Section7.1. Algorithmsfor generatingrun-timecommunicationpoli-

ciesfor sub-classesof POSGsarenot includedin this sectionor thediagram,but will be

discussedin Section7.4. Figure7.3providesa high-level comparisonof thesizeof prob-

lem thathasbeenaddressedby eachof thedifferentsolutiontechniquesfor POSGswith

commonpayoffs presentedin Section7.3.1.

7.3.1 POSGswith CommonPayoffs

Thissectionsummarizesdifferentalgorithmsfor �nding solutionsto POSGswith common

payoffs. As BaGA falls into this class,a high-level comparisonof thedifferentalgorithms

and the size of problemto which they have beenappliedis shown in Figure 7.3. This

comparisonis basedonpublishedexperimentalresultsfor eachof thealgorithms.

Ratherthanusingvalue-basedmethodsto �nd locally optimalpoliciesto POSGswith com-

monpayoffs (calledPOIPSGsby theauthors),Peshkinet al. (2000)usegradientdescent

to performpolicy searchin the spaceof limited-memory�nite-state controllers. The as-

sumptionis madethat the bestjoint controller in this restrictedsetof controllerscanbe

representedasa factoredcontroller. While it is notnecessarilytrueof thegloballyoptimal

joint policy, it allowseachagentto independentlyperformgradientdescenton its own por-

tion of thecontrollerwith theresultingjoint controllerbeingthesameasif joint gradient

descenthadbeendone. Therefore,agents�nd the bestfactoredcontroller for a domain

evenif it is known a priori thata factoredcontrolleris sub-optimal.

Furthermore,unlike theBaGA algorithm,knowledgeof theworld modelis not assumed,

andso stochasticgradientdescentis usedin which the algorithmsamplesfrom the dis-

tribution of observationhistoriesby interactingwith theworld andusesthosesamplesto

calculatean estimateof the gradient. The resultingpolicy is locally optimal and,while

every Nashequilibriumsolutionto thePOSGsis a local optimum,thereverseis not true.

Agents,therefore,mightnotplaypoliciesthatform anequilibrium.In contrast,everysetof

policiesfoundin theBaGAalgorithmis anequilibriumsolutiongiventheheuristicfunction

usedfor calculatingutility.
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(Tao et al., 2001)

(Hansen et al., 2004)

(Nair et al., 2003) 
Exhaustive-JESP

alternating maximization
(Nair et al., 2003) DP-JESP

BaGA (Shi & Littman, 2001 )
(Roth et al., 2005) 
Q-POMDP

(Noh & Gmytrasiewicz, 2005)

(Rathnasabapathy & Gmystrasiewicz, 2003)

(Hespanha et al., 2000)

 (Peshkin et al., 2000)

(Chades et al., 2002)

(Durfee, 1999)

(Guestrin et al., 2001)
(Guestrin et al., 2002)

(Kok et al, 2005)

(Kim et al., 2001)
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(Hespanha et al., 1999)
(Khoussainov & Kushmerick, 2003)

(Guestrin & Gordon, 2002)

(Becker et al., 2003)

(Bernstein et al., 2005 )

Figure7.2: Continuumof algorithmsfor approximatingsolutionsto POSGs.The policy
axis is usedto indicatethe generalnessof both assumptionsmadeaboutpolicy structure
but alsothedegreeof approximationof theresultingsolution.Therefore,anapproachthat
placesrestrictionson thestructureof policiesbut tries to �nd locally optimal versionsof
thosepolicies (e.g.,Peshkinet al. (2000)) is placedlower thanan approachthat hasno
restrictionson policy but a higherlevel of approximation(e.g.,I-POMDPapproachesthat
truncatethebelief hierarchy (Rathnasabapathy & Gmytrasiewicz, 2003)),but higherthan
anapproachthatalsoalsoplacesrestrictionson policy form but makesmoreapproxima-
tions (e.g.,Chadeset al. (2002)who approximatea non-stationarytransitionfunction as
stationary).Themodelsdiscussedin Section7.1areincluded(light text), with theoptimal
policy for eachmodelconsideredthemostgeneraltypeof policy for thatclass.Zero-sum
POSGsareconsideredto beslightly moregeneralthanPOSGswith commonpayoffs but
lessso thanthosewith arbitrarypayoffs, hencethe relatedsolutiontechniquesfall some-
wherebetweentheDEC-POMDPandI-POMDPmodelswith respectto thesub-classaxis.
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Figure7.3: Comparisonof thesizeof problemsaddressedby variousalgorithmsfor POSGs
with commonpayoffs. Thedegreeof approximationof thesealgorithmsrangesfrom exact
(Hansenet al., 2004)to RMMs with heuristics(Durfee,1999). Roughcategoriesof robot
problemsare includedfor reference. Problemsize comesfrom publishedexperimental
results,with theLadyandtheTigerproblemconsideredlargerthanMABC because,despite
its smallerstatespace,it hasbeensolvedfor largertimehorizons(andwith collectivepartial
observability) thanMABC.
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Peshkinet al. (2000)alsotradeoff thememorythatcanbestoredwithin thefactoredcon-

trollers for computationaltractability. In the worst case,this approachresultsin reactive

policiesin whichagentsconditiontheiractionchoiceononly themostrecentobservations.

The BaGA algorithmdoesnot explicitly tradeoff betweenhistory length(i.e., memory)

andcomputation;however, theclusteringof historiesin BaGA-Clustercanbe thoughtof

asa way of limiting memorybecauseit groupstogethersimilar histories. Especiallyfor

physicalrobotproblems,this approachtendsto reducetheeffectsof earlyobservationson

laterdecisionmaking.

The approximationsin the solutionsfound by BaGA andPOIPSGscomefrom different

sources.POIPSGslimit theamountof memoryusedin policy constructionandthescope

of the policy searchto factoredcontrollers. Gradientdescentis thenusedto �nd locally

optimal controllerswithin this subsetof controllers. BaGA introducesapproximations

throughtheuseof a heuristicfor evaluatingthefuturevalueof actionsandthealternating-

maximizationalgorithmto �nd a localoptimum.

Anotherapproachthatuses�nite-memorycontrollersis thattakenbyBernsteinetal. (2005)

for approximatingsolutionsto in�nite-horizon POSGs. The policy for sucha POSGis

representedasa joint stochasticcontroller, which is madeup of a local controllerfor each

agent.Unlike otherwork with common-payoff POSGs,thesepoliciesallow agentsto take

stochasticactionsat eachtimestep.With stochasticpolicies,correlatedequilibria tendto

generatehigherpayoffs to the teamthanNashequilibria, andso a correlatingdevice is

includedin the de�nition of the joint controller. This correlatingdevice allows agents

to correlatebehaviour (i.e., achieve a correlatedequilibrium)without any communication

during execution. An exampleof sucha correlatingdevice is sharedrandomness,which

is equivalentto the synchronizationof randomnumbergeneratorsrequiredby BaGA. In

Bernsteinet al. 2005's work, a joint controller is found throughpolicy iterationandthe

algorithm guaranteesthat on eachiteration the performanceof the controller will be at

leastashigh ason theprevious iteration. Theauthorscompareresultsfor differentsized

controllersand�nd thatlargercontrollersusuallyleadto bettersolutions.

Nair etal. (2003)presentadynamic-programming-stylealgorithmfor �nding locally opti-

malpoliciesfor thefull POSGthatis verysimilarto thealternating-maximizationalgorithm

usedin this thesis,but with adifferentrepresentationof thepolicy thanthesequenceform.

At thecoreof their work is a joint equilibrium-basedsearchfor policies(JESP)that �nds

locally optimalpoliciesfrom thesetof all possiblepolicieswith �nite planninghorizons.

Thatis, unlikePeshkinetal. (2000),norestrictionsareplacedonthestructureof thepolicy.

Thisplanningis centralizedandsotheproblemof selectingapolicy from asetof multiple
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local optimais avoided.While anexhaustive versionof JESPcanbeperformed,a compu-

tationallytractabledynamic-programmingversion(DP-JESP)is preferable.DP-JESP�rst

�nds thebestsetof policiesfor the last timestepandthenbacksthesevaluesup, usingan

alternating-maximization-like approach.

Like alternatingmaximizationandtheBaGA algorithm,DP-JESPis designedto work for

POSGswith commonpayoffs. Its policy representationrequiresslightly lessspacethan

alternatingmaximizationandso it canbe usedto solve the full POSGof the Lady and

theTiger problemwith a planninghorizononelarger thanthatwhich canbesolvedwith

alternatingmaximizationalone(a horizonof 7 vs. a horizonof 6). BaGA, however, can

solve this problemwith an even larger horizon. Nair et al. (2003)also tendto usevery

few randomrestartsin conjunctionwith DP-JESP(e.g.,only three)andso make limited

attemptsto moveoutof localoptima.

In their work on creatingrun-timecommunicationpolicies,Roth et al. (2005)presenta

Q-POMDPheuristicfor multi-agentPOMDPs,which is analogousto theQMDP approx-

imation of POMDPs(Littman et al., 1995). This algorithmrequiresagentsto maintaina

probabilitydistribution over all possiblejoint historiesthatmight have occurredup to that

timestepandthenimplementtheir partof thejoint actionthathashighestexpectedreward

giventheresultingdistributionover joint beliefs.Thevalueof takinganactiongivenaspe-

ci�c joint history(andthereforejoint belief) is de�ned to beits valuein a fully cooperative

POMDPsolutionto theproblemthathasbeensolvedoff-line. Thatis, thisheuristicactsas

if in thenext timesteptherobotswill have full communication.This algorithmguarantees

thattheteamwill remaincoordinatedin thesensethatthejoint actionsselectedwill never

beoneof thosethataredominatedin thefully coordinatedversionof theproblem(e.g.,in

the Lady and the Tiger problem,a joint actionthat hasthe robotsdoing differentactions

will neverbeselected).

Like BaGA, in Q-POMDPagentsmustmaintainthesameprobabilitydistribution over all

possiblejoint histories. Unlike BaGA, the reasonfor this choiceis to guaranteethat the

agentsall selectthe samejoint action. Becauseagentsonly pick onejoint actionat each

timestep,they cannotintegratetheir true observation historiesinto the decision-making

processunlesscommunicationcanoccur. Without communication,the agentsmake de-

cisionsconditionedonly on the problemdynamicsbecauseQ-POMDPdoesnot create

conditionalplans. This Q-POMDPheuristicis thereforeactually intendedto be usedin

conjunctionwith analgorithmfor run-timecommunicationdecisions(seethediscussionof

DEC-COMMin Section7.4)andis notdesignedfor usein problemsin whichno commu-

nicationis availableto theteam.
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The coop-POMDPutility function usedfor the Lady and the Tiger problemof Section

3.4.1.2hassomesimilaritiesto theQ-POMDPheuristicin thatbothuseafully cooperative

versionof theproblemto �nd aPOMDPsolutionin whichall agentscanshareall observa-

tions. In Q-POMDP, agentswill thenselectthebestjoint actiongiventhattheproblemwill

havefull communicationonthenext timestep.If coop-POMDPis usedasautility function

for BaGA, theagentscomeup with a setof conditionalplansthatspecifythebestindivid-

ual actionfor eachagentto take for eachof its possiblehistoriesassumingthat theagents

have full communicationon thenext timestep.Thebestindividual actionto take for a his-

tory is theonewith maximumexpectedrewardgiventhedistributionoverall possiblejoint

histories(andthereforejoint beliefs)thatis inducedby thathistory. UnlikeQ-POMDP, this

approachallowstherobotsto conditiontheiractionselectiononobservedinformationeven

if communicationis notavailableto theteam.

Q-POMDPguaranteesthat agentswill alwaysremaincoordinatedin the sensethat they

will alwayschoosethesamejoint actionto implementandthatthatjoint actionwill notbe

onethatis dominatedin a versionof theproblemwith full communication.Thede�nition

of coordinationin a POSG(andthereforea BaGA), however, is different: beingcoordi-

natedmeansthatagentswill implementpoliciesthatarefrom thesamesetof best-response

policies. This differencein thenotionof what it meansto becoordinatedcomesfrom the

useof thejoint-actionspaceversustheindividual-actionspaceof theagentin policy de�ni-

tion. Communicationalsoplaysa role: if theproblemhasfull communicationthena fully

coordinatedpolicy in a POSGis equivalent to that of the Q-POMDPde�nition. If there

is no communication,thena joint actionthat is dominatedin thefull communicationcase

may no longerbe dominatedin expectationandso implementingpolicies that have this

joint actionasanoutcomecouldleadto higherexpectedrewardthanrestrictingoneselfto

non-dominatedjoint actions.

Chadesetal. (2002)look atasimilar typeof problemto theGatesTag problemsof Chapter

6: they modela teamof robotsthat are trying to �nd an evadermoving with a random

policy asa POSGwith commonpayoffs. Becauseof the computationalintractability of

thismodel,theauthorsuseaheuristicapproachin which they assumethattheproblemcan

besolvedwith reactive policiesin which robotsonly conditiontheir actionon their most

recentobservation.Furthermore,theglobalrewardfunctionisassumedtobebrokenupinto

a sumof local rewardfunctionsfor eachrobot(statetransitions,however, arenot factored

asin theDEC-POMDPmodel).Usingthesetwo assumptions,onecanconvert theoriginal

reward function into local reward functionsthatmapfrom observationsto rewards.4 The

4BecausetheSimpleGatesTag andRealisticGatesTag problemsonly requireonerobotto tagtheoppo-
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POSGis thenconvertedinto severalMDPsthataresolvedconcurrentlyby eachrobot.This

conversionis doneby treatingeachrobotin theproblemasbeingmodelledby asubjective

MDP in which the statespaceis its set of observationsin the POSGand the transition

functionover thesestatesin theaverageprobability transitionbetweenobservations.This

last approximationis quite signi�cant because,while the probability transitionsbetween

observationsis notstationary, it is beingtreatedassuch.

If communicationis availableto the robot team,theneachrobot initializes itself to have

a randompolicy. Onerandomlyselectedrobot will ask its teammatesfor their policies,

integratethat informationinto its subjective MDP (i.e., into thestatetransitions)andthen

�nd its optimalpolicy. Thisprocedureis thenperformedfor thenext randomlypickedrobot

until the systemsettles. The integrationof the policiesof otheragentsinto a subjective

MDP modelis not trivial but canbedone.

If nocommunicationis availableto theteam,Chadesetal. (2002)makethefurtherassump-

tion that, becauseall robotshave the samemodelof the world andthe samelocal goals,

every robotwill have thesamemappingfrom observationsto actions.This policy is found

in parallelby eachmemberof the teamusingthe following algorithm: 1) initialize with

an identicalarbitrarya priori policy for eachrobot 2) hold all but the last robot's policy

�x edto πt and�nd anew policy πt+1 for thelastrobot3) resetall theotherrobot's policy

to πt+1 and�nd thenew bestpolicy for the lastagent.At somepoint, thealgorithmwill

terminateata �x edpoint (if thestateandactionspacesare�nite) andtherobotimplements

theresultingpolicy. Providedthateachrobotinitializesthealgorithmwith thesameinitial

policy, all membersof theteamwill �nd thesamepolicy withoutcommunication.

The two approachesto solving POSGstaken by Chadeset al. have someanalogiesto

thealternating-maximizationalgorithm: thepolicy of all but onerobot is held �x edwhile

thatrobot's policy is optimized.However, unlike alternatingmaximization,this algorithm

eitherrequirescommunicationor theassumptionthatall agentswill endup with identical

policies. While in someproblemsthis might be true, in generalit is not. For example,in

SimpleGatesTag theglobal reward functioncanbemodelledasthesumof local reward

functions;however, the robotsdid not endup with identicalpolicies. Indeed,asshown

by the MLS heuristicin which robotsessentiallyfollow the samepolicy given the same

observations,sucha policy could do arbitrarily badly. Furthermore,Chadeset al. keep

nent,therewardfunctionusedfor thoseproblemsalsohasthis property:it is alwaysthesumof therewards
to eachagent.TeamGatesTag, however, doesnot have this propertybecausebothrobotsarerequiredto tag
theopponent.While certainpartsof the reward functionareequivalentto thesumsof local rewards,those
partsof therewardfunctionthatdealwith tag actionscannotbesplit in thisway.
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policy searchmanageableby usingonly memorylesspolicies(giving it sometiesto Peshkin

etal. (2000)),which resultsin furtherapproximationsto thegloballyoptimalsolution.

As mentionedbrie�y in Section7.1.6,Noh & Gmytrasiewicz (2005)approximatethefull

belief hierarchy requiredby a recursive modellingmethodlike I-POMDP by tradingoff

betweenavailablecomputationtime andthe depthof the modelusinga learnedfunction

relatingthetwo. Thisapproximationtechniquewasappliedonly to problemswith common

payoffs ratherthanthe moregeneralarbitrary-payoff case.They alsoconsideredanother

typeof approximationin which,off-line, ruleswerelearnedfor reducingtheactionsetby

solving randomlygeneratedinstancesof theproblemwith a �x edbelief-hierarchy depth.

At run time thoseruleswerethenappliedto reducetheactionsetto only thoseactionsthat

areknown not to besub-optimal.While thesamehierarchy depthwasstill usedfor solving

theproblemon-line,thereducedactionsetledto fastercomputationof solutions.Thiswork

appliesmachinelearningto learnfunctions,or rules,ratherthanthehand-codedheuristics

usedfor makingcoordinationpracticalin RMMs by Durfee(1999).For example,in Dur-

fee's work, agentsuseheuristicestimates(basedon previousexperience)abouttheimpact

of expandingdifferentpartsof thenestedmodelto determinewhetheror not expansionis

necessaryfor thecurrentsituation.Noh & Gmytrasiewicz (2005)insteadlearna function

relatingmodeldepthto solutionquality andthen,at run time, tradeoff betweenavailable

timeandsolutionquality. Durfee(1999)alsoconsideredprohibitingactionsat runtimeus-

ing organizationalconstraintsimposedon thesystemaswell astheuseof communication

to aid in decidingwhichpartsof themodelsto expandor to reduceuncertainty.

7.3.2 FactoredDEC-MDPs

Multi-agentOLPOMDPstake a policy searchapproachto factoredDEC-MDPsin which

distributedagentslearncooperative behaviour without explicit communication(Taoet al.,

2001).Thesystemis modeledasa factoredMDP in which agentssharea rewardfunction

but make actionchoicesbasedonly on a local parameterizedstochasticpolicy. In orderto

climb thegradientof theglobalaveragereward,agentsdo not needaccessto thenetwork

topologybut only their own local informationandtherewardsignal. Theauthorsinclude

reward shapingin the reinforcementsignalin orderto penalizebehaviour that would not

appearin theoptimalsolution. This approach,however, is not valid in problemsin which

therewardsignalis notavailableto agents(e.g.,theLadyandtheTiger) andto acertainex-

tentrequiresthesystemdesignerto know whatactionsareundesirablein orderto introduce

rewardshapingappropriately.
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7.3.3 Non Common-Payoff Problems

In this section,approximationalgorithmsfor POSGswithout commonpayoffs are dis-

cussed.Thesealgorithmsareof interestasthey allow agentsto �nd policiesin the pres-

enceof an opponentwho is actively working against them; however, becausethis is the

mostgeneralformulationof a POSG,algorithmscannottake computationaladvantageof

assumptionssuchasdeterministicpoliciesor of short-cutsin �nding equilibria thatarea

directconsequenceof a commonrewardfunction. As a result,they tendto berestrictedto

eithertwo agentsor two teams,eachmodeledasasingleagent.

Poker is awell known gamethatcanbemodelledasazero-sumPOSG.As aresult,someof

theapproximationtechniquesfor POSGswith commonpayoffs, suchasusingalternating

maximizationto �nd a locally optimalsolutionratherthanamoreinvolvedlinearprogram

or linear complementarityprogram,do not apply. Instead,researchersturn to ways of

reducingthe overall sizeof the problemin orderto help make it tractable.As discussed

in Chapter3, at eachtimestep,BaGA performsfull game-theoreticreasoningaboutthe

currentactionchoicesof therobotsbut usesaheuristicfunctionto evaluatethefuturevalue

of thoseactions. Shi & Littman (2001)usea similar approachfor �nding solutionsfor

a scaled-down versionof Texas Hold'Em with multiple roundsof betting. While these

roundsarenot independent,the authorstreatthemasquasi-independent:for example,in

the �rst roundof betting,playersuseanexpectedvaluefor futurecardsthatwill bedealt

in order to evaluatetheir bettingstrategy. Ratherthancalculatethis valueexhaustively,

randomizedsimulationis performedto estimatetheaverageexpectedpayoff.

The authorsalso considerthe useof abstractionto keepthe combinatorialexplosionof

possiblehandsundercontrol. Ratherthansolve thefull game,handsof cardsaregrouped

togetherandgameplay is thenconditionedon thesegroupsratherthanon speci�c hands.

Handsaregiven a rank basedupontheir strengthin poker andgroupedinto equalsized

bins. Eachbin containshandswith similar rankings.Thegameis thensolvedusingbins:

rather than being assignedhands,playersare assigneda bin and computetheir betting

strategy appropriately. Shi & Littman (2001)found that usingasfew bins as10% of the

totalnumberof possiblehandsresultsin near-optimalplayatahugecomputationalsavings.

This binningstrategy canalsobeappliedin thecasewherepartial,ratherthanfull, hands

of cardsaredealt. The relationshipbetweenhandsandbins is analogousto thatbetween

thefull setof historiesandclustersin BaGA-Cluster. BaGA-Cluster, however, is abit more

�e xible thanthe binning strategy becausea maximumnumberof clustersis not given a

priori (except for certainversionsof BaGA-Comm). Incorporatinga maximumnumber
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of clustersinto BaGA is a possibleextensionandcanbedoneby increasingtheallowable

expectedlossbetweenmergedclustersuntil thenumberof clusterssatis�esthemaximum

numberof clustersallowed.5

Therehasbeenquitea bit of work donein theareaof multi-agentpursuit-evasiongames,

bothwith respectto robotteams(e.g.,Hespanhaetal. (2000))aswell asin theclassicgame-

theory literature(Bernhardet al., 1987;Olsder& Papavassilopoulos,1988). Frequently,

theassumptionis madethattheinformationavailableto theagentsis asymmetricwith the

evaderbeingall-knowing (an assumptionalsomadein the tag domainsexaminedin the

thesis).A commonapproachfor robot teamsis to modeltheproblemasa teamof robots

pursuingasingleevader. Ratherthantreatit asagamewith n agents,it is consideredagame

betweentwo agents,theevaderandthepursuer, with therobot teammodelledasa larger

meta-agentthat hasfull inter-robot observability. Therefore,while this overall problem

classdoeshave partialobservability over theglobalstate(e.g.,thepursuerdoesnot know

theevader's trueposition),therobotpursuerteameffectively sharesabrain,usuallydueto

theassumptionof freecommunication.Thestatetransitionprobabilitiesfor theactionsof

evadersandpursuersareassumedto be independentof theotherplayer;however, clearly

theobservationfunctionscannotbe.

Even assumingan omniscientevader, it is still a challengingproblemasit is a zero-sum

POSG.Approacheshave rangedfrom �nding optimalfeedbackcontrollersfor thepursuer

teamassuminga known policy for theevader(Prandiniet al., 2001),to greedyapproaches

thatcanguaranteethatanevadercanbefoundin �nite timeassumingthattheevader'spol-

icy is known or canbeestimated(i.e., it is not trying to actively evadecapture)(Hespanha

etal., 1999).

Memorylesspoliciesdependenton probabilitymeasuresover bothpossibleobstaclemaps

andpositionsof the evader(calledevadermaps)areproposedin Kim et al. (2001)asa

way of �nding a computationalfeasiblesolutionto thePOSGmodel. In a greedypolicy,

thepursuersmovethenext reachablepositionthathasthehighestprobabilityof containing

an evaderover all possibleevadermapsat the next time instant. In a global-maxpolicy

5This procedurecanbe doneautomaticallyby settingthe maximum-allowableexpected-lossparameter
to be extremelyhigh but settingthe minimum numberof clustersto be equalto the maximumdesired.As
thealgorithmwill iteratively mergethetwo closestclustersuntil theminimumnumberof clustersis reached,
this approachhasthe sameeffect as increasingthe maximum-allowableexpected-lossparameteruntil the
numberof clustersis below somemaximumnumber. While the�rst approachdoesnot requiretheexpected
lossparameterto bemodi�ed duringrun-time,it doesnot allow BaGA-Clusterto ever �nd a setof clusters
that is smallerin numberthanthemaximumasthealgorithmterminatesat this point. Thesecondapproach,
dynamicallyadjustingthe thresholdparameter, may comeup with a numberof clusterssmallerthan the
maximum,shouldtheinitial clustersbeclosetogether.



7.3.POSGApproximation Methods 219

the pursuersmove to the next reachableposition that is closestto the cell in the entire

environmentwith highestprobabilityof containingtheevader. Thesepolicieshave some

parallelsto theMLS heuristicusedasacomparisoncontrollerin thetagdomainsanalyzed

in this thesis.

A moreprincipledapproachis taken to the sameproblemby Hespanhaet al. (2000) in

which agents�nd greedyone-steppolicies that approximatethe true solution. At each

timestepthepursuerandevadercreateandsolveaone-stepgeneral-sumgamein whichthe

pursuersaretrying to maximizetheprobabilityof capturingtheevaderin thenext timestep

andtheevaderis trying to minimizethisprobability(i.e.,theheuristicusedfor theexpected

valueof actionsis their immediateexpectedvalue).While theoverallproblemis zero-sum,

this one-stepgameis general-sumbecausetheevadersandpursuershave differentsetsof

information: theexpectedvalueof a setof policiesfor thepursuersandevaderwould be

evaluateddifferentlyby eachbecausetheexpectationis doneusingtheinformationknown

by eachplayer. Becausetheevader's informationsetincludesthatof thepursuers,it could

calculatetheexpectedpayoff, or cost,functionusedby thepursuersin additionto its own

andtherefore�nd a Nashequilibrium of the game. The pursuers,however, cannotsolve

thisproblemasthey canonly estimatethevalueof apolicy to theevader.

Ratherthantreatthis problemasa Bayesiangame,in which thepursuershave a probabil-

ity distribution over possibletypesof the evader(e.g.,a type could be the evader's value

function or somepart of its state),a solutionis found by treatingthe problemasthe �c-

titious zero-sumgamein which the pursuers'estimateof the evader's cost is considered

to becorrect. It turnsout that (assumingtheevaderknows that this procedureis how the

pursuerswill solve theproblem),by playingtheir partof theNashequilibriumstrategy in

this zero-sumgame,thepursuerscanforcea rationalevaderto play a strategy in response

thatis equivalentto aNashequilibriumsolutionin theoriginalgeneral-sumgame.In order

to avoid theproblemof selectingfrom asetof possibleNashequilibria,at run time it is as-

sumedthattheevaderwill alwayspick anequilibriumin thezero-sumgamethatmaximizes

its deterministicdistanceto theteam,andthereforepursuersalsopick thatequilibrium.

Theseapproacheshave beenappliedto problemsof impressive size,for example,a team

of threepursuerssearchingfor anevaderover a grid of 400cells leadingto a statespace

of size4004. Theeffectsof uncertaintyin theevader's position,however, is dealtwith by

estimatingthe costsfor the evader, given a belief aboutits positionheld by all members

of the team,andthenplaying a strategy that would force a rational (omniscient)evader,

to play a bestresponsethat turnsout to bea Nashequilibriumin theoriginal game.This

approachwould not work if theevaderdid not have accessto all informationheldby the



220 Chapter 7. RelatedWork

pursuersor thepursuerscouldnot shareinformation. Additionally, thevalueof pursuers'

actionsin this gamearetakento betheir expectedimmediatevaluegivenbeliefsaboutthe

evader'sposition.Attemptsto approximatelong termeffectsof actionsarenotmade.

While this problemclassis different from that addressedby BaGA, they are somewhat

complementary. Theseapproachesto pursuit-evasionassumethatsomemeansexistswith

which to fully coordinatethemembersof theteamallowing themto betreatedasa meta-

agentduringplanning.Instead,onecould imaginea two-stepapproachto theseproblems

in which, periodically, the robot teammakesuseof its communicationbandwidthto pick

a high-level strategy againsttheevaderasif they werea singleagentandthen,in between

communicationintervals,eachrobotusesBaGA andthe reward function inducedby that

high-level strategy to pick individual level actionsconditionedon its speci�c observations.

For example,a high-level strategy might be to pick an areato searchwhile individual

actionsdealwith actualmotioncontrol: in a pursuitproblemin all of theGatesBuilding,

thishigh-level strategy wouldbeto pick theA-wing for explorationandthenBaGAwould

be usedto actuallycoordinatethe searchof A-wing (as in RealisticGatesTag) without

furthercommunicationbetweenteammembers.

Khoussainov & Kushmerick(2003)model the competitionbetweensearchenginesasa

POSGwith arbitrarypayoffs andthenapplyreinforcementlearningto �nd a solution.The

ideain this modelis that theutility for a searchengineis basedon thenumberof queries

it processesandthe resourcesusedto answerthem. While specializingin a topic allows

anengineto processqueriesmoreeffectively (andresultsin higherquality queryresults,

causingusersto preferthatenginefor that topic); its overall performancealsodependson

what topicsits competitorsareindexing. Becausean enginedoesnot have accessto the

topicsindexedby competitors(althoughobservationsof this informationcanbegainedby

submittingqueriesto opponents),thereis uncertaintyin theactionstakenby otherengines,

makingPOSGanappropriatemodel.As this problemis computationalintractablein gen-

eral,theauthorsmake theassumptionof boundedrationality in which decisionmakersdo

not actoptimally in thegame-theoreticsensedueto incompleteinformationabouttheen-

vironmentor limited computationalresources.For example,modellingotheragentswith

a �nite hierarchy of beliefsratherthananin�nite hierarchy is a caseof assumingbounded

rationality. Underboundedrationality, agentswould �nd a solutionthat is optimal with

respectto the�nite hierarchy but notnecessarilyoptimalin thegame-theoreticsense.

In this search-engineproblem,eachagentusesreinforcementlearningto �nd a goodbe-

haviour strategy againstits competitors.Learningis notperformedonamodelof thegame

but rathergradientascentis performedon the policy space. The resultingpolicies can
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be non-deterministicand are conditionedon observations. Against competitorsplaying

�x edpolicies,anagentis ableto �nd a locally optimalstrategy thattakesadvantageof the

sub-optimalplay of the opponents.In self-playthereis no guaranteethat gradient-based

learningwill converge,however, in practicerelatively stablesolutionsarefoundwhentwo

instancesof thealgorithmlearnedsimultaneously.

With this reinforcement-learningapproach,Khoussainov & Kushmerick(2003)dealwith

theintractabilityof aPOSGby convertingtheproblemto thatof learningapolicy in anon-

stationaryenvironment.If competitorsareplayinga �x edstrategy, thensuchanapproach

will converge to a locally optimalpolicy; however, if otheragentsin theenvironmentare

alsoadaptingtheir policies,thenconvergenceguaranteesno longerhold. While this work

is an interestingexampleof modelling a real-world problemas a POSG,the algorithm

appearsmorerelatedto work onsingle-agentlearningin non-stationaryenvironmentsthan

approximatingPOSGsolutions.In contrast,thelearningalgorithmsin POIPSGs(Peshkin

etal.,2000)andmulti-agentOLPOMDPs(Taoetal.,2001)dealexplicitly with theproblem

of simultaneouspolicy adaptionandshow how their algorithmsdo converge in situations

in which theirassumptionsaboutthegamemodelhold true.

7.3.4 Finding ApproximateSolutionsto One-StepGames

In BaGA, a Bayesian-Nashequilibrium for eachtimestepis found usingan alternating-

maximizationalgorithm that makes useof dynamicprogramming. Singh et al. (2004)

presentanalgorithmfor �nding approximateBayesian-Nashequilibriain (one-step)games

of incompleteinformationthat have sparsegraphicalmodelsrepresentingthe interaction

betweenagents.In this thesis,the focushasbeenon tightly-coupledproblems;however,

for moreloosely-coupleddomainswith discretetypesets,theApproximate-TreeBNEalgo-

rithm wouldbeableto provideguaranteesonthetimecomplexity for �nding anε-Bayesian

Nashequilibrium.6 That is, not only canthe algorithmtradeoff betweencomputational

costsandthe`goodness'of theequilibriumfound,theauthorscanmake statementsabout

the quality of the equilibria found,which cannotbe madefor BaGA. The representation,

however, scalesexponentiallywith themaximumnumberof agentsinvolved in any inter-

action.Thispropertywouldmake it only appropriatefor POSGsthatmodelproblemswith

periodsof looseinteraction(e.g.,aproblemwith robotsthatonly needto worry abouttight

coordinationwhile physically closeto eachotherandareotherwisemakingindependent

6An ε-best-responsestrategy for an agentis one in which it can do no betterthan ε by switching its
strategy. It is usedin standardde�nitions of approximateequilibria.
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actionselections).Additionally, thealgorithmfor �nding theε-BayesianNashequilibrium

hasanexponentialdependenceon thenumberof types. A strongdependenceon thesize

of thejoint-typespaceis alsopresentin BaGAandis why BaGA-Clusterwasdeveloped.

Similar approacheshave beenappliedto general-sumone-stagegamesof imperfectinfor-

mationwith sparseinteractionsby Kearnset al. (2001).In this work, graphicalmodelsare

usedto representtherelationshipbetweentherewardfunctionsof eachagentandapprox-

imatesolutionsarefound by only consideringneighbouringagentsin policy generation.

Vickrey & Koller (2002)usehill-climbing andconstraintsatisfactionalgorithmsto �nd ap-

proximateequilibria in thesegraphicalgames.Scalabilityof suchalgorithmsaredictated

by thedegreeof interactionbetweenagentsandthepresenceof a communicationchannel

thatwouldallow agentswith dependentactionsto interact.

7.4 Run-Time Communication Policies

Therearemany differenttypesof run-timecommunicationpoliciesthathave beenimple-

mentedfor POSGsand its sub-classes.In this thesis,BaGA generatespolicies that are

conditionedon setsof clusteredhistoriesandsothequestionof whatto communicatewas

answeredby usingthe identifying numbersof clusters.Differencesin expectedvalueor

policy were someof the ways in which the questionof when to communicatewas ad-

dressed.Many of the approachesdiscussedin this sectionusesimilar ways in which to

answerthe questionof whento communicate.All of the algorithmsaremotivatedby an

understandingthat, in the real world, communicationincursa costor canreveal that in-

formationto an opponent.Table7.1 summarizesthe algorithmsfor generatingrun-time

communicationpoliciesthatarediscussedin thissection.

7.4.1 POSGswith CommonPayoffs

TheCOM-MTDP framework (Pynadath& Tambe,2002)hasbeenusedasa way to ana-

lyze theheuristiccommunicationpoliciesgivenby theoriesof teamwork suchasGRATE*

(Jennings,1995)andSTEAM (Tambe,1997). The resultingcommunicationpoliciesare

appliedto a problemin which agentsaretrying to achieve a setof goals.Theauthorsthen

analyzethesepolicies,in additionto a locally optimalcommunicationpolicy, to determine

underwhatconditionsthey resultin optimalbehaviour.
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Table 7.1: Summaryof algorithmsfor generatingrun-time communicationpolicies in
POSGs. Forcedsync meansthat if one robot initiates communication,all robotsmust
shareinformation. While the modelsusedfor communicationin COM-MTDP and the
work by Goldman& Zilberstein(2003)do not requireforcedsynchronization(andtheo-
reticallyallow for optimalpolicies),they discussapproximationalgorithmsthatdo require
synchronization.

Approach Model/Sub-Class Forced
Sync

Comm
Type

Comm'd
Inf ormation

Comm
Decision

BaGA-
Comm

POSGsw/ CommonPayoffs no and-comm # of cluster
to which true
history
belongs

Myopic
expectedvalue
change,
myopicpolicy-
difference,
# clusterstoo
high

COM-MTDP
(Pynadath&
Tambe,
2002)

POSGsw/ CommonPayoffs no in
general,
yesas
imple-
mented

and-comm in general,
any message
in Σi, asim-
plemented,
goal
achievement

myopic
expectedvalue
change

Dec-Comm
(Rothetal.,
2005)

POSGsw/ CommonPayoffs no and-comm historysince
lastcomm

myopicpolicy-
differencefor
any agent

Nair etal.
(2004)

POSGsw/ CommonPayoffs yes or-comm historysince
lastsync

locally optimal
policy i.e.,
commselected
if bestaction
usingDP-JESP

Xuanetal.
(2001)

factoredDEC-MDP yes and-comm local state
(syncon
globalstate)

myopic
expectedvalue
change,
evaluatedwith
heuristic

Xuan&
Lesser
(2002)

factoredDEC-MDP yes and-comm local state
(syncon
globalstate)

own action
selectionis
ambiguous

Goldman&
Zilberstein
(2003)

factoredDEC-POMDP no in
general,
yesas
imple-
mented

and-comm in general,
any message
in Σi, asim-
plemented,
local state

myopic
expectedvalue
change
assumingno
morecomm
possible
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In the domainexaminedby the authors,agentshave only one possiblecommunication

message,which indicatesthata certainjoint goalhasbeenachieved (i.e., thequestionof

what to communicatehasbeenansweredas goal achievement). In GRATE*, an agent

communicateswhenever it believesa joint goal to have beenachieved,while in STEAM

anagentcommunicatesif anestimatedcostof miscoordinationis greaterthanthecostof

communication.Pynadath& Tambepresenta locally optimalcommunicationpolicy that

outperformsthoseof GRATE* or STEAM. Like STEAM, agentsonly communicateif the

costsof executionafterachieving agoaloutweighsthecostof communicatingthefactthat

the goal hasbeenachieved; however, the true expectedcost of miscoordinationis used

ratherthananestimatedcost.

This locally optimalpolicy is similar to therun-timeEVD communicationdecisionusedin

BaGA-Comm.However, while agentsin COM-MTDP reasonabouttheir full actionand

observation histories,they canonly communicateonepart of that history: goal achieve-

ment. If this pieceof informationis not suf�cient for decisionmaking, thenthis choice

of messagefor COM-MTDP is not asinformative asthemessagesusedin BaGA-Comm.

Furthermore,agentsonly makeadecisionaboutcommunicationif they identify thatagoal

hasbeenachieved. In BaGA-Commagentsare free to communicateat any point in the

task. It shouldbenoted,however, that this restrictionis speci�c to thedomainandnot to

COM-MTDPsin general.

The Dec-Commalgorithm(Roth et al., 2005)makesrun-timeand-communicationdeci-

sionsin a similar way to BaGA-Commwith the PD decision. Dec-Commusesthe Q-

POMDPheuristicasawayto evaluatetheeffectsof communication.Eachrobotcalculates

theQ-POMDPactiongiventhecurrentdistribution over joint historiesandthencalculates

whattheQ-POMDPactionwould begiventhedistribution over joint historiesinducedby

factoringin its true history. If thoseactionsaredifferentjoint actions,thenit broadcasts

its history to its teammates(i.e., all observationsmadesinceit last communicated).The

teammatesintegratethatinformationinto theirdistributionoverjoint historiesandeachone

calculatesanew Q-POMDPaction.They alsorecalculatetheQ-POMDPactionthatwould

now occurif they broadcasttheir history. If it is different,thenthey do so. This recursive

algorithmis boundedby thenumberof robotsas,in theworst case,onerobotdecidesto

communicate,which causesthenext robot to decideto communicateandsoon. Because

Dec-Commcanresultin multiple instancesof communicationateachtimestep,robotswait

a �x edperiodof timebeforeactingin orderto makesurethatnomorecommunicationacts

will bereceived.

As stated,the Dec-Commapproachhassimilarities to the PD versionof BaGA-Comm.
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In PD, if any robot's part of σi,t is differentfrom that of πt, thenrobot i will communi-

cate,which is somewhatequivalentto communicatingif a joint actionis different.As with

BaGA-Comm,if the only way in which a changein joint actionwould occur is through

a joint communicationact, thenthis eventwould not bediscoveredbecausethe recursive

checkfor communicationin Dec-Commcanonly betriggeredif at leastonerobotdiscov-

ersa policy difference.While BaGA-Commdoesnot implementa recursive communica-

tion check,it couldbeadded(i.e.,BC0t andaBGC0i,t arealsocalculatedandthe result-

ing policiescomparedrepeatedlyuntil no new communicationactsaretriggered).Unlike

BaGA-Comm,robotsusingDec-Commcannotconditiontheir actionchoiceon individual

observationsin betweencommunicationacts.

Nair et al. (2004) look at the computationalsavings gainedby enforcingperiodic syn-

chronizationsof observationsin betweenstepsof full game-theoreticreasoningaboutthe

beliefsof others. In this or-communicationdecisionproblem,agentscommunicateat a

minimum of every K steps,but canalsocommunicatemore frequentlyif it would lead

to improvementin performance.This communicationalgorithmapproximatestheoptimal

communicationpolicy, giventheor-communicationconstraint,for thefull POSGby using

DP-JESP(Nair etal.,2003).UnliketheBaGA-Commapproach,thisapproachwouldtech-

nically be able to identify casesin which only joint communicationactionswould yield

an improvementin performance.The authors,however, usea synchronizedcommunica-

tion action,sync, which meansthat if onerobot decidesto communicate,all robotswill

synchronizetheir informationabouttheworld, leadingto a uni�ed joint belief. This con-

straintgreatlysimpli�es thecalculationof theexpectedvalueof communicatingandmakes

identifying thesejoint communicationcasesamootpoint.

In or-communication, the syncaction is consideredpart of the regular actionspaceand

so the only modi�cation that mustbe madeto DP-JESPis in how to evaluatethe effects

of a syncduringdynamicprogramming.While performingdynamicprogramming,a sync

actionresultsin thecostof communicationplustheexpectedvalueof thepossibleresulting

synchronizedbelief states. If the action is not syncthentwo thingscanhappen:with a

certainprobabilityanotheragentperformsasync, over-riding thisagent'sactionchoice(as

it mustalsoperformthe sync) or no agentperformsa sync. As a result,thevalueof this

domain-level actionis somecombinationof theexpectedcostof makinga syncaction(as

calculatedbefore)andtheexpectedimmediaterewardplus theexpectedfuture rewardof

the domain-level actionunderconsideration.In orderto evaluatethesequantitiesduring

DP-JESP, DP-JESPis run for any possiblestartingjoint belief b with t stepsto go. This

approachallows thealgorithmto slot in theappropriatevaluefor theexpectedvalueof a



226 Chapter 7. RelatedWork

synchronizedbelief statewhencalculatingthevalueof takingsyncat futuretimesteps.

DP-JESPcanbeusedin this way to �nd the locally optimal joint policy without any con-

straintsoncommunicationor with theadditionof aconstraintthatenforcessynchronization

at leasteveryK steps.With thisaddition,therecanbenoobservationhistoriesgreaterthan

lengthK, which in turn limits thespacerequirementsof thealgorithm. This constraintis

somewhatsimilar to thejC t
i j > k decisionusedin BaGA-Commin whicha robotcommu-

nicatesits clusterto theteamif it hasmorethank clusters.Like theK-stepconstraint,this

communicationdecisionis designedto reducecomputationalrequirementsof theproblem;

however, it is not tied to a speci�c history lengthbut ratherto how muchclusteringcan

occurin aspeci�c domain.

Unlike BaGA-Commandmany of the otherapproachesfor run-timecommunicationde-

cisionsdiscussedin this section,thecommunicationdecisionsmadeby Nair et al. arenot

myopicallygreedy. They arestill run-timecommunicationdecisions,however, becausea

robotwill only communicateat a timestepif it hasreceivedspeci�c observationhistories.

Theauthors,however, only runDP-JESPwith onerandomstartingpolicy andsothequality

of the locally optimalequilibriumpolicy they �nd canbepoor (theauthorsacknowledge

this tradeoff betweenbettersearchingof thespaceandachieving goodtiming results).

7.4.2 FactoredDEC-MDPs and FactoredDEC-POMDPs

Xuanet al. (2001)look at theproblemof run-timecommunicationpoliciesin a sub-class

of POSGssimilar to thefactoredDEC-MDPmodelof Becker et al. (2003). In thesetypes

of problems,becauserobotshave full observability of their local state,thecommunication

decisionis tiedto decidingwhenglobalinformationnecessaryto makeprogresstowardthe

goalratherthanhow to resolvecon�icts in beliefabouttheworld or how to augmentone's

own beliefabouttheglobalstate.Speci�cally, they consideragrid-world domainin which

two robotsreceive a largerewardfor meetingin any of thegrid cells.Therobotsknow the

startingpositionof their teammateandsocanuseafully observableversionof theproblem

to selecta goalcell thatminimizestime to meeting.Robotactions,however, arenoisyand

sorobotsneedtoperiodicallyadjustthisgoallocation.Withoutcommunication,they donot

know thepositionof their teammateandsocannotselectanew goal.Communicationhasa

costandis assumedto beof thesynchronizedform. Therefore,if onerobotcommunicates,

bothrobotsknow thefull globalstateof theworld.

Becausetheoptimalcommunicationpolicy is intractable,three�x edcommunicationheuris-

ticswereconsidered:nevercommunicate,alwayscommunicateor communicateif thecur-
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rentplanis nolongerachievable(i.e.,arobotknowsthatit cannolongerreachthegoalcell

at theright time). In addition,ahybrid policy wasexaminedin whicheachrobotconstantly

calculateswhetheror not thereis a bettergoalstateand,if so,theexpectedgain in reward

from changingto thatnew goal. If theexpectedgain is greaterthanthecostof communica-

tion, thentherobotcommunicates,makingthisapproachsimilar to theBaGA-CommEVD

decision.Like BaGA-Comm,a heuristicis alsousedto evaluatetheeffectsof communi-

cating: the selectionof what new goal statesto evaluateandwhat their expectedreward

will beareevaluatedwith aheuristicratherthanexactly. As expected,thehybrid approach

hasthebestperformanceif communicationis not free,otherwisealwayscommunicateis

themostappropriatepolicy to use.

In Xuan& Lesser(2002)theauthorstake a moreprincipledapproachto �nding commu-

nicationpoliciesfor theseproblems.While a versionof thefactoredDEC-MDPwith full

communicationcanbe solved, yielding a centralizedpolicy for the problem(the CP),at

executiontime theagentsmustconvert this CPinto decentralizedpolicies,or DPs. Com-

municationis essentialin order to provide a conversionbetweenthe two that allows the

DPsto performsimilarly to the CP. Eachrobot hasa copy of the CP and,at run time, it

calculateswhetheror not its partof the joint actionasgivenby theCPis thesamefor all

globalstatesconsistentwith its local state.If its partof the joint actionis thesame,then

it hasno ambiguityon its own actionchoiceanddoesnot needto communicate.If it is

not, thenthereis ambiguity, which couldberesolvedby communication.This myopically

greedycommunicationpolicy is somewhatsimilar to thePD conditionfor BaGA-Comm;

however, robotsonly considerpolicy differencesin theirown actionchoiceandnotof those

of their teammatesbecausethey useonly their partof thejoint actionfor comparison,and

not theentirejoint action.They do not considerhow their local informationmight change

theactionchoiceof their teammateasdoesthePDdecisionin BaGA-Comm.

While onesolutionfor convertingCPsinto DPsis for robotsto communicatewhenever the

local stateresultsin an ambiguitytowardsactionchoice,in the worst casethis approach

will resultin communicationateverytimestep.Xuan& Lesser(2002)alsodohill-climbing

on themappingbetweenambiguousstatesandthecommunicationdecisionto reducethe

amountof communication.A secondway to reducecommunicationis to generateexact

communicationpoliciesfor a modi�ed CPinsteadof thetrueCP. In a modi�ed CP, robots

effectively mergetogethersetsof local historiesfor decisionmaking.This view hassome

similaritiesto BaGA-Cluster.

Goldman& Zilberstein(2003)extendthefactoredDec-MDPmodelto cover thesub-case

of POSGsin whichagentshavepartialobservability of theirstate.In their2-agentfactored
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DEC-POMDP-COMmodel,they examinetheNEXP-completeproblemof �nding domain-

level andcommunicationpoliciesthattogetheroptimizeaglobalrewardfunction.An agent

mustnotonly considertheproblemof whento communicate,but is alsofreeto selectfrom

any of themessagesin amessageset� . Agentsconditionactionchoiceonhistoriesof both

observationsandpreviously receivedcommunicationmessages.

The authorsdo presenta formulationof how the optimal policy would be found; how-

ever, becauseit is computationalintractable,they alsoincludean approximatealgorithm

in which,at eachtimestep,agentsgreedilydecideif they shouldsenda messageassuming

thatnoadditionalcommunicationwill bepossible:asingle-communicationpolicy. Thatis,

assumingthatagentscanonly communicateonce,they greedilydecideonwhattimestepto

do so.However, becauseagentsmake this communicationdecisionon eachtimestep,they

canactuallycommunicatemorethanonce.

The single-communicationpolicies are found by using the optimal policy for a version

of theproblemwithout communicationastheexpectedvalueof whatwould happenafter

communicationtakesplace.Theoptimalsingle-communicationpolicy is to communicate

at theearliesttimestepfor which theexpectedcostof communicatingandthenfollowing

the optimal policy for the no-communicationcaseis lessthan that of following the no-

communicationcasefrom the very beginning. This approachis similar to BaGA-Comm

with the EVD decisionbecauseboth approachesuseda locally myopic greedypolicy to

selectcommunicationactionsbasedonthedifferencein expectedvalue.Furthermore,both

approachesevaluatetheexpectedvalueof policiesusingheuristicsthatarebasedon some

(non-true)assumptionsaboutfuture communication.While in DEC-POMDP-COMthe

heuristicassumesno morecommunicationwill bepossible,BaGA-Commwasappliedto

problemsin which theheuristicsusedfor utility variedfrom assumingfull communication

(RoboticTag) or nocommunicationin thefuture(simple-heuristicfor LadyandTheTiger).

7.5 Other Multi-Robot Frameworks

Thissectiondiscussessomeotherimportantmulti-robotframeworksandhow they allow a

robotto take theactionsof teammatesinto accountduringdecisionmaking.While frame-

workssuchasbehaviour-basedormarket-basedsystemsappearverydifferentfromPOSGs,

they arefrequentlymodellingsimilar problems(albeit at a differentresolution). Indeed,

their solutionscanbe relatedto approximatesolutionsof POSGsby looking at how they

handletheintegrationof teammatesinto decisionmaking.



7.5.Other Multi-Robot Frameworks 229

7.5.1 Theoriesof Teamwork

Distributedsystemshave beena subjectof researchoutsideof the areasof decision-and

game-theoreticcontrolasthey provide a naturalway to treatreal-world systems.Usually,

thereis somenaturalstructurethatfacilitatesthedeconstructionof aprobleminto its com-

ponents,suchasa power plant into variousturbinesandgenerators.It is, however, not

alwaysintuitive to specifythe full setof interactionsbetweencomponents,especiallyfor

low-probabilityevents.Theoriesof teamwork, suchassharedplans(Grosz& Kraus,1996)

andjoint intentions(Cohen& Levesque,1991),weredesignedto help resolve brittleness

in systemsandtheir designers'inability to predictall possibleagentinteractions.Theo-

riesof teamwork addresshow agentsdecideuponmutualgoalsandimplementedsystems

thenmake useof expert-like rulesfor decidingagentbehaviour oncesub-goalshave been

selected(e.g.,GRATE* (Jennings,1995)andSTEAM (Tambe,1997)).

A simplistic view of joint intentionsis that they representthe commitmentof a groupof

agentsto the achievementof a goal. Unfortunately, if oneagentbelievesthat the goal is

no longerachievable,it will sel�shly abandonits progresstowardsthegoalandnot inform

its team.In STEAM, mechanismsexist to ensurethat if anagentbelievesthata joint goal

is no longerachievable, it cannotabandonits intentionwithout also informing the other

agentswith which it hasthe joint intention. This typeof coordinationrequiresa commu-

nicationchannel;however, Tambe(1997)extendsjoint intentionswith decision-theoretic

communicationin suchawaythatagentsonly communicateinformationthathashighutil-

ity with respectto the completionof the plan. For example,a teamof helicoptersmight

notcommunicateto eachothertheachievementof eachway-pointalongarouteto thegoal

because,with a high probability, the fact thata helicoptermisseda way-pointcanbede-

ducedfrom its actions.However, if onehelicopterseesan enemyit would communicate

thatinformationto theteambecauseit is a low-probabilityeventthatresultsin highcosts.

To a certainextent thesetheoriesof coordinationweredesignedto helpcut the recursion

of beliefsaboutwhat a teammateis doing: if a teamhasa joint goal, individual mem-

bersdonothave to worry aboutwhatthey believe thattheir teammatesbelieve (andsoon)

aboutprogresstowardsthatgoalbecausethey have a joint intentionto achieve it. A team-

matecannotabandonthat goal without �rst informing the teamandso agentscanmake

assumptionsaboutthebehaviour of otherswhile choosingtheir own actions.Theoriesof

teamwork, therefore,provideahigh-level wayto taketeammatesinto accountduringaction

selection.
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7.5.2 Behaviour Based

ALLIANCE is a framework for fault-tolerantcooperative control of heterogeneousrobot

teamsperformingloosely-coupledsub-tasks(Parker, 1998). It is a behaviour-basedar-

chitecturethat usesthe idea of motivations in action selectionto facilitate cooperative

behaviour and allows for the re-allocationof tasksin the caseof robot failure. Robots

areassumedto beableto detecttheeffectsof their own actionsanddetecttheactionsof

otherrobots(throughany availablemeans,communicationor observation),althoughsome

uncertaintyin this detectionis permitted. While communicationmay be availableto the

team,it is not guaranteedandthereforeknowledgeof robot failure cannotnecessarilybe

transmittedto therestof theteam.

Within behaviour-basedframeworks,theoutputof lower-level behaviours,suchasobstacle

avoidance,canbesuppressedby high-level behaviourssuchasexploring or mapbuilding.

If therearea numberof competingactionsthat cannotbe implementedin parallel,addi-

tional structureis neededto selectwhich actionto achieve. In ALLIANCE, theseactions

aregroupedinto behaviour setsthat areeitheractive asa groupor hibernating.Eachof

thesebehaviour setscorrespondroughlyto a sub-taskandonebehaviour setis selectedby

usingmotivationalbehaviours(amotivationalbehaviour trackshow mucharobotwantsto

performa task).While only onebehaviour setcanbeactiveata time, therobotalwayshas

a motivation for eachperformingeachone. Robotsaremotivatedto continueperforming

a taskif they aremakingforward progresstowardsthe associatedgoal but, if they judge

thatprogressis no longerbeingmade,their motivationstartsto drop.Their motivationfor

performingother tasksalso increasesas time goesby. The motivation for performinga

taskincreasesquickly if no otherrobot is performingit (impatience)andmoreslowly if

therobotbelievessomeotherrobotis working towardstheassociatedgoal(acquiescence).

This combinationof impatienceandacquiescencemodelsallows a robot to startdoing a

sub-taskif it feelstheoriginalrobothasfailed,but alsodrivesrobotsto startdoingdifferent

tasks.

This impatienceandacquiescencewithin themotivationbehavioursprovide a roughway

for robotsto model their teammatesduring actionselection. It is not an explicit model

andit reliesonobservationsof teammatesto determinewhatprogressis beingmaderather

thananexplicit calculationof whatactionsor behaviour-setsateammatewill select.While

coordinationcouldbethoughtof asanemergentpropertyof this framework, a robotdoes

taketeammatesinto accountduringits decision-makingprocessby allowing theiractionsto

in�uence its own motivations.This propertymakesALLIANCE aninterestingframework
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becauseit hasattemptedto capture,throughheuristics,someof theintuition behinddecen-

tralizeddecisionmakingthatis formalizedin POSGs.While theoptimalityof theresulting

policiescannotbeevaluated,ALLIANCE performswell in practicewith thequalityof so-

lutionsbeingpositively affectedby how awarerobotsareof theactionsof their teammates.

Theseexperimentalresultsvalidatethe useof more complex modelsthat take into ac-

counttheinterdependenceof actionselectionthrougheitherexplicit modelsof teammates

(RMM) or implicit models(POSGs):themoreagentscoordinatetheiractionselection,the

higherthequalityof theresultingpolicies.

Move Value Estimationfor Robot Teams(MVERT) is a behaviour-basedframework in

which teammatemodellingbecomesmoreexplicit becauseit is designedto beappliedto

tightly-coupledtasks(Stroupe,2003). In theproblemsaddressedby MVERT, robotsneed

to coordinateon the selectionof movementactionsbut tradeoff optimality for computa-

tional ef�ciency. Actionsin MVERT arede�ned asselectinga poseto move to in thenext

timestep. Mathematicalvalue functionsthat mapa state(poseof all robotsin the team

andlocationof any objectsin theenvironment)andpotentialactionsto numericalvalues

representingprogresstowardsadifferenttasksarede�ned. Therearenorestrictionsplaced

on thesefunctions,or thetasksthey represent,solongasthey areacomputablemathemat-

ical function. Usingthecurrentworld state,which canincludeuncertainty, andmodelsof

teammates'capabilities,a robotapproximateswhatits teammates'contributionswill beto

thevaluefunctionson thenext timestep.Giventheseestimatedcontributions,a robotthen

selectsan actionfor itself that maximizesthe valuefunctions. It is assumedthat a robot

canobtain informationaboutthe poseof teammatesthroughcommunicationor through

observationandinference.Therefore,while therecanbeuncertaintyover thecurrentworld

state,robotsareassumedto haveaccessto thesameinformation.

While MVERT is abehaviour-basedapproach,theproblemclassit dealswith is somewhat

analogousto POSGswith commonpayoffs. It is not quitethis full problemclass,asthere

is thefurtherassumptionthatrobotshold thesamebeliefsaboutworld state,eitherthrough

the communicationof their own local state(and any associateduncertainty)or through

observationsof eachother. While oneway to satisfythis assumptionis throughtheuseof

communication,MVERT doesnotalsousecommunicationto helpresolveactionchoiceor

improve theestimatesof actionstakenby others.7

MVERT alsohassomeanalogiesto approximationmethodsfor POSGsthat includeex-

plicit teammatemodelling.Robotsmyopicallyselecttheirnext bestactionwhile reasoning

7Seethediscussionof passivecoordinationin Hoplites(Kalraetal.,2005)in Section7.5.3for anexample
of how communicationcanbeusedto improve theestimateof theactionchoiceof others.
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abouttheactionselectionof their teammates.However, unlike otherapproachesto team-

matemodelling,robotsin MVERT useonly a �rst-order model: teammatesaremodeled

asselectingactionsbasedonly on their beliefsaboutthe world. While this type of de-

centralizedproblemsolving doesrequirethe useof a truncatedbelief hierarchy (because

teammatesare explicitly modeled),work doneby Noh & Gmytrasiewicz (2005) on the

tradeoff betweensolutionqualityandmodel-depthsuggeststhata �rst-order modelis only

veryapproximate.

Behaviour-basedmethodsareattractive for controllingrobotteamsbecauseof their speed.

However, it is importantto understandwhatpartsof themethodareapproximatebecause

of the useof behaviours andwhat partsareapproximatebecauseof how they dealwith

decentralizeddecisionmaking.By relatingMVERT to solutionalgorithmsfor POSGsthat

alsouse�nite-order teammatemodels,insightis gainedinto whattypesof approximations

arebeingmadein thedecentralizeddecisionmaking.Theproblemsexaminedby Stroupe

(2003), however, are much larger than thoseexaminedin the POSGliteratureand are,

therefore,a testamentto thecomputationaltractabilityof MVERT.

7.5.3 Mark et Based

While market-based,or auction,approachesareusuallyassociatedwith loosely-coupled

robot systems(e.g.,taskallocationratherthanstep-by-stepcoordination),therehasbeen

work doneon applyingthemto tightly-coupledproblems.Unlike the work with POSG-

relatedmodelsandtheir approximations,market-basedapproachesrequirea communica-

tion systemto be availablefor the auctionprocessitself. A centralizedauctioneeris not

alwaysrequired(Dias& Stentz,2003;Gerkey & Matarić, 2001);however, robotsmustbe

ableto communicatein orderto negotiatetaskallocation.In theTraderBotssystem(Dias

& Stentz,2003),robotsbid onsub-tasksto execute,andreceiverewardsfor successfultask

executionandpenaltiesfor consumedresources.As with non-cooperative gametheory,

the robotsareself-interestedin maximizingtheir expectedpayoffs; however, thepriceof

resourcesandtaskscanbehand-craftedto helpensurerobotsallocatesub-tasksin a way

thatalsohelpsmaximizethepro�t of theteamasawhole.An individual robotcanalsotry

to createabetterjoint planfor theentireteam(ideallyanoptimalplan),or subsetof robots,

andthensell thatplanon themarket. This approach,however, is fundamentallymeantfor

loosely-coupledsystems.TheHoplitesframework is designedto extendframeworks like

TraderBotsto tightly-coupledtasks(Kalraetal., 2005).

In tightly-coupledtasksnot only do the robotsneedto have plansthat conditionaction
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selectionontheactionsof others(tight coordination),but they alsorequireasolutionto the

credit-assignmentproblemof how therewardsandpenaltiesassociatedwith a taskshould

be distributed amongstthe robotsperformingthe task together. In Hoplites, two types

of coordination,passive andactive, areaddedto the usualmarket framework. In passive

coordination,ratherthanselectthemostpro�table tasks,robotsselectthemostpro�table

plans(i.e., policies). Thevalueof possibleplansareestimatedusingtheactionsof others

andtheenvironment,andthemostpro�table plantransmittedto therestof theteam.Using

this information,eachrobotcanreviseits estimatedpro�ts (e.g.,usethenewestsetof plans

to evaluatetheactionsof others)andsendout its new bestplan. This typeof coordination

iteratively incorporatesthe mostrecentinformationin teammates'plansandassuchhas

similaritiesto thealternating-maximizationalgorithm. Becauseit is donein a distributed

fashion,however, a �x edpoint maynot befoundasmultiple robotscanchangetheir plan

at once. For example,if thebestplanhastwo robotsperformingthesameactionbut the

currentlyproposedplanshasonerobot performingA andthe otherB, incorporatingthis

informationcouldleadto anew setof proposedplansin whichthe�rst robotnow performs

B while the secondA. This type of coordinationis thereforeonly useful in caseswhere

it is easyto accuratelỳ guess'the actionsof otherscorrectlyduring the �rst setof plan

evaluationsor elsewhenthe actionsof othershave relatively little impacton the robot's

performance.

In environmentswheretight coordinationis required,active coordinationleadsto better

performance.If a robot'sbestindividualplanis notverypro�table, it developsa teamplan

thatspeci�esactionsfor eachmemberof theteamthatwouldmaximizeits own pro�t. The

robot thenreceivespricequotesfrom teammatesthat re�ect thepro�t they would require

beforethey would abandontheir own plansto adoptthis teamplan. If the sumof these

paymentsis lessthanthe expectedpro�t to the planningrobot, it bids for its teammates

participation. The searchfor this teamplan involvesa searchover joint-actionspacebut

Kalra et al. (2005)do not specifya speci�c algorithmfor Hoplites to use. Rather, they

suggesttheuseof analgorithmthatsacri�cesoptimality for speed.

TheHoplitesapproachcanbethoughtof assimilar to modelingtheproblemasa factored

MDP whenactionsare looselycoupledbut thenmoving to a more accurateframework

suchas POSGswith commonpayoffs when tight coordinationis known to be required

(i.e., tradeoff representationalpower with computationalspeedif it is known to be less

important).Market-basedtechniquesarethenusedto approximatethesolutionratherthan

one of the algorithmsof Section7.3. This relationshipbetweenHoplites and different

POSGsub-classesallows oneto identify whattypesof approximationsarebeingmadeby
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Hoplitesandunderwhat circumstancesthe planswould be (near)optimal. For example,

in problemsthat areessentiallyfactoredDEC-MDPs,passive coordinationcould leadto

locally optimal joint plans;however, if the actionsaremoretightly coordinated,it could

fail to �nd a�x edpoint. This insightinto therelationshipbetweentheframeworkscanalso

helpidentify whatalgorithmscouldbeusefulfor �nding teamplans.

7.6 Summary

This chapterhascovereda wide varietyof frameworks for decentralizedmulti-robotcon-

trol andtheir relationshipto both POSGsandBaGA. The majority of theseframeworks

have beendecisionor game theoreticand, while originally formulatedwith respectto

their relationshipto MDPsandPOMDPs,they canall beviewedassub-classesof POSGs.

DEC-POMDPs(Bernsteinet al., 2002)andCOM-MTDPs(Pynadath& Tambe,2002)are

particularlyrelevantbecausetheseframeworksareequivalentto theclassof POSGswith

commonpayoffs.

For POSG-basedalgorithms,BaGA representsa good compromisebetweenthe size of

problemthatcanbesolvedandsolutionaccuracy. BaGA canbeusedto solve muchbig-

ger problemsthangame-theoreticalgorithmswith similar or betteraccuracy suchasQ-

POMDP(Roth et al., 2005),alternatingmaximization,DP-JESP(Nair et al., 2003)and

exactdynamicprogramming(Hansenet al., 2004). Furthermore,thereal-timerobotcon-

trollers generatedby BaGA in Chapter6 are for problemdomainsequivalent in size to

thoseaddressedby Chadeset al. (2002)andNoh & Gmytrasiewicz (2005),but with fewer

restrictionsor approximationsrequiredto generatepolicies.

In addition to thesePOSG-relatedmodelsof multi-robot control, theoriesof teamwork,

behaviour-basedapproachesandmarket-basedapproacheswerealsodiscussedandana-

lyzedwith respectto how robotstake their teammatesinto accountduringdecisionmak-

ing. In general,theseothermulti-robot frameworksareableto handlemuchlargerprob-

lemsthanthoselooked at in the POSGliterature. However, therearesimilaritiesin how

teammatesare treatedin frameworks like MVERT (Stroupe,2003) and Hoplites (Kalra

et al., 2005), and in how they are treatedin POSG-basedalgorithms. This relationship

betweenthedifferentmulti-robot frameworkscouldbeusedto gain insight into applying

game-theoreticcontrolto largerandmorerealisticproblems.
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Conclusions

This dissertationmotivatesthe useof POSGsfor modellingrobot teamsand,in orderto

dealwith thecomputationalintractabilityof suchmodels,presentsa setof algorithmsfor

�nding approximatesolutions.Theresultingpoliciesallow robotsto coordinatetheiraction

selectionfor tightly-coupledtasksin partially observableMarkovian environmentsunder

limited communication.

8.1 Modelling Robot ProblemsasPOSGs

In tightly-coupledrobotproblems,robotpoliciesneedto take into accountwhatall robots

aredoingbecausetherewardfunctionandstatetransitionsaredependenton joint actions.

If a communicationinfrastructureexists, then centralizedapproachessuchas MDPs or

POMDPscouldbeusedto modeltheseproblems.If a problemis fully observableby each

robot,or eachrobot hasidenticalobservations,thena centralizedversionof the problem

can be solved off-line and executedin a decentralizedfashionwithout communication.

However, if robotsdo not receive identicalobservationsandcannotsharethemthrough

communication,thereis noeasywayto reducetheseproblemsto aknownclassof problems

suchasPOMDPsor MDPs.

It is obviousthat,evenwith limited communication,robotsstill needto reasonaboutwhat

actionswill betakenby their teammateswhenselectingactions,becausetheirpayoffs will

dependon them. However, in orderto properlycapturethe fact that teammatesarealso

taking the robot's actionselectioninto accountwhenselectingactions,an in�nite belief

hierarchy becomesnecessaryto capturewhateachrobotbelievesabouttheotherrobotsand
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viceversa.POSGsusegametheoryto implicitly representthisbeliefhierarchy aboutaction

selection:the solutionto a POSGis a setof policies for eachrobot that simultaneously

optimizesactionselectionfor eachrobot with respectto all otherrobots. Unlike models

that explicitly includemodelsof other robotsin the statespaceof the problem,POSGs

do not requireapproximatesolutionsthattruncatethebelief hierarchy at some�nite level.

They are,however, computationallyintractableasshown by theNEXP-completenessresult

for �nite-horizon POSGswith commonpayoffs (Bernsteinetal., 2002).

Fromatheoreticalstandpoint,POSGsprovideapowerful framework for modellingtightly-

coordinatedrobot-teamproblemsin partially observable Markovian environments.1 Of

course,theirpracticalapplicabilityto suchproblemsis limited asrealrobotproblemshave

continuousstateandactionspacesandlengthy time horizons.Even if the assumptionof

discretestateandactionspacesis allowed,asin Chapter6, thesemorerealisticproblems

arestill relatively small.

POSGsdo provide a way to evaluatethe performanceof computationallyef�cient multi-

robotheuristicapproachessuchasthoselike MVERT or Hoplites. Generally, suchalgo-

rithmssuffer from theproblemthatonly experimentalresultsareusedto validateperfor-

mancebecausean optimal solution is unknown or (correctly)consideredtoo dif�cult to

compute.However, for smallerproblems,POSGscanbeusedto calculate,off-line, anup-

perboundon performancefor theseproblems.Evenfor largerdomains,by understanding

whatsub-classof POSGthealgorithmis modellingandany structurethatcanbeexploited,

it may be possibleto evaluatethe algorithm's solutionquality andcomputationaltrade-

offs in a moreprincipledway thanwith just experimentalvalidationalone.2 For example,

by realizingthat in MVERT a �rst ordermodelof teammatesis usedin actionselection,

understandingis gainedinto how this framework relatesto moreformalPOSGmodels.

It is actuallyanticipatedthatfor many robotproblems,heuristicapproachesdo a goodjob

of achieving high performancequality andthat in the future this claim will be validated

1POSGsarenot limited to modellingonly tightly-coupledcoordinationproblems;however, theassociated
computationaloverheadis not necessarilyappropriatefor loosely-coupledproblems.For example,a DEC-
MDP in which thereward function includesno joint-robotstructure(global reward is thesumof individual
rewards),could be modelledasa setof totally independentMDPs with no loss in solutionquality. If the
only interactioncomesfrom taskallocationthena single-stagegamecouldbeusedto modelthis partof the
problemandindependentMDP or POMDPsusedto handletaskachievement.

2Gerkey & Mataríc (2003)presentsucha principledanalysisof approachesto themulti-robot taskallo-
cationproblem. By comparingvariousalgorithmsto sub-classesof the optimal assignmentproblemfrom
OperationsResearch,a betterunderstandingof their solution quality and computationaltradeoffs can be
madethanthroughdomainspeci�c experimentalvalidation.Pynadath& Tambe(2002)useCOM-MTDP to
performasimilar functionfor modelsof teamwork: they characterizeseveralof theseframeworkswithin the
largercontext of COM-MTDPsin orderto comparetheir computationalcostsandperformance.
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by comparingsuchheuristicswith theoutputof a POSGsolver. It is alsoanticipatedthat

for thosepartsof robotproblemsthatdo requiretight coordination,POSG-basedsolutions

will give insight into appropriateheuristics.For example,BaGA-Commgenerateda run-

time communicationdecisionfor theRoboticTag problemthathada robotcommunicate

if it wasin the target cell for opponenttaggingbut did not seethe opponent.Becauseit

is a low-probability event basedon the possiblerobot histories,this observation inspired

a communicationpolicy for the MLS andQMDP heuristicthat hadrobotscommunicate

whenever somethingunexpectedhappened.The resultingpolicy improved performance

overa �x edcommunicationpolicy for theseheuristics.

8.2 BaGA Algorithm and Extensions

The primary algorithmic contribution of this thesisis BaGA, which dealswith the in-

tractabilityof POSGsby transformingtheminto a seriesof smallerBayesiangames.Each

of thesegamesare then solved to �nd one-steppolicies that, together, approximatethe

globally optimalsolutionof theoriginal POSG.TheBayesiangamesarekeptef�cient to

solve throughpruningof low-probabilityhistoriesandtheuseof heuristicsto calculatethe

utility of actions.Thisprocessresultsin policiesfor thePOSGthatarelocally optimalwith

respectto theheuristicused.

While pruningof low-probabilityhistoriesis asimplewayto keepthesizeof eachBayesian

gamemanageable,clusteringis aneffective way to reducethenumberof maintainedhis-

tories in a principled way. BaGA-Cluster, which includesthe addition of clusteringto

thebasicBaGA algorithm,resultsin fastercomputation,which helpsmake thealgorithm

moreappropriateasacontrollerfor real-world problems.While low-probabilityclustering

is a computationallyfasteroperation,minimum-distanceclusteringis ableto �nd a more

naturalsetof clustersthatbestrepresentstheoverall historyspaceof eachrobot.

Anothereffective way to reducethenumberof historiesthatmustbe tracked is to permit

communicationbetweenrobotson the team. If donein a sensibleway, robotsonly need

to communicateinfrequentlyandthereforewill not exceedbandwidthlimitations. Using

BaGA-Commfor generatingrun-timecommunicationpoliciesallows one to answerthe

questionof what to communicatebecausethe BaGA-Clusteralgorithm createsclusters

of historiesthat aregroupedtogetheraccordingto their effectsof decisionmaking. By

transmittingtheidentifying numbersof clustersratherthanspeci�c histories,robotsshare

only the relevant portionsof thesehistories.This framework alsoallows communication
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decisionsto bemadethatreducethecomputationalburdensof planning.Theoverall result

is communicationpoliciesthatleadto similarperformanceasfull communication,but ata

fractionof thenumberof communicationacts.

This game-theoreticapproachto controlling robot teamsis not just limited to simulated

problems. While POSGsand BaGA are basedon relatively abstractnotionsof control

andoptimality, real-timerobot controllerscanbe generatedfor physical robot teams. In

theseproblems,BaGAis appliedto adiscretizedversionof theproblem(thatstill captures

relevantnoisein physical robotproblems)andthenlow-level controllersareusedto map

backandforth betweenthediscreteandcontinuousworlds. By combiningclusteringand

communicationwith game-theoreticprinciples,BaGA is ableto meettherequirementsfor

real-timerobustcontrolof a teamof robots.

8.2.1 Limitations

BaGA usesthreetypesof approximationin orderto solve POSGswith commonpayoffs.

It usesheuristicsto evaluatethe expectedfuture valueof actionsand it usesalternating

maximizationto �nd a locally optimal policy with respectto the heuristic. Although an

exhaustive searchwould be requiredto guaranteethat the policiesfoundwith alternating

maximizationaregloballyoptimal,random-restartsareusedto movethesearchoutof local

maxima. Finally pruningand/orclusteringis performedto keepthe numberof histories

maintainedby BaGA low. Usefulperformanceboundson theeffectsintroducedby these

approximationscannotbefound.

BaGA-Commgeneratescommunicationpoliciesthatarelocally optimalwith respectto a

robot andmyopic dueto the one-steplookaheadapproximation.Currentlyrobotsdo not

evaluatetheeffect of joint communicationactionsand,if that is theonly way to improve

expectedrewardor effectpolicy changes,thencommunicationwill nothappen.Theresult-

ing communicationpolicies,however, do show a large improvementin performanceover

policieswithout communication,but with a fractionof thenumberof communicationacts

requiredby a �x edcommunicationpolicy.

Finally, while BaGA hasbeenappliedto problemssubstantiallylarger than similar ap-

proaches,theseproblemsarestill muchsmallerthantherealisticmulti-robotproblemsthat

aresolvablewith behaviour-basedor market-basedapproaches.To date,robot problems

with �ne-grainedactionandobservation spacearehandledthroughstate,actionandob-

servation abstraction,with local controllersthenusedfor �ner motor control. Clustering
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andcommunicationarealsousedto furtherminimizecomputationaloverhead.However,

if a realproblemincludesonly somewhat limited communication(e.g.,communicationis

periodicwith high frequency or constantbut with latency), thenBaGA canstill beusedto

improve actionselectionover moresel�sh approaches.This moreregularcommunication

wouldallow BaGAto only reasonaboutrelatively shortobservationhistoriesandtherefore

beapplicableevenin largerproblems.

8.3 Contrib utions

The BaGA algorithmpresentsa computationallytractableway to �nd approximatesolu-

tionsto POSGs.It is ableto solvecommonproblemsin theliterature,suchastheLadyand

theTiger (2 world states,9 joint actions,4 joint observations),for longerplanninghorizons,

andhasbeenapplied,withoutcommunication,to versionsof robotictagwith 97200world

states,25joint actionsand81joint observations.While therearesomeexceptions(e.g.,the

work onpursuit-evasionproblems(Hespanhaetal.,1999,2000;Kim etal.,2001;Prandini

etal., 2001)althoughuncertaintyin world stateis handledquitedifferently, andwork with

poker (Shi & Littman, 2001)),theseproblemsaresubstantiallybiggerthanthosetackled

by other, similar, frameworks.

TheBaGA algorithmshave beenapplied,not just in simulation,but on physical robotsin

order to show that real-timerobot control canbe accomplishedwith what is a relatively

abstractnotion of optimal control. Furthermore,BaGA canhandleissuesthat comeup

with real-world problemsby including modelsof partial or total robot malfunctions(as

discussedin Section6.4)within theproblemde�nition.

In BaGA, the quality of the resultingsolution is tied to the quality of the heuristicused

for estimatingthe future value of actions. In this thesis,relatively simplistic heuristics

wereused;however, moreaccurateestimatescouldbemade.Improving heuristicsrequires

eitheramoreinvolvedoff-line computation(e.g.,�nding anapproximatePOMDPsolution

to the RoboticTag problem),or moreon-line work by increasingthe one-steplookahead

to a multi-steplookahead.This framework givesBaGA a certain�e xibility andprovides

anavenuefor futureresearchinto analyzingthetradeoff betweencomputationandsolution

quality.

Thesetof all possibleobservationhistoriesfor eachrobotgrows in sizeexponentiallywith

time. Clearly representingall possiblehistoriesquickly becomesimpossiblefor modern
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computers.BaGA-Clusteris ableto provideanautomatedwayof groupingtogetherhisto-

riesthathave thesame(or similar) rewardpro�les andthereforeleadto thesamedecisions

in actionchoice.Thisapproachwill retainoutliersin reward-pro�le space,evenif they have

low probability, andthereforebetterrepresentthespaceof possiblehistoriesthanmethods

thataretied to probabilityalone.

POSGsarea modelof coordinationthatdeservesconsideration,not just in abstractgame-

theorydomains,but alsoin real-world robotproblems.While theargumentcanbemade

that their computationalintractabilityrenderstheminappropriatefor robotcontrol,POSG

approximationssuchas BaGA show how to reducecomputationalcostsin a principled

way. Furthermore,successin applyingtheseabstractmodelsto concreteexamplesshows

that this notionof optimalcontrol for decentralizedrobot teamsis not infeasibleandthat

oneday it will be possibleto properlyevaluatethe tradeoff betweencomputationalcosts

andperformancequality offeredby heuristicapproachesin suchdomains.After all, it is

only by understandingoptimalbehaviour thatasystemdesigneris ableto gain insightinto

whenit is possibleto takecomputationalshortcuts.



Bibliography

Aumann,R. (1974). Subjectivity and correlationin randomizedstrategies. Journal of

MathematicalEconomics, 1, 67–96.

Barbuceanu,M. & Fox, M. S. (1995). Cool: A languagefor describingcoordinationin

multiagentsystems.In Proceedingsof theFirst InternationalConferenceonMulti-Agent

Systems(ICMAS-95), (pp.17–24).SanFrancisco,CA, USA. AAAI Press.

Basar, T. & Olsder, G. J. (1982). DynamicNoncooperativeGameTheory(First ed.). New

York: AcademicPress.

Becker, R., Zilberstein,S., Lesser, V., & Goldman,C. V. (2003). Transition-independent

decentralizedMarkov decisionprocesses.In Proceedingsof the SecondInternational

Joint ConferenceonAutonomousAgentsandMultiagentSystems(AAMAS), (pp.41–48).

New York, NY, USA. ACM Press.

Bernhard,P., Colomb,A.-L., & Papavassilopoulos,G. P. (1987). Rabbitandhuntergame:

Two discretestochasticformulations. Computers & MathematicsWith Applications,

13(1-3),205–225.

Bernstein,D. S.,Givan,R., Immerman,N., & Zilberstein,S.(2002).Thecomplexity of de-

centralizedcontrolof Markov decisionprocesses.Mathematicsof OperationsResearch,

27(4), 819–840.

Bernstein,D. S., Hansen,E. A., & Zilberstein,S. (2005). Boundedpolicy iteration for

decentralizedPOMDPs. In Proceedingsof the NineteenthInternationalJoint Confer-

enceArti�cial Intelligence(IJCAI), (pp.1287–1292).SanFrancisco,CA, USA. Morgan

KaufmannPublishers,Inc.

Bertsekas,D. P. & Tsitsiklis, J. (1996). Neuro-DynamicProgramming. Belmont,MA:

AthenaScienti�c.

241



242 BIBLIOGRAPHY

Boutilier, C. (1996).Planning,learningandcoordinationin multiagentdecisionprocesses.

In Proceedingsof theSixthConferenceonTheoreticalAspectsof RationalityandKnowl-

edge (TARK), (pp. 195–210).SanFrancisco,CA, USA. MorganKaufmannPublishers,

Inc.

Boutilier, C. (1999).Sequentialoptimalityandcoordinationin multiagentsystems.In Pro-

ceedingsof theSixteenthInternationalJoint ConferenceArti�cial Intelligence(IJCAI),

(pp.478–485).SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Browning, B., Kaminka,G., & Veloso,M. (2002). Principledmonitoringof distributed

agentsfor detectionof coordinationfailure. In Proceedingsof DARS-2002,the Sixth

InternationalSymposiumonDistributedAutonomousRoboticSystems. Fukuoka,Japan.

Brusey, J.,Makies,M., Padgham,L., Woodvine,B., & Fantone,K. (2001).RMIT United.

In P. Stone,T. Balch,& G. Kraetzschmar(Eds.),RoboCup2000: RobotSoccerWorld

Cup VI, volume 2019 of Lecture Notesin ComputerScience(pp. 563–566).Berlin:

Springer.

Cassandra,A. R. (1998). Exact and ApproximateAlgorithmsfor Partially Observable

Markov DecisionProcesses. PhD thesis,Brown University,Departmentof Computer

Science,Providence,RI.

Cassandra,A. R. (1999). Tony's pomdp-solve page. Softwareavailablefor downloadat

http://www.pomdp.org/pomdp/code/index.shtml.

Chades,I., Scherrer, B., & Charpillet, F. (2002). A heuristic approachfor solving

decentralized-POMDP:Assessmenton thepursuitproblem.In Proceedingsof the2002

ACM SymposiumonAppliedComputing, (pp.57–62).New York,NY, USA.ACM Press.

Chu,F. & Halpern,J.Y. (2001).On theNP-completenessof �nding anoptimalstrategy in

gameswith commonpayoffs. InternationalJournalof GameTheory,, 30(1), 99–106.

Claus,C. & Boutilier, C. (1998). Thedynamicsof reinforcementlearningin cooperative

multiagentsystems.In Proceedingsof theFifteenthNational/TenthConferenceon Ar-

ti�cial Intelligence/InnovativeApplicationsof Arti�cial Intelligence(AAAI/IAAI), (pp.

746–752).MenloPark,CA, USA. AmericanAssociationfor Arti�cial Intelligence.

Cohen,P. & Levesque,H. (1991).Teamwork. Nous, 25(4), 487–512.



BIBLIOGRAPHY 243

Dean,T. & Givan, R. (1997). Model minimization in Markov decisionprocesses.In

Proceedingsof the FourteenthNational Conferenceon Arti�cial Intelligence(AAAI),

(pp.106–111).MenloPark,CA, USA. AmericanAssociationfor Arti�cial Intelligence.

Dias,M. B. & Stentz,A. (2003). Traderbots:A market-basedapproachfor resource,role,

andtaskallocationin multirobot coordination. TechnicalReportCMU-RI -TR-03-19,

RoboticsInstitute,CarnegieMellon University, Pittsburgh,PA.

Dias,M. B., Zinck,M. B., Zlot, R.M., & Stentz,A. (2004).Robustmultirobotcoordination

in dynamicenvironments.In Proceedingsof the2004IEEEInternationalConferenceon

RoboticsandAutomation(ICRA), (pp.3435–3442).Piscataway, NJ,USA. IEEEPress.

Durfee,E. H. (1999).Practicallycoordinating.AI Magazine, 20(1), 99–116.

Emery, R., Balch,T., Shern,R., Sikorski, K., & Stroupe,A. (2001). CMU Hammerheads

teamdescription. In P. Stone,T. Balch, & G. Kraetzschmar(Eds.),RoboCup2000:

RobotSoccerWorld Cup VI, volume2019of Lecture Notesin ComputerScience(pp.

575–578).Berlin: Springer.

Emery, R., Balch,T., & Sikorski,K. (2002). Protocolsfor collaboration,coordinationand

dynamicrole assignmentin a robot team. In Proceedingsof the 2002 IEEE Interna-

tional Conferenceon Roboticsand Automation(ICRA), (pp. 3008–3015).Piscataway,

NJ,USA. IEEEPress.

Emery-Montemerlo,R.,Gordon,G.,Schneider, J.,& Thrun,S.(2004).Approximatesolu-

tionsfor partiallyobservablestochasticgameswith commonpayoffs. In Proceedingsof

theThird InternationalJoint ConferenceonAutonomousAgentsandMultiagentSystems

(AAMAS), (pp.136–143).Washington,DC, USA. IEEEComputerSociety.

Emery-Montemerlo,R., Gordon,G., Schneider, J., & Thrun, S. (2005). Gametheoretic

control for robot teams.In Proceedingsof the2005IEEE InternationalConferenceon

RoboticsandAutomation(ICRA), (pp.1175–1181).Piscataway, NJ,USA. IEEEPress.

Everitt, B. S., Landau,S., & Leese,M. (2001). ClusterAnalysis(Fourthed.),Chapter4.

London:Arnold Publishers.

Fagin,R.,Halpern,J.Y., Moses,Y., & Vardi,M. Y. (1999).Commonknowledgerevisited.

Annalsof PureandAppliedLogic, 96, 89–105.



244 BIBLIOGRAPHY

Fershtman,C. & Pakes,A. (2004). Finite statedynamicgameswith asymmetricinforma-

tion: A computationalframework. HarvardInstituteof EconomicResearchDiscussion

PaperNo. 2041.

Fox, D., Burgard,W., & Thrun,S. (1999). Markov localizationfor mobile robotsin dy-

namicenvironments.Journalof Arti�cial IntelligenceResearch, 11, 391–427.

Fudenberg, D. & Tirole, J. (1991).GameTheory. Cambridge,MA: TheMIT Press.

Gerkey, B. P. & Mataríc, M. J. (2001).Principledcommunicationfor dynamicmulti-robot

taskallocation. In D. Rus& S. Singh(Eds.),ExperimentalRoboticsVII: Proceedings

of the InternationalSymposiumon ExperimentalRobots(ISER2000), volume271 of

Lecture Notesin Control and Information Sciences(pp. 353–362).Berlin: Springer-

Verlag.

Gerkey, B. P. & Mataríc, M. J. (2002). Sold!: Auction methodsfor multi-robot coordi-

nation. IEEE Transactionson Roboticsand Automation,SpecialIssueon Multi-robot

Systems, 18(5), 758–786.

Gerkey, B. P. & Mataríc, M. J. (2003). Multi-robot taskallocation: Analyzing the com-

plexity andoptimality of key architectures.In Proceedingsof the 2003IEEE Interna-

tional Conferenceon Roboticsand Automation(ICRA), (pp. 3862–3868).Piscataway,

NJ,USA. IEEEPress.

Gmytrasiewicz, P. J. & Doshi, P. (2004). A framework for sequentialplanningin multi-

agentsettings. In Proceedingsof the8th InternationalSymposiumon Arti�cial Intelli-

genceandMathematics(AI&M). Fort Lauderdale,FL.

Gmytrasiewicz, P. J. & Durfee, E. H. (1995). A rigorous,operationalformalizationof

recursivemodeling.In Proceedingsof theFirst InternationalConferenceonMulti-Agent

Systems(ICMAS), (pp.125–132).MenloPark,CA, USA. AAAI/MIT Press.

Goldman,C. V. & Zilberstein,S. (2003).Optimizinginformationexchangein cooperative

multi-agentsystems.In Proceedingsof the SecondInternationalJoint Conferenceon

AutonomousAgentsandMultiagentSystems(AAMAS), (pp. 137–144).New York, NY,

USA. ACM Press.

Greenwald,A. & Hall, K. (2003). CorrelatedQ-learning.In Proceedingsof theTwentieth

InternationalConferenceon MachineLearning(ICML), (pp. 242–249).SanFrancisco,

CA, USA. MorganKaufmannPublishers,Inc.



BIBLIOGRAPHY 245

Grosz,B. J. & Kraus,S. (1996). Collaborative plansfor complex groupaction. Arti�cial

Intelligence, 86(2), 269–357.

Guestrin,C. & Gordon,G. (2002). Distributedplanningin hierarchicalfactoredMDPs,.

In Proceedingsof the EighteenthConferenceon Uncertaintyin Arti�cial Intelligence

(UAI), (pp.197–206).SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Guestrin,C., Koller, D., & Parr, R. (2001). Multiagentplanningwith factoredMDPs. In

Advancesin Neural InformationProcessingSystemsNIPS-14, (pp. 1523–1530).Cam-

bridge,MA, USA. MIT Press.

Guestrin,C.,Lagoudakis,M. G.,& Parr, R. (2002).Coordinatedreinforcementlearning.In

Proceedingsof theNineteenthInternationalConferenceon MachineLearning(ICML),

(pp.227–234).SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Gutmann,J.-S.,Hatzack,W., Herrmann,I., Nebel,B., Rittinger, F., Topor, A., Weigel,T.,

& Welsch,B. (1999). TheCSFreiburg roboticsoccerteam:Reliableself localization,

multirobotsenserintegrationandbasicsoccerskills. In M. Asada& H. Kitano (Eds.),

RoboCup-1998:RobotSoccerWorld CupII , volume1604of LectureNotesin Computer

Science(pp.93–108).Berlin: Springer.

Hansen,E.,Bernstein,D. S.,& Zilberstein,S.(2004).Dynamicprogrammingfor partially

observablestochasticgames.In Proceedingsof theNineteenthNationalConferenceon

Arti�cial Intelligence(AAAI), (pp. 709–715).Menlo Park, CA, USA. AAAI Press/MIT

Press.

Harsanyi, J. C. (1967-1968). Gameswith incompleteinformationplayedby `Bayesian'

players,partsI, II andIII. ManagementScience, 14(3,5and7), 159–182,320–334and

486–502.

Hauskrecht,M. (2000). Value-functionapproximationsfor partially observableMarkov

decisionprocesses.Journalof Arti�cial IntelligenceResearch, 13, 33–94.

Hespanha,J. P., Kim, H. J., & Sastry, S. (1999). Multiple-agentprobabilisticpursuit-

evasiongames.In Proceedingsof the38thIEEE InternationalConferenceon Decision

andControl, (pp.2432–2437).Piscataway, NJ,USA. IEEEPress.

Hespanha,J.P., Prandini,M., & Sastry, S. (2000). Probabilisticpursuit-evasiongames:A

one-stepNashapproach.In Proceedingsof the39thIEEE InternationalConferenceon

DecisionandControl, (pp.2272–2277).Piscataway, NJ,USA. IEEEPress.



246 BIBLIOGRAPHY

Hu, J.& Wellman,M. P. (2003).NashQ-learningfor general-sumstochasticgames.Jour-

nal of MachineLearningResearch, 4(Nov), 1039–1069.

Jennings,N. R. (1995). Controllingcooperative problemsolvingin industrialmulti-agent

systemsusingjoint intentions.Arti�cial Intelligence, 75(2), 195–240.

Jung,H., Nair, R.,Tambe,M., & Marsella,S.(2002).Computationalmodelsfor multiagent

coordinationanalysis:ExtendingdistributedPOMDPmodels.In FormalApproachesto

Agent-BasedSystems, (pp.103–114).Norwell, MA. Kluwer AcademicPublishers.

Kaelbling,L. P., Littman,M. L., & Cassandra,A. R.(1998).Planningandactingin partially

observablestochasticdomains.Arti�cial Intelligence, 101(1-2),99–134.

Kalra, N., Ferguson,D., & Stentz,A. (2005). Hoplites: A market-basedframework for

plannedtight coordinationin multirobotteams.In Proceedingsof the2005IEEE Inter-

nationalConferenceonRoboticsandAutomation(ICRA), (pp.1182–1189).Piscataway,

NJ,USA. IEEEPress.

Kaminka,G. & Tambe,M. (2000). Robustmulti-agentteamsvia socially-attentive moni-

toring. Journalof Arti�cial IntelligenceResearch, 12, 105–147.

Kearns,M. J., Littman, M. L., & Singh,S. P. (2001). Graphicalmodelsfor gametheory.

In Proceedingsof the SeventeenthConferenceon Uncertaintyin Arti�cial Intelligence

(UAI), (pp.253–260).SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Khoo,A. & Horswill, I. D. (2002). An ef�cient coordinationarchitecturefor autonomous

robotteams.In Proceedingsof the2002IEEEInternationalConferenceonRoboticsand

Automation(ICRA), (pp.287–292).Piscataway, NJ,USA. IEEEPress.

Khoussainov, R. & Kushmerick,N. (2003). Automatedindex managementfor distributed

Websearch.In Proceedingsof theTwelfthACMInternationalConferenceonInformation

andKnowledgeManagement, (pp.386–393).New York, NY, USA. ACM Press.

Kim, H. J.,Vidal, R., Shim,D. H., Shakernia,O., & Sastry, S. (2001). A hierarchicalap-

proachto probabilisticpursuit-evasiongameswith unmannedgroundandaerialvehicles.

In Proceedingsof the40thIEEEInternationalConferenceonDecisionandControl, (pp.

634–639).Piscataway, NJ,USA. IEEEPress.

Kok, J.R., Spaan,M. T. J.,& Vlassis,N. (2005).Non-communicative multi-robotcoordi-

nationin dynamicenvironments.RoboticsandAutonomousSystems, 50(2-3),99–114.



BIBLIOGRAPHY 247

Koller, D., Megiddo,N., & von Stengel,B. (1996). Ef�cient computationof equilibriafor

extensive two-persongames.GamesandEconomicBehavior, 14(2), 247–259.

Littman,M. L. (2001).Friend-or-FoeQ-learningin general-sumgames.In Proceedingsof

theEighteenthInternationalConferenceon MachineLearning(ICML), (pp. 322–328).

SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Littman,M. L., Cassandra,A. R., & PackKaelbling,L. (1995). Learningpoliciesfor par-

tially observableenvironments:Scalingup. In Proceedingsof theTwelfthInternational

Conferenceon Machine Learning (ICML), (pp. 362–370).SanFrancisco,CA, USA.

MorganKaufmannPublishers,Inc.

Mataríc, M. J. (1995). Designingandunderstandingadaptive groupbehavior. Adaptive

Behavior, 4(1), 51–80.

McKelvey, R. & McLennan,A. (1996). Computationof equilibria in �nite games. In

H. Amman,P. A. Kendrick,& J. Rust(Eds.),Handbookof ComputationalEconomics,

volume1 (pp.87–142).B. V., Amsterdam:Elsevier Science.

Montemerlo,M., Roy, N., & Thrun,S. (2002). Carnegie Mellon robotnavigationtoolkit.

Softwarepackagefor downloadathttp://www.cs.cmu.edu/̃carmen.

Nair, R.,Roth,M., Yokoo,M., & Tambe,M. (2004).Communicationfor improving policy

computationin distributedPOMDPs. In Proceedingsof the Third InternationalJoint

ConferenceonAutonomousAgentsandMultiagentSystems(AAMAS), (pp.1098–1105).

Washington,DC, USA. IEEEComputerSociety.

Nair, R., Tambe,M., Yokoo, M., Pynadath,D., & Marsella,S. (2003). Tamingdecen-

tralizedPOMDPs:Towardsef�cient policy computationfor multiagentsettings.In Pro-

ceedingsof theEighteenthInternationalJoint ConferenceArti�cial Intelligence(IJCAI),

(pp.705–711).SanFrancisco,CA, USA. MorganKaufmannPublishers,Inc.

Nash,J. F. (1950). Equilibrium points in n-persongames. Proceedingsof the National

Academyof Sciencesof theUnitedStatesof America, 36(1), 48–49.

Nettleton,E.,Thrun,S.,Durrant-Whyte,H., & Sukkarieh,S.(2003).DecentralizedSLAM

with low-bandwidthcommunicationfor teamsof airbournevehicles. In Proceedings

of the InternationalConferenceon Field and ServiceRobotics(FSR2003). Lake Ya-

manaka,Japan.



248 BIBLIOGRAPHY

Noh, S. & Gmytrasiewicz, P. (2005). Flexible multi-agentdecision-makingundertime

pressure.IEEE Transactionson Systems,Man and Cybernetics,Part A: Systemsand

Humans. To Appear.

Olsder, G. J. & Papavassilopoulos,G. P. (1988). Whento usea searchlight. Journal of

MathematicalAnalysisandApplications, 136, 466–478.

Ooi, J.M. & Wornell,G. W. (1996). Decentralizedcontrolof a multiple accessbroadcast

channel:Performancebounds. In Proceedingsof the 35th IEEE InternationalConfer-

enceonDecisionandControl, (pp.293–298).Piscataway, NJ,USA. IEEEPress.

Owen,G. (1968).GameTheory(Firsted.).Philadelphia,PA: W.B. SaundersCompany.

Papadimitriou,C. H. & Tsitsiklis, J. N. (1987). Thecomplexity of Markov decisionpro-

cesses.Mathematicsof OperationsResearch, 12(3), 441–450.

Parker, L. E. (1998). ALLIANCE: An architecturefor fault tolerantmulti-robotcoopera-

tion. IEEETransactionsonRoboticsandAutomation, 14(2), 220–240.

Peshkin,L., Kim, K.-E., Meuleau,N., & Kaelbling,L. P. (2000). Learningto cooperate

via policy search. In Proceedingsof the SixteenthConferenceon Uncertaintyin Arti-

�cial Intelligence(UAI), (pp. 489–496).SanFrancisco,CA, USA. Morgan Kaufmann

Publishers,Inc.

Pineau,J., Gordon,G., & Thrun, S. (2003a). Point-basedvalue iteration: An anytime

algorithmfor POMDPs. In Proceedingsof the EighteenthInternationalJoint Confer-

enceArti�cial Intelligence(IJCAI), (pp.1025–1032).SanFrancisco,CA, USA. Morgan

KaufmannPublishers,Inc.

Pineau,J.,Gordon,G.,& Thrun,S.(2003b).Policy-contingentabstractionfor robustrobot

control. In Proceedingsof theNineteenthConferenceon Uncertaintyin Arti�cial Intel-

ligence(UAI), (pp.477–484).SanFrancisco,CA, USA. MorganKaufmannPublishers,

Inc.

Prandini,M., Hespanha,J. P., & Pappas,G. J. (2001). Greedycontrol for hybrid pursuit

games.In Proceedingsof the2001EuropeanControl Conference. Porto,Portugal.

Pynadath,D. V. & Tambe,M. (2002).Thecommunicative multiagentteamdecisionprob-

lem: Analyzing teamwork theoriesandmodels. Journal of Arti�cial IntelligenceRe-

search, 16, 389–423.



BIBLIOGRAPHY 249

Rathnasabapathy, B. & Gmytrasiewicz, P. (2003). Formalizingmulti-agentPOMDP's in

the context of networking routing. In Proceedingsof the 36th Hawaii International

ConferenceonSystemSciences(HICSS'03). Big Island,HI, USA.

Rosencrantz,M., Gordon,G., & Thrun,S. (2003). Decentralizedsensorfusionwith dis-

tributedparticle�lters. In Proceedingsof theNineteenthConferenceon Uncertaintyin

Arti�cial Intelligence(UAI), (pp. 493–500).SanFrancisco,CA, USA. Morgan Kauf-

mannPublishers,Inc.

Roth, M., Simmons,R., & Veloso,M. (2005). Decentralizedcommunicationstrategies

for coordinatedmulti-agentpolicies. In A. Shultz,L. E. Parker, & F. Schneider(Eds.),

Multi-RobotSystems:From Swarmsto Intelligent Automata: Proceedingsof the 2005

InternationalWorkshoponMulti-RobotSystems, volumeIV (pp.93–106).Norwell,MA:

Kluwer AcademicPublishers.

Russell,S. & Norvig, P. (2002). Section6.5: Gamesthat includean elementof chance.

In Arti�cial Intelligence: A ModernApproach (Seconded.).UpperSaddleRiver, NJ:

PrenticeHall.

Sakovics,J.(2001).Gamesof incompleteinformationwithoutcommonknowledgepriors.

TheoryandDecision, 50(4), 347–366.

Samet,D. (1997).Iteratedexpectationsandcommonpriors. GamesandEconomicBehav-

ior, 24(1-2),131–141.

Selten,R. (1975). Re-examinationof the perfectnessconceptfor equilibrium points in

extensivegames.InternationalJournalof GameTheory, 4, 22–55.

Shapley, L. S.(1953).Stochasticgames.Proceedingsof theNationalAcademyof Sciences

of theUnitedStatesof America, 39(10),1095–1100.

Shi,J.& Littman,M. L. (2001).Abstractionmethodsfor gametheoreticpoker. In T. Mars-

land& I. Frank(Eds.),Computers andGames, volume2063of Lecture Notesin Com-

puterScience(pp.333–345).London:Springer-Verlag.

Singh,S.,Soni,V., & Wellman,M. (2004).ComputingapproximateBayesNashequilibria

in tree-gamesof incompleteinformation. In Proceedingsof theFifth ACM Conference

onElectronicCommerce(EC'04), (pp.81–90).New York, NY, USA. ACM Press.



250 BIBLIOGRAPHY

Stone,P. & Veloso,M. (1998).Communicationin domainswith unreliable,single-channel,

low-bandwidthcommunication.In A. Drogoul,M. Tambe,& T. Fukuda(Eds.),Proceed-

ingsof theFirst InternationalWorkshoponCollectiveRobotics, volume1456of Lecture

Notesin ComputerScience(pp.85–97).London:Springer-Verlag.

Stone,P. & Veloso,M. (1999). Taskdecomposition,dynamicrole assignmentand low

bandwidthcommunicationfor real-time strategic teamwork. Arti�cial Intelligence,

110(2), 241–273.

Stone,P. & Veloso,M. (2000). Multiagentsystems:A survey from a machinelearning

perspective. AutonomousRobots, 8(3), 345–383.

Stroupe,A. (2003). Collaborative Executionof Exploration and Tracking Using Move

Value Estimationfor RobotTeams(MVERT). PhD thesis,RoboticsInstitute,Carnegie

Mellon University, Pittsburgh,PA.

Tambe,M. (1997).Towards�e xible teamwork. Journalof Arti�cial IntelligenceResearch,

7, 83–124.

Tao,N., Baxter, J.,& Weaver, L. (2001). A multi-agent,policy-gradientapproachto net-

work routing. In Proceedingsof the EighteenthInternationalConferenceon Machine

Learning(ICML), (pp.553–560).SanFrancisco,CA, USA. MorganKaufmannPublish-

ers,Inc.

Vickrey, D. & Koller, D. (2002). Multi-agentalgorithmsfor solvinggraphicalgames.In

Proceedingsof the EighteenthNational Conferenceon Arti�cial Intelligence(AAAI),

(pp.345–351).MenloPark,CA, USA. AmericanAssociationfor Arti�cial Intelligence.

Vidal, J. M. & Durfee,E. H. (1997). Agentslearningaboutagents:A framework and

analysis.In AAAI-97WorkshoponMultiagentLearning. Providence,RI, USA.

vonStengel,B. (1996).Ef�cient computationof behavior strategies.GamesandEconomic

Behavior, 14(2), 220–246.

von Stengel,B. & Koller, D. (1997). Team-maxminequilibria. Gamesand Economic

Behavior, 21(1-2),309–321.

Wang,X. & Sandholm,T. (2002). Reinforcementlearningto play anoptimalNashequi-

librium in teamMarkov games.In Advancesin Neural InformationProcessingSystems

NIPS-15, (pp.1571–1578).Cambridge,MA, USA. MIT Press.



BIBLIOGRAPHY 251

Weiß,G. (Ed.).(1997).DistributedArti�cial IntelligenceMeetsMachineLearning, volume

1221of LectureNotesin Arti�cial Intelligence. Berlin: Springer-Verlag.

Weiß,G. & Sen,S.(Eds.).(1996).AdaptionandLearningin Multi-AgentSystems, volume

1042of LectureNotesin Arti�cial Intelligence. Berlin: Springer-Verlag.

Wellman,M. P. & Wurman,P. R. (1998). Market-awareagentsfor a multiagentworld.

RoboticsandAutonomousSystems, 24(3-4),115–125.

Xuan,P. & Lesser, V. (2002).Multi-agentpolicies:Fromcentralizedonesto decentralized

ones.In Proceedingsof theFirst InternationalJoint Conferenceon AutonomousAgents

andMultiagentSystems(AAMAS), (pp.1098–1105).New York, NY, USA. ACM Press.

Xuan,P., Lesser, V., & Zilberstein,S.(2001).Communicationdecisionsin multi-agentco-

operation:Modelandexperiments.In Proceedingsof theFifth InternationalConference

onAutonomousAgents(Agents), (pp.616–623).New York, NY, USA. ACM Press.



Index

Aumann(1974),56,241
Barbuceanu& Fox (1995),141,197,241
Basar& Olsder(1982),43,241
Beckeretal. (2003),201,226,241
Bernhardetal. (1987),218,241
Bernsteinet al. (2002),35, 38, 194,201,203,204,234,236,

241
Bernsteinetal. (2005),58,212,241
Bertsekas& Tsitsiklis (1996),27,241
Boutilier (1996),51,200,241
Boutilier (1999),27,199,200,242
Browningetal. (2002),197,242
Brusey etal. (2001),137,242
Cassandra(1998),106,242
Cassandra(1999),90,242
Chadesetal. (2002),210,214,215,234,242
Chu& Halpern(2001),52,242
Claus& Boutilier (1998),201,242
Cohen& Levesque(1991),21,229,242
Dean& Givan(1997),126,242
Dias& Stentz(2003),21,23,192,232,243
Diasetal. (2004),192,196,243
Durfee(1999),211,216,243
Emeryetal. (2001),137,243
Emeryetal. (2002),141,197,243
Emery-Montemerloetal. (2004),69,243
Emery-Montemerloetal. (2005),113,243
Everitt etal. (2001),117,243
Faginetal. (1999),197,243
Fershtman& Pakes(2004),202,203,243
Fox etal. (1999),23,244
Fudenberg & Tirole (1991),30,43,52,244
Gerkey & Mataríc (2001),232,244
Gerkey & Mataríc (2002),21,22,244
Gerkey & Mataríc (2003),236,244
Gmytrasiewicz & Doshi(2004),199,205,244
Gmytrasiewicz & Durfee(1995),206,244
Goldman& Zilberstein(2003),202,223,227,244
Greenwald& Hall (2003),201,244
Grosz& Kraus(1996),21,229,244
Guestrin& Gordon(2002),201,245
Guestrinetal. (2001),201,245
Guestrinetal. (2002),201,245
Gutmannetal. (1999),137,245

Hansenetal. (2004),95,100,207,208,211,234,245
Harsanyi (1968),30,60,61,245
Hauskrecht(2000),28,245
Hespanhaetal. (1999),218,239,245
Hespanhaetal. (2000),218,219,239,245
Hu & Wellman(2003),201,245
Jennings(1995),23,222,229,246
Jungetal. (2002),205,246
Kaelblingetal. (1998),28,85,246
Kalraetal. (2005),231–234,246
Kaminka& Tambe(2000),197,246
Kearnsetal. (2001),222,246
Khoo& Horswill (2002),137,246
Khoussainov & Kushmerick(2003),220,221,246
Kim etal. (2001),218,239,246
Kok etal. (2005),201,246
Koller etal. (1996),44,54–56,246
Littmanetal. (1995),77,213,247
Littman(2001),201,247
Mataríc (1995),21,247
McKelvey & McLennan(1996),51,247
Montemerloetal. (2002),164,167,247
Nair etal. (2003),31,85,212,213,225,234,247
Nair etal. (2004),25,223,225,226,247
Nash(1950),50,51,247
Nettletonetal. (2003),138,247
Noh& Gmytrasiewicz (2005),195,206,216,232,234,247
Olsder& Papavassilopoulos(1988),218,248
Ooi & Wornell (1996),95,248
Owen(1968),43,248
Papadimitriou& Tsitsiklis (1987),28,35,248
Parker (1998),21,230,248
Peshkinetal. (2000),209,210,212,216,221,248
Pineauetal. (2003a),28,78,100,248
Pineauetal. (2003b),126,248
Prandinietal. (2001),218,239,248
Pynadath& Tambe(2002),24,204,222–224,234,236,248
Rathnasabapathy & Gmytrasiewicz (2003),206,207,210,248
Rosencrantzetal. (2003),138,249
Rothetal. (2005),213,223,224,234,249
Russell& Norvig (2002),72,249
Sakovics (2001),61,207,249
Samet(1997),30,249
Selten(1975),85,249

252



INDEX 253

Shapley (1953),30,249
Shi& Littman(2001),72,217,239,249
Singhetal. (2004),221,249
Stone& Veloso(1998),141,197,249
Stone& Veloso(1999),75,250
Stone& Veloso(2000),21,250
Stroupe(2003),231,232,234,250
Tambe(1997),23,222,229,250
Taoetal. (2001),216,221,250
Vickrey & Koller (2002),222,250
Vidal & Durfee(1997),207,250
Wang& Sandholm(2002),51,250
Weiß(1997),21,250
Weiß& Sen(1996),21,251
Wellman& Wurman(1998),21,207,251
Xuan& Lesser(2002),223,227,251
Xuanetal. (2001),223,226,251
vonStengel& Koller (1997),51,250
vonStengel(1996),44,54,56,250


