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Abstract

In the stochastic knapsack problem, we are given a knap$aiked, and a set of jobs whose sizes and
rewards are drawn from a known probability distribution.vidwer, the only way to know the actual size and
reward is to schedule the job—when it completes, we get to khese values. How should we schedule jobs
to maximize the expected total reward? We know constantifapproximations for this problem when we
assume that rewards and sizes are independent randomlesyitd that we cannot prematurely cancel jobs
after we schedule them. What can we say when either or botlesétassumptions are changed?

The stochastic knapsack problem is of interest in its owhtrigut techniques developed for it are ap-
plicable to other stochastic packing problems. Indeedasder this problem have been useful for budgeted
learning problems, where one is given several arms whiclvevn a specified stochastic fashion with each
pull, and the goal is to pull the arms a total Bftimes to maximize the reward obtained. Much recent work
on this problem focus on the case when the evolution of the éotiows a martingale, i.e., when the expected
reward from the future is the same as the reward at the cwstatg. What can we say when the rewards do
not form a martingale?

In this paper, we give constant-factor approximation atpors for the stochastic knapsack problem with
correlations and/or cancellations, and also for budgetaching problems where the martingale condition is
not satisfied, using similar ideas. Indeed, we can show tteaiqusly proposed linear programming relax-
ations for these problems have large integrality gaps. Wpgse new time-indexed LP relaxations; using a
decomposition and “gap-filling” approach, we convert thieaetional solutions to distributions over strate-
gies, and then use the LP values and the time ordering inf@mi@om these strategies to devise a randomized
adaptive scheduling algorithm. We hope our LP formulatiod decomposition methods may provide a new
way to address other correlated bandit problems with monergé contexts.
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fTepper School of Business, Carnegie Mellon University, Pittsburgh3243.



1 Introduction

Stochastic packing problems seem to be conceptually harder than themishigéc counterparts—imagine a
situation where some rounding algorithm outputs a solution in which the budgstraint has been exceeded
by a constant factor. For deterministic packing problems (with a single @m3trone can now simply pick
the most profitable subset of the items which meets the packing constraint; thid giee us a profit within a
constant of the optimal value. The deterministic packing problems not wediratmbd are those with multiple
(potentially conflicting) packing constraints.

However, for the stochastic problems, even a single packing constraioit $mple to handle. Even though they
arise in diverse situations, the first study from an approximations paigpevas in an important paper of Dean

et al. DGV0§] (see alsoDGV05, Dea0y). They defined the stochastic knapsack problem, where each job has
a random size and a random reward, and the goal is to give an adsipétegy for irrevocably picking jobs in
order to maximize the expected value of those fitting into a knapsack withBsizthey gave an LP relaxation
and rounding algorithm, which producedn-adaptivesolutions whose performance was surprisingly within a
constant-factor of the beatlaptiveones (resulting in a constant adaptivity gap, a notion they also introduced)
However, the results required that (a) the random rewards and eizésms were independent of each other, and
(b) once a job was placed, it could not be prematurely canceled—it isseagge that these assumptions change
the nature of the problem significantly.

The study of the stochastic knapsack problem was very influential—in plntithe ideas here were used to ob-
tain approximation algorithms fdoudgeted learning problenstudied by Guha and Munagal@ai07b, GM073a
GMO09] and Goel et al. GKN09], among others. They considered problems in the multi-armed bandit setting
with k& arms, each arm evolving according to an underlying state machine withlplieti@ transitions when
pulled. Given a budgeB, the goal is to pull arms up tB times to maximize the reward—payoffs are associated
with states, and the reward is some function of payoffs of the states sdag the evolution of the algorithm.
(E.g., it could be the sum of the payoffs of all states seen, or the reviding dest final state, etc.) The above
papers gavé(1)-approximations, index-based policies and adaptivity gaps for sewedgleted learning prob-
lems. However, these results all required the assumption that the rewtisfied anartingale propertynamely,

if an arm is some state, one pull of this arm would bring an expected payoff equal to the pafdffateu itself

— the motivation for such an assumption comes from the fact that the diffemeis are assumed to be associated
with a fixed (but unknown) reward, but we only begin with a prior distributid possible rewards. Then, the
expected reward from the next pull of the arwonditionedon the previous pulls, forms a Doob martingale.

However, there are natural instances where the martingale propedyatbkold. For instance, the evolution of
the prior could not just depend on the observations made but on extactals (such as time) as well. Or, in
a marketing application, the evolution of a customer’s state may require rdgeatks” (or marketing actions)
before the customer transitions to a high reward state and makes a puwh#ésehe intermediate states may
not yield any reward. These lead us to consider the following probleme tirer a collection of arms, each
characterized by an arbitrary (known) Markov chain, and thereeavands associated with the different states.
When we play an arm, it makes a state transition according to the associatkdvMaain, and fetches the
corresponding reward of the new state. What should our strategy belén @ maximize the expected total
reward we can accrue by making at méspulls in total?

1.1 Results

Our main results are the following: We give the first constant-factor aqupetions for the general version of
the stochastic knapsack problem where rewards could be correlatetheisizes. Our techniques are general
and also apply to the setting when jobs could be canceled arbitrarily. Wexterddhose ideas to give the first
constant-factor approximation algorithms for a class of budgeted learnitdepns with Markovian transitions
where the martingale property is not satisfied. We summarize th@sdbla 1



Problem Restrictions Paper
Stochastic Knapsack Fixed Rewards, No Cancellation [DGVO05
Correlated Rewards, No CancellatiprBection 2
Correlated Rewards, Cancellation | Section 3
Multi-Armed Bandits| Martingale Assumption [GMO7hH
No Martingale Assumption Section 4

Table 1. Summary of Results

1.2 Why Previous Ideas Don’t Extend, and Our Techniques

One reason why stochastic packing problems are more difficult than thteimdeistic counterparts is that,
unlike in the deterministic setting, here we cannot simply take a solution with expestard R* that packs

into a knapsack of sizB and convert it (by picking a subset of the items) into a solution which obtains a
constant fraction of the rewar@* whilst packing into a knapsack of siZe. In fact, there are examples where

a budget of2B can fetch much more reward than what a budget of slzean (seeAppendix A.2. Another
distinction from deterministic problems is that allowing cancellations can drasticaligase the value of the
solution (sedppendix A.]). The model used in previous works on stochastic knapsack and getaadearning
circumvented both issues—in contrast, our model forces us to address the

Stochastic Knapsack: Dean et al. PGV08, Dea0j assume that the reward/profit of an item is independent
of its stochastic size. Moreover, their model does not consider the gidgsb canceling jobs in the middle.
These assumptions simplify the structure of the decision tree and make it pasdiieulate a (deterministic)
knapsack-style LP, and round it. However, as showAppendix A their LP relaxation performs poorly when
either correlation or cancellation is allowed. This is the first issue we neaititess.

Budgeted Learning: Obtaining approximations for budgeted learning problems is a more complicaled ta
since cancellations maybe inherent in the problem formulation, i.e., any stratedd stop playing a particular
arm and switch to another, and the rewards by playing any arm are lhataraelated with the (current) state and
hence the number of previous pulls made on the item/arm. The first issue isaafken by using more elaborate
LPs with a flow-like structure that compute a probability distribution over thesudifit times at which the LP
stops playing an arm (e.gGMO074d), but the latter issue is less understood. Indeed, several pap#ris dopic
present strategies that fetch an expected reward which is a congttdhan optimal solution’s reward, but
which may violate the budget by a constant factor. In order to obtain amsppate solution without violating
the budget, they critically make use of thmrtingale property—with this assumption at hand, they can truncate
the last arm played to fit the budget without incurring any loss in expeetedrd. However, such an idea fails
when the martingale property is not satisfied, and these LPs now havérsagelity gaps (seAppendix A.2.

At a high level, a major drawback with previous LP relaxations for bothlprab is that the constraints doeal

for each arm/job, i.e., they track the probability distribution over how long éanifarm is processed (either till
completion or cancellation), and there is an additional global constraininigiride total number of pulls/total
size across items. This results in two different issues. For the (corrpttethastic knapsack problem, these LPs
do not capture the case when all the items have high contention, since thetovpday early in order to collect
profit. And for the general multi-armed bandit problem, we show that nd ld2@an be good since such LPs do
not capture the notion g@reemptingan arm, namely switching from one arm to another, and possibly returning to
the original arm later later. Indeed, we show cases when any near-bptiatagy must switch between different
arms (seéAppendix A.3—this is a major difference from previous work with the martingale propetigna
there exist near-optimal strategies that never return to any@M0p, Lemma 2.1]. At a high level, the lack of
the martingale property means our algorithm needs to make adaptive deciene each move is a function of
the previous outcomes; in particular this may involve revisiting a particular everal times, with interruptions
in the middle.



We resolve these issues in the following manner: incorporating cancellatitnstochastic knapsack can be
handled by just adapting the flow-like LPs from the multi-armed bandits casessblve the problems of con-

tention and preemption, we formulategbobal time-indexedelaxation that forces the LP solution to commit
each job to begin at a time, and places constraints on the maximum expected tlestacan be obtained if the

algorithm begins an item a particular time. Furthermore, the time-indexing alédesnaur rounding scheme

to extract information about when to preempt an arm and when to re-visisédon the LP solution; in fact,

these decisions will possibly be different for different (random) omtes of any pull, but the LP encodes the
information for each possibility. We believe that our rounding approachlmeayf interest in other applications

in Stochastic optimization problems.

Another important version of budgeted learning is when we are allowed te np@ko B plays as usual but now
we can “exploit” at mostK times: reward is only fetched when an arm is exploited and again depents on
current state. There is a further constraint that once an arm is explibitedst then be discarded. The LP-based
approach here can be easily extended to that case as well.

1.3 Roadmap

We begin inSection 2by presenting a constant-factor approximation algorithm for the stochastpskck prob-
lem (StocK) when rewards could be correlated with the sizes, but decisions aredatae, i.e., job cancellations
are not allowed. Then, we build on these ideaSégttion 3 and present our results for the (correlated) stochastic
knapsack problem, where job cancellation is allowed.

In Section 4 we move on to the more general class of multi-armed bahdig) problems. For clarity in
exposition, we present our algorithm fgAB, assuming that the transition graph for each arm isrprescence
(i.e., a directed tree), and then generalize it to arbitrary transition graj8ection 5

We remark that while our LP-based approach for the budgeted learniigem implies approximation algo-
rithms for the stochastic knapsack problem as well, the knapsack proléemadgs a gentler introduction to the
issues—it motivates and gives insight into our technique®aB. Similarly, it is easier to understand our tech-
niques for theMAB problem when the transition graph of each arm’s Markov chain is a treer&allustrative
examples are presentedAppendix A e.g., illustrating why we need adaptive strategies for the non-martingale
MAB problems, and why some natural ideas do not work. Finally, the extenfsoam algorithm forMAB for the

case when rewards are available only when the arms are explicitly explattedwdgets on both the exploration
and exploitation pulls appear #ppendix FE Note that this algorithm strictly generalizes the previous work on
budgeted learning favlAB with the martingale propertydM074.

1.4 Related Work

Stochastic scheduling problems have been long studied since the 19608193, Pin9g); however, there
are fewer papers on approximation algorithms for such problems. Klgrgieal. KRTOQ], and Goel and
Indyk [G199] consider stochastic knapsack problems with chance constraints: fimetkhgrofit set which will
overflow the knapsack with probability at mgstHowever, their results hold for deterministic profits and specific
size distributions. Approximation algorithms for minimizing average completion timesasfittirary job-size
distributions was studied byMSU99 SUO0J. The work most relevant to us is that of Dean, Goemans and
Vondrak [DGV08, DGV05, Dea0j on stochastic knapsack and packing; apart from algorithms (for et
rewards and sizes), they show the problem to be PSPACE-hard wheztations are allowed. JRO§ study
stochastic flow problems. Recent work of Bhalgat etB(GK11] presents a PTAS but violate the capacity by a
factor (1 + €); they also get better constant-factor approximations without violations.

The general area of learning with costs is a rich and diverse oneg(gedBer05 Git89]). Approximation algo-
rithms start with the work of Guha and Munagata\1074, who gave LP-rounding algorithms for some prob-
lems. Further papers by these auth@#S07, GM09] and by Goel et al. GKNO9] give improvements, relate
LP-based techniques and index-based policies and also give newpioligrs. (See alsctGGM06 GMO07H].)



[GMO09] considers switching costs5MP11 allows pulling many arms simultaneously, or when there is delayed
feedback. All these papers assume the martingale condition.

2 The Correlated Stochastic Knapsack without Cancellation

We begin by considering the stochastic knapsack probiescK), when the job rewards may be correlated
with its size. This generalizes the problem studied by Dean e{EV05 who assume that the rewards are
independent of the size of the job. We first explain why the LPEY05] has a large integrality gap for
our problem; this will naturally motivate our time-indexed formulation. We theisgamea simple randomized
rounding algorithm which produces a non-adaptive strategy and sladt th anO(1)-approximation.

2.1 Problem Definitions and Notation

We are given a knapsack of total buddetind a collection of: stochastic items. For any iteire [1,n], we are
given a probability distribution ovesize, reward) pairs specified as follows: for each integer value ef[1, B],
the tuple(r;+, R;+) denotes the probability; ; that itemi has a size, and the corresponding reward % ;.
Note that the reward for a job is now correlated to its size; however, thesgtities for two different jobs are
still independent of each other.

An algorithm toadaptivelyprocess these items can do the following actions at the end of each timestap; (i)
item may complete at a certain size, giving us the corresponding rewatdharalgorithm may choose a new
item to start processing, or (ii) the knapsack becomes full, at which p@rglgorithm cannot process any more
items, and any currently running job does not accrue any reward. Gjbetive function is to maximize the total
expected reward obtained from all completed items. Notice that we do notthléoatlgorithm to cancel an item
before it completes. We relax this requiremenSection 3

2.2 LP Relaxation

The LP relaxation in[DGV05] was (essentially) a knapsack LP where the sizes of items are replache by
expected sizes, and the rewards are replaced by the expectedseWsnite this was sufficient when an item'’s
reward is fixed (or chosen randomly but independent of its size), weai example iAppendix A.2where
such an LP (and in fact, the class of more general LPs used for apyatixg MAB problems) would have a
large integrality gap. As mentioned $ection 1.2the reason why local LPs don’t work is that there could be
high contention for being scheduled early (i.e., there could be a large mwhitems which all fetch reward if
they instantiate to a large size, but these events occur with low probabilitgydér to capture this contention,
we write a global time-indexed LP relaxation.

The variabler; ; € [0, 1] indicates that item is scheduled at (global) time S; denotes the random variable for
the size of itemi, andER; ; = > ., mi s R , captures the expected reward that can be obtained fromiitem
it beginsat timet; (no reward is obtained for sizes that cannot fit the (remaining) budget.)

max ), ER; ¢ - it (LPNoCancel)
Yorip <1 Vi (2.1)
> i<t Tiy - Elmin(S;, )] < 2t vVt € [B] (2.2)
zit € [0,1] Vt € [B],Vi (2.3)

While the size of the above LP (and the running time of the rounding algorithowpgolynomially depend on
B, i.e., pseudo-polynomial, it is possible to write a compact (approximate) LRhamdround it; details on the
polynomial time implementation appearAppendix B.2

Notice the constraints involving theuncated random variableis equation 2.2): these are crucial for showing
the correctness of the rounding algoritl8tocK-NoCancel. Furthermore, the ideas used here will appear sub-



sequently in théV/AB algorithm later; folMAB, even though we can't explicitly enforce such a constraint in the
LP, we will end up inferring a similar family of inequalities from a near-optimalddiution.

Lemma 2.1 The above relaxation is valid for tttocK problem when cancellations are not permitted, and has
objective value.POpt > Opt, whereOpt is the expected profit of an optimal adaptive policy.

Proof. Consider an optimal polic@pt and letz}, denote the probability that itemnis scheduled at time. We
first show that{z*} is a feasible solution for the LP relaxati@®nocancel- It iS €asy to see that constraings])
and @.3) are satisfied. To prove tha2.Q) are also satisfied, consider some [B] and some run (over random
choices of item sizes) of the optimal policy. L‘qgﬁ‘ed be indicator variable that iterinis scheduled at timé& and

let 1;{;6 be the indicator variable for whether the size of iteisis. Also, letL; be the random variable indicating
the last item scheduled at or before timeNotice thatL; is the only item scheduled before or at timehose
execution may go over time Therefore, we get that

Z Z Z 1sched | 15|ze s < ¢t
7 t/ -~ .
1#L t/<t s<B
Including L, in the summation and truncating the sizestbye immediately obtain
DN asded a5 min(s, b) < 2t.
i t'<t s
Now, taking expectation (over all @pt’s sample paths) on both sides and using linearity of expectation we have

SY S E [153‘)“ 1-;{?] - min(s, t) < 2t.

i <t s

However, becaus®pt decides whether to schedule an item before observing the size it instatdgiateshave
that15<hed andls'Ze are independent random variables; hence, the LHS above canrétes as

it
Z Z Z Pr lfctbed =1A 1?3? = 1] min(s, t)

i t'<t s

= Z Z Pr lf?Ed = Z Pr 1Slze = 1] min(s, t)

i V<t

- Z Z wzt/ - E[min(S;, t)]

i V<t

Hence constraint(2) are satisfied. Now we argue that the expected rewaf@pofis equal to the value of the
solutionz*. Let O; be the random variable denoting the reward obtaine@yfrom itemi. Again, due to the
independence betwe&pt scheduling an item and the size it instantiates to, we get that the expected teata
Opt gets from executing iterhat timet is

E[O;[15F* = 1] = > misRis = ERiy.
s<B-t

Thus the expected reward from itens obtained by considering all possible starting times for

Z Pr 1sched [O usched Z Eth SU

This shows thakPyocancer 1S @ Valid relaxation for our problem and completes the proof of the lemma. =



Algorithm 2.1 Algorithm StocK-NoCancel

T

-
it
4

1. for each itemi, assigna random start-timé); = ¢ with probability %; with probability 1 — >,
completely ignore iteni (D; = oc in this case).

2: for j from1ton do

3:  Consider the item which has thejth smallest deadline (and; # ~o)

4:  if the items added so far to the knapsack occupy at mgspacethen

5: addi to the knapsack.

We are now ready to present our rounding algoriitmcK-NoCancel (Algorithm 2.7). It a simple randomized
rounding procedure which (i) picks the start time of each item accordingetodfresponding distribution in the
optimal LP solution, and (ii) plays the items in order of the (random) start timesn3ore that the budget is not
violated, we also drop each item independently with some constant probability.

Notice that the strategy obtained by the rounding procedure obtainsd&war all items which are not dropped
and which do not fail (i.e. they can start being scheduled before thelsdrsiart-timeD; in Step 3; we now
bound the failure probability.

Lemma 2.2 For everyi, Pr(i fails | D; = t) < 1/2.

Proof. Consider an item and timet # oo and condition on the event that, = ¢t. Let us consider the execution
of the algorithm when it tries to add iteio the knapsack isteps 35. Now, letZ be a random variable denoting
how much of the interval), t] of the knapsack is occupied by previously scheduling items, at the time inken
considered for addition; sinagedoes not fail wher < ¢, it suffices to prove thar(Z > t) < 1/2.

For some iteny # i, let1p,<; be the indicator variable thd?; < ¢; notice that by the order in which algorithm
StocK-NoCancel adds items into the knapsack, it is also the indicator theds considered befoieln addition,
let 1;1%5 be the indicator variable that; = s. Now, if Z; denotes the total amount of the inter{@|t] that thaty
occupies, we have

Zj < 1Dj§t Z 1;{? min(s, t).
Now, using the independence Df)jgt andlj-‘;e, we have
E[Z;] <E[1p,<t) - E[min(S;,t)] = %Zt/gt 2} - E[min(S;, 1)] (2.4)
SinceZ =) ; Zj, we can use linearity of expectation and the fact thdt satisfies LP constrain2(2) to get
E[Z] S %Z] Zt’gt ':U;f,t’ . E[mln(Sj,t)] S % .
To conclude the proof of the lemma, we apply Markov’s inequality to obfai > t) < 1/2. [

To complete the analysis, we use the fact that any item chooses a randbotimsta); = t with probability
z},/4, and conditioned on this event, it is added to the knapsack with probabilitasttl|€ from Lemma 2.2
in this case, we get an expected reward of at Ie&s};,. The theorem below (formally proved &ppendix B.1
then follows by linearity of expectations.

Theorem 2.3 The expected reward of our randomized algorithm is at I%asitLPOpt.

3 Stochastic Knapsack with Correlated Rewards and Cancellations

In this section, we present our algorithm for stochastic knaps&ekciK) where we allow correlations between
rewards and sizes, and also allow cancellation of jobs. The examplgpiendix A.1shows that there can be an



arbitrarily large gap in the expected profit between strategies that carelgabs and those that can’t. Hence we
need to write new LPs to capture the benefit of cancellation, which we do foltbeing manner.

Consider any joly: we can create two jobs from it, the “early” version of the job, where wealts profits from
any instantiation where the size of the job is more ti#2, and the “late” version of the job where we discard
profits from instantiations of size at ma8Y/2. Hence, we can get at least half the optimal value by flipping a fair
coin and either collecting rewards from either the early or late version®sf gased on the outcome. In the next
section, we show how to obtain a constant factor approximation for théifigt For the second kind, we argue
that cancellations don’t help; we can then reduce &ttacK without cancellations (considered $ection 2.

3.1 Case I: Jobs with Early Rewards

We begin with the setting in which only small-size instantiations of items may fetchdewer, the reward®; ;

of every item: are assumed to likfor t > B/2. In the following LP relaxation.Pg, v; ; € [0, 1] tries to capture

the probability with whichOpt will process itemi for at leastt timesteps, s;; € [0, 1] is the probability that

Opt stops processing itemexactlyat ¢ timesteps. The time-indexed formulation causes the algorithm to have
running times ofpoly(B)—however, it is easy to write compact (approximate) LPs and then round tve
describe the necessary changes to obtain an algorithm with runningdime:, log B) in Appendix C.2

maXZ1§t§B/2 Zlgign A th% (LPs)
Vit = Sit + Vi1 Vte|0,B],i€ [n] (3.5)

Sit > Zt;tﬂt vy vt e[0,B], i€ [n] (3.6)

> icin) 2oteo,B) t - Sit < B (3.7)

vio =1 Vi (3.8)

Vit, it € [0,1] Vte€[0,B],ic [n] (3.9)

Theorem 3.1 The linear program [(Ps) is a valid relaxation for theStocK problem, and hence the optimal
valueLPOpt of the LP is at least the total expected rew&pt of an optimal solution.

Proof. Consider an optimal solutio@pt and letv;, ands;, denote the probability th&pt processes itemfor
at least timesteps, and the probability th@pt stops processing itetrat exactlyt timesteps. We will now show
that all the constraints oEPg are satisfied one by one.

To this end, letR; denote the random variable (over different execution®w) for the amount of processing
done on jobi. Notice thatPr[R; > t] = Pr[R; > (¢t + 1)] + Pr[R; = t]. But now, by definition we have
Pr[R; > t] = v, andPr[R; = t] = s7,. This shows thafv*, s*} satisfies these constraints.

For the next constraint, observe that conditione®pnrunning an iteni for at least time steps, the probability
of item 4 stopping due to its size having instantiated to exactly equalisar; ;/ >~ v, i.e., Pr[R; = ¢ |
Ri > t] > mit/ D s, miw- This shows thafv™, s*} satisfies constraint$(6).

Finally, to see why constrainB(7) is satisfied, consider any particular run of the optimal algorithm anﬁfﬁﬁﬁ
denote the indicator random variable of the evBnt= ¢t. Then we have

DT t<B
% t

Now, taking expectation over all runs 6fpt and using linearity of expectation and the fact tE{aIfZOP] = si 4
we get constraint3.7). As for the objective function, we again consider a particular run obfitenal algorithm
and let1};”* now denote the indicator random variable for the ev@tit > t), and 157> denote the indicator

In the following two sections, we use the word timestep to refer to processiaginit of some item.



variable for whether the size of itetnis instantiated to exactly in this run. Then we have the total reward
collected byOpt in this run to be exactly

Z Z 1proc 18%6 ’ zt

Now, we simply take the expectation of the above random variable ovenalbfi®pt, and then use the following
fact aboutl[17;”“17'7]:
E[17157] = Pr{ily =1A157° = 1]
= Pr[1],” =1] Pr[lfftze =117 =1]

Tt
= fvfk [ e —

it Zt’zt (rR%
We thus get that the expected reward collecte®by is exactly equal to the objective function value of the LP
formulation for the solutiorfv*, s*). |

Our rounding algorithm is very natural, and simply tries to mimic the probability digtab (over when to stop
each item) as suggested by the optimal LP solution. To this end,"let*) denote an optimal fractional solution.
The reason why we introduce some damping (in the selection probabilitidg)nips to make sure that we could
appeal to Markov's inequality and ensure that the knapsack doeetweibiated with good probability.

Algorithm 3.1 Algorithm StocK-Small
1: for each itemi do

2:  ignore ¢ with probabilityl — 1/4 (i.e., do not schedule it at all).

3 for0<t<B/2do

4 cancelitem at this step with probabllltyﬁ ﬁ andcontinue to next item.
5: process itemi for its (¢ + 1) timestep.

6 if item ¢ terminates after being processed for exattly 1) timestepghen

7 collecta reward ofR; ;11 from this item;continue onto next item;

Notice that while we let the algorithm proceed even if its budget is violated, Weallect reward only from
items that complete before tinie. This simplifies the analysis a fair bit, both here and for%B algorithm. In
Lemma 3.2below (proof inAppendix Q, we show that for any item that is not droppedstep 2 its probability
distribution over stopping times is identical to the optimal LP solutitn We then use this to argue that the
expected reward of our algorithm$s1)LPOpt.

Lemma 3.2 Consider item that was not dropped iatep 2 Then, for any timestep> 0, the following hold:

(i) The probability (including cancellation& completion) of stopping at timestég itemi is s ;.
(i) The probability that item gets processed for itg + 1)* timestep is exactly;;
(iii) Ifitem 7 has been processed for+ 1) timesteps, the probability of completing successfully at timestep

(t+1)iSTigt1/ Dy Tipr
Theorem 3.3 The expected reward of our randomized algorithm is at I%asitLPOpt.

Proof. Consider any item. In the worst case, we process it after all other items. Then the totattxpsize
occupied thus far is at mo3t, 1P S ot Si1 p where1%°” is the indicator random variable denoting
whether itemi’ is not dropped irstep 2 Here we have usedemma 3.2to argue that if an iteni is selected,
its stopping-time distribution foIIows;i,t. Taking expectation over the randomnesstep 2 the expected space
occupied by other jobs is at mot, 3 Dot Siy < 5. Markov’s inequality implies that this is at most
B/2 with probability at leastl /2. In this case, if item is started (which happens w.g./4), it runs without
violating the knapsack, with expected rewar].., v;, - mi+/(>_,, miv); the total expected reward is then at

least) % Dot ”Zt”i,t/(Zt/Zt Tiw) 2 Lpgpt- "




3.2 Case ll: Jobs with Late Rewards

Now we handle instances in which only large-size instantiations of items may retard, i.e., the rewards
R, of every itemi are assumed to béfor ¢ < B/2. For such instances, we now argue tbahcellation is
not helpful As a consequence, we can use the resulSegtion 2and obtain a constant-factor approximation
algorithm!

To see why, intuitively, as an algorithm processes a job fatitimestep fort < B/2, it gets no more informa-
tion about the reward than when starting (since all rewards are at iaeg.g-urthermore, there is no benefit of
canceling a job once it has run for at le@st2 timesteps — we can'’t get any reward by starting some other item.

More formally, consider a (deterministic) stratef§yvhich in some state makes the decision of schedulingitem
and halting its execution if it takes more thatimesteps. First suppose that B/2; since this job does will not
be able to reach size larger th&12, no reward will be accrued from it and hence we can change this striayeg
skipping the scheduling afwithout altering its total reward. Now consider the case wheseB/2. Consider
the strategyS’ which behaves a$§ except that it does not preempin this state but let$ run to completion.
We claim thatS’” obtains at least as much expected reward afirst, whenever iteni has size at mogtthen

S andS’ obtain the same reward. Now suppose that we are in a scenario ifeerehed siz¢ > B/2. Then
item is halted ands' cannot obtain any other reward in the future, since no item that can feyafeaard would
complete before the budget runs out; in the same situation, stratemytains non-negative rewards. Using this
argument we can eliminate all the cancellations of a strategy without deayeésaxpected reward.

Lemma 3.4 There is an optimal solution in this case which does not cancel.

As mentioned earlier, we can now appeal to the resulBection 2and obtain a constant-factor approximation for
the large-size instances. Now we can combine the algorithms that handle thdfesment scenarios (or choose
one at random and run it), and get a constant fraction of the expestedd that an optimal policy fetches.

4 Multi-Armed Bandits

We now turn our attention to the more general Multi-Armed Bandits probMmR). In this framework, there
aren arms armsi has a collection of states denoted®y a starting state; € S;; Without loss of generality, we
assume thaf; N S; = () for i # j. Each arm also hasteansition graphT;, which is given as a polynomial-size
(weighted) directed tree rootedat we will relax the tree assumption later. If there is an edge v in T}, then

the edge weight,, , denotes the probability of making a transition franto v if we play arm: when its current
state is node;; hence)_ .., ,yer, Pup = 1. Each time we play an arm, we get a reward whose value depends on
the state from which the arm is played. Let us denote the reward at audtgte,. Recall that the martingale
property on rewards requires th@v:(u,v)en PupTv = Ty fOr all statesu.

Problem Definition. For a concrete example, we consider the following budgeted learnindepradn tree
transition graphs Each of the arms starts at the start sjgte S,;. We get a reward from each of the states we
play, and the goal is to maximize the total expected reward, while not excpegire-specified allowed number
of plays B across all arms. The framework described below can handle othdepr®lilike the explore/exploit
kind) as well, and we discuss this Appendix F

Note that the Stochastic Knapsack problem considered in the previdimnsisca special case of this problem
where each item corresponds to an arm, where the evolution of the staespomds to the explored size for the
item. Rewards are associated with each stopping size, which can be mogeled states that can be reached
from the states of the corresponding size with the probability of this transigorglkihe probability of the item
taking this size. Thus the resulting trees are paths of length up to the maximui sith transitions to end
states with reward for each item size. For example, the transition graigume 4.1corresponds to an item
which instantiates to a size afwith probability 1/2 (and fetches a rewarf;), takes size3 with probability

1/4 (with reward R3), and sizel with the remaining probability /4 (reward isR,). Notice that the reward on
stopping at all intermediate nodeslisand such an instance therefore does not satisfy the martingale property.



Even though the rewards are obtained in this example on reaching a stetethatn playing it, it is not hard to
modify our methods for this version as well.

Figure 4.1: Reducing Stochastic Knapsack to MAB

Notation. The transition grapf; for armi is an out-arborescence defined on the st&te®oted atp;. Let
depth(u) of a nodeu € S; be the depth of node in treeT;, where the roop; has depttd. The unique parent
of nodew in T; is denoted byparent(u). LetS = U;S; denote the set of all states in the instance, ant{u)
denote the arm to which statebelongs, i.e., the indexsuch that: € S;. Finally, foru € S;, we refer to the act
of playing armi when it is in state, as “playing state, € S;”, or “playing stateu” if the arm is clear in context.

4.1 Global Time-indexed LP

In the following, the variabler,, ; € [0, 1] indicates that the algorithm plays statec S; at timet. For state
u € S; and timet, w,; € [0, 1] indicates that arna first entersstateu at timet¢: this happens if and only if the
algorithmplayedparent(u) at timet — 1 and the arm made a transition into state

max Z%t Tu * Zut (LPmab)
Wyt = Zparent(u),t—1 * Pparent(u)u V€ [2,B], u € S\ Ui{pi} (4.10)

Dot Wut! = D pcy Zut! Vte[l,Bl,ueS (4.11)
S es Zus < 1 vt € [1, B (4.12)
wp,1 =1 Vi € [1,n] (4.13)

Lemma 4.1 The value of an optimal LP solutiobPOpt is at leastOpt, the expected reward of an optimal
adaptive strategy.

Proof. We convention thaDpt starts playing at time. Let z;, , denote the probability th&dpt plays state: at
timet, namely, the probability that arerm(u) is in stateu at timet and is played at time. Also letw;, , denote
the probability thaOpt “enters” stateu at timet, and further letv; , = 1 for all i.

We first show thafz*, w*} is a feasible solution fokP ., and later argue that its LP objective is at le@st.
Consider constraing(10 for somet € [2, B] andu € S. The probability of entering stateat timet conditioned
on Opt playing stateparent(u) at timet — 1S pyarent(u),u- IN @ddition, the probability of entering stateat time
t conditioning onOpt not playing statearent(u) at timet — 1 is zero. Since;‘arent(u”_1 is the probability that
Opt plays stateparent(u) at timet — 1, we remove the conditioning to obtaity, , = Z;arent(u),tfl * Pparent(u),u-

Now consider constrainé(11) for somet € [1, B] andu € S. For any outcome of the algorithm (denoted by a
sample patl), let 176" be the indicator variable th&lpt enters state’ at timet’ and Ietlzl,“ﬁ be the indicator

u’
variable thatOpt plays stateu’ at timet’. SinceT; is acyclic, state: is played at most once in and is also
entered at most once in Moreover, wheneveit is played before or at timeg it must be that; was also entered

before or at time;, and hencé",, ., 174/ < 3~,,_, 1<%, Taking expectation on both sides and using the fact

u,t’

that B[17/%Y] = 2* , andE[15%¢7] = w?

...+ linearity of expectation givey_, ., 27, , < > o, wy, -

To see that constraintd.(L2 are satisfied, notice that we can play at most one arm (or alternativelgtate) in
each time step, hence, s 12{‘;9 < 1 holds for allt € [1, BJ; the claim then follows by taking expectation on
both sides as in the previous paragraph. Finally, constradit§)(is satisfied by definition of the start states.
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To conclude the proof of the lemma, it suffices to show gt = >,y - z;;,. SinceOpt obtains reward,
whenever it plays state, it follows thatOpt’s reward is given by, , r, - 17'%%: by taking expectation we get

u,t

> ut Tuzyy = Opt, and hencéPOpt > Opt. |

4.2 The Rounding Algorithm

In order to best understand the motivation behind our rounding algorithwoutd be useful to go over the
example which illustrates the necessity of preemption (repeatedly switchikgihedorth between the different
arms) inAppendix A.3

At a high level, the rounding algorithm proceeds as follows. In Phase/éngan optimal LP solution, we
decompose the fractional solution for each arm into a cohgerbination of integral “strategy forests” (which
are depicted ifrigure 4.2: each of these tells us at what times to play the arm, and in which states twalibad
arm. Now, if we sample a random strategy forest for each arm from thisbdison, we may end up scheduling
multiple arms to play at some of the timesteps, and hence we need to resolvedh#sésc A natural first
approach might be to (i) sample a strategy forest for each arm, (ii) plag #ress in a random order, and (iii) for
any arm follow the decisions (about whether to abort or continue plagisgliggested by the sampled strategy
forest. In essence, we are ignoring the times at which the sampled strategiytas scheduled the plays of this
arm and instead playing this arm continually until the sampled forest abariddhile such a non-preemptive
strategy works when the martingale property holds, the examphgppendix A.3shows that preemption is
unavoidable.

Another approach would be to try to play the sampled forests at their fireddimes; if multiple forests want
to play at the same time slot, we round-robin over them. The expected numpkaysfin each timestep is 1,
and the hope is that round-robin will not hurt us much. However, if somereeedsB contiguous steps to get to
a state with high reward, and a single play of some other arm gets schegubed tuck in some timestep, we
would end up getting nothing!

Guided by these bad examples, we try to use the continuity information in the shetfdeegy forests—once
we start playing some contiguous component (where the strategy ftmgsttpe arm in every consecutive time
step), we play it to the end of the component. Thiveamplementation does not work, so we first alter the LP
solution to get convex combinations of “nice” forests—Iloosely, theseaests where the strategy forest plays
contiguously in almost all timesteps, or in at least half the timesteps. This alteiatione in Phase I, and then
the actual rounding in Phase lll, and the analysis appe&edtion 4.2.3

4.2.1 Phase I: Convex Decomposition

In this step, we decompose the fractional solution into a convex combinatitorest-like strategies{T(7, j) }: ;,
corresponding to thg'" forest for armi. We first formally define what these forests look like: Tfie strategy
forestT(i, 7) for armi is an assignment of valuesne(, j, u) andprob(i, j, ) to each state € S; such that:

(i) Foru € S; andv = parent(u), it holds thattime(, j,u) > 1 + time(i, j,v), and
(i) For u € S; andv = parent(u), if time(s, j,u) # oo thenprob(i,j,u) = p, . prob(s,j,v); else if
time(i, j, u) = oo thenprob(i, j,u) = 0.
We call a triple(i, j, u) atree-nodeof T(7, j). Wheni andj are understood from the context, we identify the
tree-nod€7, j, u) with the stateu.

For any state, the valuesime(, j, u) andprob(i, j, u) denote the time at which the arivs played at state, and
the probability with which the arm is played, according to the strategy féigsy).> The probability values are
particularly simple: iftime(i, j, u) = oo then this strategy does not play the armuaand hence the probability

2Strictly speaking, we do not get convex combinations that sum to oneomuiinations sum 0", 2, ¢, the value the LP assigned
to pick to play the root of the arm over all possible start times, which is at omes
SWheni and; are clear from the context, we will just refer to statistead of the tripléi, j, u).
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is zero, elserob(i, j,u) is equal to the probability of reachingover the random transitions accordingZpif

we play the root with probabilitgrob(z, j, p;). Hence, we can compupeob(i, j, u) just givenprob(i, j, p;) and
whether or notime(i, j, u) = co. Note that theime values are not necessarily consecutive, plotting these on the
timeline and connecting a state to its parents only when they are in consecutisteeps@as ifrigure 4.2 gives

us forests, hence the name.

(a) Strategy forest: numbers aimes (b) Strategy forest shown on a timeline
Figure 4.2: Strategy forests and how to visualize them: grey blobs arec@ucomponents.

The algorithm to construct such a decomposition proceeds in roundsadbrami; in a particular round, it
“peels” off such a strategy as described above, and ensures thagsileal fractional solution continues to
satisfy the LP constraints, guaranteeing that we can repeat this predesh is similar to (but slightly more
involved than) performing flow-decompositions. The decomposition lemmavegiia Appendix D.1

Lemma 4.2 Given a solution tol(Pap), there exists a collection of at mosB|S| strategy forestdT(i, j)}
such thatu,: = 3= ime(i.ju)=t Prob(é, 7, u).* HENCE,YS ;& ) time(i ju)—t Prob(i, j,u) < 1 for all ¢,

For anyT(i, j), theseprob values satisfy a “preflow” condition: the in-flow at any nodés always at least
the out-flow, namelyrob (i, j, v) = >, sarent(u)=v Prob(z, j, w). This leads to the following simple but crucial
observation.

Observation 4.3 For any armi, for any set of stateX’ C S; such that no state itX is an ancestor of another
state in X in the transition tre€l;, and for anyz € S; that is an ancestor of all states i, prob(i, j,z) >

erX pI’Ob(i, jv ‘T")
More generally, given similar conditions 0¥, if Z is a set of states such that for amy= X, there exists € Z
such thatz is an ancestor of, we havey ___, prob(i, j, z) > > prob(i, j, x)

4.2.2 Phase II: Eliminating Small Gaps

While Appendix A.3shows that preemption is necessary to remain competitive with resp€gitiave also
should not get “tricked” into switching arms during very short breaksrtdly the LP. For example, say, an arm
of length (B — 1) was played in two continuous segments with a gap in the middle. In this case,owlel sh
not lose out on profit from this arm by starting some other arms’ plays gltin@ break. To handle this issue,
whenever some path on the strategy tree is almost contiguous—i.e., gapg®melatively small—we make
these portions completely contiguous. Note that we will not make the entiredrgig@ous, but just combine
some sections together.

“To reiterate, even though we call this a convex decomposition, the sura pfdbability values of the root state of any arm is at most
one by constraind.12 and hence the sum of the probabilities of the root over the decompositidd loe less than one in general.
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Before we make this formal, here is some useful notation: Givens;, let Head(i, j, u) be its ancestor node
v € §; of least depth such that the plays franthrough« occur in consecutiveime values. More formally,
the pathv = vy, v9,...,v; = win T; is such thatime(s, j,vy) = time(i, j,vp_1) + 1 forall I’ € [2,1]. We
also define theonnected component a nodeu, denoted bycomp(i, 7, u), as the set of all nodes such that
Head(i, j,u) = Head(s, j, v’). Figure 4.2shows the connected components and heads.

The main idea of ougap-filling procedure is the following: if a head state= Head(i, j, ) is played at time
t = time(, j,v) S.t.t < 2 - depth(v), then we “advance” theomp(s, j, v) and get rid of the gap betweerand
its parent (and recursively apply this rileYhe procedure can be described in more detail as follows.

Algorithm 4.1 Gap Filling AlgorithmGapFill
1: for 7= Btoldo
2:  while there exists a tree-nodec T(3, j) such that- = time(Head(u)) < 2 - depth(Head(u)) do
let v = Head(u).
if v is not the root ofl' (¢, j) then
let ' = parent(v).
advancethe componentomp(v) rooted atv such thatime(v) + time(v') 4+ 1, to makecomp(v)
contiguous with the ancestor forming one larger component. Also alteirties of w € comp(v)
appropriately to maintain contiguity with (and now withv’).

One crucial property is that these “advances” do not increase by thactumber of plays that occur at any given
timet. Essentially this is because if for some time glote “advance” a set of components that were originally
scheduled aftet to now cross time slot, these components moved because their ancestor paths (fractionally)
used up at least/2 of the time slots before since there aretime slots to be used up, each to unit extent, there
can be at mos2 units of components being moved up. Hence, in the following, we assume thatsogatisfy

the properties in the following lemma:

Lemma 4.4 AlgorithmGapFill produces a modified collection @fs such that

(i) Foreachi,j,u such that, > 0, time(Head(7, j,u)) > 2 - depth(Head(i, j, u)).
(i) The total extent of plays at any tinigi.e., _, prob(i, 7, u) is at mosB3.
( t

i,j,u):time(4,7,u)
The proof appears iAppendix D.2
4.2.3 Phase lll: Scheduling the Arms

Having done the preprocessing, the rounding algorithm is simple: it finstoraly selects at most one strategy
forest from the collectioqT(z, j) }; for each arm. It then picks an arm with the earliest connected component
(i.e., that with smallestime(Head (3, j, u))) that contains the current state (the root states, to begin with), plays
it to the end—which either results in terminating the arm, or making a transition to go$dgteed much later in
time, and repeats. The formal description appeawligorithm 4.2 (If there are ties irStep 5 we choose the
smallest index.) Note that the algorithm runs as long as there is some act®eragdrdless of whether or not
we have run out of plays (i.e., the budget is exceeded)—howevemlyeount the profit from the firsB plays

in the analysis.

Observe thaSteps 79 play a connected component of a strategy forest contiguously. Ingartithis means
that all currstate(i)’s considered irStep 5are head vertices of the corresponding strategy forests. These facts
will be crucial in the analysis.

Lemma 4.5 For arm and strategyT (i, j), conditioned orv (i) = j after Step 1lof AlgMAB, the probability of
playing stateu € S; is prob(i, j, u)/prob(i, j, p;), where the probability is over the random transitions of arm

5The intuition is that such vertices have only a small gap in their play and shathier be played contiguously.
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Algorithm 4.2 Scheduling the Connected Components: AlgorithigMAB

1: for arms, samplestrategyT (7, j) with probability%; ignore arm; w.p. 1 — Zj %

2: let A + set of “active” arms which chose a strategy in the random process.

3: for eachi € A, let o(i) + indexj of the chosefT (i, j) andlet currstate(i) < root p;.

4: while active armsA # () do

5. leti* <— arm with state played earliest in the LP (i£. 4 argmin, 4 {time(7, o(i), currstate(i))}.
6: letT « time(i*, o(i*), currstate(i*)).

7: while time(i*, o(i*), currstate(:*)) # oo and time(i*, o (i*), currstate(i*)) = 7 do

8

9

play arm:* at statecurrstate(i*)
; update currstate(:*) be the new state of arii; let 7 < 7 + 1.
10: if time(d*, o (i*), currstate(i*)) = oo then
11: let A<« A\ {i*}

The above lemma is relatively simple, and provedAppendix D.3 The rest of the section proves that in
expectation, we collect a constant factor of the LP reward of eachgyréte, j) before running out of budget;
the analysis is inspired by oStocK rounding procedure. We mainly focus on the following lemma.

Lemma 4.6 Consider any arm and strategyl'(i, j). Then, conditioned om(:) = j and on the algorithm
playing stateu € S;, the probability that this play happens before timvae(i, j, u) is at leastl /2.

Proof. Fix an arm: and an index for the rest of the proof. Given a statec S;, let &, denote the event
(o(i) = j) A (stateu is played. Also, letv = Head(4, j, u) be the head of the connected component containing
uwinT(i, 7). Letr.v.7, (respectivelyr,) be the actual time at which statgrespectively state) is played—these
random variables take value if the arm is not played in these states. Then

Pr(r, < time(i,j,u) | &ju) > 5 <= Pr[n, <time(d, §,v) | Eju] > 3, (4.14)

because the time between playin@ndv is exactlytime(i, j, u) — time(i, j, v) since the algorithm plays con-
nected components continuously (and we have conditioneg};oh Hence, we can just focus on proving the
right inequality in @.14) for vertexv.

For brevity of notation, let, = time(i,j,v). In addition, we define the ordex to indicate which states
can be played before. That is, again making use of the fact that the algorithm plays connectedarents
contiguously, we say thdt’, j/,v") < (i, j, v) iff time(Head(7', 7’,v")) < time(Head(i, j,v)). Notice that this
order is independent of the run of the algorithm.

For each arm’ # i and index;’, we define random variable€s; ;» used to count the number of plays that can
possibly occur before the algorithm plays statdf 1 ;. ./ is the indicator variable of eve#t ../, define

Zi’,j’ = min (tv y Ev’:(i’,j’,v/)j(i,j,v) 1(i/,j’,1}/)) . (415)

We truncateZ; ; att, because we just want to capture how much tirpeot, is being used. Now consider the
sumz =3 ., > Zv j. Note that for armi’, at most one of theZ;s ; values will be non-zero in any scenario,
namely the index (i) sampled inStep 1 The first claim below shows that it suffices to consider the upper tail
of Z, and show thaPr[Z > t, /2] < 1/2, and the second gives a bound on the conditional expectatign pf

Claim 4.7 Prry < ty | Eju] > PrZ < tv/2).

Proof. We first claim thatPr[r, < ty | &ju] > Pr[Z < t,/2 | &ju). SO, let us condition 0&;;,. Then if
Z < ty/2, none of theZy ;» variables were truncated &t, and henceZ exactly counts the total number of plays
(by all other armg’ # i, from any state) that could possibly be played before the algorithm playstrategy
T(i,7). Therefore, ifZ is smaller thart, /2, then combining this with the fact thaepth(v) < ¢,/2 (from
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Lemma 4.4i)), we can infer that all the plays (including thoseu ancestors) that can be made before playing
v can indeed be completed withig. In this case the algorithm will definitely playbeforet, ; hence we get that
conditioning or&;;,,, the eventr, < t, holds whenZ < t, /2.

Finally, to remove the conditioning: note thaf . is just a function of (i) the random variableg; ; .., i.e., the
random choices made by playififi’, j'), and (ii) the constant, = time(i, j,v). However, the r.vd ;i .,
are clearly independent of the evehy, for i’ # i since the plays oAIgMAB in one arm are independent of the
others, andime(i, 7, v) is a constant determined once the strategy forests are created in Phéeseh the event
Z < ty/2is independent of;;,,; hencePr[Z <t /2 | &;.] = Pr[Z <t /2], which completes the proof. m

Claim 4.8

prob(i’, j',v")
prOb(i/a jlv pz’)

5 prob(i’, j', v")

E[Zy i |o(i') =35 <
(Zy o |o(i) = 5] < prob (', 57, pir)

v’ s.t time(d/ 5/ v )<t

+ty

v’ s.t time(d/, 5/ v )=t

Proof. Recall the definition ofZ;/;» in Eq (4.19: any statev’ with time(7’, j/,v") > ¢, may contribute to the
sum only if it is part of a connected component with hé&dd (7', 7/, v") such thatime(Head (i, j',v")) < ty,
by the definition of the ordering. Even among such statestifne(i’, j/,v") > 2t, then the truncation implies
that Zy j is unchanged whether or not we inclutlg: ; .y in the sum. Indeed, ity j .,y = 1 then all ofv"’s
ancestors will have their indicator variables at valyienoreoverdepth(v’) > ¢, since there is a contiguous
collection of nodes that are played from this ti&g’, ;') from timet, onwards tilltime(i’, j/,v") > 2ty; so the
sum would be truncated at valasg wheneverl ;» ;. = 1. Therefore, we can write

Zi/,j/ S Z 1(2'/7‘7‘/7,[)/) + Z 1(7;/7_7'/,’0/) (416)

v’:time(¢/,5/ 0" ) <ty v ity <time(d/,j' 0" ) <2ty
(il7jl7vl)j(i7j7v)
Recall we are interested in the conditional expectation givgf) = j'. Note thatPr[1; ;i . | o(i') = j'] =
prob(i’, j',v") /prob(i, j', pi) by Lemma 4.5 hence the first sum in4(16) gives the first part of the claimed
bound. Now the second part: observe that for any &rany fixed value o&(i') = j/, and any value of > ¢,

A / A /
g prob(i’, j',v") < E prob (i, j',v")
v’ s.t time(d/, 5’ )=t/ v’ st time(i 5 v") =ty

This is because of the following argument: Any state that appears on theoL & sum above is part of a
connected component which crosggsthey must have an ancestor which is played,atAlso, since all states
which appear in the LHS are playedtgtno state can be an ancestor of another. Hence, we can apply the secon
part of Observation 4.&nd get the above inequality. Combining this with the fact tal ; j: .y | o(i') =

j'] = prob(’, 5/, v") /prob (i, j', p;+), and applying it for each value of € (¢, 2ty |, gives us the second terrm.

Equipped with the above claims, we are ready to complete the pra@&finma 4.6 EmployingClaim 4.8we get

E(Z) =Y Y EZyj] =Y E[Zyj |o(i’) =] Prlo(i') = j]

i g i g

_ i SN { > prob(i’, 5, v') + tv< > prob(i’, 5, v')) } (4.17)

i'#i g N o time(if ,§7 0! )<ty v'itime(i’ 57 ,v") =ty

1 1
(Btv+3-ty) < iy (4.18)

T 24

Equation 4.17) follows from the fact that each treg(:, j) is sampled with probability‘% and 4.18
follows from Lemma 4.4 Applying Markov’s inequality, we have th&[Z > ¢, /2] < 1/2. Finally, Claim 4.7
says thaPr|[r, <ty | &ju) > Pr[Z < t,/2] > 1/2, which completes the proof. |
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Theorem 4.9 The reward obtained by the algorithAlgMAB is at least2(LPOpt).

Proof. The theorem follows by a simple linearity of expectation. Indeed, the exgpheeteard obtained from
any statew € S; is at leasty_; Pr[o(i) = j]Pr[state wisplayed | o(i) = j|Pr[r, < tu[€iju) - Ru >
> W% - R,. Here, we have usedemmas 4.5and4.6 for the second and third probabilities. But now
we can usd.emma 4.2to infer that} _; prob (i, j,u) = >, zu+; Making this substitution and summing over all

statesu € S; and armsg completes the proof. |

5 MABs with Arbitrary Transition Graphs

We now show how we can use techniques akin to those we described foagbevhen the transition graph is
a tree, to handle the case when it can be an arbitrary directed graphivéway to do this is to expand out
the transition graph as a tree, but this incurs an exponential blowup ofateespace which we want to avoid.
We can assume we have a layered DAGSs, though, since the convemiom fdigraph to a layered DAG only
increases the state space by a factor of the horZathis standard reduction appearsdippendix E.1

While we can again write an LP relaxation of the problem for layered DA@s;lilallenge arises in the rounding
algorithm: specifically, in (i) obtaining the convex decomposition of the LP saolui® in Phase |, and (ii)
eliminating small gaps as in Phase Il by advancing forests in the strategy.

e We handle the first difficulty by considering convex decompositions nbbjesr strategy forests, but over
slightly more sophisticated strategy DAGs. Recall (frbigure 4.2 that in the tree case, each state in a
strategy forest was labeled by a unique time and a unique probability assbwith that time step. As the
name suggests, we now have labeled DAGs—but the change is more thdrajusiow each state has a
copy associated witkachtime step in{1, ..., B}. This change tries to capture the fact that our strategy
may play from a particular stateat different times depending on the path taken by the random transitions
used to reach this state. (This path was unique in the tree case.)

e Now having sampled a strategy DAG for each arm, one can expand theim@strategy forests (albeit
with an exponential blow-up in the size), and use Phases Il and Ill fsamprevious algorithm—it is
not difficult to prove that this algorithm is a constant-factor approximatioowéver, the above is not a
poly-time algorithm, since the size of the strategy forests may be exponentigky lwe don’t expand
the DAG, then we do not see how to define gap elimination for Phase Il. Buibserve that instead of
explicitly performing the advance steps in Phase ll, it suffices to perfoem as ahought experiment
i.e., to not alter the strategy forest at all, but merely to infer when thesaeesavould have happened,
and play accordingly in the Phase fllUsing this, we can give an algorithm that plays just on the DAG,
and argue that the sequence of plays made by our DAG algorithm faithfully stimécexecution if we
had constructed the exponential-size tree from the DAG, and execuésé$h and Il on that tree.

The details of the LP rounding algorithm for layered DAGs followS#tctions 5.45.3.

5This is similar to the idea of lazy evaluation of strategies. The DAG contains glitittandomized strategy which we make explicit
as we toss coins of the various outcomes using an algorithm.

16



5.1 LP Relaxation

There is only one change in the LP—constrabtL® now says that if a state is visited at timet, then one of
its ancestors must have been pulled at tirel; this ancestor was unique in the case of trees.

max Zu,t Tu * Zu,t (LPmabdag)
Wyt = sz,t—l *Pou vte[2,Bl,ue S\U{pi},veS (5.19)

Dot Wutt 2 D <y Zut Vte[l,B],ueS (5.20)
s zus < 1 Vi e (1, B] (5.21)
Wp,1 =1 Vi € [1,n] (5.22)

Again, a similar analysis to the tree case shows that this is a valid relaxatiohgand the LP value is at least
the optimal expected reward.

5.2 Convex Decomposition: The Altered Phase |

This is the step which changes the most—we need to incorporate the notioelioigpeut a “strategy DAG”
instead of just a tree. The main complication arises from the fact that a pkgtatex may occur at different
times in the LP solution, depending on the path to reach statehe transition DAG. However, we don’t need
to keep track of the entire history used to reaglust how much time has elapsed so far. With this in mind, we
createB copies of each state (which will be our nodes in the strategy DAG), indexed(lyt) for 1 <¢ < B.

The j*" strategy dadD(i, j) for armi is an assignment of valuggob(i, j, u, t) and a relation-+’ from 4-tuples
to 4-tuples of the fornti, j, u, t) — (4, j, v, t’) such that the following properties hold:

(i) Foru,v € S, suchthap, , > 0 and any tim¢, there is exactly one timé > ¢ + 1 such that(s, j, u,t) —
(i,7,v,t"). Intuitively, this says if the arm is played from statet timet¢ and it transitions to state, then
it is played fromw at a unique time/, if it played at all. If¢’ = oo, the play fromv never happens.

(i) Foranyu € S; and timet # oo, prob(i, j, u,t) = Z(v’t,) st (i,jo,t)) = (ijrut) prob(z, j,v,t") - py.u.
For clarity, we use the following notation throughout the remainder of thitosestatesrefer to the states in the
original transition DAG, anahodescorrespond to the tuplgs, j, u, t) in the strategy DAGs. Whehandj are
clear in context, we may simply refer to a node of the strategy DAGubY).

Equipped with the above definition, our convex decomposition procegyreaas inAlgorithm 5.2 The main
subroutine involved is presented firsigorithm 5.1). This subroutine, given a fractional solution, identifies the
structure of the DAG that will be peeled out, depending on when the diffastates are first played fractionally
in the LP solution. Since we have a layered DAG, the notion ofifygthof a state is well-defined as the number
of hops from the root to this state in the DAG, with the depth of the root b&ing

Algorithm 5.1 Sub-RoutinePeelStrat (i)
1: mark (p;,t) wheret is the earliest time s.tz), ; > 0 and setpeelProb(p;,t) = 1. All other nodes are
un-marked and havgeelProb(v,t') = 0.
2: while 3 a marked unvisited nod#o

3. let (u,t) denote the marked node of smallest depth and earliest tiptigte its status to visited.

4:  for everyv s.t.p,, > 0do

5: if there ist’ such that, ,» > 0, consider the earliest su¢handthen

6: mark (v,t') and set (i,j,u,t) — (i,7,v,t'); update peelProb(v,t') := peelProb(v,t') +
peelProb(u, t) - py.v.

7: else

8: set (i, j,u,t) — (i,4,v,00) and leavepeelProb(v, o) = 0.
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The convex decomposition algorithm is now very easy to describe with theostibe inAlgorithm 5.1in hand.

Algorithm 5.2 Convex Decomposition of Arm
1: setC; + () andset loop index;j « 1.
2: while 3 a stateu € S; s.t.Y, 25" > 0do
3:  run sub-routinePeelStrat to extract a DAGD(4, j) with the appropriat@eelProb(u, t) values.
let A < {(u,t) s.t peelProb(u,t) # 0}.
let e = ming, 4)ca zi}l/peeIProb(u, t).
for every(u,t) do
setprob(i, j, u,t) = € - peelProb(u, t).
update 27, , = 2 ;' — prob(i, j, u, t).

u

© N gk

updatew) , | = w1, — prob(i, j,u,t) - pu, for all v,
10: setC; + C; U D(Z,j)
11: incrementj < j + 1.

An illustration of a particular DAG and a strategy dagi, j) peeled off is given irFigure 5.3(notice that the
statesw, y andz appear more than once depending on the path taken to reach them).

Pil ~~< 4
w ~\\
pi Yy
'[) w

v
(a) DAG for some armi (b) Strategy da@®(z, j)

Figure 5.3: Strategy dags and how to visualize them: notice the same state gtlayféetent times.

Now we analyze the solutiofg’, w’} created byAlgorithm 5.2

Lemma 5.1 Consider an integef and suppose thgt:’ !, w’/~!} satisfies constraint@.10-(4.12) of LPmapdag-
Then after iterationj of Step 2 the following properties hold:

(@) D(z,4) (along with the associatggtob(z, j, ., .) values) is a valid strategy dag, i.e., satisfies the conditions
(i) and (ii) presented above.

(b) The residual solutiodz/, w’} satisfies constraintgs.19-(5.21).

(c) Forany timet and stateu € S;, 2, — zJ, = prob(i, j, u, t).

u

Proof. We show the properties stated above one by one.

Property (a): This follows from the construction oflgorithm 5.1 More precisely, condition (i) is satisfied
because iIgorithm 5.1each(u, t) is visited at most once and that is the only time when a pait) — (v, )
(with ¢ > t + 1) is added to the relation. For condition (ii), notice that every time a @ait) — (v,t) is
added to the relation we keep the invarigaelProb(v, ') = >, 1) s+ (i.jw.r)
condition (i) then follows sincerob(.) is a scaling opeelProb(.).

peelProb(w, 7) - pw,v;

—(i,j,0,t")
Property (b): Constraint .19 of LPnab4ag is clearly satisfied by the new LP solutign’, w’} because of the

two updates performed iBteps &and9: if we decrease the value of any state at any time, theof all children
are appropriately reduced for the subsequent timestep.
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Before showing that the solutiof’, w’} satisfies constrain®(20), we first argue that after every round of the
procedure they remain non-negative. By the choiceinfstep 5 we haveprob(i, j, u,t) = € - peelProb(u,t) <

ﬁ%peemrob(u,t) = z],' (notice that this inequality holds evengigelProb(u, t) = 0); consequently
even after the update istep 8 zi,t > 0 for all u,¢. This and the fact that the constrain&19 are satisfied
implies that{z/, w’} satisfies the non-negativity requirement.

We now show that constrainb.0 is satisfied. Suppose for the sake of contradiction there exist some
andt € [1, B] such that{z7, w7} violates this constraint. Then, let us consider any suelnd the earliest time
t,, such that the constraint is violated. For such, &t ¢/, < t,, be the latest time beforg wherezift,1 > 0. We

now consider two cases.

Case (i): t;, < t,. This is the simpler case of the two. Becaugevas the earliest time where constrai&il0)

was violated, we know tht, ., w’ , > 3", 2 .. Furthermore, since,, is never increased during the
—="u ? — '('L I’

course of the algorithm we know th@,f}‘:t, 11 z! , = 0. This fact coupled with the non-negativity m‘i,t

implies that the constraint in fact is not violated, which contradicts our assomgbout the tuple:, ¢,,.

Case (ii): t}, = t,. In this case, observe that there cannot be any pair of tiplés) — (u,t2) S.t.t1 < t,
andt, > t,, because any copy of (some ancestor af) that is played before,, will mark a copy ofu that
occurs before,, or the one being played &} in Step 6of PeelStrat. We will now show that summed over all
t' < t,, the decrease in the LHS is counter-balanced by a correspondingndtepRHS, between the solutions
{771 wi=1} and {27, w’} for this constraint%.20 corresponding ta: andt,. To this end, notice that the
only times whenw,  is updated (irStep 9 for ¢ < ¢,,, are when considering sonte, ¢;) in Step 6such that
(v,t1) = (u,t2) andt; < ta < t,. The value ofw, +,+1 is dropped by exactlprob(i, j, v, t1) - p,.. But notice
that the corresponding term, ;, drops byprob(i, j, u, t2) = >, 1) st (v, (u ) PFOB(E, 1, 0", ") + Pyt .
Therefore, the total drop iw is balanced by a commensurate drop ion the RHS.

Finally, constraint%.21) is also satisfied as thevariables only decrease in value.
Property (c): This is an immediate consequence of 8tep 8of the convex decomposition algorithm. [

As a consequence of the above lemma, we get the following.

Lemma 5.2 Given a solution tol(Pmapdag), there exists a collection of at masB?|S| strategy dag{D(i, j)}
such thatz,, ; = Zj prob(i, j, u,t). Hence,z(mm prob(i, j,u,t) < 1 for all ¢.

5.3 Phases Il and Il

We now show how to execute the strategy dags j). At a high level, the development of the plays mirrors that
of Sections 4.2.2and4.2.3 First we transfornD(s, j) into a (possibly exponentially large) blown-up tree and
show how this playing these exactly captures playing the strategy dagse lErunning time is not a concern),
we can simply perform the gap-filling algorithm and make plays on these blparrees following Phases Il and
lll'in Sections 4.2.2nd4.2.3 To achieve polynomial running time, we then show that weiggplicitly execute
the gap-filling phase while playing this tree, thus getting rid of actually perforrRinase 4.2.2 Finally, to
complete our argument, we show how we do not need to explicitly construbtaiva-up tree, and can generate
the required portions depending on the transitions made thas fdemand

5.3.1 Transforming the DAG into a Tree

Consider any strategy dd(i, j). We first transform this dag into a (possibly exponential) tree by making as
many copies of a nodg, j, u, t) as there are paths from the root(i0j, u, t) in D(4, 7). More formally, define
DT(i, 7) as the tree whose vertices are the simple patfi¥(inj) which start at the root. To avoid confusion,
we will explicitly refer to vertices of the tre®T as tree-nodes, as distinguished fromitloelesin ; to simplify

the notation we identify each tree-nodelifT with its corresponding path ifd. Given two tree-node®, P’

in DT(i, j), add an arc fromP to P’ if P’ is an immediate extension d?, i.e., if P corresponds to some
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path (i, j,ui, t1) — ... = (4,],ux, tx) in D(7, ), then P’ is a path(i, j,u1,t1) — ... = (i,7, uk, t, k) —
(i, J, ug+1, tr+1) fOr some nod€si, j, upi1,tgt1)-

For a tree-node” € DT(i, ) which corresponds to the path j, u1,t1) — ... — (4,7, ug, tx) in D(7, j), we
definestate( P) = uy, i.€.,state(-) denotes the final state (8}) in the pathP. Now, for tree-node® € DT(i, j),
if ug,...,u are the children oftate(P) in S; with positive transition probability fromtate(P), then P has
exactlyk children Py, ..., P with state(P;) equal tou; for all [ € [k]. Thedepthof a tree-nodeP is defined as
the depth obtate(P).

We now define the quantitiegne andprob for tree-nodes iT(i, j). Let P be a path irD(z, j) from p; to node
(4,5, u,t). We definetime(P) := ¢t andprob(P) := prob(P’)p(state(r),u)» WhereP" is obtained by dropping the
last node fromP. The blown-up tre®T(i, j) of our running exampl®(z, j) (Figure 5.3 is given inFigure 5.4

Lemma 5.3 For any statex and timet, > p ¢ ¢ ime(P)=t and state(P)—u PrOP(£?) = prob(i, j, u, t).

Figure 5.4: Blown-up Strategy ForeBtl(z, )

Now that we have a tree labeled wiihob andtime values, the notions of connected components and heads from
Sectiond.2.2carry over. Specifically, we defirldead(P) to be the ancesta?’ of P in DT(i, j) with least depth
such that there is a paft?’ = P, — ... — P, = P) satisfyingtime(P;) = time(P,—1) + 1 foralli € [2,], i.e.,

the plays are made contiguously frdtead(P) to P in the blown-up tree. We also defieemp(P) as the set of

all tree-noded”’ such thaHead(P) = Head(P’).

In order to play the strategid3T (i, ) we first eliminate small gaps. The algorith&apFill presented irBec-
tion 4.2.2can be employed for this purpose and returns tfEE$:, j) which satisfy the analog dfemma 4.4
Lemma 5.4 The trees returned b@apFill satisfy the followings properties.

(i) For each tree-node” such thatg,ie(py > 0, time(Head(P)) > 2 - depth(Head(P)).

(i) The total extent of plays at any tinﬂei.e.,zpztime(m:t prob(P) is at mosB.
Now we useAlgorithm 4.2to play the tree®T (i, j). We restate the algorithm to conform with the notation used
in the treedDT (4, j).
Now an argument identical to that for Theordm gives us the following:

Theorem 5.5 The reward obtained by the algorithAlgDAG is at least a constant fraction of the optimum for
(LPmabdag)'

5.3.2 Implicit gap filling

Our next goal is to execut@apFill implicitly, that is, to incorporate the gap-filling within AlgorithilgDAG
without having to explicitly perform the advances.

To do this, let us review some properties of the trees returne@dpfill. For a tree-node” in DT(s, j), let
time(P) denote the associated time in the original tree (i.e., before the applicat®ap#fill) and lettime’(P)
denote the time in the modified tree (i.e., affél (i, j) is modified byGapFill).
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Algorithm 5.3 Scheduling the Connected Components: AlgorithigDAG
prob(rooi:Q(iI))T(i,j)))

1: for arm 4, sample strategy DT(i,5) with probability

Z prob(root(DT(z,5)))
J 24 '
2: let A < set of “active” arms which chose a strategy in the random process.

3: for eachi € A, let o(i) « indexj of the choseT(i, j) andlet currnode(i) < root of DT (i, o' (7)).
4: while active arms4 # () do

5:  leti* <— arm with tree-node played earliest (i.€. «+ argmin,. 4{time(currnode(i))}).

6: let T < time(currnode(i*)).

7: while time(currnode(i*)) # oo and time(currnode(i*)) = 7 do

8

9

; ignore armi w.p. 1 —

play arm:* at statestate(currnode(i*))
let u be the new state of arii andlet P be the child ofurrnode(i*) satisfyingstate(P) = .

10: update currnode(i*) to be P; let 7 < 7 + 1.
11:  if time(currnode(i*)) = oo then
12: let A« A\ {i*}

Claim 5.6 For a non-root tree-node” and its parentP’, time’(P) = time/(P’) + 1 if and only if, either
time(P) = time(P’) 4+ 1 or 2 - depth(P) > time(P).

Proof. Let us consider the forward direction. Supposee’(P) = time'(P’) + 1 buttime(P) > time(P’) + 1.
Then P must have been the head of its component in the original tree aadveamcewas performed on it, so
we must have - depth(P) > time(P).

For the reverse direction, tfime(P) = time(P’) + 1 then P could not have been a head since it belongs to
the same component @ and hence it will always remain in the same componenPagas GapFill only
merges components and never breaks them apart). Thergfoe§,P) = time/(P’) + 1. On the other hand, if
time(P) > time(P’) + 1 and2 - depth(P) > time(P), thenP was a head in the original tree, and because of the
above criterionGapFill must have made an advance Bhthereby including it in the same component/gsso
again it is easy to see thetne’(P) = time'(P’) + 1. u

The crucial point here is that whether or mdtis in the same component as its predecessor after the gap-filling
(and, consequently, whether it was played contiguously along with itepesdor should that transition happen
in AIgDAG) can be inferred from theme values of P, P’ before gap-filling and from the depth é¢f—it does

not depend on any othadvances that happen during the gap-filling.

Algorithm 5.4 is a procedure which plays the original trd@% (i, j) while implicitly performing theadvance
steps ofGapFill (by checking if the properties of Claifs.6 hold). This change is reflected Btep 7where
we may play a node even if it is not contiguous, so long it satisfies the albatesl properties. Therefore, as a
consequence of Clai®.6, we get the following Lemma that the plays madelimyplicitFill are identical to those
made byAlgDAG after runningGapkFill.

Lemma 5.7 AlgorithmImplicitFill obtains the same reward as algorittiigDAG o GapFill.
5.3.3 Running ImplicitFill in Polynomial Time

With the description ofmplicitFill, we are almost complete with our proof with the exception of handling the
exponential blow-up incurred in moving froim to DT. To resolve this, we now argue that while the blown-up
DT made it easy to visualize the transitions and plays made, all of it can be doneitijmfiam the strategy
DAG D. Recall that the tree-nodes il (7, j) correspond to simple paths i, 7). In the following, the final
algorithm we employ (calletmplicitPlay) is simply the algorithmimplicitFill, but with the exponentially blown-

up treedDT (i, o (7)) being generatedn-demangdas the different transitions are made. We now describe how this
can be done.
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Algorithm 5.4 Filling gaps implicitly: AlgorithmImplicitFill

1: for arm 4, sample strategy DT(i,j) with probability w; ignore armi w.p. 1 —

Z prob(root(]D)']I‘( ,])))
2: Iet A« set of “actlve” arms which chose a strategy in the random process.
3: for eachi € A, let o(i) « index of the choseT(i, j) andlet currnode(i) < root of DT (i, o' (7)).
4: while active arms4 # () do
5. leti* <— arm with state played earliest (i.€%,+ argmin;. 4 {time(currnode(7))}).
6: let T < time(currnode(i*)).
7 while time(currnode(i*)) # oo and (time(currnode(i*)) = 7 or 2 - depth(currnode(i*)) >
time(currnode(i*))) do
; play armi* at statestate(currnode(i*))
o: let u be the new state of arii andlet P be the child ofurrnode(i*) satisfyingstate(P) = w.
10: update currnode(i*) to be P; let 7 <— 7 + 1.
11:  if time(currnode(i*)) = oo then
12: let A« A\ {i*}

In Step3 of ImplicitFill, we start off at the roots of the treBal'(i, o (7)), which corresponds to the single-node
path corresponding to the rootB{:, o (i)). Now, at some point in time in the executionlofplicitFill, suppose
we are at the tree-nodeirrnode(:*), which corresponds to a pathin D(i, o(4)) that ends ati, o (i), v, t) for
somev andt¢. The invariant we maintain is that, in our algoritimplicitPlay, we are at nodéi, o (i), v, t)

in D(i,0()). Establishing this invariant would show that the two rumglicitPlay and ImplicitFill would be
identical, which when coupled with Theorebnb would complete the proof—the information thatplicitFill
uses of@, namelytime(Q) anddepth(Q), can be obtained frort¥, o (i), v, t).

The invariant is clearly satisfied at the beginning, for the different nooes. Suppose it is true for some tree-
nodecurrnode(i), which corresponds to a pathin D(i, o(i)) that ends ati, o (i), v, t) for somev and¢. Now,
suppose upon playing the armat statev (in Step8), we make a transition to state(say), therimplicitFill would
find the unique child tree-nod@ of @ in DT (i, o (¢)) with state(P) = w. Then let(i, o (i), u, t') be the last node
of the pathP, so thatP equalsQ followed by (i, o (), u, t').

But, since the tre®T(i, o (7)) is just an expansion db(i,o (7)), the unique childP in DT(i,0(i)) of tree-
node@ which hasstate(P) = w, is (by definition ofDT) the unique nodéi, (i), u,t") of D(i,0(i)) such that
(i,0(i),v,t) — (i,0(i),u,t’). Hence, just asmplicitFill transitions toP in DT(i, a( )) (in Step9), we can
transition to the staté, o (i), u, t') with justD at our disposal, thus establishing the invariant.

For completeness, we present the implicit algorithm below.
6 Concluding Remarks

We presented the first constant-factor approximations for the stochaaps&ck problem with cancellations and
correlated size/reward pairs, and for the budgeted learning problerutitie martingale property. We showed
that existing LPs for the restricted versions of the problems have largeafitggaps, which required us to give

new LP relaxations, and well as new rounding algorithms for these problems
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A Some Bad Examples

A.1 Badness Due to Cancelations

We first observe that the LP relaxation for theocK problem used in[PGV08] has a large integrality gap in
the model where cancelations are alloweden when the rewards are fixed for any itefhis was also noted
in [Dea0y. Consider the following example: there ameitems, every item instantiates to a size lofvith
probability 0.5 or a size ofn /2 with probability0.5, and its reward is alwayk Let the total size of the knapsack
be B = n. For such an instance, a good solution would cancel any item that doésrminate at sizé; this
way, it can collect a reward of at least2 in expectation, because an average df items will instantiate with a
size1 and these will all contribute to the reward. On the other hand, the LP fld®&vpP8] has valueD(1), since
the mean size of any item is at leagtd. In fact, any strategy that does not cancel jobs will also accrue@fiy
reward.

A.2 Badness Due to Correlated Rewards

While the LP relaxations used ftAB (e.g., the formulation in GM074) can handle the issue explained above
w.r.t cancelations, we now present an example of stochastic knapsheke(the reward is correlated with the
actual size) for which the existing AB LP formulations all have a large integrality gap.

Consider the following example: there arétems, every item instantiates to a sizelafith probabilityl — 1/n

or a size ofn. with probability 1/, and its reward id only if its size isn, and0 otherwise. Let the total size of
the knapsack b& = n. Clearly, any integral solution can fetch an expected rewatd of— if the first item it
schedules instantiates to a large size, then it gives us a reward. Othetvimgsequent item can be fit within
our budget even if it instantiates to its large size. The issue with the existings ltRat thearm-pull constraints
are ensured locally, and there is one global budget. That is, even ifayeach arm to completion individually,
the expected size (i.e., number of pulls) they occupy-i§l — 1/n) + n - (1/n) < 2. Therefore, such LPs can
accommodate /2 jobs, fetching a total reward 6i(1). This example brings to attention the fact that all these
item are competing to be pulled in the first time slot (if we begin an item in any later tim#& $dches zero
reward), thus naturally motivating our time-indexed LP formulation in Se@ién

In fact, the above example also shows that if we allow ourselves a butigét, a.e., 2n in this case, we can in
fact achieve an expected reward®f1) (much higher than what is possible with a budgeByf— keep playing
all items one by one, until one of them does not step after kiaed then play that to completion; this event
happens with probabilit§2(1).
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A.3 Badness Due to the Non-Martingale Property in MAB: The Benefit ofPreemption

Not only do cancelations help in our problems (as can be seen from thpéxa AppendixA.1), we now show
that everpreemptioris necessary in the caseMfAB where the rewards do not satisfy the martingale property. In
fact, this brings forward another key difference between our rognsitheme and earlier algorithms tdiAB—

the necessity of preempting arms is not an artifact of our algorithm/analyisisather, is unavoidable.

Consider the following instance. There ar@&entical arms, each of them with the following (recursively defined)
transition tree starting at(0):

When the roop(y) is pulled forj < m, the following two transitions can happen:

(i) with probability 1/(n - n™~7), the arm transitions to the “right-side”, where if it mak@s- n( i:o LF)
plays, it will deterministically reach a state with reward 7. All intermediate states hawereward.

(ii) with probability 1 — 1/(n -n™~7), the arm transitions to the “left-side”, where if it makkst! — 1 plays,
it will deterministically reach the stajgj + 1). No state along this path fetches any reward.

Finally, nodep(m) makes the following transitions when played: (i) with probabilify., to a leaf state that has
a reward ofl and the arm ends there; (ii) with probability- 1/n, to a leaf state with reward of

For the following calculations, assume thats> L > n andm > 0.

Preempting Solutions. We first exhibit a preempting solution with expected rew@sar). The strategy plays
p(0) of all the arms until one of them transitions to the “right-side”, in which caseritioues to play this until

it fetches a reward af™. Notice that any root which transitioned to the right-side can be played toletiorp
because the number of pulls we have used thus far is atan@stly those at the(0) nodes for each arm), and
the size of the right-side is exactly — n. Now, if all the arms transitioned to the left-side, then it plays the
p(1) of each arm until one of them transitioned to the right-side, in which casafitees playing this arm and
gets a reward oh™~!. Again, any rootp(1) which transitioned to the right-sidgan be playedo completion,
because the number of pulls we have used thus far is atmiost L) (for each arm, we have pulled the root
p(0), transitioned the walk of length — 1 to p(1) and then pullegh(1)), and the size of the right-side is exactly
B —n(1+ L). This strategy is similarly defined, recursively.

We now calculate the expected reward: if any of the rogty made a transition to the right-side, we get a
reward ofn™. This happens with probability roughly/»™, giving us an expected reward bfin this case. If
all the roots made the transition to the left-side, then at least one of thestates will make a transition to their
right-side with probability= 1/n™~! in which case will will get reward ofi™~!, and so on. Thus, summing
over the firstm /2 such rounds, our expected reward is at least

1 1\ 1, 1 1 1
St <1—nm> e KU <1—nm) (1—nm_1> e (UM SRR

Each term above iQ(1) giving us a total of2(m) expected reward.

Non-Preempting Solutions.Consider any non-preempting solution. Once it has played the first ricieasm
and it has transitioned to the left-side, it has to irrevocably decide if it adrenthis arm or continues playing.
But if it has continued to play (and made the transition.of 1 steps), then it cannot get any reward from the
right-side ofp(0) of any of the other arms, becaube> n and the right-side requird3 — n pulls before reaching

a reward-state. Likewise, if it has decided to move frpfi) to p(i + 1) on any arm, it cannot getny reward
from the right-sides 0p(0), p(1), ..., p(i) onanyarm due to budget constraints. Indeed, for any 1, to have
reached(i + 1) on any particular arm, it must have utilizét+ L — 1) + (1 +L? — 1) +... 4+ (1 + LiT! — 1)
pulls in total, which exceeds(1+ L+ L% +...+ L) sinceL > n. Finally, notice that if the strategy has decided
to move fromp(i) to p(i + 1) on any arm, the maximum reward that it can obtainis*~1, namely, the reward
from the right-side transition gf(i + 1).
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Using these properties, we observe that an optimal non-preempting gipadegeds in rounds as described next.

Strategy at round i. Choose a seV; of n; available arms and play them as follows: pick one of these arms, play
until reaching state(i) and then play once more. If there is a right-side transition before reashkatep (i),
discard this arm since there is not enough budget to play until reachiateasth positive reward. If there is a
right-side transition at state(s), play this arm until it gives reward of~. If there is no right-side transition
and there is another arm iN; which is still to be played, discard the current arm and pick the next af¥.in

In rounds, at leastmax(0,n; — 1) arms are discarded, hen}€, n; < 2n. Therefore, the expected reward can

be at most

ni no

m
e
n-nm n-nm-1

ply g
n

B Proofs from Section2

B.1 Proof of Theorem2.3

Letadd; denote the event that itefwas added to the knapsackStep 5 Also, letV; denote the random variable
corresponding to the reward that our algorithm gets from item

Clearly if itemi hasD; = ¢t and was added, then it is added to the knapsack before tilnehis case it is easy

to see thak[V; | add; A (D; = t)] > R;, (because its random size is independent of when the algorithm started
it). Moreover, from the previous lemma we have tRatadd; | (D; = t)) > 1/2 and fromStep 1we have
Pr(D; =t) = zj}t; hencePr(add; A (D; = t)) > z},/8. Finally adding over all possibilities af we lower
bound the expected value Bf by

1
E[Vi] > ) "E[Vi | add; A (D; = t)] - Pr(add; A (D; = 1)) > gz a} Riy.
t t

Finally, linearity of expectation over all items shows that the total expectedrceof our algorithm is at least
- > it iR e = LPOpt/8, thus completing the proof.

B.2 Making StocK-NoCancel Fully Polynomial

Recall that our LP relaxatiobPnocancel iN Section2 uses a global time-indexed LP. In order to make it compact,
our approach will be to group thB timeslots inLPyocancel @and show that the grouped LP has optimal value
within constant factor of.Pnocancer; furthermore, we show also that it can be rounded and analyzed almost
identically to the original LP. To this end, consider the following LP relaxation:

max Y2, S5 ER; i1 - 7,5 (PolyLP;)
S w0 <1 Vi (B.23)
> ji<j Tigy - Elmin(S;, 27H1)] <227 Vj € [0, log B] (B.24)
795 € [0,1] Vj € [0,log B, Vi (B.25)

The next two lemmas relate the value BblyLP; ) to that of the original LPIPnocancel)-

Lemma B.1 The optimum ofPolyLP;) is at least half of the optimum ¢t.Pnocancel)-
Proof. Consider a solutiom for (LPnocancel) @nd define;; = $i71/2+2te[2,4) rig/2andz; 5 = Ztepjﬂ,yw) Tit/2

for 1 < j <log B. It suffices to show that is a feasible solution tdRplyLP; ) with value greater than of equal
to half of the value of:.
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For constraintsg.23) we haveE;OgOB T;0 = D 4> Tit/2 < 1/2; these constraints are therefore easily satisfied.

We now show tha{z} also satisfies constraint8.Q4):

20+2 1

Z Z; mln 2]+1 Z Z i, tE mln Slv2j+ )]
7

1,5/ <j

20+2_1

z; E[min SZ, 27+2 1)) 2
3y comoy
1

where the last inequality follows from feasibility ¢f }.

Finally, noticing thatER; ; is non-increasing with respect tpit is easy to see tha{_, Z;OEOB ER; 2i41 - ;95 >

ZM ERi,t - x;+/2 and hence has value greater than of equal to half of the value afl desired. [

LemmaB.2 Let {z} be a feasible solution fo(PolyLP ;). Define{i} satisfyingz;; = z;,; /2’ for all ¢ €
[27,2971) andi € [n]. Then{z} is feasible for(LPnocancel) @nd has value at least as large és}.

Proof. The feasibility of{z} directly imply that{z} satisfies constraint2(1). For constraints3.2), consider
t € [27,2771); then we have the following:

Z Z; p - Elmin(S;, t)] < Z Z Z ;]2 E[min(S;, 2711)]

1,t/ <t i J’<]te 24" 27 +1)
=> ) &5 Emin(S;, 2] <227 <2t
i i

Finally, again using the fact th&R,; ; is non-increasing in we get that the value dfz} is

log B log B log B
Sees=3Y 3 RGEETY 5 ERan G =3 s,
v 7=0 te 27 2]+1 v j=0 t€[23 23+1) 7
which is then at least as large as the valu¢of. This concludes the proof of the lemma. |

The above two lemmas show that tRelyLP; has value close to that @Pnocancer: l€t's now show that we can
simulate the execution of Algorithr8tocK-Large just given an optimal solutiogz} for (PolyLP;). Let {z}
be defined as in the above lemma, and consider the Algor8touK-Large applied to{z}. By the definition
of {z}, here’s how to execut8tep 1(and hence the whole algorithm) in polynomial time: we obt&in= ¢
by pickingj € [0,log B] with probability z, ,; and then selecting € [27,27+!) uniformly; notice that indeed
D; =t (with ¢ € [27,27F1)) with probability z; 5; /27 = &; .

Using this observation we can obtainlal6 approximation for our instancg in polynomial time by finding

the optimal solutior{z} for (PolyLP;) and then running Algorithn$tocK-Large over{z} as described in the
previous paragraph. Using a direct modificatiolmbeorem 2.3ve have that the strategy obtained has expected
reward at least at large a$8 of the value of{z}, which byLemmas B.1andB.2 (andLemma 2.} is within a
factor of1/16 of the optimal solution fof.

C Proofs from Section3

C.1 Proof of Lemma3.2

The proof works by induction. For the base case, congider0. Clearly, this item is forcefully canceled in
step 4of Algorithm 3.1 StocK-Small (in the iteration witht = 0) with probability s} /v o — mi0/ D yso i
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But sincer; o was assumed to beandvy;, is 1, this quantity is exactly; ,, and this proves property (i). For
property (ii), itemi is processed for it3* timestep if it did not get forcefully canceled step 4 This therefore
happens with probability — s7, = viy — sy = v,. For property (iii), conditioned on the fact that it has
been processed for its? timestep, clearly the probability that its (unknown) size has instantiatédstexactly
min/ Y1 ™. When this happens, the job stopsstep 7 thereby establishing the base case.

Assuming this property holds for every timestep until some fixed valuel, we show that it holds fot; the
proofs are very similar to the base case. Assume itemas processed for th&" timestep (this happens W,
from property (ii) of the induction hypothesis). Then from property (il probability that this item complétes
at this timestep is exactly; +/ > ,,~, m . Furthermore, it gets forcefully canceledstep 4with probability
874/ — Tit) D psy Tiw. THUS the total probability of stopping at timeassuming it has been processed for
its t*" timestep is exactly;‘,t/v;jt; unconditionally, the probability of stopping at timiés hences; ,.

Property (ii) follows as a consequence of Property (i), because theistpnocessed for itét + 1)! timestep
only if it did not stop at timestep. Therefore, conditioned on being processed fortthéimestep, it continues
to be processed with probability — s;t/vzt. Therefore, removing the conditioning, we get the probability of
processing the item for it§ + 1)*! timestep isvf, — s;, = v;,,,. Finally, for property (iii), conditioned on
the fact that it has been processed for(its- 1) timestep, clearly the probability that its (unknown) size has
instantiated to exactlyt +1) ism; 411/ >y, 1 ™. When this happens, the job stopstep 7of the algorithm.

C.2 StocK with Small Sizes: A Fully Polytime Algorithm

The idea is to quantize the possible sizes of the items in order to ensure th&glLifas polynomial size, then
obtain a good strategy (via Algorith@tocK-Small) for the transformed instance, and finally to show that this
strategy is actually almost as good for the original instance.

Consider an instancé = (m, R) whereR; ; = 0 for all t > B/2. Suppose we start scheduling an item at some
time; instead of making decisions of whether to continue or cancel an itenctasahsequent time step, we are
going to do it in time steps which are powers of 2. To make this formal, definentesfa= (7, R) as follows:
Setm; oi = D yeoi o) Wi ANAR, 95 = (3,107 2541 Wit Rit) /Ty 0i foralli € [n] andj € {0,1,..., [log B|}.
The instances are coupled in the natural way: the size ofitierthe instancd is 27 iff the size of itemi in the
instance lies in the interva[27, 2/ 1),

In Section 3.1 atimestepof an item has duration of 1 time unit. However, due to the constructidh, @fis
useful to consider that thé" time step of an item has durati@h; thus, an item can only complete at @, 1°¢,
2nd etc. timesteps. With this in mind, we can write an LP analogousR@)¢

;27

max Z1§jglog(3/2) 219@ Vi 95 - Ry 9 DO (PolyLPyg)
Vioi = Si9i + Vj0iq1 Vjel[0,logB], i€ [n] (C.26)
Si > 2y, Vie[0logBlicn]  (C.27)
212 iy
Dicln] 2ojefojog B] 2~ Sior < B (C.28)
vio =1 Vi (C.29)
V; 915 8i 25 € [0,1] Vj € [0,log B], i € [n] (C.30)

Notice that this LP has size polynomial in the size of the instance

Consider the LPL(Pg) with respect to the instancg and let(v, s) be a feasible solution for it with objective
valuez. Then defingv, 5) as follows:v; o5 = v; 55 @NAS; 25 = 3,91 2541) Siyj- Itis €asy to check thav, 5) is

a feasible solution forRolyLP¢) with value at least, where the latter uses the fact that is non-increasing in
t. UsingTheorem 3.1t then follows that the optimum ofPplyLP) with respect tq#, R) is at least as large as
the reward obtained by the optimal solution for the stochastic knapsackéestanr?).

28



Let (v, 5) denote an optimal solution oP6lyLPg). Notice that with the redefined notion of timesteps we can
naturally apply AlgorithnStocK-Small to the LP solutior{v, 5). MoreoverLemma 3.2till holds in this setting.
Finally, modify Algorithm StocK-Small by ignoring items with probability — 1/8 = 7/8 (instead of3/4) in
Step 2(we abuse notation slightly and shall refer to the modified algorithm alSacad-Small) and notice that
Lemma 3.2still holds.

Consider the stratedyfor Z obtained from AlgorithnStocK-Small. We can obtain a strate§yfor Z as follows:
wheneves decides to process iteiof Z for its jth timestep, we decide to continue itéraf Z while it has size
from 27 to 271 — 1.

Lemma C.1 StrategyS is a1/16 approximation forZ.

Proof. Consider an item. Let O be the random variable denoting the total size occupied before st@istgyts
processing item and similarly letO denote the total size occupied before strat8gtarts processing iterm
SinceLemma 3.2still holds for the modified algorithn$tocK-Small, we can proceed as ifheorem 3.3and
obtain thatE[O] < B/8. Due to the definition of we can see thad < 20 and henceéE[O] < B/4. From
Markov’s inequality we obtain thd®r(O > B/2) < 1/2. Noticing thati is started byS with probability 1/8
we get that the probability thatis started and there is at leaBi/2 space left on the knapsack at this point
is at leastl /16. Finally, notice that in this cas® andS obtain the same expected value from iténmamely

> Vii - R; 5 ﬁ ThusS get expected value at least that of the optimunPef{LP), which is at least
)
the value of the optimal solution faF as argued previously. [

D Details from Section4

D.1 Details of Phase | (from Sectior#.2.])

We first begin with some notation that will be useful in the algorithm below Ryrstateu € S; such that the

path fromp; to u follows the states, = p;, us, ..., ur = u, letw, = H’“ 1 Dusuigs -

Fix an armi, for which we will perform the decomposition. Lét, w} be a feasible solution tbP,,,, and set
zgt Zunt andw! t=wytforallues;,te [B]. We will gradually alter the fractional solution as we build the
different forests. We note that in a particular iteration with ingleall 27~ w7~ values that are not updated in
Steps 12and13are retained in’/, w’ respectively. For brevity of notation, we shall use “iteratjoof step 2 to

Algorithm D.1 Convex Decomposition of Arm
1: setC; + () andset loop index;j « 1.
2: while 3anodeu € S; sty 2], > 0do
3: initialize a new treeT (i, ]) (Z)
setAd «—{ueS;st 2, ''> 0.
forall u € S;, settime(i, j, u) < 0o, prob(i, j, u) < 0, andsete, < oco.
for everyu € A do
update time(i, j, u) to the smallest times.tz]," > 0.
updatee, = z
let € = min, €,.
10: for everyu € Ado

© o N gk

utlmezgu/ w

11 Setprob(i JyU) = €Ty
. j—1 .o
12: update zu time(i.ju) = Zutime(i.ju) — prob(i, j,u).
—1 ..
13: update w’ time(igu) 1 = wf) time(igu)+1 prob(i, j, u) - pu,, for all v s.tparent(v) = u.

14:  setC; «+ C; UT(1, 7).
15:  incrementj < j + 1.

denote the execution of the entire bloskgps 3- 14) which constructs strategy foreBt:, j).
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Lemma D.1 Consider an integej and suppose thatz/—!, w/~!} satisfies constraint&4.10-(4.12) of LP .
Then after iterationj of Step 2 the following properties hold:

(@) T(s,j) (along with the associategtob(i, j, .) andtime(i, j, .) values) is a valid strategy forest, i.e., satisfies
the conditions (i) and (ii) presented in Sectiér.1

(b) The residual solutiodz’, w’} satisfies constraint&.10-(4.12).
(c) Forany timet and stateu € S;, 2], — z), = prob(i, j, ) Ltime(i.ju)—t-

Proof. We show the properties stated above one by one.

Property (a): We first show that theime values satisfytime(i, j, u) > time(i, j, parent(u)) + 1, i.e. condition
(i) of strategy forests. For sake of contradiction, assume that theres exis S; with v = parent(u) where
time(7, j,u) < time(i,j,v). Definet, = time(i,j,u) andt, = time(i,j, parent(u)); the way we updated
time(4, j, u) in step 7gives that:) ;' > 0.

Then, constraint4.11) of the LP implies thab~, ., w’",’ > 0. In particular, there exists a timé < t, < t,

such thatw’ >} > 0. But now, constraint4.10 enforces that:

wu,t’ v,t'—1

contradicts the fact that was the first time sifj;l > 0. Hence we havéme(i, j, u) > time(i, j, parent(u))+1.

it = w ) /puu > 0 as well. But this

As for condition (ii) abouprob(i, j, .), notice that iftime(i, j, u) # oo, thenprob(i, j, u) is set toe-m, in step 11
Itis now easy to see from the definitionof (and from the fact thaime(i, j, u) # oo = time(i, j, parent(u)) #
oo) thatprob(i, j, u) = prob(i, j, parent(u)) - Pparent(u),u-

Property (b): Constraint 4.10 of LP,,.p is clearly satisfied by the new LP soluti¢n’, w7} because of the two
updates performed iBteps 12and13: if we decrease the value of any node at any time, theof all children
are appropriately reduced (for the subsequent timestep).

Before showing that the solutigin’, w’} satisfies constraint(11), we first argue that they remain non-negative.
By the choice ofe in step9, we haveprob(i, j,u) = em, < €,m, = P ) (wheree,, was computed in

A u,time(,j,u
Step §; consequently even after the update in sl@pzi time(i,j,u) > 0 for all u. This and the fact that the
constraints4.10 are satisfied implies thdt:7, w’} satisfies the non-negativity requirement.
We now show that constraind (L) is satisfied. For any timeand state: ¢ A (whereA is the set computed
in step4 for iteration j), clearly it must be thad ., z{;tl = 0 by definition of the setd; hence just the

non-negativity ofw’ implies that these constraints are trivially satisfied.

Therefore consider somee [B] and a state: € A. We know from stef thattime(i, j,u) # oo. If t <
time(4, j, u), then the waytime(i, j, u) is updated in ste@ implies that _, z = dr<t Zi;} = 0, so the
constraint is trivially satisfied becaus€ is non-negative. If > time(i, 7, u), we claim that the change in the

left hand side and right hand side (between the solutfods!, w’/~!} and{z7,w’}) of the constraint under
consideration is the same, implying that it will be still satisfied{b¥, w7 }.
To prove this claim, observe that the right hand side has decreaseohbglfyeag”fﬂlme(iju) ~ 2 ime(ij) =

prob(i, j,u). But the only value which has been modified in the left hand sid%f;sllme(ij parent(u))-+1° which

has gone down byrob(i, j, parent(u)) - Pparent(u),u- BeCaUsel (i, j) forms a valid strategy forest, we have
prob(i, j, u) = prob(i, j, parent(t)) - Pparent(u),u» @Nd thus the claim follows.

Finally, constraint4.12) are also satisfied as thevariables only decrease in value over iterations.
Property (c): This is an immediate consequence of 8tep 12 [ ]
To proveLemma 4.2 firstly notice that sincd z°, w°} satisfies constraintst(10-(4.12, we can proceed by

induction and infer that the properties in the previous lemma hold for evextegir forest in the decomposition;
in particular, each of them is a valid strategy forest.
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In order to show that the marginals are preserved, observe that in thiéetasion ;* of procedure we have
th,t = 0 for all u, t. Therefore, adding the last property in the previous lemma ovgrgilles

tua = S =2 ) = probli, j,u) Lime(iguet = . prob(i, j,u).

>1 >1 jetime(d,j,u)=t

Finally, since somefm gets altered t® since in each iteration of the above algorithm, the number of strategies
for each arm in the decomposition is upper bounded®hy|. This completes the proof afemma 4.2

D.2 Details of Phase Il (from Sectiord.2.2)

Proof of Lemma4.4 Lettime’(u) denote the time assigned to nadby the end of round = ¢ of the algorithm;
time®*1(w) is the initial time ofu. Since the algorithm works backwards in time, our round index will stal at
and end up at. To prove property (i) of the statement of the lemma, notice that the algorithntonverts head
nodes to non-head nodes and not the other way around. Moreewaels lwvhich survive the algorithm have the
sametime as originally. So it suffices to show that heads which originally did not sapisiperty (i)—namely,
those withtime®*1(v) < 2 - depth(v)—do not survive the algorithm; but this is clear from the definition of Step
2.

To prove property (ii), fix a time, and consider the execution &fapFill at the end of round = ¢t. We
claim that the total extent of fractional play at timeloes not increase as we continue the execution of the
algorithm from roundr = ¢ to round1. To see why, letC be a connected component at the end of round
7 = t and leth denote its head. Ifime!(h) > t then no furtheradvanceaffectsC' and hence it does not
contribute to an increase in the number of plays at im®n the other hand, in‘imet(h) < ¢, then even ifC

is advanced in a subsequent round, each nodé¢ C' which ends up being played gti.e., hastime! (w) = ¢
must have an ancestar satisfyingtime’(w’) = t, by the contiguity ofC. Thus,Observation 4.3jives that

D ueCtime! ()=t Prob(W) < 37, ctimet (u)=¢ Prob(w). Applying this for each connected componéntproves

the claim. Intuitively, any component which advances forward in time is orlyaimg its load/total fractional
play at any fixed time.

e < h<K,<j
o e

(a) Connected components in the beginning (b) Configuration at the
of the algorithm end of iterationr = ¢

Figure D.5: Depiction of a strategy for€Bti, j) on a timeline, where each triangle is a connected component.
In this example H = {hq, hs} andC}, consists of the grey nodes. From Observatid@the number of plays at
t do not increase as components are moved to the left.

Then consider the end of iteration= ¢ and we now prove that the fractional extent of play at tineat most
3. Due toLemma 4.2it suffices to prove thak ., prob(u) < 2, whereU is the set of nodes which caused an
increase in the number of plays at timexamely,U = {u : time®*!(u) > t andtime’(u) = t}.

Notice that a connected component of the original forest can only catrib this increase if its heddcrossed
time ¢, that istime®*1(h) > t andtime’(h) < t. However, it may be that this crossing was not directly caused
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by anadvanceon h (i.e. h advanced tiltime® ! (parent(h)) > t), but anadvanceto a head?' in a subsequent
round was responsible fdr crossing over. But in this caséh must be part of the connected componentof
when the latteadvancehappens, and we can ukés advance to bound the congestion.

To make this more formal, |6 be the set of heads of the original forest whadgancesmade them cross time
t, namely,h € H iff timeB*1(n) > ¢, time!(h) < t andtime®*!(parent(h)) < t. Moreover, forh € H let Cj,
denote the connected componentoh the beginning of the iteration where advancewas executed oh, that
is, whenv was set tch in Step 3 The above argument shows that these comportgyisscontain all the nodes in
U, hence it suffices to see how they increase the congestion at.time

In fact, it is sufficient to focus just on the headsfih To see this, considér € H and notice that no node in
U N Cy is an ancestor of another. Th@hservation 4.8ives) _ ;;~¢, pProb(u) < prob(h), and adding over all
hin H gives)_ ;; prob(u) < >, prob(h).

To conclude the proof, we upper bound the right hand side of the prginequality. The idea now is that the play
probabilities on the nodes i cannot be too large since their parents hewe”! < ¢ (and each head has a
large number of ancestors|ih ¢] because it was considered for an advance). More formally, fiand consider
aheadhin HNT(i, j). FromStep 2of the algorithm, we obtain thaepth(h) > (1/2)time®*1(h) > t/2. Since
timeB ! (parent(h)) < t, it follows that for everyd < [t/2], h has an ancestar € T(i, j) with depth(u) = d
andtime®*1(u) < t. Moreover, the definition off implies that no head i/ N T(i, j) can be an ancestor of
another. Then again employif@pservation 4.3ve obtain

> prob(h) < > prob(u)  (Vd < |t/2]).

he HNT(4,5) w€T(4,7):depth(u)=d, timeB+! (u)<t

Adding over alli, j andd < [¢/2] leads to the boun@/2) -3, prob(h) < >~ iimeB+1(y)<; Prob(u). Finally,
usingLemma 4.2ve can upper bound the right hand side bwhich gives) ", ., prob(u) <>, prob(u) < 2
as desired. m

D.3 Details of Phase Il (from Section4.2.3

Proof of Lemma 4.5 The proof is quite straightforward. Intuitively, it is becausigMAB (Algorithm 4.2)
simply follows the probabilities according to the transition tifggunlesstime(i, j,u) = oo in which case it
abandons the arm). Consider an arsuch thatr(i) = j, and any state € S;. Let (v1 = p;, v2,..., v = u)
denote the unique path in the transition tree for arfmom p; to u. Then, iftime(i, j,u) # oo the probability
that stateu is played is exactly the probability of the transitions reachinfecause irsteps 8and9, the algo-
rithm just keeps playing the stafeand making the transitions, unlesse(i, j, u) = oc). But this is precisely
II',i;llpvwk+1 = prob(i, j,u)/prob(i, j, p;) (from the properties of each strategy in the convex decomposition).
If time(7, j,u) = oo however, then the algorithm terminates the arn$tap 10without playingu, and so the
probability of playingu is 0 = prob(i, 7, w)/prob(i, 7, p;). This completes the proof.

E Proofs from Section5

E.1 Layered DAGs capture all Graphs

We first show thatayered DAGscan capture all transition graphs, with a blow-up of a factoBdh the state
space. For each armfor each state: in the transition grapk;, createB copies of it indexed byuw, ¢) for all

1 <t < B. Then for each: andv such thatp,, ,, > 0 and for eachl < ¢ < B, place an ar¢u, t) — (v,t+ 1).

Finally, delete all vertices that are not reachable from the §taté) wherep; is the starting state of arin There
is a clear correspondence between the transitiods Bnd the ones in this layered graph: whenever sidte
played at time andsS; transitions to state, we have the transition froru, t) to (v, ¢ + 1) in the layered DAG.
Henceforth, we shall assume that the layered graph created in this nisitimetransition graph for each arm.

"We remark that while the plays just follow the transition probabilities, they naape made contiguously.
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F MABSs with Budgeted Exploitation

As we remarked before, we now explain how to generalize the argun@mtSection 4to the presence of
“exploits”. A strategy in this model needs to choose an arm in each time stepeafoim one of two actions:
either it pulls the arm, which makes it transition to another state (this corresponglayong in the previous
model), orexploitsit. If an arm is in state; and is exploited, it fetches rewargd, and cannot be pulled any more.
As in the previous case, there is a budBeain the total number of pulls that a strategy can make and an additional
budget of K on the total number of exploits allowed. (We remark that the same analysikebdhd case when
pulling an arm also fetches reward, but for a clearer presentation wetdmnsider such rewards here.)

Our algorithm inSection 4can be, for the large part, directly applied in this situation as well; we now iexpla
the small changes that need to be done in the various steps, beginning wigwth® relaxation. The additional
variable in the LP, denoted by, ; (for u € S;,t € [B]) corresponds to the probability of exploiting statet
timet.

max ), Tu * Tut (LP4)

Wyt = Zparent(u)t—1 * Pparent(u)u VI € [2,Bl,u€ S (F.31)

v Wur =Y (Zup + Tup) Vte[l,Bl,ueS (F.32)
<t

S es Zut < 1 vVt € [1, B] (F.33)

Y ues.ieip Tut < K vVt € [1, B] (F.34)

wp,1 =1 Vi e [1,n] (F.35)

F.1 Changes to the Algorithm

Phase I: Convex Decomposition

This is the step where most of the changes happen, to incorporate the ofoéixploitation. For an armj, its
strategy foreskT(z, j) (the “x” to emphasize the “exploit”) is an assignment of valtiese(i, j, u), pull(z, j, u)
andexploit(i, j, u) to each state € S; such that:

(i) Foru € S; andv = parent(u), it holds thattime(, j, u) > 1 + time(¢, 7, v), and
(i) Foru € S; andv = parent(u) S.ttime(i, 7, u) # oo, then one opull(i, 7, u) or exploit(, j, u) is equal to
pu.u pull(i, 4, v) and the other i8; if time(i, j, u) = oo thenpull(i, 7, u) = exploit(, j, u) = 0.

For any state., the valuetime(i, j, u) denotes the time at which arims played(i.e., pulled or exploited) at
stateu, andpull(i, j, u) (resp.exploit(i, 7, u)) denotes the probability that the statés pulled (resp. exploited).
With the new definition, iftime(i, j,u) = oo then this strategy does not play the armuatlf stateu satisfies
exploit(i, j,u) # 0, then strategyT(4, j) always exploits, upon reaching it and hence none of its descendants
can be reached. For states/hich havetime(i, j, u) # oo and havexploit(i, j, u) = 0, this strategylways pulls
u upon reaching it. In essence tife(i, j, u) # oo, eitherpull(z, j,u) = pull(i, j, p;) - 7y, OF exploit(i, j, u) =
pull(4, 7, pi) - Tu.
Furthermore, these strategy forests are such that the following arelwdso tr

(I) Ej s.t time(i,j,u)=t pull(i., j?“) = Zuyty

(i) Zj s.t time(i,ju)=t exploit(i, j, u) = Xy 4.
For convenience, let us defipeob(i, j,u) = pull(s, j, u) +exploit(i, 7, u), which denotes the probability of some
play happening ai.

The algorithm to construct such a decomposition is very similar to the onenpeelsie Section D.1 The only
change is that istep 7of Algorithm D.1, instead of looking at the first time wheg ; > 0, we look at the first
time when either, ; > 0 or z,; > 0. If z,,; > 0, we ignore all ofu’s descendants in the current forest we
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plan to peel off. Once we have such a collection, we again approprigielgt she largest which preserves non-
negativity of ther's andz’s. Finally, we update the fractional solution to preserve feasibility. Theesanalysis
can be used to prove the analogousemma D.1for this case, which in turn gives the desired properties for the
strategy forests.

Phase IlI: Eliminating Small Gaps
This is identical to th&ection 4.2.2
Phase IlI: Scheduling the Arms

The algorithm is also identical to that Bection 4.2.3 We sample a strategy foresl(i, j) for each arm and
simply play connected components contiguously. Each time we finish playingreecied component, we play
the next component that begins earliest in the LP. The only differencatisthlay may now be eithergull

or anexploit (which is deterministically determined once we fix a strategy forest); if this play isxploit, the
arm does not proceed to other states and is dropped. Again we let thighegaun ignoring the pull and exploit
budgets, but in the analysis we only collect reward from exploits whiché&mpefore either budget is exceeded.

The lower bound on the expected reward collected is again very similar tagli®ps model; the only change
is to the statement dfemma 4.6 which now becomes the following.

Lemma F.1 For armi and strategiT(i, j), suppose arm samples strategyin step 1of AIgMAB (i.e.,o (i) =
7). Given that the algorithm plays the arfrin stateu during this run, the probability that this play happens
before timetime(i, j, u) and the number of exploits before this play is smaller tanis at leastl1/24.

In Section 4 we showed_emma 4.6y showing that
Pr(r, > time(i, j,u) | &ju) < 3
Additionally, suppose we can also show that
Pr[number of exploits before « > (K — 1) | £ju] < 54 (F.36)
Then we would have
Pr{(number of exploits before u > (K — 1)) V (7, > time(4, j,u)) | &ju] < 13/24,

which would imply the Lemma.

To showEquation F.36we start with an analog diemma 4.5for bounding arm exploitations: conditioned
oné&; ;. ando(i’) = j', the probability that armi’ is exploited at state/ beforew is exploited is at most
exploit(i’, j',u’) /prob(i, j', pi). This holds even wherw = i: in this case the probability of armbeing
exploited before reaching is zero, since an arm is abandoned after its first exploit. Sir¢e = ;' with
probability prob(i’, 5/, p;) /24, it follows that the probability of exploiting arn in statew’ conditioned on
Eiju is at mostz . exploit(i/, j',u’)/24. By linearity of expectation, the expected number of exploits before
u conditioned orti‘”u is at most _;, i, exploit(i’, 5, u') /24 = 3_, , 2 /24, which is upper bounded by

K /24 due to LP feasibility. TheEquatlon F.36ollows from Markov mequallty

The rest of the argument is identical to thaSection 4giving us the following.

Theorem F.2 There is a randomize@(1)-approximation algorithm for th&1AB problem with an exploration
budget ofB and an exploitation budget df .
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