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Abstract 1 Introduction

In the classicak-median problem, we are given a metrighe ;-median problem is an extensively studied location
space and would like to opéncenters so as to minimize theyroblem. Given am-vertex metric spacéV, ) and a bound
sum (over all the vertices) of the distance of each vertetsto, the goal is to locate/opeh centersC C V so as to
nearest open center. In this paper, we consider the folpwiinimize the sum of distances of each vertex to its nearest
generalization of the problem: instead of opening at mesgen center. (The distance of a vertex to its closest open
k centers, what if each center belongs to ond’dfifferent center is called its connection cost.) The first constactisfa
types, and we are allowed to open at miastenters of type approximation algorithm fok-median on general metrics
i (for eachi=1,2,...,T). The cas€l’ = 1 s the classical was by Charikar et al7]. The approximation ratio was later
k-median, and the case Gf = 2 is thered-blue median jmproved in a sequence of papet$[15, 6] to the currently
problemfor which Hajiaghayi et al. [ESA 2010] recentlypest-known guarantee & + ¢ (for any constant > 0)
gave a constant-factor approximation algorithm. due to Arya et al. 3]. A number of techniques have been
Even more generally, what if the set of open centesiccessfully applied to this problem, such as LP rounding,
had to form an independent set from a matroid? In thigimal-dual and local search algorithms.
paper, we give a constant factor approximation algorithm fo  Motivated by applications in Content Distribution Net-
suchmatroid mediarproblems. Our algorithm is based ojyorks, Hajiaghayi et al. 2] introduced a generalization
rounding a natural LP relaxation in two stages: in the firgt k-median where there ate/o typesof vertices (red and
step, we sparsify the structure of the fractional solutidriev blue), and the goal is to locate at mastred centers an#,
increasing the objective function value by only a constapfye centers so as to minimize the sum of connection costs.
factor. This enables us to write another LP in the secopg thisred-blue mediaproblem, [L2] gave a constant factor
phase, for which the SparSifiEd LP solution is feasible. V&@proximation a|gorithm‘ In this paper, we consider a sub-
then show that this second phase LP is in fact integrafantially more general setting where there are an aritrar
f[he integrality proof is based on a connection to matroiimber? of vertex-types with boundgk; }_, , and the goal
Intersection. is to locate at most; centers of each typeso as to minimize
We also consider the penalty version (alternately, the $ge sum of connection costs. These vertex-types denote dif-
called prize collecting version) of the matroid median prolerent types of servers in the Content Distribution Netvgork
lem and obtain a constant factor approximation algorithm fgppjications; the result iflp] only holds forT = 2.
it. Finally, we look at the Knapsack Median problem (in" | fact, we study an even more general problem where
which the facilities have costs and the set of open fadslitighe set of open centers have to form an independent set in
need to fit into a Knapsack) and get a bicriteria approximg-given matroid, with the objective of minimizing sum of
tion algorithm which violates the Knapsack bound by a smathnnection costs. This formulation captures severaldatei
additive amount. constraints on the open centers, and contains as speaat cas
the classick-median (uniform matroid of rank), and the
CDN applications above (partition matroid wiffi parts).
Our main result is a constant-factor approximation algonit
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For the standar@-median problem (and also red-blué.P here is not integral (it contains the knapsack problem
median), it is easy to obtain an(logn)-approximation al- as a special case). Instead we obtain the claimed bicri-
gorithm using probabilistic tree-embeddin@} and exactly teria approximation by using the iterative rounding frame-
solving the problem on a tree (via a dynamic programyork [10, 14, 20, 17]. Itis easy to see that our LP-relaxation
However, even this type of guarantee is not obvious for tfar the Knapsack Median problem has unbounded integrality
Matroid Median problem, since the problem on a tree-metgap, if we do not allow any violation in the knapsack con-
does not look particularly easier. straint (see eg.g]). Moreover, we show that the integrality

Our algorithm is based on the natural LP-relaxatiagap remains unbounded even after the additicknafpsack-
and is surprisingly simple. Essentially, the main insight cover inequalitied5] to the basic LP relaxation. We leave
in establishing a connection to matroid intersection. Tlopen the question of obtaining a&w(1)-approximation for
algorithm computes an optimal LP solution and rounds it Knapsack Median without violating the knapsack constraint

two phases, the key points of which are described below: 12 Related Work The first approximation algorithm for

e The first phase sparsifies the LP solution while increase metrick-median problem was due to Lin and Vitterg

ing the objective value by a constant factor. This igho gave an algorithm that for ary> 0, produced a so-
somewhat similar to the LP-rounding algorithm for lution of objective at mosg(1 + %) while opening at most
median in Charikar et al7]. However we cannot con- (1 + €)k centers; this was based on the filtering technique
solidate fractionally open centers as ifj;[this is be- for rounding the natural LP relaxation. The first approxima-
cause the open centers must additionally satisfy the nian algorithm that opened only centers was due to Bar-
troid rank constraints. In spite of this, we show that thtal [4], via randomized tree embedding (mentioned earlier).
vertices and the centers can be clustered into disjoCtarikar et al. 7] obtained the firsO(1)-approximation al-
‘star-like’ structures. gorithm for k-median, by rounding the LP relaxation; they

obtained an approximation ratio @1% The approxima-

e This structure ensured by the first phase of round|ﬂ%n ratio was improved to 6 by Jain and Vazirartie]

allows us to write (in the second phase) another linear. . . :
program for which the sparsified LP solution isfeasiblglSIng the primal dual technique. Charikar and Gufih [

and has objective value at magf1) times the original urther improved the primal-dual approach to obtain a 4-

. proximation. Later Arya et al3] analyzed a natural local
LP optimum. Then we show that the second phase LF;sir([a‘%‘arch algorithm that exchanges uptoenters in each local

mofla;:; w;teg':rianl é};lav?ererf-tls%rl]vtg EE: ?ggﬂg"ngggseeitéomove, and proved &+ 2 approximation ratio (for any con-
polytope. y P sgantp > 1). Recently, Gupta and Tangwongsdri][gave

Obta".] an extreme point solution, which IS guaranteg considerably simplified proof of the Arya et &8] fesult.
to be integral. This corresponds to a feasible solutlonﬁoIS known that thee-median oroblem on aeneral metrics is
Matroid Median of objective valué®(1) times the LP b 9

optimum hard to approximate to a factor better than- % On Eu-
' clidean metrics, thé-median problem has been shown to

We next consider thé&enalty Matroid Median(a.k.a. admit a PTAS by Arora et al2].
prize-collecting matroid median problem), where a vertex Very recently, Hajiaghayi et al1p)] introduced the red-
could either connect to a center incurring the connectibiue median problem — where the vertices are divided into
cost, or choose to pay a penalty in the objective functiore Ttwo categories and there are different bounds on the num-
prize-collecting version of several well-known optimipat ber of open centers of each type — and obtained a constant
problems like TSP, Steiner Tree etc., including k-mediath afactor approximation algorithm. Their algorithm uses aloc
red-blue median have been studied in prior work (3¢#&%] search using single-swaps for each vertex type. The moti-
and the references therein). Extending the idea of the Mation in [L2] came from locating servers in Content Distri-
troid Median algorithm, we also obtain @& 1) approxima- bution Networks, where there afe server-types and strict
tion algorithm for the Penalty version of the problem. bounds on the number of servers of each type. The red-

Finally, we look at th&Knapsack Mediaproblem (a.k.a. blue median problem captured the cdse= 2. It is un-
weightedW-median [L2]), where the centers have weightslear whether their approach can be extended to multiple
and the open centers must satisfy a knapsack constraetyer types, since the local search with single swap fdr eac
the objective is, like before, to minimize the total conneserver-type has neighborhood siz&”). Furthermore, even
tion cost of all the vertices. For this problem we obtaina(7 — 1)-exchange local search has large locality-gap— see
16-approximation algorithm that violates the knapsack coAppendixA. Hence it is not clear how to apply local search
straint by anadditive f,,,,.. term (wheref,,... is the maxi- to MatroidMedian, even in the case of a partition matroid.
mum opening cost of any center). This algorithm is agdih?] also discusses the difficulty in applying the Lagrangian
based on the natural LP relaxation, and follows the same eglaxation approach (se&€]) to the red-blue median prob-
proach as for Matroid Median. However, the second phdee; this is further compounded in tivdatroidMedian prob-



lem since there are exponentially many constraints on thextexv € V' is opened as a center, amg, is the indicator

centers. variable for whether vertex is served by centes. Then,
The most relevant paper to ours with regard to tfke following LP is a valid relaxation for thiélatroidMedian

rounding technique is Charikar et alf]] our algorithm problem.

builds on many ideas used in their work to obtain our

approximation algorithm. (LP1)
For the penaltyk-median problem, the best knowminimize > > d(u,v)au,
bound is a&3-approximation due to Hajiaghayi et al.g] that u€V veV
improves upon a previousapproximation due to Charikar( 1) subject toz Ty = 1 VueV

and Guha §]. Hajiaghayi et al. also consider the penalt

version of the red-blue median problem and give a const ey

factor approximation algorithm. ?EE) Tuv < Yo VueViveV
The knapsack median problem admits a bicriteria af®.3) Zyv <rm(S) vSCV

proximation ratio via the filtering techniqud§]. The cur- ves

rently best known tradeoffe] implies for anye > 0, a (2.4 Ty, Yo = 0 VuveV

(1 + %)-apprommatlon in the connection costs while vio-

lating the knapsack constraint bynaultiplicative (1 + ¢) If x,, andy, are restricted to only take valué€sor

factor. Charikar and Guhag] also shows that for each1, then this is easily seen to be an exact formulation for
e > 0, it is not possible to obtain a trade-off better thaMatroidMedian. The first constraint models the requirement
(1+ 1, 1+ ¢) relative to the natural LP. On the other handhat each vertex. must be connected to some center

our result implies 16, 1 + ¢)-tradeoff inn®(1/€) time for and the second one requires that it can do so only if the
eache > 0; this algorithm uses enumeration combineeenterv is opened, i.e.z,, = 1 only if y, is also set to
with the natural LP-relaxation. As mentioned ih2], an 1. The constraints2.3) are the matroid rank-constraint on
O(log n)-approximation is achievable for knapsack medidhe centers: they model the fact that the open centers form
(without violation of the knapsack constraint) via a redct an independent set with respect to the matréiti Here

to tree-metrics, since the problem on trees admits a PTAS:a : 2¥ — Z is therank-functionof the matroid, which

is monotone and submodular. The objective function exactly
measures the sum of the connection costs of each vertex.
The input to theMatroidMedian problem consists of a finite (It is clear that given integrally open centaysc {0,1}V,

set of verticed” and a distance functioth: V' x V' — R>, each vertexu € V setsz,, = 1 for its closest centep
which is symmetric and satisfies the triangle inequalisy, iwith i, = 1.) Let Opt denote an optimal solution of the
d(u,v) + d(v,w) > d(u,w) for all u,v,w € V. Such a givenMatroidMedian instance, and ldtPOpt denote the LP
tuple (V, d) is called a finite metric space. We are also givesptimum value. From the above discussion, we have that,

a matroid M, with ground setl/ and set of independent i

setsZ(M) C 2V. The goal is to open an independent Sé,tEMMA 2.1. _The LP cost.POpt is at most the cost of an

S € I(M) of centers such that the supi,_,, d(u, 5) is ©Ptimal solutionOpt.

minimized; herel(u, 5) = minyes d(u,v) is the connection 5 5 gqjying the L P: The Separation Oracle Even though
cost of vertex:. We assume some familiarity with matroidsyye | p rejaxation has an exponential number of constraints,
for more details see 691_9]' " _ it can be solved in polynomial time (using the Ellipsoid
In the penalty version, additionally a penalty functiog,qthqq) assuming we can, in polynomial time, verify if a
p:V — R is provided and the objective is now modifiedyngigate solutior, y) satisfies all the constraints. Indeed,
to minimize 3¢y d(u, S)(1 — h(u)) + p(u)h(u). Here congiger any fractional solutiof,y). Constraints Z.1),
h:V — {0, 1} is an |nd|cat9r function that is if the ;4 @.2) can easily be verified i®)(n?) time, one by one.
corresponding vertex is not assigned to a center and threrefo Constraint2.3) corresponds to checking if the fractional

pays a penalty and otherwise. _ solution{y, : v € V} lies in the matroid polytope fat.
The KnapsackMedian problem (aka weightedlV-  cpecking p.3) is equivalent to seeing whether:
median [L2)) is similarly defined. We are given a finite
metric spacgV, d), non-negative weight$f;}.cv (repre-
<TM(S) - Z%) > 0.
veS

2 Préiminaries

senting facility costs) and a bourfd. The goal is to open gIICIg
centersS C V such thatzjes f; < F and the objective -
2 uev d(u, 5) is minimized (Sectiors). Since the rank-functiony, is submodular, so is the function
2.1 AnLP Relaxation for MatroidMedian In the follow- f(S) := 7m(S) — 2 ,cq¥»- So the above condition
ing linear programy, is the indicator variable for whether(and henceZ.3)) can be checked using submodular function



minimization, eg. 19, 13]. There are also more efficiend max(LP,,, LP,).
methods for separating over the matroid polytope — refer. . T .
to [19, 8] for more details on efficiently testing membershiﬂ}"S is true because, otherwise, if (without loss of gerignal

in matroid polyhedra. Thus we can obtain an optimal LP > LP, andd(u, v) < 4',‘P“’_ then we would have moved
solution in polynomial time. v to uw when we were considering

3 TheRounding Algorithm for MatroidMedian OBSERVATION 3.2.

Let (z*,y*) denote the optimal LP solution. Our rounding w dlu. )" < du. o)z
algorithm consists of two stages. In the first stage, we Z UZ CRATE Z Z (w v),

only alter thex;,, variables such that the modified solution,

while still being feasible to the LP, is also very sparse in This is because, when we move vertexto u;, we

its structure. In the second stage, we write another Igplace the term correspondingltg,, (in the LHS above)
which exploits the sparse structure, for which the modifigéith an additional copy of that correspondingliB,,;, and
fractional solution is feasible, and the objective funatiove know by the vertex ordering thaP,, > LP,,..

has not increased by more than a constant factor. We then Also, the following lemma is a direct consequence of
proceed to show that the new LP in fact corresponds to Markov’s inequality.

integral polytope. Thus we can obtain an integral solution

H /
where the open centers form an independent setiofaind -EMMA 3.1. Forany clientu € V', 3 e, a1p,) Tuo =
the cost isD(1)LPOpt. 1/2. In words, each client is fractionally connected to

centers in its local ball to at least an extentiogf2.

uecV’ veV ueV eV

3.1 Stage |: Sparsifying the LP Solution In the first

stage, we follow the outline of the algorithm of Charikar et  Finally, we observe that if we obtain a solution to the
al. [7], but we can not directly employ their procedure barew (weighted) instance and incur a cost(afthe cost of
cause we can’t alter/consolidate tijgvariables in an arbi- the same set of centers with respect to the original instance
trary fashion (since they need to satisfy the matroid polig-then at most” + 4LPOpt (the additional distance being
tope constraints). Specifically, step (i) below is ideritica incurred in moving back each vertex to its original locajion
the first step (consolidating locations) ifi| The subsequent We now assume that we have the weighted instance
steps in 7] do not apply since they consolidate centers; hoywith clients V'), and are interested in finding a sgt C

ever using some ideas fron7][and with some additional V' of centers to minimize)_ ., w.d(u,S). Note that
work, we obtain the desired sparsification in steps (ii)-(icenters may be chosen from the entire vertexisetand
without altering they*-variables are not restricted td’’. Consider an LP-solutiofiz', y*)

to this weighted instance, wherg,, = =7, for all u €
V’,v € V. Note that(z',y*) satisfies constraint2(1)-
c85.2) with » ranging overV’, and also constrain2(3); so

it is indeed a feasible fractional solution to the weighted
instance. Also, by Observatiad2, the objective value of

(z', y*) is Y ey wu > ey d(u,v)zl, < LPOpt, ie. at

Step (i): Consolidating Clients. We begin with some
notation, which will be useful throughout the paper. F
each vertexu, let LP, = 3 . d(u,v)z}, denote the
contribution to the objective functiobPOpt of vertex u.

Also, letB(u,r) = {v € V| d(u,v) < r} denote the ball of
radiusr centered at vertex. For any vertex:, we say that

B(u,2LP,,) is thelocal ball centered at:. most the ongmal LP optimum.
o . . After this step, even though we have made sure that
Initialize w,, < 1 for all vertices. Order the vertices

the clients are well-separated, a cliemte V'’ may be

rdin non-decreasi val nd let the orderin : .
according to non-decreasing, values, and let the orde gfractlonally dependent on several partially open centers,

be uyi,uo,...,u,. Now consider the vertices in the order . o .

. . as governed by the,, variables. More specifically, it
ui,Us, ..., U,. FOrvertexu;, if there exists another vertexma be served by centers which are contained in the ball
u; with j < 4 such thatd(u;,u;) < 4LP,,, then set y y

Wy, + wy, + 1, andw,, « 0. Essentially we can think OfB(u,2LPu), or by centers which are contained in another

: ) L ball B(u',2LP,), or some centers which do not lie in any

movingu; to u; for the rest of the algorithm (which is why )
: . . . : of the balls around the clients. The subsequent steps furthe

we are increasing the weight of and setting the weight of _. ~ X
u; 10 be zero). simplify the structure of these connections.

After the above process, 18t denote the set of loca- Remark: To illustrate the high-level intuition behind
tions with positive weight, i.e}’ = {v|w, > 0}. For the Our algorithm, suppose it is the case that foralc V"’
rest of the paper, we will refer to verticeslifi asclients By ~clientu is completely served by centers insifieu, 2LP,,).

the way we defined this set, it is clear that the following twbh€n, we can infer that it is sufficient to open a center inside
observations holds. each of these balls, while respecting the matroid polytope

constraints. Since we are guaranteed thatufar € V7,
OBSERVATION3.1. For u,v € V', we haved(u,v) > B(u,2LP,) N B(v,2LP,) = 0 (from Observatior8.1), this



problem reduces to that of finding an independent setdfu;, uo) + 2LP,, < (3/2)d(u;, uo), where in the final in-
the intersection ofmatroid M and thepartition matroid equality we have used Observati8ri Therefore, we have
defined by the ball§B(u,2LP,)|u € V'} | Furthermore, d(u;,v") < 3d(u;,v) for anyv’ € B(ug,2LP,,), which
the fractional solution(«*,y*) is feasible for the natural proves the claim. [
LP-relaxation of the matroid intersection problem. Now,
because the matroid intersection polytope is integral,ave ¢~ Now, for eachl < i < k, we remove the connec-
obtain an integer solution of low cost (relativeltBOpt).  tion (u;,v) (ie. xf , « 0) and arbitrarily increase con-
However, the vertices may not in general be fully servétgctions (for a total extent;, ,) to edges(u;, v') for v €
by centers inside their corresponding local balls, as md#o, 2LP.,) while maintaining feasibility (i.e% ,, < y;).
tioned earlier. Nevertheless, we establish some additioR4t we are ensured that a feasible re-assignment exists be-
structure (in the next three steps) which enables us to ¢ause for every client;, the extent to which it is connected
duce to a problem (in Stage II) of intersecting matraid outside its ball is at most/2, and we are guaranteed that

with somelaminar constraintginstead of just partition con- the total extent to which centers are openeino, 2LP.,)
straints as in the above example). is at leastl /2 (Lemma3.1). Therefore, we can completely

remove any connectiom; might have ta and re-assign it to

Step (ii): Making the objective function uniform & cen-  centers in3(u, 2LP,,, ) and for each of these reassignments,
ters private. We now simplify connections that any verteXye used(u,, u,) as the distance coefficient. From Clagri
participates outsides its local ball. We start with the LRnd observing that the approximation on cost is performed
solution (', y*) and modify it to another solutiofw?, 4*). on disjointset of edges ifA) and(B), we obtain that:
Initially setz? « x!. (3.6)

(A). For any clientu that depends on a centemwhich 2 . 1
is contained in another client’s local ball, we change the 2w D ), <203, wa Y d(w,v)ey,
coefficient ofz,,, in the objective function fromi(u, v) to
d(u,u’). Because the clients are well-separated, this changes After this step, we have that for each centemot

ueV’ veV ueV’ veV

the total cost only by a small factor. Formally, contained in any ball around the clients, there is only one
client, sayu, which depends on it. In this case, we say that
d(u,v) > d(u,u’) —2LP, Sincev € B(u',2LP,/) v is aprivate centerto clientu. Let P(u) denote the set of
> d(u, ') — d(u,u')/2 From Obs3.1 aII_ vertices Fhat are ei.ther contained #{u, 2LP,,), or are
> (1/2)d(u, ) private to clientu. Notice thatP(u) N P(u’) = 0 for any
= ’ two clientsu, v’ € V'. Also denoteP¢(u) := V \ P(u) for

anyu € V.
We further change the LP-solution frofx?,y*) to
(2%,y*) as follows. Inz* we ensure that any client which

Thus we can write:

@5 w, | Y dw) > xl, depends on centers in other clients’ local balls, will intfac
ueVv’ wWEeV\u veEB(u!,2LP /) dependonly on centers in the local ball of its nearest other

1 client. For any client;, we reassign all connections (i)

<2 Z Wu Z Z A, V) to P¢(u) to centers of3(v/, 2LP,/) (in 2%) where/ is the

weV’ weVAuveB(w 2Py) closest other client ta. This is possible because the total

ireassignment for each client is at most half and every local-

any local ball, and ensure that each such center has Jgfw has at least half unit of centers. Clearly the value of
one client dependent on it. Consider any vertexe V. \% ,y*) under the new obiective is at most that(of’, y*),

which does not lie in any local ball, and has at least A the way we have alte/rgd the objective fl;mction.

clients dependent on it. Let these clientstgus, . . ., u; Now, for eactu € V", if we letn(u) € V' \ {u} denote

ordered such thaf(uo,v) < d(ui,v) < ... < d(ug,v). the closest other client ta thenu depends only on c_entersm
P(u) andB (n(u),2LP, ). Thus, the new objective value

of (3, y*) is exactly:

(B). We now simplify centers that are not contained

The following claim will be useful for re-assignment.

Ciamv 3.1. Forall i € {1,...,k}, d(u;,up) < 2d(u;,v).
Furthermore, for any vertex’ € B(ug,2LP,,), d(u;,v") <

3d(ug, v). Yowa | Y dlw o)zl +dun)(t- Y ah,)
ueV’ vEP (u) veEP (u)

Proof. From the way we have ordered the clients, wg 7) < 2.LPOpt

know thatd(u;,v) > d(ug,v); SOd(u;,ug) < d(u;,v) +

d(ug,v) < 2d(u;,v) foralli € {1,--- ,k}. Also, if o' Observe that we retained for eaehe V' only the z,,-

is some center iB(ug, 2LP,,, ), then we havel(u;,v") < variables withv € P(u); this suffices because all other



xyw-variables (withw € P¢(u)) pay the same coefficientnon-leaf vertexu which is not part of a pseudo-root, such
d(u,n(u)) in the objective (due to the changes madéAn that all its children are leaves. Let"t denote the parent of
and(B)). Since the cost of the altered solution is at most that

of (%,y*), we get the same bound 2EPOpt.

Furthermore, for any client which depends on a private
centerv € P(u) \ B(u,2LP,), it must be thatd(u,v) <
d(u,n(u)); otherwise, we can re-assign thjisv) connection
to a centerv’ € B(n(u),2LP,) and improve in the
(altered) objective function; again we use the fact that
might depend orP(u) \ B(u,2LP,,) to total extent at most
half and B(n(u), 2LP, ) has at least half unit of open

1. Suppose there exists a childy of w such that
d(ug,u) < 2d(u,ut), then we make the following
modification: letu; denote the child of: that is clos-
est tou; we replace the directed ara:, u°"t) with
(u, u1), and make the collectiofwu, u, } (which is now
a 2-cycle), a pseudo-root. Observe th#tug,u) >
d(u,u®"") because: chose to direct its arc towards"*

instead ofug.
centers.
To summarize, the above modifications ensure that frac2. If there is no such child, of «, then for every child;
tional solution(z?, y*) satisfies the following: of u, replace ar¢u™™, u) with a new arq(u™™, u°"t). In

this processy has its in-degree changed to zero thereby

H H / / /
(i) For any two clientsu,v’ € V', we haved(u,u’) > becoming a leaf.

4max(LP,, LP,/). In words, this means that all clients
are well-separated.

(i) For each centen that does not belong to any ball
B(u,2LP,,), we have only one client that depends on

it.

(iif) Each clientu depends only on centers in its ball, its
private centers, and centers in the ball of its nearest
client. The extent to which it depends on centers of the
latter two kinds is at most/2.

pseudo-root

(iv) If client « depends on a private center d(u,v) <

d(u,u’) for any other client’ € V. )
Figure 3.1:The Dependency Tree: Dashed edges represent

(v) The total cost under the modified objective is at mogtivate centers, circles represent the local balls

2 - LPOpt.

Notice that we have maintained the invariant that thereare n

Step (iii): Building Small Stars. Let us modify mapping out-arcs from any pseudo-root, and every node has at most
n Sllghtly for eachu € V', if it Only depends (Under LP one Out'arC/. Define map,plng: V/.—) V! .aS follows: for
solution %) on centers inP(u) (ie. centers in its local €8chu € V7, seto(u) to w’s parent in the final dependency
ball or its private centers) then resgiu) < u. Consider graph (if it exists); otherwise (lh is itself a pseudo—roo.t)
a directed dependency graph on just the cligtshaving S€to(u) = u. Note that the final dependency graph is a
arc-set{(u,n(u))|u € V', n(u) # u}. Each component collection of stars with centers as pseudo-roots.
will almost be a tree, except for the possible existence ef oy aim 3.2. For eachw ¢ V’, we haved(w, o(w)) <
2-cycle! (see Figure.1). We will call such2-cyclespseudo- 5 . d(w, n(w))
roots If there is a vertex with no out-arc, that is also called _ _ _
a pseudo-root. Observe that every pseudo-root contain&'of. Suppose that whew is considered as vertex in
least a unit of open centers. the above procedure, step 1 applies. Then it follows that the

The procedure we describe here is similar to the red@it-arc ofw is never changed after this, and by definition of
tion to “3-level trees” in 7]. We break the trees up into a colStep 1d(w, o(w)) < 2 - d(w,n(w)). The remaining case is
lection of stars, by traversing the trees in a bottom-up-faghat whenw is considered as vertex step 2 applies.
ion, going from the leaves to the root. For any am;u/), Then from the definition of Steps 1 and 2, we obtain that
we say that/’ is theparentof u, andu is achild of «/. Any there is a directed pathw = wo, w1, -+ ,wy) in the initial
clientu € V' with no in-arc is called deaf. Consider any dependency graph such thgit) = w; ando(w) = w;. Let

d(w,n(w)) = d(wp, w1) = a.

TIn general, each component might have one cycle of any length; b We claim by ilquCtlon on: € {117 e ,'t} tha_‘t
since all edges in a cycle will have the same length, we may assiteut (Wi, wi—1) < a/2'"". The base case daf = 1 is obvi-
loss of generality that there are only 2-cycles. ous. For anyi < t, assumingd(w;,w;—1) < 3/2271, we



will show thatd(w; 1, w;) < a/2¢. Consider the point whenLEMMA 3.2. Any basic feasible solution 1P, is integral.
w’s out-arc is changed frorfw, w;) to (w, w;1); this must ) ] ) o )
be so, sincev's out-arc changes fromw, w;) to (w, w;) Proof. Consider any basic feasible solutienFirstly, notice

through the procedure. At this point, step 2 must have 6@5’“ the Charf_;\cteristic yectors _defin_ed by constrai8is) (
curred at nodes;, andw,_, must have been a child af;: and @.10 define a laminar family, since all the se®u)

henC&i(wi+1, wl) < 1. d(wi, wi,l) < Q/Ql are dISJOInt i X
Therefore, the subset of these constraints that are tightly

t
'tl'hus 1we haved(w, a(w)) < iy d(wi,wi1) < hictieg byz define a laminar family (of mostly disjoint
a )izt gt < 20 =2 d(w,n(w)). B sets). Also, by standard uncrossing arguments (sed @y, [
At this point, we have a fractional solutign?3,y*) that W€ can choose the linearly-independent set of tight rank-
satisfies constraint®(1)-(2.4) and: cgn_st)raints 3.11) to form a laminar family (in fact even a
chair).

) ) But then the vector is defined by a constraint matrix
Sowa | > duv)ad, +du,o(w)(1— Y #3,)| which consists ofwo laminar familieson the ground set of
uev’ vEP(u) vEP(u) vertices. Such matrices are well-known to togally uni-
(3.8) < 4 - LPOpt modular[19], and this fact is used in proving the integrality
) ) ) of the matroid-intersection polytope. For completeness, w
The inequality follows from.7) and Claim3.2 outline a proof of this fact in the AppendB. This finishes
3.2 Stage Il: Reformulating the LP Based on the star-the integrality proof. [ |
like structure derived in the previous subsection, we psepo . ) . ) i
another linear program for which the fractional solution 't 1S clear that any integral solution feasible foP; is

(z%,y*) is shown to be feasible with objective value a&SC feasible foMatroidMedian, due to 8.11). ‘We now

in (3.8). Crucially, we will show that this new LP is integral.re"”‘te the objective iLP; to the originalMatroidMedian

Hence we can obtain an integral solution to it of cost at m(fg?JeCt'Ve:
4 - LPOpt. Finally we show that any integral solution to ouf emma 3.3. For any integral solutionC’ C V to LP», the
reformulated LP also corresponds to an integral solutionNgtroidMedian objective value unde€ is at most3 times
the originalMatroidMedian instance, at the loss of anothethat it was paying in thé.P, solution.
constant factor.

Consider the LP described in Figu3e Proof. We show that each clienu € V' pays in

The reason we have added the constr8idi0 is the MatroidMedian at most 3 times that ihP,. Suppose that
following: In the objective function, each client incursipn C N P(u) # 0. Thenu’s connection cost is identical to its
a cost ofd(u, o(u)) to the extent to which a private facilitycontribution to theL P, solution’s objective. Therefore, we
from P(u) is not assigned to it. This means that in o@ssume NP (u) = 0.
integral solution, we definitely want a facility to be chosen Suppose that. is not part of a pseudo-center; let
from the pseudo-root to which is connected if we do not{u1,u2} denote the pseudo-center thas connected to. By
open a private facility fronP(u); this fact becomes clearerconstraint 8.10, there is some € C (] (P(u1) U P(uz2)).
later. Also, this constraint does not increase the optimite contribution ofu is d(u, o(u)) in LP> andd(u, v) in the
value of the LP, as shown below. actual ObjeCtive function foMatroidMedian. We will now

_ ) show thatd(u,v) < 3 - d(u,o(u)).

CLAaIM 3.3. The linear programLP, has optimal value at Without loss of generality let(u) = ; and suppose
most4 - LPOpt. thatv € P(usz); the other case of € P(u;) is easier.

Proof. Consider the solutionz defined as: z, = From the property of private centers, we kndus, v) <
mln{y:, xi’,w} _ x3v for all v € P(’U,) andu € V/, all d(UQ,T)(’LLQ)) < d(uz,ul). Now if (Ul,UQ) is created as a

other vertices have-value zero. It is easy to see that cor?€W Pseudo-root in step (iii).1, then we have the property

straints 8.9) and @.11) are satisfied. thatd(uy,us) < d(u1,u), since we choose the closest leaf
to pair up with its parent to form a pseudo-root. Else, us)

is the original pseudo-root even before the modifications
of step (iii). Thus in that case, by definitiof{u1,u2) =

Constraint 8.10 is also trivially true for pseudo-roots
consisting of only one client. Else, Idtu,us} be any
pseudo-root consisting of two clients. Recall that ea
u € {ur,us) is connected to centers in ba(u, 2LP,) C  du1,7(u1)) < d(ur,u). Therefored(u, v) < d(u, u1) +
P(u) to extent at least half; hence the totalalue inside d(uy, uz) + d(uz,v) < d(u,ur) + 2 - duy,u2) < 3-
P(uy) U P(uy) is at least one. Thus is feasible forlP,, d(u, ur) = 3 - d(u, o (u)). _
and by 8.8) its objective value is at most- LPOpt. If u is itself (a singleton) pseudo-center then it must be

thatC' N P(u) # 0 by (3.10, contrary to the above assump-

We show next thaltP; is in fact, an integral polytope. tion. If w is part of a pseudo-centér, »'}. Then it must



(LPy) minimize Zwu Z du,v)z, + d(u,o(u))[1- Z 2

ueV’ vEP (u) vEP(u)

(3.9) subjectto > z, <1 VueV’

veP(u)
(3.10) Yoozt Y a1 V pseudo-roots{u; , us }

veEP(u1) vEP(uz)

(3.11) >z <rm(S) VSCV
veS

(3.12) 2y >0 YveV

Figure 3.2: Stage Il LP Relaxation

be that there is some € C N P(v'), by (3.10. The con- Our LP relaxation is an extension of the oné{) for
tribution of u in LP; is d(u, o(u)), and inMatroidMedian is  MatroidMedian. In addition to the variable$y,; v € V'}
d(u,v) < d(u,u') + d(uv',v) < 2-d(u,u’) = d(u,o(u)) and{z..,; u,v € V}, we define for each client an indicator
(the second inequality uses property of private centera®. variableh, whose value equals if client v pays a penalty
and is not connected to any open facility. Then, it is

To make this result algorithmic, we need to obtain igraightforward to see that the following LP is indeed ad/ali
polynomial-time an extreme point solution k&>. Using relaxation for the problem.

the Ellipsoid method (as mentioned in Sect@2) we can
indeed obtairsomefractional optimal solution taP5, which  min >~ " d(u, v)zw,+ Y p(u)h,  (LP3)

may not be an extreme point. However, such a solution can wev vev uev

be converted to an extreme pointld®,, using the method (4.13) s.t Z v =1 VueV

in Jain [14]. (Due to the presence of both™ and “>" type e

constraints in3.9)-(3.10 it is not clear whethekP, can be

cast directly as an instance of matroid intersection.) (4.14) Tuv = Yo VueVioeV
Altogether, we obtain an integral solution to thé4.15) Z Yo < 7T M(5) VS CV

weighted instance frorstep (i) of cost< 12 - LPOpt. Com- ves

bined with the property adtep (i), we obtain: (4.16) Ty Yo, hu > 0 Vu,veV

TH EOREM 3.1. _There is a 16-approximation algorithm for | gt Opt denote an optimal solution of the given penalty

the MatroidMedian problem. MatroidMedian instance, and letPOpt denote thelLP;

(9ptimum value. SincéPs3 is a relaxation of our problem,

We have not tried to optimize the constant via this approactt.
e have that,

However, getting the approximation ratio to match that f
usualk-median would require additional ideas. LEMMA 4.1. TheLP3 costLPOpt is at most the cost of an
4 MatroidMedian with Penalties optimal solutionOpt.

In the MatroidMedian problem with penalties, each client  Let (z*,y*,h*) denote the optimal LP solution. We
either connects to an open center thereby incurring tteaind the fractional variables to integers in two stages. In
connection cost, or pays a penalty. Again, we are giverire first stage, only:*, h* variables are altered such that
finite metric spacéV, d), a matroid M with ground sefi” the modified solution is still feasible but sparse and has a
and a set of independent s&is\) C 2V'; in addition we are cost that isO(1)LPOpt. This stage is similar in nature to
also given a penalty functiop: V' — R>o. The goal is to the first stage rounding fdvlatroidMedian but we need to
open center§' € Z(M) and identify a set of client§’; such be careful when comparing the,,’s and they,’s — the
thaty~,cc, d(u, S) + >,cv\c, P(u) is minimized. Such primary difficulty is that for any client, the sum}_, 2,
objectives are also called “prize-collecting” problemstHis is not 1. Typically, this is the case in most LP-based
section we give a constant factor approximation algorithpnize-collecting problems, but often, one could argue that
for MatroidMedian with penalties, building on the roundingf > ., > 2/3, then by scaling we could ensure that it
algorithm from the previous section. is at leastl; thereforethe (scaled) LP would be feasible to



the original problem (without penalties). However, in ourall’ centered at.. The following is a direct consequence of
case (and alsé-median with penalties) since we also haviglarkov’s inequality and Observatigh1-(1).
packing constraints (the matroid rank constraints), sympl
i i ioni i LEMMA 4.2. For any clientu € C, rl, > 1L
scaling the fractional solution is not a viable route. afly ¢ S5 2weBuaD,) fuw = 30
Once we handle these issues, we show that a new IDpvords, each client is fractionally connected to centers |
can be written for which the modified fractional solutioffS local ball to an extent of at leas/2.
is feasible. The constraints of this LP are identical to that
for MatroidMedian; but the objective function is different.
Since that polytope is integral (Lemrm3a2) we infer that the vertices in the ordesy, us, .. . 1y, FOr a vertex, if there

new LE forMa_troudMeduan with penalties is mtegr_al. ThIS Xists a vertex; with j < i such thatd(u;, u;) < 8D..,
immediately gives us the constant factor approximation for . i
. . : . . . _then we denote this event hy; — wu; and modify the
MatroidMedian with penalties. We now get into the details. s . .
e _ - instance by shifting the location of client to ;.
41 Stage |: Sparsifying the LP Solution Like in the For each client;, definer(u;) = u; iff u; — u;, and
matroid median setting, the goal in this stage is to argieu;) = u; if u; was not shifted. Let’ = «(C) denote the
that there exists aparsefractional solution of near optimalset of clients that maintain their own local balls (i.e were
cost. This will enable us to write another LP, which will b@ot shifted in the above process). For eache V’, let
characterized by an integral polytope. C, := {u' € C|r(v') = u}. The new instance consists of

Step (i): Thresholding Penalties. |C.| clients located at each vertexc V' having respective

Let C denote the set of clients paying a penalty at md%‘?nalty valuegp(u’)|u’ € Cy}.
to an extent ofl /4 in the fractional solution, i.e¢ = {u €  GoservaTION4.2. For w.v € V'. we haved(u,v) >
V|hi < 1}. For each client, € V' \ C, we round itsh}; to 8max(Day, Dy) ' ' '
one and set’*, to zeroforallv € V. Let(z', h', y*) denote e
this modified solution. We make the following observations: e obtain a feasible solutiofx?, 22, y*) to this modi-

. _fied instance as follows. For each evapt— u;, do:
OBSERVATION 4.1. After the above thresholding operation,

Now order the clients according to non-decreasihg
values, and let the ordering lag, us, . .., u, . Consider the

the following inequalities are satisfied. Case (): If X, < X, : Start withzi , = 0 for all
) . v. Then, for each vertex with x}w > 0, connectu; to

LVuel Yey Tuw > 7 an extent ofz, , to v, i.e. setz? , = =z ,. Finally, set

2.Vuel, hl <1 Wiy = Py <l

3. ey (Xey whod(u,v) + hlp(u)) < 4LPOpt Case (ii)_: If X, > X, : Startwithz?, , = 0 for all v. For
eachv with =}, , > 0, connectu; to an extent of}, , to v,

4. Vu,v €V, if ay, > 0thenp(u) > d(u,v). ie. setz? | :Jmijv. SinceX; < X, ,we need to further
5. Vu,v e V,ifzl, > 0thenzl, = y* or hl = 0. connectu; to other centers to extent of at leasf, — X, in
order to avoid increasinfy,, . To this end, set? , =z, ,,

Here, the second-to-last property is true because of theall w € V with x}%w = (. Observe that client; is now

following: For any clientu € V and centerv € V, if connected to extent at leakt. ;soh2 <1— X! =hl .

rl, > 0andd(u,v) > p(u), then we can increase’ to . o . . .
— 0. Such a modification maintains . IS0 if a client is not shifted in the above routine, its

hl + 2! and setr! ) _ _
¢ x2, h? variables are the same asin, h'. The following

uv uv

feasibility and only decreases the objective function galu o o o .
Y Y ) lemma certifies that the objective of the modified instance is

not much more than the original.

The final property can be seen from the following arg
ment: becausg(u) > d(u,v), wheneverzl, > 0, we can
e, o ecreaces Ol LEwa 4.3, g [Zc oy (r(0). )+ )] <

1 i * g J Zuec [10 Zvev Loy d(u7 U) + h‘u p(u)]
or x,,, hitsy.

. . . Proof. We prove the inequality term-wise. Any client that
Step (ii): Clustering Clients. is not shifted in the above process maintains its contidputi

Let |C| = »'. For each clien € C, let D, = to the objective function. Hence consider a cliepthat is
d..xl denote the fractional connection costofclien%. . Co ‘
2vev duvuy ifted tou; (ie. u; — u;). Itis clear thahl < h! , sothe

X!l = L i 3 -
v and X, 2vev Tuy d_enote the total fractional as penalty contributiom:? - p(u) < hl - p(u). There are two
signment towards connection. Also IB(u,R) = {v € cases for the connection costs:
V' |d(u,v) < R} denote the ball of radiug centered at :

u. For any vertexu, we say that3(u,4D,) is the ‘local Case(i): X,, < X, .



In this case we have ZUEV 22 ,d(m(u;),v) = The first three properties above are immediate from the
Svey Lo yd(uj,v) =3 oy T uvd(uj,v) = Dy; < Dy, corresponding properties after step (i) of SecBoiThe last
property uses4.17) and Claim3.1
Case (ii): X, > X, . We now modify the penalty variables as follows (start-
Here, note that% v <@y, oy, forallv € V. So, ing with h3 = h2 and2® = #%). For each client/, if it is
connected to centers in the local-ball of any V/\ {7 (u')}

Z xi - d(uj,v then reset?(v') = 0; and increase the connection-variables
VeV x3(u’, -) to centers in the local-ball af until clientw’ is con-

1 nected to extent one. (Such a modification is possible since
Szzu v P a\UG, U +Zzuw' u]’ ( P

u’ is already connected to extent at least half in the local ball

of 7(u’), and there is at least half open centers in any local

<D, + Z 2 d(ug,v Z %,v d(uy, u;) pall.) Furthern;org, using property (d) above,Ege r;ew objec
tive value of(z°, b, y*) is at mosthricethat of (2, h?, y*),

ie. at most0 - LPOpt.

veV veV

veV veV
OBSERVATION 4.3. Any clientu’ that hash?(u’) > 0 is
Hence in either case, we can bound the new connecti@hnectednly to centers irP(m(u')).
cost by10 - D,,,. . i
We also applystep (iii) from Section3 to obtain a
Thus it follows that(z2, k2, y*) is a feasible LP solution mapplnga : ,V' — V' satisfying 9""“”?3-2 (recall that
to the modified instance of objective value at midst POpt. : V' — V' maps each client i’ to its closest other
We additionally ensure (by locally changing, h2) that cllent) This increases the objective value by at most facto
2.

condition 4 of Observatiod.1holds, namely: )
(4.17) Let M = {u' € C|h*(u’) > 0} denote the clients

Yue V' u € CyueV,if 22, > 0thend(u,v) < p(u/). that have non-zero penalty variable. For eaéh_e M
let T(u') € P(n(u')) denote the centers that clieat is
Note that any feasible integral solution to the modfonnected to (We may assume tfidt.’) consists of centers
fied instance corresponds to one for the original instantie,P(u) closest tou). The objective of(z?,h?,y*) can
wherein the objective increases by at most an additive telfign be expressed as in the equation in Figu@ From
of 8- 3", cc Dw < 8- LPOpt. Hence in the rest of the a|go.the arguments above, the cost of this solution is at most
rithm we work with this modified instance. 120 - LPOpt.
Next we moglfy the connection-variables (leaving2 Stagell: Reformulaing the LP
penalty variablesh* unchanged) of clients exactly as in Reducing center variables ¢*. For anyu € V', if
step (ii) of the previous section, and also alter the coe{g 1 th d the*-val P
ficients of somer variables just like in the algorithm for<=v&P(w) ) Yo > en we reduce thg"-values inP(u)
MatroidMedian. This results in a disjoint set of private cen- one center at a time (starting from the farthest center to

tersP(u) for eachu € V' (whereP(u) can be thought of ! u) until y*(P(u)) = 1. Cleg_rly this doe_s not cause the
as the collection of all private centers faf € C,: notice objective to increase. Additionallyy* still satisfies the

that these are disjoint for different verticesiif), and new matroid independence constraints. Thus we can ensure that

. , . X
connection variabled® such that: 2vepqn Yo < 1orallu € V'. Additionally, the following
two modifications do not increase the objective.
(a) Each cli_entu’ depends only on centef8(7(u')) and 1 client o’
centers in the local ball nearesttdu’). The connec-
tion to the latter type of centers is at most half.

u'v

€ M. Foralv € T) we
have d(7(u'),v) < p(u') (property (d) above); set
2’ (u',v) = yy.

(b) For any clientz € V" and centew € P(u), we have 2. Clientu € C\ M. For allv € P(x(u)) we have
d(u,v) < d(u,w) for any other clientw € V'. d(m(u),v) < d(m(u),o(n(u))) (property (b) above);
- S again setr®(u, v) = y.
(c) The total cost under the modified objective is at most
20-LPOpt (the factor2 loss is incurred due to changingl hus we can re-write the objective from.{8 as shown in

the objective coefficients and rearrangements). Figure4.4 (which is just that in Figuret.3 with the z vari-
ables replaced by the variables). Notice that there are no
(d) For anyw’ € C,v € V with 23, > 0 we have z-variables in the above expression. Furthermgresat-
d(r(u'),v) < 3- p(u’). Additionally, foru’ € C, v € isfies all the constraints3(9)-(3.12. We now consider lin-
P(r(u')) with 23, > 0 we haved(r(u'),v) < p(u').  ear programLP, with the linear objective4.19 and con-



Z Z d(ﬂ(u),’l})'ii”+pu~ 1- Z xiu =+
ueM | veT (u) vET (u)
(4.18) > > dr(u),v)ad, +dr(u),o(r(w)) - (1- Y ad)|,
w€C\M |veP(m(u)) vEP(m(u))
Figure 4.3: Modified Objective Function ¢f3, h3, y*)
S Y drw)v)yrtpe |1 D
weM | veT(u) veET (1)
(4.19) + > > d(n(w),v) - yp +d(n(w),o(r(w)- [ 1- > v
u€C\M [veP(m(u)) veEP(m(u))

Figure 4.4: Objective Function for Sparse LP

straints 8.9-(3.12. This can be optimized in polynomialThe Rounding Algorithm for KnapsackMedian. Let
time to obtain an optimal integral solutidn (as described in (z*, y*) denote the optimal LP solution &Ps. The round-
Subsectior3.2). From the reductions in the previous suling algorithm follows similar steps as iMatroidMedian
section, the objective value df' under @.19 is at most problem. The first stage is identical to Stage | of Section
120 - LPOpt. Finally, using LemméB.3 we obtain that?' 3 modifying x,,, variables until we have a collection of dis-
is a feasible solution tdlatroidMedian with penalties, of joint stars with pseudo-roots. The total connection cost of
objective at mos860 - LPOpt. the modified LP solution is at most a constant factor of
THEOREM4.1. There is a constant approximation algoE.he optimum LP cost fO.LPF’Z The sparse instance sa}tis-
rithm for MatroidMedian with penalties. fies the budget constraint singe variables are never in-
creased. In Stage Il, we start with a new L) by replac-
5 TheKnapsackMedian Problem ing the constrainB.11of LP, with the knapsack constraint
In this section we consider thénapsackMedian problem. 2_,cy fozv < F. HoweverlPg is not integral as opposed to
We are given a finite metric Spa((é/, d), non_negative I_Pz: it contains the knapsaCk pr0b|em as aSpeCiaI case. We
weights { fi}icv and a boundF. The goal is to open NOW give an iterative-relaxation procedure that rounds the

centersS C V such thaty", ¢ f; < F and the objective abovelPg into an integral solution by violating the budget
> ey d(u, S) is minimized. We can write a LP relaxatiorPy at most an additivef,,.. and maintaining the optimum
(LPs) of the above problem similar to (LP) in Secti@nl, connection cost. The following algorithm iteratively ctes
where we replace the constrair2.d) with the knapsack the set of open cente€s

constraint) ; _, fuy, < F. In addition, we guess the
maximum weight facilityf,,.... used in an optimum solution,
and if f, > fma: We sety, = 0 (and hencer,, = 0
as well). This is clearly possible since there are only
many different choices fof,,... UnfortunatelyLPs has an
unbounded integrality gap if we do not allow any violation
in the knapsack constraint. In Subsectioh we show that a
similar integrality gap persists even if we add #trepsack-
cover (KC) inequalitieso strengther.Ps, which have often
been useful to overcome the gap of the natural &P |
However, in the following section, we show that with an
additiveslack of f,,.... in the budget, we can get a constant
factor approximation for the knapsack median problem.

1. InitializeC < (). While V = () do

(a) Find an extreme point optimum solutiério LPs.
(b) If there is a variable,, = 0, then remove variable
Zy, SetV =V \ {v}.
(c) If there is a variable’, = 1, thenC « C U {v},
V=V \{vlandF =F — f,.
(d) If none of (b), (c) holds, antV/| = 2 (sayV =
{x1,22}) then:
o If ©1,20 € P(u) for someuw € V’'. |If
d(z1,u) < d(ze,u) thenC < CU{x;}, else
C <+ CU{z2}. Break.



o If z1, 25 € P(u1) UP(ug) for some pseudo- 2. |[R| = 1. Then there must be some pseudo-root
root {ui,us}. ThenC <« C U {x1,z2}, {ug,uz} with 1, zo € P(u1) UP(uz).
Break.

2. ReturnC

So in either case, Step (1d) applies. [ |

Combining Lemmd.1with Claim 3.3 Lemma3.3and
The following lemma guarantees that the connectigie property oftep (i)-Stage-I rounding of Sectidd) we get
cost is at most th@®pt cost of LP, and the budget is notthe following theorem.

exceeded by more than an additifg,... _ o _
THEOREMS.1. There is a 16-approximation algorithm for

LEMMA 5.1. The above algorithm finds a solution for knap[-he KnapsackMedian pr0b|em that violates the knapsack
sack median problem that has cost at mOgt cost ofLPs constraint at most by an additivé,,..., where fp... IS

and that violates the knapsack budget at most by an additj@ maximum weight of any center opened in the optimum
fnLam- solution.

Proof. First we show that if the algorithm reaches Step Using enumeration for centers with cost more théh
(2), then the solution returned by the algorithm satisfiggs ¢an guarantee that we do not exceed the budget by

the guarantee claimed. In Step (c), we always reduce figre than:F while maintaining al6-approximation for the
remaining budget by’ if we include the center i€. Thus gnnection cost i) time.

the budget constraint can only be violated at Step (d). Ip Ste ) ) .

(d), in case of tight”’-constraint, we open only one centep-L P Integrality Gap for KnapsackMedian with Knap-
among the two remaining centers. Thus the budget constrAf Qover I nequalities 'I_'here is a large integrality gap for
can be violated by at mostax{ fy,, fo,} < fras. In case LPs W|th a hard constraint for the Knapsack bound, from
of tight pseudo-root, we have(z,) + z(z2) = 1 and thus Charikar and Guhzg.

foy - 2(x1) + fuy - 2(22) + max{fas,, fo,} < fu, + fo,. ExAMPLE 5.1. ([6]) Consider|V| = 2 with f; = N,
Hence again the budget constraint can be violated byfat— 1, d(1,2) = D and F = N for any large positive
most an additivef,,., term. The total cost ofPg never reals N and D. An optimum solution that does not violate
goes up in Step (a)-(c). In Step (d), either the nearer cenigs knapsack constraint can open either center 2 but not
from {z, 22} is chosen (in case of tight’-constraint), or both and hence must pay a connection cosbofLPs5 can
both the centergx:, 22} (in case of tight pseudo-root) areassigny; = 1 — + andy, = 1 and thus pay onlyD /N in
opened. Thus the connection cost is always upper boung@slconnection cost.

by Opt of LPs. .

To complete the proof we show that the algorithm in- The ab_ove example can_be overcome t_)y addangp-
deed reaches Step (2). The Steps (1b),(1c) all make prog?@ﬁg covering (KC). [neq.ualltle[s')]. we now_ lllustrate the
in the sense that they reduce the number of variables &3§ ©f KC inequalities in thé&napsackMedian problem.
hence some constraints become vacuous and are remo inequalities are used fasoveringknapsack problems.

Therefore, we want to show whenever we are at an extre thoughKnapsackMedian has a packing constraint (at most

oint solution. then either Step (1b).1(c) apply or we ha eweight of open centers), it can be rephrased as a covering-
p p (1b),1(c) apply gﬁgpsack by requiring “at least, ., f, — F weight of

reached (1d) and hence Step (2). Suppose that neither S i

nor (1c) apply: then there is na, € {0,1}. Let the lin- lo ed centers”. Viewed this way, we can strengthen the ba-
early independent tight constraints definindgpe: 7 C V'’ sicLP as follows.

from (3.9), andR (pseudo-roots) from3(10. From the lam- Define for any subset of centet$ C V, f(5) :=

inar structure of the constraints and all right-hand-siokes 2_ves f(v). Then to satisfy the knapsack constraint we
ing 1, it follows that the sets iff | R are all disjoint. Fur- N€ed to close centers worth 6 .= f(V/) — F. For any
ther, each set ifi’ | R contains at least two fractional vari—SUb,SetS < ,V of centers withf(3) < F we can write a
ables. Hence the number of variables is at I8Et + 2| R|. KC mequallty.assumlngh.at all thg centers i are closed.
Now count the number of tight linearly independent cor:r—hen' the residual covering requirement is:

straints: There are at mogt| + | R| tight constraints from . r _ ;-

(3.9-(3.10, and one global knapsack constraint. Since at me{f(v)’F FEN =yo) 2 F' = f(5).
an extreme point, the number of variables must equal the
number of tight linearly independent constraints, we abtai  There are exponential number of such inequalities; how-
IT|+|R| < 1 and that each set iilU R contains exactly two €ver using methods irs[ an FPTAS for the strengthened LP
vertices. This is possible only whénis some{zy, z}. can be obtained. The addition of KC inequalities avoids ex-
amples like5.1; there [’ = 1 and settingS = () yields:

vgS

1. |T| = 1. Then there must be some € V' with
z1,22 € P(u). min{1,1} - (1 - ) + min{1, N} - (1 - g2) > 1,



ie. y1 + y2 < 1. Thus the LP optimum also has valike

[2] S. Arora, P. Raghavan, and S. Rao. Approximation schemes

However the following example shows that the integral-

ity gap remains high even with KC inequalities.

EXAMPLE 5.2. V = {a;}, U{b:} 2, U{p, ¢, u, v} with
metric distancesd as follows: vertices{a;}Z , (resp.
{b;}£ ) are at zero distance from each othéfa;,b;) =
d(p,q) = d(u,v) = D andd(a1,p) = d(p,u) = d(u,a;) =
co. The facility-costs aref(a;) = 1 and f(b;) = N for
all i € [R], and f(p) = f(q) = f(u) = f(v) = N. The
knapsack bound i8' = 3N. MoreoverN > R > 1.

[3

[4

5

An optimum integral solution must open exactly one

center from each ofa; } 2, U{b:} 2, {p, ¢} and{u, v} and
hence has connection cost(@ + 2)D.

On the other hand, we show that tK@apsackMedian
LP with KC inequalities has a feasible solutiomwith much
smaller cost. Define(a;) = 1/R andz(b;) = 4= for all
i € [N], andz), = z, = x, = z, = 3. Observe that the
connection cost ii% + 2) D < 3D. Below we show that
x is feasible; hence the integrality gapfi$R).

x clearly satisfies the constraiﬁt:wev fw xy < F.

We now show thatr satisfies all KC-inequalities. Recall

that F/ = f(V) — F = (R + 1)N + R for this instance.
Note that KC-inequalities are written only for subsg&twith

F’ — f(S) > 0. Also, KC-inequalities corresponding to[10

subsetsS with F/ — f(S) > N = maxycv f, reduce to
> wes fw - yw < F, which is clearly satisfied by. Thus
the only remaining KC-inequalities are from subsgtwith
0<F —f(S)<N,ie. f(S)e [F" =N+ 1,F' —1] =
[RN + R+ 1,(R+ 1)N + R — 1]. Since all facility-costs
are in{1,N} and R < N, subsetS must haveexactly

6] M. Charikar and S. Guha.

]

—_—

]

(7]

(8]
9]

]

(11]

R + 1 costN facilities. Thus there are exactly three cosfd2]

N facilities H in S¢. Sincez,, < § forallw € V, we have
> wen(l—y) > 3. The KC-inequality fromS is hence:

> min{f(w), F' = f(S)}1 -z,
weSe

> > min {f(w), F' = f(S)}(1 - zy)
weH

= (F'—f(8)- > (1—zy)>F — f(9).

weH

The equality use” — f(S) < N and that each facility-cost
in H is N, and the last inequality is by, c ;; (1 — z.) > 3
which was shown above.
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Figure B.5:Labeling the laminar family
A Bad Examplefor Local Search with Multiple Swaps

Here we give an example showing that any local seargéts label-1 and nodes of even levels getl. Again, 2,
algorithm for theT-server type problem (iéVlatroidMedian  appears in all the tight constraints corresponding to nodes
under partition matroid of” parts) that uses at mot— 1 on a path from some root to some node, and the sum of
swaps cannot give an approximation factor better théf); these labels is either1 or 0. Therefore, the total sum

heren is the number of vertices. corresponding to the column fag, is either+1, 0, or —1,
The metric is uniform o + 1 locations. There are twowhich completes the proof.
servers of each type: Each locati¢®, 3,...,7} contains

two servers; location$ and7" + 1 contain a single server
each. For each € [1,T], the two copies of serverare
located at locations (first copy) andi + 1 (second copy).
There aren > 1 clients at each locatiohe [1,7] and just
one client at locatiofi” + 1; hencen = 27+ mT + 1. The
bounds on server-types akg = 1 for all i € [1,7]. The
optimum solution is to pick thérst copyof each server type
and thus pay a connection cost bfthe client at location
T + 1). However, it can be seen that the solution consisting
of the second copyf each server type is locally optimal,
and its connection cost i& (clients at locatiorl). Thus the
locality gap ism = Q(n/T).

B Proof of TU-ness of Double Laminar Family

We now show that such a matrix tetally unimodular
For this we use the following classical characterization: A
matrix A is totally unimodular if, for each submatrig’, its
rows can be labeled1 or —1 such that every column sum
(when restricted to the rows of’ is either+1, 0, or —1.
Consider such a submatri. Clearly, we have chosen some
constraints out of two laminar families, so the chosen rows
also correspond to some two laminar families.

Consider one of these laminar familiés We can define
a forest by the following rules: We have a node for each
set/tight-constraint inC. NodesS andT" are connected by
a directed edge from§' to 7', iff 7" C S, and there exists no
tight constraintl” € £\ {S,T} such thatl” C 7" C S.
Then, we can label each set 6fin the following manner:
each node of an odd level gets a label and labels of
an even levels are-1 (say roots has level of, and its
children have leveR, and so on). By the laminarity, we
know that a variable, appears in all the tight constraints
which correspond to nodes on a path from some root to some
other node. By the way we have labeled these constraints, we
know that any such sum is eitherl, or 0 (see FigureB.5).

Similarly, we can label each set of the second laminar
family £’ in the opposite fashion: each node of an odd level



