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Abstract

Consider theedge-connectivity survivable network desmoblem: given a graply = (V, E) with
edge-costs, and edge-connectivity requirements Z-, for every pair of vertices, j € V, find an (ap-
proximately) minimum-cost network that provides the regdiconnectivity. While this problem is known
to admit good approximation algorithms in the offline casealgorithms were known for this problem in
theonlinesetting. In this paper, we give a randomize@,,,., log® n)-competitive online algorithm for this
edge-connectivity network design problem that runs in e ), wherery,,x = max;; r;;. Our algo-
rithms use the standard embeddings of graphs into randotresskyi.e., intsingly connectegdubgraphs)
as an intermediate step to get algorithms for higher coivigctAs a consequence of using these random
embeddings, our algorithms are competitive only againktiols adversaries.

Our results for the online problem give us approximatiorogtfms that admistrict cost-shares with
the same strictness value. This, in turn, implies approtionalgorithms for (a) theent-or-buyversion
and (b) the (two-stagestochastic versionf the edge-connected network design problem with indegeind
arrivals. If we are in the case when the underlying graph mplete and the edge-costs are metric (i.e.,
satisfy the triangle inequality), we improve on our restittggive anO(log n)-competitive deterministic
online algorithm for the rooted version of the problem, andstant-factor approximation algorithms for
the rent-or-buy and stochastic variant<S&DP.

1 Introduction

We consider the edge-connectivity version of suevivable network desigproblem SENDP): given a graph
G = (V,E) with non-negative edge-costge), and edge-connectivity requirements € Z-, for every
pair of verticesi,j € V, the goal is to find a subgrapii = (V, £') with minimum cost}_ . ¢(e) such
that I/ containsr;; edge-disjoint paths betweenand j. The problem is of much interest in the network
design community, since it seeks to build graphs which as#éieat to edge failures. Since the problem is
NP-hard (it contains the Steiner tree problem as a specal) ci has been widely studied from the viewpoint
of approximation algorithms (refer t&K11] for a survey of results). In fact, these connectivity peshs were
one of the earliest applications of the primal-dual methrothis area which led, over a sequence of papers, to
the development of af (log r,.x )-approximation algorithmGGP94]. Subsequently, one of the first uses of
iterative rounding in approximation algorithms led t@-approximation for this problem (and for the general
problem of network design with weakly-supermodular fumes) PaiOl.

In this paper we extend the study of survivable network depigblems in two different directions. First, we
study these problems in thanline setting: we are given a graph with edge-costs, and an upperdbg, ..
on the connectivity demand A sequence of vertex paifg, j} € V x V is presented to us over time, each
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We can remove this assumption of knowing.. upfront by losing anothelog rmax in our approximation guarantee by using a
standard doubling argument used in online algorithms



with some edge-connectivity demang—at this point we may need to buy some edges to ensure thaeall t
edges bought by the algorithm provide an edge-connectofity;; between vertices andj. The goal is to
remain competitive with the optimal offline solution of thereent demand set. To the best of our knowledge,
no online algorithms were previously known for this problewen for the online roote2tconnectivity problem
(i.e., for the case where all the vertex pairs share a rodéxerand the connectivity requirement2sfor all
pairs)—in fact, in AppendiA, we show a lower bound @2(min{|D|,logn}) on the competitive ratio for this
special case, whef® is the set of terminal pairs given to the algorithm. This isamtrast to the case of online
1-connectivity (i.e., online Steiner forest) where the l®gine algorithm is9 (log |D|)-competitive BC97.

Theorem 1.1 For the edge-connected survivable network design probthere is ana = O(ryax log® n)-
competitive randomized online algorithm against oblisi@dversaries.

A somewhat surprising ingredient of our proof is that we ustadce-preserving embeddings into random trees
(i.e., into singly connected structures) to get algoritHardigher connectivity. In our work, these embeddings
allow us to simplify the cost structure of the network and bsteact out a latent set cover-type problem,
where the cuts are the sets and we want to cover them using.edgeshould point out that the use of such
randomized embeddings also implies that our algorithm nspeitive only against oblivious adversaries, who
are not aware of the algorithm’s random coin tosses. We ag®that while computational aspects are often
brushed aside in online analysis, our online algorithm camiplemented in tim& (m"™=x), and hence runs

in polynomial time only for constant,,... Refer toSection Zor a high-level overview of our techniques.

Stochastic and Rent-or-Buy Problems. Another direction to extend the edge-connectivity problerthe
stochastic case when the instance is drawn according tobalpility distribution. In this paper we consider
the case when we have a product distribution: for eachipgiof vertices we are given a probabilify;;,
and are guaranteed thatmorroweach pair will flip their coins independently, and if the ctuinns up heads,
they would demand-connectivity. (For simplicity we assume that all pairs édkie the same connectivity
requirement of.) We can buy some edges today at egs), but if we wait for the actual séP, the edges will
cost\c(-) tomorrow, for a pre-specified inflation parame}er 1; the goal is to minimize the sum of the cost
of edges bought today and the expected cost of augmentatges dought tomorrow (at the inflated price).
Given ana-approximation algorithm for the basieedge-connectivity problem that admitsstrict cost-shares
(seeSection 1.Zor a definition of cost-sharing schemes), it is known that oan get a randomized algorithm
which is an(a + )-approximation for the stochastic versid@BPRS04

A similar result holds for the rent-or-buy version lefconnectivity, where we are given a set{af, t;} pairs,
and the goal is to defink-edge-disjoint paths between eagk;. If n. different pairs use an edge the cost
of edgee is defined to be:(e) x min{n., M} for some threshold\/, capturing the fact that there is some
incremental cost for different pairs using the same edgeatsome point this cost tapers off (and we “buy”
the edge). Again, am-approximation fork-edge-connectivity withs-strict cost-shares gives dm + 3)-
approximation ¢GKPROJ.

Theorem 1.2 For constantk, the online algorithm fok-edge-connectivity is a polynomial-timeapproximation
algorithm with a-strict cost-shares. Hence, the problems of rent-or-bugl dmo-stage stochasti¢-edge-
connectivity with independent decisions ad®ait= O(k log® n)-approximations.

The only previous results known for these versions of higleemectivity problems wer@(1)-strict cost-
shares implicitly given by Chuzhoy and Khanr@K08h], and independently (but explicitly) by Chekuri et
al. [CGK™08] for the special case abotedconnectivity, where all pairs seékconnectivity to a single source
r (and hence to each other).



Metric Costs. Finally, we improve on these results for the special casenitireunderlying graph is complete
and the costs satisfy the triangle inequality. Firstly, wterd theO (log n)-competitive algorithm for online
Steiner tree to get a@(log n)-competitive online algorithm for the rooted version of ti&C-ND problem
where all terminals requir&-edge-connectivity to a pre-specified root vertex. Then,tlie stochastic and
rent-or-buy versions of the survivable network design [@ol we obtain constant factor approximations by
designingO(1)-approximation algorithms that admi}(1)-strict cost-shares At a high level, our ideas are
derived from the strict cost-shares for Steiner for€éL[S06, and the metrick-connectivity algorithms of
Cheriyan and VettaQVv05].

1.1 Related Work

Steiner network problems have received considerabletattein approximation algorithms: Agrawal et aAiKR95]
and Goemans and WilliamsoiGW95 used primal-dual methods to design approximation algord for
Steiner forests and othdrconnectivity problems (and some higher connectivity fots where multiple
copies of edges could be used). Klein and R#R93] gave an algorithm for th@-connectivity problem,
which was extended by Williamson et aWGMV95] and Goemans et aldGP94] to higher connectiv-

ity problems, yieldingO(log k)-approximation algorithms fok-connectivity, all using primal-dual methods.
Jain Pai0] gives an iterative rounding technique to obtaif-approximation algorithm for the most general
problem ofSNDP. These techniques have recently been employed to obtithrégults (assuming # NP)

for network design with degree constraintSN[SS07 LS08 BKNO8]. Vertex connectivity problems are less
well-understood: CVV03, KNO3, FLO§] consider problems ofpanningk-connectivity, and provide approx-
imation algorithms with varying guarantees depending:ofleischer et al. FJWO0§ give a2-approximation

for vertex connectivity when alt;; € {0,1,2}. Recently, improved approximation algorithms have been
given for the problem o$ingle source:-vertex connectivity CCK08 CKO084, culminating in a simple greedy
O(klogn) algorithm [CKO8H. In fact, the papersGK08a CKO08H also implicitly give O(k)-strict cost-
shares for the single-source vertex-connectivity problé&m far as we can see, their techniques do not apply
in the case of general survivable network design where yg@a@s do not share a common root, nor do they
imply online algorithms with adversarial inputs. Very ratg, Chuzhoy and KhannaCK09] gave a very
simple O(k? log n)-approximation algorithm for thé-vertex-connectivity network design problem via an el-
egant randomized reduction to a collectionetément-connectivitpetwork design problems. Again, we do
not see how these can be made online, or made to admit gocdlw@#tg schemes. When the edges have
metric costs, there are, quite expectedly, better appratiim algorithms for vertex connectivity. Khuller and
Raghavachari{R96] gave O(1)-approximations fork-vertex-connected spanning subgraphs. Cheriyan and
Vetta [CV05] later gaveO(1)-approximations for the single souréeconnected problem and@(log 7,4 )-
approximation for metric vertex-connect&NDP. Recently, Chan et al(JFLYO08] give constant factor ap-
proximations for several degree bounded problems on ntighs. As for the inapproximability, Kortsarz et
al. [KKLO04] give 2lo8'“n pardness results for the vertex-connected survivablearktdesign problem.

Imase and Waxmanl\[V91] first considered the online Steiner tree problem and gavigha ©(log |D|)-
competitive algorithm. Awerbuch, Azar and Bart&lAB04] generalized these results for the online Steiner
forest problem, and subsequently Berman and Coul8@9F] gave the sam®(log |D|) guarantee. However,
we do not see how to use these ideas for the general probldninighier connectivity. In this paper, we use the
results of Alon et al. AAA T03] for the online (weighted) set cover problem; the ideas useHis paper have
been extended by Alon et alARA T04] and Buchbinder and NaoBNO06] to get online primal-dual based
algorithms forfractional generalized network design. We note that while we can sbledractional version

of the onlinek-connectivity problems using these techniques, we do nowkinow to round this fractional
solution online.

The use of strict cost-shares to get algorithms for reriuyrnetwork design appears i6KPRO7. Approx-



imation algorithms for two-stage stochastic problems wattelied in [KMMO04, RS04, and some general
techniques were given bfsPRS04SS0§; in particular, using strict cost-shares to obtain appr@tion algo-
rithms for stochastic optimization problems appear<GRRS04

1.2 Preliminaries
1.2.1 Thek-EC-ND Problem

For most of the paper, we will present our results in the fofithe k-edge-connected network design problem
(k-EC-ND), which is survivable network design wherg < {0, k}—this is just for simplicity; our results
extend to the more general survivable network design pnoeblhilst incurring small additional losses in our
competitiveness and approximation guarantees.

1.2.2 Notation

Consider the&k-EC-ND problem, and leD C (‘2/) denote the set of demand pairs that reqéh®onnectivity.
For the rest of the paper, we shall refer to demand pairs mgusirly brackets, e.g{s, ¢}, and use the regular
brackets to denote edges following standard conventika(di, v).

1.2.3 Strict Cost-Sharing Schemes

An «-approximation algorithmAlg is said to bes-strict for thek-EC-ND problem if, for each{s;,t;} € D,
there exist cost-shar&${s;, ¢; }) such that the following properties hold:

® > isiten E({siti}) < ¢(OPT), whereOPT is an optimal solution whick-edge-connects all terminal
pairs inD.

e There is an efficient augmenting procedduggment (which takes as input a terminal pair and outputs a
set of edges) such that andt; arek-edge-connected iAugment({s;,t;}) U Alg(D \ {s;,ti}).

e Foreach{s;,t;} € D, the total cost of edges output Byigment({s;,¢;}) is at most3 £({s;, t; }).

As mentioned in the introduction, it is known that if we haveraapproximation algorithm for a problem that
admitss-strict cost-shares, we can then get randomized- 3)-approximation algorithms for the two-stage
stochastic and rent-or-buy versions of the probl&RPRS04GKPRO03.

1.2.4 Cost-Shares from Online Algorithms

Given ana-competitive online algorithni\lg for k-EC-ND, order all possible vertex pairs in some universal
canonical ordering, and feed the actual demands the induced ordering tdlg. Then for any{s;,t;} € D,
define the cost-sharg({s;,t;}) to beé times the increase in total cost incurred by the online #gor. By
the a-competitiveness of the online algorithm, we have &({s;,t;}) < 1 - «OPT = OPT. Moreover, the
fixed ordering of the demands means that the augmentatidfiac@sdemand pais;-t; to Alg(D \ {s;,t;}) is

at most the online algorithm’s cost increase when we hadepteds;-t; to it, i.e.,« - £({s;, t; }).

2 The Basic Idea, at a High Level

Imagine we want to convert the connectivity augmentatiarbf@m into a hitting set problem: we are given a
subgraphH of G that hag-edge-connected a demand pait; (wherel < k), and we want tgl + 1)-edge-
connect them. If we think of the;-¢; cuts as sets, then we would like to "hit” all theset; cuts with edges.
This is clearly doomed, since there dve= 2"~ cuts, and am®) (log M )-approximation for hitting set will be
useless.



We could do better by noting that each minimak; cut in H is given by onlyl edges. While this bounds the
number of cuts ind by M = (’7) the subgraph{ might contain only a small fraction a¥, and there may
be many more cuts itr corresponding to the same cutii—even an exponential number, and we are back
to square one. Alternately, we could try to overcome thisiktynly the cuts bypathsconnecting two nodes in
H (instead of hitting the cuts by edges), but there could be exponentially many such paths, andéams
like another bad idea.

What the results isection 3show is that this isota bad idea at all if we are slightly careful. Loosely speaking
if we take a random distance-preserving spanning subffrée G, then we show that we can augment the
connectivity using only the fundamental cycles (the cyolerfed by any non-tree edde, v) along with the
tree path between andv) with respect to this spanning tréé Interestingly, the (random) distance-preserving
property allows us to control the cost of these connectiitgmentations. Furthermore, there are only at most
m such fundamental cycles, and this enables us to get a comigtany set instance. Of course, this high-level
view oversimplifies things a bit: read on for the completeaiet In Sections 3.43.3we show how we can hit
cuts by a small number of cycles/paths, and t8entions 3.4nd3.5use these ideas to develop our algorithms.

3 Online k-EC-ND on General Graphs

In this section, we presenté(k:longlog n)-competitive online algorithm for thé-EC-ND problem on
general graphs with demand getC (‘2/) We show how this also gives GNE(k: log? m log n)-strict cost-shares,
and hence implies polylogarithmic approximation (for dans values of) guarantees for the rent-or-buy and
stochastick-EC-ND problems (se&ection 1.2

3.1 Embedding into Backboned Graphs

One of the major advantages of network design problems wamthsoughtl-edge-connectivity is that one can
embed the underlying metric space into random tr8as96 FRT04 EEST05 ABNO8|, where the problems
are easier to (approximately) solve. Such a reduction seémpasssible even foR-edge-connectivity as the
problem is trivially infeasible on a tree. However, the sienput crucial observation is to not ignore these
ideas, as we show below.

Given a graphG = (V, E) with edge lengths/costge), probabilistically embed it into apanningsubtree
(which we call thebase treg using the results of Elkin et al. and Abraham et BEEST05 ABNO8]. Formally,
this gives a random spanning tr€e= (V, Er C E) of G with edge length&r, such that for alle,y € V:

e cr(e) = c(e) for all edges: € Er, and hencelr(x,y) > dg(z,y); and
o Eldr(z,y)] < O(logn) - da(z,y), wheredg is the graph metric according to the edge lengt(es.

The distancelr is defined in the obvious way: iPr(u,v) is the uniqueu-v path inT, thendp(u,v) =
ZEEPT(U,U) /C\T(e)'

Now instead of throwing away non-tree edgesagine each non-tree edge= (u,v) € E'\ Er being given a
new weighter(e) = max{c(e), dr(u,v)}. This suggests the following definition.

Definition 3.1 A graphG = (V, E) with edge-costs : £ — R is called abackboned grapff there exists
a spanning treel’ = (V, Ep) with Ep C FE such that all edges = (u,v) ¢ Er have the property that
c(e) > dr(u,v). In this case] is called thebase tre®f G.

Note that the embeddings oEESTOS ABNO8] probabilistically embed graphs into a distributigh over
backboned graphs (indexed by their base trees) with smadlated stretch, i.eEr7[cr(e)] < O(logn)c(e)
for all e € G. This show that for any subgragh, the expected cofr.7[cr(H)] < O(logn)c(H). Finally,



sincecr(e) > c(e) foralle € E,T € T, we can bound the cost of any subgraghw.r.t edge costs by the
corresponding cost(H'). We then get the following theorem.

Theorem 3.2 A -competitive online algorithm fd-EC-ND on backboned graphs implies a randomizesd
O(log n)-competitive algorithm fok-EC-ND on general graphs (against oblivious adversaries). AlSe,
approximation algorithms fok-EC-ND on backboned graphs imply randomizedc O(log n) approximation

algorithms on general graphs.

Hence, for the subsequent sections (except those for thecnmsttances) we will assume that the input graph
is a backboned graph, and will use its properties to desifineand “cost-sharing” approximation algorithms.

3.2 Online2-Edge-Connectivity

As a warm-up, consider the special cas&-&C-ND on a backboned graghi = (V, E), when the connectivity
requirement igc = 2 for all demand pairs, and furthermore, the problem instaseeoted, i.e., all demand
pairs are of the forn{r, ¢;} for some fixed root- € V. A natural approach for this problem would be to first
1-edge-connect the root with the terminal which has arrieed, then augment connectivity in the next phase.
Because the graph is backboned, it is easy to see that tmeabtifline subgraph which justedge-connects

a set of terminald” = {t1,t,,...,t;} with rootr is the collection of base tree patb$_, Pr(r,t;). Therefore,
the onlinel-connectivity problem becomes trivial on backboned grapivhen a new terminal; arrives, we
simply buy the base tree patfy(r, t;), and this is optimal.

We now see how we can augment edges-tonnect the terminals with the root, in an online fashioansider
the stage in the online algorithm when a termitjahas arrived. As a first step, like mentioned above,lwe
edge-connedt; to the rootr by buying the pattPr(r, ¢;). Now if ¢; is not2-edge-connected toin the current
subgraph, then there must exist a cut-edge (x, y) on the pathPr(r, t;). Removing the edge also cuts the
base tred’ into 2 components—call the one containing the rooCasand the other containing the terminal
asC}y,. Sincee is the only tree-edge crossing this cut, there must exisnatree edgef = (u, v) in OPT (an
optimal offline solution whicl2-edge-connects the current set of terminals wjtsuch thatf crosses the cut
(Cr, Cy,) (and as a consequence, observe that the edgrild be contained in the base tree p&iH(u, v)).

The crucial observation now is the following: if we were talinde theentire cycleO, ., = Pr(u,v) U (u,v)

to our current subgraph, thenwould no longer be a cut-edge separatinfyjom ¢; (because there is now an
alternate path from to y in O, ,,)). Furthermore, we can use the backbone property¥ ahd in fact charge
the cost of the entire cycle to the single edgihatOPT bought.

At a high level, this motivates modeling the augmentatioobfgm as the following online set cover in-
stance, whergi) the elements are the tree-edggg, the setsS,,, correspond to the cycleS, ), and(iii)

an element/tree-edgeis “covered” by a seb,, if and only ife € O, ,,). By the preceding arguments, we can
see that the cost of an optimal offline solution to caaéthe cut-edges on the paths (r, ¢;) is 20PT. Hence,
by the polylogarithmic competitiveness of the online setecalgorithm of Alon et al. AAA 03], we would
get an online2-edge-connectivity algorithm with polylogarithmic guatees. In what follows, we formalize
this intuition, and generalize it to the settingleEC-ND.

3.3 A Small Collection of Covering Cycles

In this section, we show how we can augment connectivitynffreay,! to [ + 1) for a demand paifs;, ¢; }

by showing that all its minimal cuts can beveredby a small collection of fundamental cycles (w.r.t the base
treeT’) of low cost. For the case whén= 1, this is just the set cover instance outlined in the prevsmgtion.
Before we state our Cut Cover Theorem, we begin with sometiont¢ghat will be useful for the rest of this
section.



Notation: Base CyclesLet GG be a backboned graph that is an instance oktB€-ND problem with demand
setD, and letT' be the base tree i&@. For any edgee = (u,v) ¢ Er, define thebase cycleD, to be the
fundamental cyclde} U Pr(u,v) of e with respect tdl'.

Now, let H be a subgraph whichedge-connects (for sonie< k) the verticess; andt; for some demand pair
{si,t;} € D, and supposé also contains the base tree pdh(s;,t;). Thel-edge-connectivity assumption
implies there are edge-disjoint paths from; to ¢; in H: denote this set of edge-disjoint pathsBy Clearly,
any [-cut (a set ofl edges removing which would separateandt; in H) in H must pick exactly one edge
from each path irP;: we defineviol (i) to be the set of all suchcuts.

Labeling: Consider any cuf € violy (7). Since@ is a minimali-cut for the demand pait;-t; in H, it must
be that any end vertex of a cut edge is reachable from osge @ft; in H \ Q). We label each end vertex
reachable frons; in H \ Q by L (i.e., we setabel(v) = L), and each end vertexreachable front; by R
(we setlabel(v) = R). Every other vertex iV (G) has a labeU; hence all but at mot|@| nodes are labeled
U, which we denote by a “trivial label”. Note that the labeliofthe end vertices of a cdp depends on the
subgraphf and not just the set of edges@h

Theorem 3.3 (Cut Cover Theorem) Consider ak-EC-ND instanceZ, and letOPT denote any optimal solu-
tion. LetH C G be any subgraph thatedge-connects terminal pafrs;, ¢;} for somel < k, such that the
base tree pathPr(s;,t;) € H. Then for anyi-cut ) € violg (i), given the labeling of the endpoints @fas
described above, we can find an edge (u,v) € E(OPT) such thatO, \ () connects some-vertex to some
R-vertex. This ensures that andt¢; are connected ittH U O,) \ Q.

Note that the algorithms iBections 3.4nd 3.5 depend only on the statement of the above Cut Cover Theo-
rem3.3, so readers strapped for time can jump straight to the dlfgosi.

Proof Outline. The proof is by contradiction and assumes that there is ne«slgthe base cyclé®. can cover
this cut. We first give the outline of the proof, which wouldgin following the sequence of Lemm8&s4-3.7.
Suppose we delete all the edges of some minimatXut viol (i) from the current subgrapH. Such a cut
(in particular, removing the edg&g N T') will separate the base tree intQ N 7’| + 1 components (denoted
by C), with s; andt; belonging to different components (see Fig8ré&for an illustration where the different
circles are the tree components).

Firstly, observe that every componetite C will have at least one vertex with a non-trivial label (a eartvith

a label notU) since it has at least one edge fr@pm 7" in its boundary. To get the main intuition behind the
proof, let us make the simplifying assumption that each aamept contains vertices of only one non-trivial
label. If a component has its only non-trivial labels/agertices, we refer to it as alrcomponent, and likewise
R-components only contaiR-vertices.

Now, sinceOPT can(l + 1)-edge-connect; andt;, it means that there must exist a pdth including which
would connect these 2 vertices . We focus on this path and traverse it edge by edge, stantorg §;.
Suppose we are considering tlif#& edge on this path, and suppose it begins fromLazomponent. Then,
in Lemma3.4, we show that this edge must also end in/acomponent—otherwise, its base cycle would
cover this cut(). This then lets us inductively proceed and show that eack ®dlg always terminate in an
L-component, since we begin fros and it belongs to arl.-component. Hence we would never redgh
(contained in arR-component), which gives us the desired contradiction.

In general, it may not be the case that a component hasloolyR-vertices. To handle this, we extract out a
subset of edges of the patth (called the Canonical Sequence), and argue that the tres @ugN’7” which are
induced by the base cycles w.r.t the canonical sequendesatigfy this “consistency” property (Lemna6).
This is sufficient to push the induction through and we woutt/a at the same contradiction. We now present
the complete detalils.



Proof. Consider a cut) € violy(i). Note thatQ N T # 0, since by our assumption the base tree path
Pr(s;,t;) € H and hence the cu must contain some edge on it. Let the edges T separate the base
tree into intot < [ 4+ 1 component€ = {C;,Cs,...,C;}. The terminalss; and¢; must belong to different
components: leC(s;) and C(t;) denote the components containing them. In generalC’'(et) denote the
component containing vertex A componentC € C is called astar componenif it contains some vertex from
Pr(s;,t;). We refer to the edges i) N7 asportal edges For every componertt' # C(t;) € C, let theparent
edgehead(C) be the first portal edge on the base tree path from any vert€xta;; note that the component
C'(t;) does not have a parent edge. Also note that for non-star avenp®head(C') also happens to be the
first portal edge on the base tree path from any verteX io s;.

For example, irFigure 3.1 the dashed edges are the portal edbes](C>) is the portal edge betweery, and
(1, head(C) is the portal edge betweery, andCs, andCy, Cy, Cs, Cy are the star components.

Figure 3.1:Example of the Portal Graph: circles are components, the dashed edges are portal edges, and
dotted edges are other base-tree edges.

Since each edge i@ belongs to a distinct path i®?; (Q is a minimall-cut separating:;; from ¢;), the end
vertices of any portal edge—and indeed of any edg@-+rhave distinct labels from the séf., R}. For a
portal edges, say itsL-vertex is its unique endpoint labeldd and its other endpoint is itg-vertex.

To proveTheorem 3.3we will show that there exists an edge-= (u,v) ¢ @ which lies in an optimal solution
such thaO. \ @ contains a path between &anvertex and arR-vertex inQ; in turn, this will ensure tha¢; and
t; are connected ifH U O,) \ @, completing the proof. For the remainder of the proof, areddgv) which
satisfies this property is said toverthe cutQ.

THE CANONICAL SEQUENCE Sinces; andt; can bek-edge-connected i, there must be a;-t; path P*
contained in the optimat-EC subgraphwith P* N @ = . We first eliminate some “redundant” edges from
P* and show that among the other edges, there is one that a@vdfsst remove all edges frorR* that are
internal to some componenth Now consider a new undirected graph—ttenponent grapk-whose vertex
set is the collectiorf of components, and there is an edgg, C;) when there is an edge:, v) € P* such
thatu € C; andv € C;. The edges inP* now correspond to a path (not necessarily simple) betwgen)
andC(t;) in the component graph. We then remove edges fRnthat correspond to cycles in the component



graph, and are left with a set of edg®$ corresponding to a simple path betwe@fs;) and C(¢;) in the
component graph. Say the edgesrfin this order argle; = (u1,v1),e2 = (u2,v2),...,ep = (Up,Vp)).
Note thatC'(u;) = C(v;—1) for 2 < ¢ < p; howeveru; need not be the same as ; in general. We refer to
this resulting sequence of edges alsa’dsand call it thecanonicalsequence, and all the compone6tg.;)
the canonicalcomponents.

For a contradiction, suppose there is no efige)) € P* that covers the cuf). We now prove a set of lemmas
about the canonical sequence and the labeling of the paltgseto show that this cannot happen. Recall that
each portal edge has different labels fréd, R} on its endpoints. When tracing somev path in the base
treeT’, we say some portal edge is crossed witinature(L — R) if the endpoint labeled. is closer tou than

to v in the base tre@’. Clearly, the signature of the portal edge depends on thinsiarertexw and ending
vertexv of the path.

Lemma 3.4 (Alternating Paths Lemma) Suppose none of the edges, v’) € P* coversQ. For any edge
(u,v) € P*, if the first portal edge oPr(u, v) is crossed with signaturél. — R), then the final portal edge
on Pr(u,v) is crossed with signatureR? — L). Also, the portal edges crossed along the way have altergati
signatures(L — R), (R — L), ..., (L — R), (R — L). An analogous statement is true in the case the first
portal edge is crossed with signatuf® — L).

Proof. If the u-v base tree pati®r(u, v) first crosses a portal edge with signatg¢fe— R) and also ends by
crossing a portal edge with signatuie — R), the base cycl®),,, ,, would connect the first-vertex inC(u)
to the final R-vertex inC'(v). Moreover, the portions a,, ) within C'(v) andC'(v) are disjoint from@, and
henceO,, . \ @ would connect thesé and R vertices, contradicting the fact that, v) does not cove®. For
example, inFigure 2(a)we see that andy would be connected i0), ) \ Q.

entry(e2).” ‘\‘entry(el)

.

exit(e)”

(a) Alternating Paths Lemma (b) (u1,v1) and(uz, v2) transitC'

Figure 3.2:lllustrative figures for the proof. Again, the dashed edges are portal edges, dotted edges are other
base-tree edges, and solid edges belong to P*.

Likewise, if the pathPr(u, v) enters some compone@tthrough a portal edge signéd — R) and also exits
C through an(L — R) edge, the portion of), ) within the componenC would connect the entry vertex
labeledR? and exit vertex labeled in O, . \ @; as a result, including the edges(@f, ) to H would connect
s; andt; (even if the edgeg) are deleted) by the definition df and R-vertices. This is also a contradiction,
completing the proof. [

Lemma 3.5 (Star-Path Lemma) Suppose n¢u’,v') € P* coversR. Consider the portal edges, ¢, ..., €,
when traversing the;-t; path Pr(s;,t;) on the base tred’. Then the signatures of these edges alternate
(L—-R),(R—1L),...(L—=R).



Proof. If we have two consecutive portal edgésande’., that are signedZ — R), then we would have an
L-vertex and arR-vertex, both of which lie on the pathr(s;, ¢;), belonging to the same (star) componént

Since we assume that containsPr(s;, t;), these two vertices would be connectediiy @), thus contradicting

the fact that) is itself a violated cut separating from ;. [

Lemma 3.6 (Consistency Lemma)Suppose ndu’,v') € P* covers@. Consider a componer # C(t;)
such thathead(C')’'s L-vertex belongs t¢'. Then, for anyu,v) € P*, if Pr(u,v) intersects the compone@t,
the portal edgePr(u, v) takes when entering' (if any) has itsL-vertex inC'. The same is true for the portal
edgePr(u,v) takes when exiting’ (if any). An analogous statement holdééhd(C')’s R-vertex is contained
inC.

Proof. Letentry(u,v) andexit(u,v) denote the portal edges usedBy(u, v) to enter and exi€' respectively
if we traversePr(u, v) fromw tov. For an edgézx, y) € P*, we say(z, y) transitsa component if Pr(z,y)
intersects”, but neitherr nory belong toC'. (seeFigure 2(b)for an example.)

We first consider the case whéhis not a star componemind is a canonical component; the proof for the
not being canonical is only simpler and we later considédreing a star component.

Let (¢],¢€h,...,e,) C P* be the edges if®* which transitC (in that order) before some edge € P* has

an endpoint inC'. (Such an edge; exists because we have assumed & a canonical component.) The
subsequent edge € P* exitsC, and let(e], e}, ..., ¢e)) C P* be the following edges that transit. Since

C is not a star componenéntry (e} ) andexit(e) must be the edgkead(C'), which by the assumption of the
lemma has itd.-vertex inC. This is because, if we shrink all the components and traegath taken byP*
along the tree formed by just the portal edges)im 7', the first time we visitC' has to be via its head edge,
by the definition othead edges. Likewise, the final edge to vi§itmust leave along the same head edge, since
eventually this path ends up #p Furthermore, by-emma 3.4exit(e}) must have itd.-vertex inC' as well.

Moreover, since the base path traversals are all done atengyeeT’, it is not hard to see thahtry(e;- 1) =
exit(e;») for 1 < j < a. Inductively applying the alternating paths lemma, all plogtal edgesntry(e;-) and
exit(e}) have theirL-vertices inC. Sinceentry(e1) = exit(e;), we also get thagntry(e;) has itsL-vertex

in C. The same inductive argument applied starting wittand working backwards shows that the entry and
exit edges used byj’ for all j, ande, all have theirL-vertices inC'. For the case whe@' is not a canonical
component, the argument is only simpler, since we would agetihe edges; andes and have only a set of
transiting edges.

Finally, whenC is a star component, it is no longer true that the eegey(¢)) is the same akead(C).
However, eithelC' = C(s;) (in which case the proof is the same as above without any ezngSel), or else
entry (e} ) must be the head edge for the previous star compafigpt on thes;-t; path. Hence, sinceead (C')
has itsL-vertex inC, the Star-Patl.emma 3.5mplies thatentry(e}) = head(C)¢,) also has its-vertex in
C'. Now the rest of the proof is identical to that above. [

Lemma 3.7 (Final Component Lemma) Suppose there is n@//,v") € P* that coversQ. For any (u,v) €
P* such thatPr(u, v) intersectsC(¢;), the portal edge taken to entél(¢;) has itsR-vertex inCy,. The same
is the case for the portal edge taken to eXit;), if any.

Proof. The proof of the lemma is very similar to that for Lem®&. SinceC, is the final component on the
path P*, we would not have the edges of the foemande’/ (there is only one edge iR* that has an end vertex
in Cy,, since we have eliminated all cycles). Also, becatsis the first edge irP* to transitC'(t;), entry(e})
must be the head edge for the previous star compatignt on thes;-t; path. From the Star-Pattemma 3.5
we get thatentry(e}) has itsR-vertex inC(¢;). By Lemma 3.4 exit(e}) must have itsR-vertex inC(t;) as
well. Like in the previous proofentry(e;-H) = exit(e}) for 1 < j < a. Inductively applying the alternating
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paths lemma, all the portal edgegry(e}) andexit(e’;) have theirR-vertices inC'. Sinceentry(e1) = exit(ey,),
we also get thagntry(e; ) has itsR-vertex inC. ]

To complete the proof ofheorem 3.3we argue the following.

Lemma 3.8 Suppose n¢u’,v') € P* coversQ. Then for all vertices; belonging toP* (for 1 < j < p), we
haveC(v;) # C(t;).

Proof. The proofis an induction op, for 1 < j < p. SinceC(u;) = C(s;), we know thahead(C(u1)) has its
L-vertex inC,, . By the Alternating Pathsemma 3.6 we know that the final portal edge @y (u;,v1) must
have itsL-vertex inC'(v1). This implies that(v;) # C(t;), otherwise we would violate the Final Component
Lemma 3.7 This establishes the base case. Now, sifi¢e) # C(t;), the Consistencemma 3.6mplies
thathead(C(v1)) must have itd.-vertex in the componertt'(v; ). But becaus€'(u;+1) = C(v;) for all j, we
have thahead(C(u2)) must have itd.-vertex inC'(uz), and therefore we can proceed inductively. ]

But note thalL,emma 3.8mplies that we never reaafi(¢;) while following the canonical path, which contra-
dicts the fact thaP* corresponds to a path betwe@iis;) andC'(¢;) in the component graph. This contradiction
completes the proof, and hence implies that there must be sdige(u, v) € P* that covers the cud. [

3.4 Augmentation using Hitting Sets

We now show how we can use the covering property to get a Iavaggmentation. Given an instanGec(-)

of the k-EC-ND problem, suppose we have a subgrdphsuch that all terminal pair§s;,¢;} arel-edge-
connected ind: we now identifysetsandelementsuch that the HTING SET problem exactly captures the
problem of augmentind/ to (I + 1)-edge-connect every; to t;. Moreover, we want to do this in a way such
that the number of sets and elements is small; if we were atfoexponentially many sets, we could imagine
eachi-cut (U, V '\ U) that separates; from ¢; to be a set, and the edges@®f\ H to be the elements, such that
element/edge belongs to the set/cyU/, V \ U) if e € OU. But this gives us too many sets, as mentioned in
Section 2

To do this more efficiently, consider this: we can imagkiealready contains the base tree, since it costs at
most as much as the optimukaEC solution. Now look at the following hitting set instandg: for each
violated/-cut Q) € violy(7) for a terminal paifs;, t; }, we have aetin our instance. (Recall that no@y C E

can be just a set of edges.) In case the same set of élgeparate several terminal pairs, we have a set for
each terminal pair. For each edge- (u,v) in G we have an element. An element/edgeelongs to a set/cut

Q if the edgee covers the cuf)—in other words, if the base cyce, satisfies the property that U O,) \ @
connects the terminal pafr;, ¢;}. The cost of an elementis simply the cost of the base cyale., which is

at most2c(e), by the properties of the backboned graph. Note that in tiggance, the number of sets is at
most|D|-m! = O(n?m') and the number of elements is at mostA straightforward consequence of the Cut
CoverTheorem 3.3stablishes the following:

Theorem 3.9 (Augmentation Theorem)Given an backboned instanég ¢(-) of thek-EC-ND problem, sup-
pose we have a subgragh containing the base tree such that the terminal pdis ¢;} are [-edge-connected
in H, for somel < k. Then the instance of the hitting set probl&m created above has a solution costing at
most2 ¢(OPT). Furthermore, if the set of elements/edges bought in aisaltb the hitting set instance s,
then the subgraplH U (U.crO.)) is a network tha{l/ + 1)-edge-connects every terminal pai;, ¢; }.

As a warm-up, this shows that we can solve kiieC-ND problem, and more generally the generalized Steiner
connectivity problem, on any backboned graph by startifgnith the base tree as thkeedge-connected
network, and repeatedly applyidfdneorem 3.9and a good approximation algorithm for hitting set) to aegin
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the connectivity from to [+ 1 at costO(log(n?m!))c(OPT). In total, this approach gives us an approximation
guarantee o, O(llog m+logn) = O(r? ., log m+rmax log n). Finally, translating this to general networks
loses another almost-logarithmic factor Wikeorem 3.2However, we can do better (and even do it online), as
we now show.

3.5 Online Algorithm using Hitting Sets

To give an online algorithm fok-EC-ND, let us consider the above proofs again. When we defined tiirgghi
set instanc& corresponding to th@+1)-augmentation problem, it appeared as if the notion of anefe/edge

e hitting a set/cuty depended on the subgraph. However, this is not the case: recall that the Cut Cover
Theorem 3.3howed that for anj-cut @) € viol (i), there exists an edge= (u,v) € OPT such thaO, \ @
connects arl.-vertex to anRk-vertex. In fact, if we were only given some set of edg}.\and some labels on
its endpoints, and the theorem gives us an edgdhen this edge is good forall subgraphs such that(i)
Pr(si,t;) C H, (ii) Q is anl-cut separating; andt; in H, and(iii) the labels are indeed the labels we would
get givenH and @ Moreover, for any cut), once we know thd. and R labels of its end vertices, we can
also identify whether an elemefi, v) covers the cut). These are the properties we exploit in our online
algorithm.

For the online algorithm for backboned graph, we first setrumatanceZ of the HITTING SET problem:

e Universe. For each edge € E, we have an element; there avke= m elements. The cost of elemeant
isc(O,) € [c(e),2¢(e)].

e Sets.Foreach € {1,2,...,(k — 1)}, we have a collectiodF; of M, < (7})2 sets, where each sef
is a set of edgesalongwith {L, R} labels on the endpoints of these edges. Hefce U, F; are all the
M = O((2m)F) sets.

e Incidence. A elemente = (u, v) hits a set)! if and only if the subgraplV,, \ Q' connects ar.-vertex
and anR-vertex inQ"'.

Now when a terminal paifs;, ¢; } arrives, we first buy the edges ept; base tree patir(s;, t;) that have not
yet been bought, and then perform a serigg:ef1) augmentations. In rouridwe feed all the minimal violated
cuts with! edges in the current subgraphalong with their{ L, R} labels to the online hitting set algorithm,
which results in a new subgraph with increased connectiiyte that the deterministic online algorithm for
weighted set cover given by Alon et aRAA T03] would beO(log N log M) = O(klog® m)-competitive on
this hitting set instance as well. Formally, the algoritlpiesented below.

Algorithm 1 OnlineAlg(D) for online k-EC-ND on backboned graphs

1: let H + 0.
2. set upthe instanc& of online hitting set.
3: for each terminal paifs;, t;} that arrivesdo

4: let H «+ HUPT(SZ',ti)

5. forl=1tok—1do

6: while {s;,t;} notl/ 4 1-edge-connected i do

7: find some violated-cut ) betweens; andt; in H and its labeling w.r.tH
8: feed(Q, labeling) to online hitting set algorithm; let its outpwe B C E
9: let H <~ H U (UeerOg)
10: end while
11:  end for
12: end for
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Theorem 3.10 The algorithmOnlineAlg is has a competitive ratio ad(k log? m) for the k-EC-ND problem
on backboned graphs.

Proof. The proof essentially reiterates the aforementioned .faCtnsider the case wheteterminals have
arrived, and leOPT be an optimal offline network-edge-connecting the demand pafss, ¢; }i<-. Clearly,
the total cost spent in Step 4 in buying base tree paths is st¢t@PT). Moreover, since for each request
we feed the online algorithm, there is an element/edgeOPT that hits it Theorem 3.3 the optimal offline
cost to hit all our requests is at m@t OPT). (The factor2 arises because we by, with cost at mosgc(e),
even thouglOPT may only buye.) Hence, from th&(log M log N)-competitiveness of the online hitting set
algorithm, we get(k log® m)-competitiveness for our online algorithm. [

Combining this withTheorem 3.2and with the discussion iBection 1.2we immediately get:

Corollary 3.11 (Result for General Graphs) There is an5(k10g2 mlog n)-competitive randomized online
algorithm for thek-EC-ND problem on general graphs.

Corollary 3.12 (Cost-Shares from Online Algorithms) The (randomized)-competitivek-EC-ND algorithm
givesa-strict cost-shares fok-EC-ND. Hence, there is a randomizedv-approximation for the rent-or-buy
version ofk-EC-ND, and also for the two-stage stochastic version with inddpeanarrivals.

4 The Complete Metric Case

In this section, we assume thatis a complete graph, and that the edge-cosissatisfy the triangle inequality,
i.e.,c(u,v) < c(u,w) + c(w,v) for all u,v,w € V. Under this assumption, we can improve on our results to
give a deterministi@)(log n)-competitive online algorithm, and constant-factor appration algorithms for
the stochastic and rent-or-buy case&-&C-ND.

4.1 Onlinek-EC-ND on Metric Graphs

In this section, we consider thieoted version of the onlin&-EC-ND problem on complete metrics, and give
a deterministic onling(log n)-competitive algorithm. Formally, we are given a completapty G' with the
costs on edges(-) satisfying the triangle inequality, and a root vertexa new demand vertex; arrives on
the i*" day requiringk-edge-connectivity to the root The goal is to buy a set of edgés on thei’” day
such that the coIIectiom?zlgj containsk-edge-disjoint paths from to v for all j € [1,4], and the cost
c(u§:15j) is competitive with the cost of an optimal offline subgraphickh%-edge-connects the demand
verticesv, vo, . . ., v; With rootr.

At a high level, our idea for the online algorithm is the feling: when a new terminal arrives, run the online
algorithm for Steiner tree; for each ed@e v) that it buys, we buy aninimum cosset of edges té-edge-
connectu andv. While such an algorithm would indeed return a feasibletgmiuo thek-EC-ND instance, it
may not always b€ (log n)-competitive. However, what we can show is that it wouldiéog n )-competitive
provided the online Steiner tree constructed bagnded degreé.e., every vertex has degree bounded by a
constant).

We first describe out-EC-ND algorithm assuming suchgmodonline algorithm for the Steiner forest problem,
and then show how we can maodify the algorithm of Imase and Veaxfiw91] to get the properties we
desire. In the following, leflg denote the) (log n)-competitive online algorithm for Steiner tree which alway
maintains a feasible solution of bounded degree, ani¥letpresent the set of thienearest neighbors around
any vertexv in G.
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Algorithm 2 OnlineMetricAlg(D) for metrick-EC-ND
1: let network S « 0.
2: for each terminal pais; that arrivesdo
3. let &; denote the set of edges bought by onlixie when we give it demand vertes.

4. for each edge = (u,v) € & do

5 let S < SU{(u,z) |z € N} U{(v,z) |z € Ny}

6: let S < S U min-cost matching betweév,, \ N,) and (N, \ N,,)
7:  end for

8: end for

Theorem 4.1 For any set of demandB that arrive, the networkS’y output by algorithmOnlineMetricAlg is
feasible tok-edge-connecting the root with the demand$inand has cost(Sp) at mostO(log n)OPTp,
whereOPTp is the cost of an optimal offline subgraph whictedge-connects verticesTU {r}.

Proof. We first show that the networp is indeed a feasible solution. Let the terminal®ibe sy, so, ..., s;,
indexed by their arrival times. For anye [1,1], let F; = U{Zlé’l denote the Steiner subgraph boughtAiy

in Step3. Now consider some demand vertexc D. SinceAlg is an online algorithm for Steiner tree, the
subgraph/; contains a path froms; to . Consider vertices, andv such that(u,v) € F}. Since we connect
u to N,, andv to N, and add in a perfect matching between the verticgS\of\ N,)) and(N, \ N,) in S, it

is easy to see that andv arek-edge-connected. Therefore, from the transitivity of edgenectivity, we see
that any two vertices that are connected-jnare in factt-edge-connected, and hengg is a feasible solution.

To bound the cost, we use the following lower bounds on theafosn optimal solution (similar bounds were
also used by Cheriyan and Vett@Y05] for node-connectivitySNDP):

e ¢(OPTp) > %ZUGD c(v, Ny), and
o o(F;) < 208 (OPTp).

Let us explain why these are true: In any feasible solutiasheerminal has to connect to at leastistinct
neighbors. So if we add up the cost of sofeutgoing edges from each vertex, the sum should be at most
2¢(OPTyp) since we can include each edgedRTp at most twice. This gives us the first bound, sinte NV,)

is at most the sum of the costs samek outgoing edges. For the second bound, consider the optiawidnal
solution to the LP relaxation for the rooteeEC-ND problem on demand sé&t; clearly the cost of the fractional
solution is at most(OPTp). Now, if we scale the fractional solution by a factor /afwe obtain a feasible
fractional solution for the Steiner tree LP on demand3et{r} of cost at mos%c(OPTD). But now because
the LP for the minimum cost Steiner tree problem (which isec& case o6NDP) has a constant integrality
gap, we get that the cost of an optimal offline Steiner tresilida to the demand s& is at most%c(OPTD).
The second inequality then follows as a consequence @the; n)-competitiveness of the online Steiner tree
algorithmAlg.

The total cost of the subgray is then
c(9p) <X uer, ¢t Nu) + X vyer, (€(u; Nu) + (v, No) + & - ¢(u, v))
<O(M) X yer, c(u, Nu) + kZ(u,v)EFi c(u,v)
< O(logn) c(OPTp)

Here, the cost of the min-cost matching betw@énand N,, was bounded by(u, N,,) + ¢(v, N,) + k - ¢(u, v)
by using the triangle inequality of the metric space. Als® $econd inequality follows from the assumption
thatAlg always maintains a bounded-degree online Steiner tree. [
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It now remains to show how to design the bounded-degr@eg n)-competitive online algorithm for Steiner
tree; we now consider this sub-problem.

4.1.1 Online Degree-Bounded Steiner Tree

Imase and Waxman\|V91] show that the greedy algorithm (of each new demand commgedtt its nearest
vertex on the current solution) 3(log n)-competitive for the online Steiner tree problem. The omylyem

is that if several terminals share a common vertex as thaiesé neighbors, the common vertex would have a
very high degree in the Steiner tree we maintain. To avoisl thie simple idea we use is to maintaiolein

for each vertex, and connect these terminals (which would have otherwiseeaxed to the common vertex
v) to the end of the chain instead. Because the graph is a ctanmégric, this would allow us to bound the cost
of the chain by the cost of the star around each vertend hence let us maintain a low-cost degree bounded
solution. In the following, leGreedySteiner denote the online greedy algorithm for the Steiner treelprob

Algorithm 3 LowDegAlg(D) for bounded-degree online Steiner tree

1: let networkS « ; definea chainC,, «+ () for eachv € V.
2: for each terminal vertex; that arrivesdo

3. let (v,s;) denote the edge bought KyeedySteiner when we give it demand vertex.

4. if C, = (0 then

5 setS <+ SU (v, s;); adds; to the chainC,

6: else

7 let v" be the tail of the chaid’,; setS + S U (v/, s;) andadd s; to the end of the chai6’,.
8 endif

9: end for

Theorem 4.2 The networkSp output by algorithmLowDegAlg is feasible to the online Steiner tree problem
on demand seD, and has cost(Sp) at mostO(1)c(GreedySteiner(D)). Furthermore, the degree of each
vertex inSp is at most3.

Proof. We first show that the algorithm outputs a feasible solut@onsider a newly arrived vertex, and let
(v, s;) denote the edge bought by the online algoritraedySteiner (recall that the greedy online Steiner tree
algorithm buys only the edge to the nearest neighbor on tirermsolution). If the chail@’, is empty whers;
arrives, our online algorithrhowDegAlg also buys the edge, s;) and therefore connectsto the root- (since

v was already connected to the root). If on the other h@navas non-empty, then let, = {vi, v, ..., v},
with the vertices ordered by time of addition to the chaineffhby the wayLowDegAlg adds edges within a
chain (in stef¥), we are guaranteed that the edgez. ), (v1, v2), ..., (v:—1,v¢) are all present in the network
Sp maintained. And since the edge, s;) is also added t&'p whens; is added to the end of the chaih, we
see thas; is connected t@, and therefore to in Sp. This proves the feasibility.

To bound the cost, consider a vertexand let the current chain &, = {vy,ve,...,v:}. Now, by the triangle
inequality, the total cost of all the edgés, vy), (vi,v2),..., (vi—1,v:) can be bounded b¥Z§:1 c(v,v;),
which is precisely twice the total cost incurred GyeedySteiner when connecting, v, . . ., v; to the vertex
v. Therefore, the total cost ¢fp can be bounded b8c(GreedySteiner(D)).

It is also easy to see that the degree of each vertéins at most3. To see why, let us consider a vertex

v and look at when edges incident«atre added inSp. There are two reasons why such edges are added:
(i) an edge(v, v’) is added when' arrives to the chain that is present in, andii) v can have a chain of its
own. In the former case, we know thabelongs to the chain of only one other vertéxthe vertex to which

it was connected iGreedySteiner when it arrived), and thereforecan have at mo&incident edges by being
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present inC,.. In the latter case, since it is the head, it can have at me@sédge incident on it (with the vertex
which first entered’s chain).

Therefore, the networlsp constructed is feasible to the online Steiner tree, has tamapetitive with
GreedySteiner, and the degree of each vertex is bounded by [

4.2 Stochastic and Rent-or-Buyk-EC-ND on Metric Graphs

We now consider the stochastic and rent-or-buy versiorksEE-ND on complete metrics. We give aw(1)-
approximation algorithm for metrik-EC-ND and then show that it admit3(1)-strict cost-sharegsee Sec-
tion 1.2 for the definition), implying constant-approximations tbe metric stochastic and rent-or-buy ver-
sions. While better algorithms are known fldlEC-ND (and even the more generklvertex-connectivity
problem CV05]), we present an approximation algorithm which can be shimaadmit good cost-shares.

4.2.1 Overview

We first give a brief overview of how the framework lnbosted samplinfGPRS04 can be applied to obtain
approximation algorithms for stochastic (and rent-orjbugrsions of network design problems. Given an
instance of a two-stage stochastic network design probienere different terminal pairs havedependent
arrival probability distributions), the boosted samplirgmework proceeds as follows:

(i) Sample each terminal pair according to its probabilitypeing present (boosted by a scaling factotof
that depends on the inflation parameter).
(i) In the first stage, build an approximate Steiner forgstonnecting the sampled terminal pairs (using a
suitable approximation algorithilg).
(i) In the second phase, if a terminal pdis;, t;} is not connected by, connect the end vertices andt;
by a shortest augmenting path wS.-t

To prove that this algorithm indeed produces a constanappation w.r.t the optimal strategy, the main tech-
nical tool used is that aftrict cost-sharing schemégefer to Sectioril.2 for a formal definition). Informally,
these cost-shares (which are coupled with the algorithg) are designed to make sure that the augmenting
cost is small over all possible terminal pairs (which is usef bounding the second stage cost).

For the Steiner forest problem, Gupta et &PRS04designed al-approximation algorithm that adm?(1)-
strict cost-sharing schemes, thereby giving )-approximation algorithms for the stochastic (and reriay)
versions. Subsequently, Fleischer et &KLS0§ showed that the primal-duadKR algorithm for Steiner
forest admitsD(1)-strict cost-shares via an elegant proof associating w&tterminals for edges bought by the
algorithm.

Following our approach for the onlineEC-ND algorithm for metric instances in Sectidnl, we extend the
AKR algorithm to get an approximation algorithm fielEC-ND that admitsO(1)-strict cost-shares. Just like
the issue that arose for the online algorithm, the main leurdtirectly extending thA KR algorithm (and the
cost-sharing scheme) is in modifying tA&R solution to ensure that the degree of any vertex is small.l&Vhi
this as such is trivial (we can perform an Euler tour of #€R solution), the crux of the argument is to show
that this modified algorithm also admi€3(1)-strict cost-shares. In the following section, we first fafiy
define thek-EC-ND approximation algorithm and then explain our cost-shanraghanism.

4.2.2 Constant-Factor Approximation for Metric k-EC-ND

Consider an instana@ = (V, E) of k-EC-ND with terminal pairs irD; let D represent the set of all terminals,
i.6.,D = Uy, 11episi, ti}. CallasetS C V validif there exista demangk;, ¢;} € D such thatSn{s;,t;}| =
1. DefinedsS to be the set of edges with one endpointSinandz(E’) = Y/ z.. Finally, let N, represent
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the set of thé: nearest neighbors of vertexn GG. The LP relaxation of the-EC-ND problem is the following:

(LP;) minimize . pceTe
subjectto (1) x(9S) >k Vvalid S CV
(2) 0<a <1, Vec E

Let OPT andOPT _p be optimal integral and fractional solutions to the givestamce; clearly:(OPT p) <
¢(OPT). Our algorithm follows the ideas used in the online alganittwith the following changes: instead
of running the online algorithm for Steiner tree, we run &t€R algorithm (JAKR95]) for Steiner forest td -
edge-connect the demand pairs in the first step. AKIR algorithm is a primal-dual-approximation algorithm
for the Steiner forest problem—when given a set of termimaig®D, it outputs a Steiner forest of cost at most
twicethe cost of an optimal fractional solution to the standarddlBxation of Steiner forest (which is just the
above LP relaxatio P, with k& = 1).

Getting back to our algorithm, in our second step, in ordegeba low-degree Steiner forest, we simply take
an Euler tour of theAKR solution. Finally, wek-edge-connect: andv (using nearby neighbord’,, and N,)
for any edggu, v) that theAKR algorithm buys, just like in the online algorithm.

Algorithm 4 MetricAlg(D) for metrick-EC-ND
1: let networkS <+ (). Run theAKR algorithm onD to get forestr".
let F « subgraph obtained by taking Euler tour of each componeft. of
for each edge = (u,v) in F do
let S < SU{(u,x) |z € N,JU{(v,z) |z € Ny}
let S < S U min-cost matching betwee¥, and N,
end for

Theorem 4.3 The networkS output by algorithmMetricAlg k-edge-connects the terminal pairsin and has
coste(S) < 10¢(OPT). Furthermore, if(u,v) € F, thenu andv are k-edge-connected if.

Proof. The proof is very similar to that of Theorethl We begin by showing that network is indeed a
feasible solution. Consider a terminal pdir,t} € D: sinceF is a feasible Steiner forest solution fby, we
know thats andt belong to the same tree fiand therefore, to the same cycleﬂh We now show that any pair
of vertices that lie on a cycle i’ arek-edge-connected ifi. Consider vertices, andv such that(u, v) € F.
Since we connect to N,, andv to N, and add in a perfect matching between the verticed pfi NV, and
Ny \ Ny in S, itis easy to see thatandv arek-edge-connected. By transitivity of edge-connectivityy &wo
vertices on a cycle it" arek-edge-connected. This proves ti$ais a feasible solution. To bound the cost, we
again use the following lower bounds (almost identical ®ahes used in the online algorithm):

e ¢(OPT) > 3> .pc(v, Ny), and
o ¢(F) < 2 ¢(OPT).

For completeness, let us explain why these are true: Thefitgid has already been established in the proof
for the online algorithm in the earlier section (proof of Brem4.1). For the second bound, consider the
optimal fractional solution to the LP relaxation for the tetdk-EC-ND problem on demand s&; clearly the
cost of the fractional solution is at masiOPTp). Now, if we scale the fractional solution by a factorkgfwe
obtain a feasible fractional solution for the Steiner fote on demand séP U {r} of cost at mos{ c(OPTp).

But now because thAKR for the minimum cost Steiner forest problem has a constamtoxpmation factor
(w.r.t the optimal LP solution), we get that the cost of theison F is at most%c(OPTp). Making an Euler

tour of F' to getf only increases the cost by a factor of at m2st
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The total cost ofS is then

c(S) < Zueﬁ c(u, Ny) + Z(u,v)eﬁ (c(u, Ny) + c(v, Ny) + k - c¢(u,v))
< 10¢(OPT)

In the second step, we used the fact that because each vestelegree in F, the terme(u, N,,) can appear
at most twice in the latter summati@(w)eﬁ (c(u, Ny) + c(v, Ny) + k - c(u,v)). |

4.2.3 Getting Strict Cost-Shares

We now show how we can get strict cost-shares for the abowithlmn. As the basis for our cost-sharing
scheme, we use the cost-shares associated withKiRealgorithm, as given by Fleischer et dE{LS0g. We
refer to their cost-sharing scheme as .S cost-shares, or theKLS analysis.

Let FP denote theAKR solution on demand séd. The FKLS analysis defines the cost-sharing functions
¢ ExV — Rand€ : D — Rin the following manner:

() Each edge € F? is assigned twavitnessterminalsw; andw, such that’ (e, w;) = &'(e, wy) = c. /4.
The function¢’ (e, v) is set to0 for allv € V' \ {wq, wa}.
(ii) For any vertexu and an edge not in F'2, ¢/ (e, u) is set to0.
(i) The total cost-share of a terminal pdis;, t; } is then defined a§({s;, t;}) = > cpo (§'(e, 5i) + & (e, ti)).

In further notation, for any edgec F7, let . denote the time at whichwas bought by thé& KR algorithm;
also denote the time at whidl;, ¢;} gets connected i’ by 7;. The FKLS analysis shows that the witnesses
satisfy the following properties:

1. Consider a demangs;,¢;} and any edge € FP bought at timer, < 7;. If neithers; nort; is a witness

for e, thene is also bought in the run AAKR (D \ {s;,¢;}). In particular, for any edge on the unique
path connecting; andt; in FP| if s; and¢; don't witnesse, thene € FP\{sirti},

2. Zlﬂ ({si,t:}) < 2¢(OPTp(D)). Further, the solution obtained by runniAgcR onD \ {s;,¢;} can
be augmented with edges of ca@st1){({s;,t;}) to get a subgraph which conneetsandt;. In fact,
these “augmenting” edges are those whichr ¢; witness.

Given that thel-edge-connectivity problem has nice withess propertigs,nhiost natural thing to try would

be to define cost-shares féredge-connectivity in the following way: for any edge= (u,v) thats; or

t; witness, the cost-share fdg;, t;} includes the cost ok-edge-connecting: andv (at most2 ¢(u, N,,) +
2¢(v, Ny) + kc(u,v)). When defined in this form, although we would be able to augnaesolution of
MetricAlg(D \ {s;,t;}) to k-edge-conneck;-t; by payingO(1) x &*({s;,¢;}), we cannot directly bound
ZLZ‘Ig’f({si,ti}), since the quantity:(u, N,,) could be counted several times. However, this can happen
only if the degree of; in the approximate solution is high (just like in the onlingaithm). We therefore look

at transforming thé\KR solution into a low-degree one whitgeservingthe witness properties. (An Euler tour
would get us the low-degree tree, but it would not satggdpdwitness properties we desire.)

Let £'P be the forest obtained by running t#é&KR algorithm on demand séb. We apply the following
modification step for each tree iR”. Consider a tred”, and arbitrarily root it at~. We now perform a
reverse breadth-first (bottom up) traversal, and createdifid solutionF™°¢ (which is set td} initially).

Modification: Suppose we are at vertexin our traversal: Nothing is done if it is a leaf. If it is an émbal
node having degre2, then the edge betweenand it's child is included ™9, If it has degree more thah
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then we perform the following local modification {s said to be thenain vertexbeingalteredin the step, and
the edges being altered are the children edges incident at

Let vy, ve,. .., v, be an ordering of the child vertices ofordered such that, ,,) < T(uw) < - - < T(u,)-

We anchor the edgéu, v;) and add it toF™°d. For every other edgéu, v;), we add the edgév;,v;_1) to
Fmd, The witnesses ofu, v;) remain the same as those assigned byFtES algorithm, and the witnesses
of the edge(v;, v;_1) in F™°9 are theFKLS witnesses ofu,v;) in FP. Note that the degree afin F™°¢ is
reduced t@®, whereas the degree af child vertices (which were before this step) are increased by at most
1. After this stepu would never be the main vertex being altered in any step mgahat it's degree will be

at most3 in Fmed,

Fmod

u u

v U2 U3 Up U1 Uy U3 Up

Figure 4.3: A step in the modification: is the main vertex being altered

This local modification is performed in a reverse breadth fashion. It is easy to see that we obtain a forest
whose cost is at most twice the cost of #iKR solution. Further, each vertex has degree at ri@std each
edge has at mog&twitnesses.

Lemma 4.4 The forestF'™? created by the above modification is such that the ¢ot™) is at most
2c(FD), and any vertex has degree at masin F™od_ Furthermore, there exists witness definitions such
that the following properties hold.

(i) If W; is the set of edges if™°? for which eithers; or ¢; is a witness, then for any edge, v) in the
unique path connecting; and¢; in 2, u and v remain connected in the subgraph; U FP\{siti},
where FP\{si:ti} is the forest returned bXKR(D \ {s;, t;}).

(i) At most2 terminals witness any edge ™9,

Proof. The cost and degree bound follow directly as a consequentieeofvay our modification algorithm
worked. We now prove the witness properties by showingdlaidv are in fact connected by a path compris-
ing of a sequence of edges ii; followed by an edge which belongs f6”\{s::ti}, Consider the stage in the
alteration procedure whem, v) is being altered. One af or v has to be the main node being altered. Without
loss of generality, we assume thaits the vertex being altered. Two cases are to be considered:

Case (1): (u,v) is not witnessed bys;, t;}: Since(u,v) lies on the uniques;-t; path in FP, we know that
Tuw) < Ti- Therefore, by the first property of tHe<LS analysis, this edge will be bought by tA&R algo-
rithm when run orD \ {s;,;}, and therefore: andv are connected ilrP\tsi-tik € W; U FP\sati},

Case (2): (u,v) is witnessed by one dfs;,¢;}. Recall that we had assumed thais the main vertex being
altered. In the case that, v) was the edge being anchored, we know that) is present in the modified tree
F™od and has the same witnesses as before, megning € W; C W; U FP\Msiti If (u, v) was not the edge
being anchored, let;, v, . .. , v, be the ordering of the child vertices ofchosen by the alteration procedure.
Note thatv € {v2,vs, ..., v,}. Without loss of generality, let bev,. Also, letr be the largest index such that
1 < r < gand that(u, v,.) is not withessed by eithes;, or ¢;. There are two cases to be considered.

¢ If such anr does not exist: it means that each of the edges ), (u,v2),. .., (u,v,) are witnessed
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by s; or t;, and thereforgwu, vy), (vi,v2), ..., (v4—1,v4) all belong toW;, meaning thatw. andv are
connected if¥; U FP\{siti},

e If such anr exists: we know that each of the eddesv, 1), ..., (u,v,) are withessed by; or ¢;—this
means that each of the edges, v,11), ..., (v4—1,v4) are inW;. Further, by the way we ordered the
children ofw, it is clear thatr(, ,,) < T(..,) < 7. The latter inequality is because of the fact that
(u,vq) is on the unique path connecting andt;, and therefore cannot be bought afterandt; are
connected. Hence, by propertyof the FKLS algorithm, we know thatu, v,.) is bought in the run of
AKR(D \ {s;,t;}). Thereforeu andv are connected ifi; U FP\{siti},

This proves the desired witness properties, and hence etesghe proof. [
We are now ready to define tli&(1)-strict cost-shares for this problem.

Cost-Shares:For each terminal paifs;, t;}, we set its cost-share to be

F({si,t:}) = Z (2¢(u, Ny) + 2¢(v, Ny) + ke(u,v))
(u,0)EW;

Recall thatWV; is the set of edges which eithey or ¢; witness inF™°4, Since each vertex iF™°¢ has
degree at most and each edge has at mos2 witnesses, we gef_, ¥ ({s;, t;}) < > ,ep 12¢(u, Ny) +
2k ) cpmoa ¢(u,v) < 32¢(OPT(D)). To show that these cost-shares @@ )-strict, we also need to give an
algorithm which can augment edges of c¢/st{s;, t;}) to a subgraph returned betricAlg(D \ {s;,%;}) in
order tok-edge-connect; andt;.

Augmentation Algorithm: Augment ({s;,¢;}): For all (u,v) € W;, buy the set of edges of minimum cost to
k-edge-connect andwv.

Analysis: From Lemma4.4, we know that if an edgéu, v) lies on the unique path connectisgandt; in
FP, thenu andv are connected if/; U FP\{sit} Now consider any edg@/,v’) € W; U FP\sitid |
(u',0") is in W;, then the augmentation algorithm wouldedge-connect the vertices andv’. If it is in
FP\sotid | then from Theorem#.3, MetricAlg(D \ {s;,t;}) would k-edge-connect/ and+’. Hence, each
edge(u/,v') on theu — v path contained ifV; U FP\sit} is such that/ andv’ are k-edge-connected in
Augment({s;,t;}) U MetricAlg(D \ {s;,t;}). Therefore, from transitivity of edge-connectivity, we ¢feat s;
andt; arek-edge-connected iAugment({s;,¢;}) U MetricAlg(D \ {s;, t;}). This, and the fact that the cost of
the augmenting edges teedge-connect;-t; is at mostt* ({s;,t;}), establish the)(1)-strict cost-shares for
Algorithm MetricAlg. The following theorem therefore follows.

Theorem 4.5 The algorithmMetricAlg permitsO(1)-strict cost-shares fok-EC-ND, implyingO(1) approxi-
mations for metric rent-or-buy and two-stage stochastith(imdependent arrivalsk-EC-ND.
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A Lower Bound

In this section, we show that, I/ is the set of demands that have arrived till some point, theretare instances
where the competitive ratio of any online algorithnti§|D|) for |D| = O(logn), even for the rooted-edge
connectivity problem. Consider the graph given in FigAré. There is a binary tree of depih, and all the
leaves are connected to the root with distifizack” edges All edges in this graph have unit cost. For ease
of exposition, we will assume that the edges bought whemgesmiy demand are a minimal set of edges to
achieve the connectivity requirement for that demand; ages not in the minimal set are considered to be
bought at the first time they are actually used.

level 2

level 3

o 0o o o o 0 o o o0 o 0o o0 o0 o0 o0 O o

Figure A.4: A lower bound of)(L)

All the requests will be vertices that ne@econnectivity to the root. The first request is level-vertexsy;

one feasible solution is to buy the edger, and the second path is some path fronio a leaf and back te
using a “back” edge. However, this is not the only minimalsoh possible: perhaps the algorithm can buy
two disjoint paths froms; to two leaves which use their back edges to connect ta any case, there will be

at least one vertex on levelthat is not yet connected to the root. We then give any sudexen level3 as

the next request. The third request will be some vertex oel fethat is a descendant of the second request,
and which is not yet connected to the root; in general, thé rguest is always chosen to be a descendant of
the previous demands. This ensures that there is alwaysibleaolution of cost. + 1 for all the demands
seen thus far, whereas the online algorithm pays at {&@st for the firstQ)(L) requests, giving us the claimed
lower bound.

Note that this construction also works against obliviougeashries if we choose a random descendant at level
(20 — 1) as thei" request.
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