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Abstract. Recently, Chakrabarty et al. [5] initiated a systematiclgtof capaci-
tated set cover problems, and considered the question offf@napproximabil-
ity relates to that of the uncapacitated problem on the sardenlying set system.
Here, we investigate this connection further and give sgvesults, both positive
and negative. In particular, we show that if the underlyirgysystem satisfies a
certainhereditary propertythen the approximability of the capacitated problem
is closely related to that of the uncapacitated version. M give related lower
bounds, and show that the hereditary property is necessanytain non-trivial
results. Finally, we give some results for capacitated Gongeproblems on set
systems with low hereditary discrepancy and low VC dimeamsio

1 Introduction

In this paper, we consider the approximabilitycapacitatedset cover problem&gSC).
In a typical (uncapacitated) set cover instance, we aragweiverseX of n elements
and a collectionS of m subsets ofX, each subset with an associated cost; the goal is
to pick the collection of set§” C S of least total cost, such that each elemert X is
contained in at least one sgtc §’. It is well known that the greedy algorithm for set
cover achieves an approximation ratiolofr, and that in general this approximation
factor cannot be improved up to lower order terms [9]. Howeireseveral cases of
interest, improved approximation guarantees or even e#gotithms can be obtained.
Typical examples are problems arising in network designrettee underlying set sys-
tem may be totally unimodular or have other interestingcstnal properties [12], or in
geometric settings where the set system may have low stalctbmplexity, often mea-
sured in terms of VC dimension [3] or union complexity [13].deneral, the study of
covering problems is an extensive area of research in battbit@torial optimization
and algorithms.

In the capacitated version of the set cover problem, the ei¢sradditionally have
demands! : X — RT, sets havesuppliess : S — R™T, and the goal is to find a
minimum cost collection of set$’ such that for each elemestthe total supply of sets
in &’ that covere is at leasti(e). A generalCSC is defined by the following integer
linear program:

* Work done while visiting IBM T. J. Watson Research Yorktowaights.



CSC(A4,d,s,c) min S e Q)
s.t. Zyil Aijsixi > dj Vi<j<n (2)
x; € {0, 1} VS, esS (3)

Here,s; denotes the supply of sét, d; is the demand of elemeyite [n], and A
is the{0, 1} incidence matrix of the set system. The variabléndicates whethe$; is
chosen or not, and hence the constraints ensure that fortsmlentj € [n], the total
supply of sets containing it is at least.

Capacitated covering problems arise naturally in a vaétscenarios. For exam-
ple, consider the minimum Steiner tree problem where théigeafind the minimum-
cost subgraph connecting terminals to a root. This can beasas set cover problem,
viewing each graph cut separating some terminal from thea®an element, and each
edge in the graph as a set (that covers every cut that it @oddew, if the terminals
have a bandwidth requirement, and the edges have diffeagaidth capacities, this
corresponds to a capacitated covering problem. Similaegdinations naturally arise
for most uncapacitated covering problems. Capacitatedrany problems also arise
indirectly as subroutines in other problems. For exampésdal and Pruhs [1] showed
that the scheduling problem of minimizing arbitrary fuocis of flow time on a single
machine is equivalent (up (1) factors) to the capacitated version of the geometric
set cover problem of covering points R? using axis-aligned rectangles all of which
touch ther-axis.

While capacitated covering problems have been studiedqurely, Chakrabarty et
al. [5] recently initiated a more systematic study of thesgbfems. Motivated by the
extensive existing works on the uncapacitated set coveérigmg they considered the
following natural questionls there a relationship between the approximability of a
capacitated set cover problem and the uncapacitated prolile the same underlying
set system™ particular, is it possible to exploit the combinatoriédusture of the
underlying incidence matrix in the set cover problem to glesjood algorithms for the
capacitated case?

To understand this question better, it is instructive tonesensider the case of the
simplest possible set system: that witsiagle element. In this case, the problem re-
duces to precisely the so-called Knapsack Cover problerareviven a knapsack (el-
ement) of demand and items (sets) with supplies, ..., s,, and costs, ..., ¢y,
the goal is to find a minimum cost collection of items that as\ibe knapsack. Already
here, it turns out that the natural LP relaxafiofithe integer program (1)-(3) has arbi-
trarily large integrality gag.In a celebrated result, Carr et al. [4] showed that this nat-
ural LP can be strengthened by adding exponentially margaied Knapsack Cover
(KC) inequalities. These inequalities can be separatediynpmial time and hence
the LP can be solved efficiently to within any accuracy ushegEllipsoid method. The

* Where we replace the € {0, 1} in the IP byz € [0, 1].

5 Consider an instance with two items of siBe- 1 each and costsand1 respectively. Clearly
any integral solution must choose both items, incurringsi 0bl1. The LP can however choose
the O cost item completely, and cost 1 item to extettt — 1), incurring acostol /(B —1).



integrality gap of this strengthened LP reduces to 2, arglithalso tight. We remark
that there is also a local ratio based interpretation ofeh&S inequalities [2].

Interestingly, Chakrabarty et al. [5] showed (see Theordar & formal statement)
that given anyCSC problem, the natural LP relaxation strengthened by addifg K
inequalities for each element has an integrality gap thabisvorse (up taO(1) fac-
tors) than the integrality gap for two relatadcapacitategbroblems. The first of these
problems is simply the multi-cover problem on the same sstesyA, and the second
one is the so-calledriority set cover version ofl, that we next define. Thus, roughly
speaking their result shows that KC inequalities allow ufotget about capacities, at
the expense of somewhat complicating the underlying sé¢sys

Priority Covering Problems: Given a set cover instance specified by the incidence
matrix A (the representation could be implicit as in network desigibfems), griority
version of the covering problenPEC) is defined as follows. The elements and sets
have prioritiesr : X US — Z*. The goal is to pick a minimum cost collection of sets
S’ such that for each elemejtthere is at least one s8f € S’ containingj and with
priority at least that of, i.e.,w(S;) > 7 (e;).

The natural integer programming formulation f88C is:

PSC(A, 7, c) minimize 1" | c;z;
subject to(1) 2211 Aijl(ﬂ.(si)zﬂ.(ej))xi >1 Vi<j<n
(2) xT; € {O, 1} VS, eS8

Here,1(,>s) is the indicator variable for the condition inside (i.e.if a > b and
0 otherwise). Thus a priority cover problem is an (uncapésitaset cover problem,
with the incidence matrixB;; = A;j - 1(r,>.,) instead ofA. The structure of3 has
an interesting geometric connection to thatdofin particular, permute the columns of
A in non-decreasing order of supply priorities and rowsdah non-decreasing order
of demand priorities. Then, the priority matiX defined adl;; = 1(x(s,)>n(c,)) has
a “stair-case” structure of 1's (see Figure 1 for an illustid), andB = A o I1 is the
element-wise product oft and /7. The number of stairs i/ is equal to number of
distinct prioritiesk (which plays an important role in our results later).

Formally, Chakrabarty et al. [5] showed the following resul

Theorem 1 ([5]).LetCSC(A,d, s, ¢) be a capacitated set cover problem instance. Let
MSC(A, d', 1, c) denote the uncapacitated multi-co¥garoblem with incidence matrix

A and covering requirementd, and letPSC(A, w, ¢) denote the priority covering
problem with incidence matriX and priorities. If

1. The integrality gap of the natural LP relaxation MISC(A, d’, 1, ¢) is at mostw
for all possible covering requirements, and

2. The integrality gap of the priority probleRSC( A, 7, ¢) is at most3 for all priority
functionsr,

6 By multi-cover we mean the usual generalization of standatdcover where an elemejt
may wish to be covered hy; distinct sets, instead of just one.



A I1
Fig.1.Ais an arbitrary {0, 1} matrix, I7;; = 1 if w(S;) > n(e;),andB = AN 1.

Then the integrality gap of the LP relaxation of the capaeitproblenCSC(A4, d, s, ¢)
strengthened by KC inequalitiesi¥ o+ 3). Moreover, the number of distinct priorities
in the instancePSC(A, , c) is at mostlog s,ax Wheresya, = max;cj,) s; denotes
the maximum supply of a set.

Here, as usual, we say that a problem has integralityg#pfor every feasible
fractional solutionz, there is a feasible integer soluti@rwith cost at most times the
fractional cost. Also note that in the priority cover praileonly the relative values of
priorities matter, hence we can assume that the prioriteeslaays integers, . . ., k.

In light of Theorem 1, it suffices to bound the integrality gafpthe multi-cover
version and priority cover version of the underlying setamoproblem. Typically, the
multi-cover version is not much harder than the set coveblpro itself (e.g. if the
matrix is totally unimodular, for various geometric systerand so on), and the hard
work lies in analyzing the priority problem.

We note here that a converse of Theorem 1 also holds in the $katsa capaci-
tated problem is at least as hard as the priority problemantiqular, given any pri-
ority cover instancdSC(A, 7, ¢) with k priorities, consider the capacitated instance
CSC(4,d, s, c) where each elemepjitwith priority p has demand; = m?” and a set
i with priority p has supplym??, wherem is the number of sets id. It can be easily
verified that a collection of sets is feasible f08C if and only if it is feasible folPSC.

1.1 Our Results

Given a set systerfiX, S) with incidence matrix4, we will relate the integrality gap of
a priority cover problem onl to the integrality gap of the set cover problem.énWe
need the following additional definition.

Definition 1 (Hereditary Integrality Gap). A set systeriX, S) with incidence matrix
A hashereditary integrality gap if the integrality gap for the natural LP relaxation of
the set cover instanded, ¢) restricted to any sub-systefX’, S), whereX’ C X, is at
mostc.



That is, the integrality gap is at mostif we restrict the system to any subset of ele-
ments’ Clearly, solving separately for demands in each of khgriority classes, the
integrality gap for anyPSC instance is at most times the hereditary integrality gap.
We show that this can be improved substantially.

Theorem 2. The integrality gap of any instan@&SC (A, , ¢) with k priorities isO(« log? k),
where« is the hereditary integrality gap of the corresponding seter instancé A, ¢).

According to Theorem 1, given any capacitated instanceytingboer of priorities in
the associated priority instancelis= O(1og smax ), and hence Theorem 2 implies that
having capacities increases the hereditary integralipybyeat mos((log log smax)?)
(provided the multi-cover problem is also well-behavedtiorthe integrality gap).

Theorem 2 is proved in section 2 and its proof is surprisisgiyple. However, this
general result already achieves guarantees close to timasenkfor very special sys-
tems. For example, for the previously mentioi@8iC problem of covering points with
rectangles touching the-axis [1], aO(log k) guarantee fok priorities was obtained
only recently using breakthrough geometric techniqueslsj.[Using theorem 2 in-
stead of the results of [13] already yields major improvetsener previous results for
the problem studied in [1].

Another corollary of Theorem 2 is that # is totally unimodular(TU), then there
this is anO((log log smax)?) approximation for any capacitated problemriT his fol-
lows as a TU matrix has a hereditary integrality gag déér the multi-cover problem.
This motivates our next result for set systems with lmveditary discrepancfsee Sec-
tion 3 for a definition). Recall that TU matrices have a hesglidiscrepancy of (see
e.g., [12]). Low hereditary discrepancy set systems awmserally when the underlying
system is a union of TU or other simpler systems. Recent]yalg gave a surprising
connection between low discrepancy and bin packing.

Theorem 3. For any set systeml where the dual set systed?’ has hereditary dis-
crepancyq, the integrality gap of the multi-cover instan84SC(A, d, 1, ¢) for any
demandsl is «.

As stated earlier, this implies ab(a(log log smax)?) integrality gap for any instance
CSC(A4,d, s, c). Note that the integrality gap we show for the multi-coveslgem is
exactlya (and not jusD(«)), and hence this strictly generalizes the TU property, Whic
results in an integral polytope.

The priority covering framework is particularly useful iegmetric settings Ap-
pealing to this connection, our next result relates the @atision of the priority ver-

7 We note that this definition also allows the restriction @&f fystem teS8’ C S, by considering
the integrality gap on fractional solutions with suppSft

8 Given a geometric set cover problem, its priority version ba encoded as another geometric
problem (this increases the underlying dimension by 1). ®Jirsg a new dimension to encode
priority, replace sets; with priority p by the geometric object; x [0, p] and pointsp; with
priority ¢ by pointp; x [0, q]. It is easily checked that the set cover problem on this intsa
is equivalent to the priority cover problem on the originadtance. This observation was used
in [1,5], and we do not elaborate more on it here.



sion of a problem to the original system. This is useful as \6@ dimension can be
exploited to obtain good set cover guarantee$ [3].

Theorem 4. For any set system with VC dimensi@rthe VC dimension of its priority
version (for any setting of priorities) is at mast- 1.

Lower Bounds. In light of the above results, two natural questions arigst fcan sim-
ilar guarantees for capacitated version be obtained withoy hereditary assumption,
that is w.r.t to the integrality gap alone? Second, is the tisfactorO(log® k) in the
guarantees necessary?

For the first question, we note that there are natural prabteroh as priority Steiner
tree [6, 7], where the underlying set system is not heregitard the LP for the priority
version has an integrality gap 6f(k).

For the second question, in Section 5, we show that even fedkary set systems,
there are instances where the priority version has an ialigggap of(2(« log k) when
the original set cover problem has hereditary integraléty gf at mostv.

Theorem 5. There exist hereditary set cover instances wéitfl)-integrality gap for
which the priority version has an integrality gap Oflog k).

These gap instances rely on the recent breakthrough cotistrsiof Pach and Tar-
dos [11] for geometric set systems with lakgeets. In particular, we show that the gap
already holds for the rectangle cover problem considerdd]imhich we mentioned
earlier. This shows that Theorem 2 is tight up t®8éog k) factor. Closing this gap
would be an interesting question to study.

1.2 Other Related Work

Besides the work of Chakrabarty et al. [5] mentioned abowepek in spirit similar

of ours is that of Kolliopoulos [10]. They studied the retaiship between the approx-
imability of a CSC and its corresponding set cover problem underrtbéottleneck
assumption: this states that “the supply of every set/colissmaller than the demand
of every element/row” (i.e. maximum supply is no more thanimum demand). Under
this assumption, they show if the< 1 constraint (or: < d in general) can be violated
by a constant multiplicative factor, then the integraligpgof anyCSC is within an
O(1) factor of the corresponding), 1}-CIP. However, nothing better than the standard
set cover guarantee was known even with the no-bottlenestkogstion. We refer the
reader to [5] for further discussions on related work.

2 Bounding the Integrality gap of PSC’s

In this section, we prove Theorem 2. We show that the intégigap of PSC instances
that are characterized by hereditary set systeri¥islog? k), wherek is the number
of priorities. Recall the stair-case structure/6fand the definition o3 = A A I1.

% Note that we need to bound the VC dimension of the dual se¢isydt’ to obtain guarantees
for the set cover instancé.



The idea is rather simple. We decompose the incidence matox the PSC in-
stance into a collection of submatrié®$ Dy, . . ., D,} with the following properties.

1. Each such submatrii, is also a submatrix oft (and not just that of3).
2. Each element appears as a row in at mastlog k) of the submatrice®,, and,
3. Each set appears as a column in at maflog k) of the submatrice®,.

As A has a hereditary integrality gap of by the first property above, any frac-
tional set cover solution restricted to the sub-syst@mhas an integrality gap af.
Now, any fractional set cover solutianon A induces a fractional solution afi, (after
appropriate scaling). We use the second and the third prepeatated above to show
that the rounded solution for thed#,’s can be combined to obtain a feasible integral
solution for A while increasing the cost by a’ﬁ(log2 k) factor. We begin by describing
the decomposition procedure.

Decomposition ProcedureBy adding dummy priorities if necessary, let us assume
without loss of generality that is an integral power of. Let the priorities be indexed
by1,...,k (with 1 being the lowest priority and the highest). For prioritieg, p’, ¢, ¢’
such thap < p’ andq < ¢/, let B([p, p’][¢,q’]) denote the submatrix @8 consisting
of columns (resp. rows) with priorities in the rangep’] (resp.[q, ¢']).

A crucial observationis that jf > ¢/, then for anyy’ > p andq < ¢/, the submatrix
B’ = B([p,?']lg,q']) is also a submatrix ofi. This simply follows a is the lowest
priority of any set inB’, which is at least as large as the priority of any row.

We define the decomposition @f inductively as follows: In the base case when
k = 1, the decomposition consists of the single ma{riX} itself. For generak, we
define the decomposition as consisting of the mabix = B([k/2 + 1,k|[1, k/2]),
together with the (inductive) decompositions of

By = B([L,k/2][1,k/2]) and By = B([k/2+1,k][k/2 + 1,k]).

Note that bothB; and B, involve onlyk /2 priorities. See Figure 2 for an illustration of
the decomposition scheme.

Lemma 1. The decomposition procedure satisfies the three propeaté@sed above.

Proof. It is easily checked that this procedure gives a decompaositf B. Moreover,
asB([k/2 + 1,k][1, k/2]) is a valid submatrix of4, it follows that all the submatrices
obtained in the decomposition are submatriced of

Next we show by a simple induction that each element and seli€an at most
1 + log k submatricesD,. This is clearly true ift = 1. Now, supposé: > 1 and
consider some fixed elemept It can lie in the submatrixD, and exactly one oB;
or B,. SinceB; and B, arek/2 x k/2 matrices, the claim follows by induction. An
identical argument works for sets.

10 N is submatrix ofM if N is obtained by restricting/ to a subset of rows and columns.
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Fig. 2. Recursive partitioning of B.

Rounding Algorithm:

1. Letz* = {«}, 2%, ..., x} } be some optimal fractional solution for the set system

B.

2. For each submatri® in the decomposition aB, do the following:

(a) LetSp denote the collection of sets that liefin and letrz , denote the solution
min(z*(1 + log k), 1) restricted to sets iSp.

(b) Let Ep be the set of elements i that are covered fractionally to an extent of
atleast 1 byrp.

(c) Consider the set syste(p, Sp). Now, zp is a feasible fraction set cover
solution for this set system. As the hereditary integrajiyp of A is «, apply
the rounding algorithm t0Ep, Sp) with zp as the fractional solution. L&ty
denote the collection of sets chosen by this rounding.

3. Our final solution is simply the union &, over allD in the decomposition aB.

Analysis: We first show that the algorithm produces a valid set covertaed bound
the total cost, which will complete the proof of Theorem 2.

Lemma 2. Each element i3 is covered by some set in the solution.

Proof. Consider some fixed elemeptAs j lies in at mostl + log k sets in the decom-
position of B, and asc* is a feasible fractional solution fds, there is some submatrix
D that containg and such thaEi_esD xiAij > 1/(1+1ogk). Hence, the solutiox_nD
coversj to an extent of at leadt(i.e. j € Ep), and the rounding algorithm applied to
(Ep, Sp) will ensure thay is covered by some set §Y,.

Lemma 3. The total cost of the solution producedi$log? k)« times the LP cost.

Proof. As A has hereditary integrality gap, the cost of the collectioss}, is at most
« times the cost of the fraction solutian,, which itself is at mosO(log k) times the
cost of solution:™* restricted to the variables (sets)m. As each setlies in O(log k)
submatrices in the decomposition o3, summing up over alD, this implies that the
total cost of the solution i€ (« log® k) times the cost of*.



3 Set Systems with small Hereditary Discrepancy

In this section, we consider set systems with low hereddagrepancy and prove The-
orem 3. Recall that, for a set systéi¥, S) the discrepancy is defined disc(X, S) =
miny maxsres | ) .cg f(e)| wheref : X — {—1,1}is atwo coloring of the universe
X, and the hereditary discrepancy is definetl@slisc( X, S) = maxy ¢ x disc(X’, S| x)
whereS, x is the collection of sets restricted to the elemeXits

In the setting of Theorem 3, where the (dual) set systénhashereditary discrep-
ancyat mosto, this means that given any sub-collecti®nof sets, there is §—1,+1}
coloring y of &’ that satisfie$ Y, 5, Aijx(i)| < o for each row;.

3.1 Rounding Procedure
Letz* be an optimal solution to the following natural LP relaxataf MSC(A, d, 1, ¢).

minimize > | ¢z
subjectto Y Ajw; > d; Vi<j<n
x; €10,1] vS; eS8

Scaling.First we scalec* by a factor ofa, i.e.z;, = min(az},1). Let H be the set of
variables for whiche’ = 1 and letL = S\ H. Clearly, the solutioqz] : ¢ € L} is
feasible to the following (residual) set of constraints @t elementg):

iAwI; Z Oé(dj — ZA”)

€L i€H

Iterative Rounding. In this step, we iteratively round the solutiefy without increas-
ing its total cost, while also ensuring that the constraiatsain satisfied. Consider the
binary representation of variables in solutiohand let¢ denote the least significant
bit in the representation. We index the roufdsom ¢ down to1. Let us initialize the
solution in the initial round = ¢ asz’ = 2’ and repeat the following step.

Round /: Let S, denote the set of columns that have a their least significant bit
(i.e. at positior¥) in this round, and lef, : S — {—1,1} be a+1 coloring of the
columns that minimizes discrepancy (wS4 for all the rows. Clearly, there exists one
with discrepancy at most.

Now, consider the following two solutions: For alE S, seta; = 2 + £ and
oy = ol — 10 Asaf +x; = 247, itis easy to see that at least one of the solutiohs

1
or z~ has cost no more than that ef, and we set:~ to that solution. Furthermore,
because we have either added or subtratted from all the variables irf;, the least

significant bit of the solutiom~! is now? — 1.
Having ensured that the cost does not increase, it remainsuond the change in

the coverage of any element, for which we use the boundeckghancy of the coloring
fe. Indeed, sincd’, has discrepancy at most we have thaEieSg Aijfe(i) € [—a, o



for all j, and hence
1 «
Z o— ‘ Z .
Aij (SC L €T ) = Aij?fg(l) > —?
1€Sy 1€Sy

Thus the coverage for any element drops by at mg&t in round/, and this will be
crucial for the analysis.

Output. By the invariant about the least significant bit after eaalndy at the con-
clusion of the rounding phase, all variables are either 1. Our final solution is then
HUX,whereX :={ie L : 2) =1}

3.2 Analysis

Final Cost. As the cost of the solution can only go down in each rodnithe cost of
the final solution is at most that af, which is at mosty times the LP optimum.

Feasibility. Consider any element In round/, the coverage of can drop by at most
/2. Hence, over all the rounds, the total drop in coveraggls , a/2¢ which is
strictly smallerthana. Therefore,

ZAijI?>a(dj_ZAij)_aZ<dj—ZAij—1). (4)
€L i€EH i€EH

AsY ... Aijx) isintegral, the strictinequality in (4) implies that
> ien Aij), and hence the solution is feasible.

0
ier Aijxy > (dj—

4 Set Systems with small VC Dimension

We consider set systems with small VC dimension and prowveréme 4. We first recall
the definition of VC dimension. Given a set systei S), for X’ C X let S| denote

the set system restricted f§'. We say thatX’ is shattered bys if there are2 X'l
distinct sets inS| x.. A set systen{ X, S) is said to have VC dimensiaf if d > 0 is
the smallest integer such thatde 1 point subsefX’ C X can be shattered. Also recall
that the incidence matri® of aPSC instance is obtained d@s;; = A;j1,(s,)>x(

;)
Theorem 4.The VC dimension of the set syst&nis at most one more than that df.

Proof. Consider the matriX3 and order the demand and the supply-priorities in non-
decreasing order (as shown in Figure 1). Uetenote the VC dimension of, and for
the sake of contraction, suppoBehas VC dimension at leagt+ 2. Then there exists

a subset of row¥” in B, |Y| = d + 2, such that there ar&*2 distinct columns in the
submatrix induced bYy". Consider all th?*! columns in this submatrix that have a

in their bottom-most coordinate. AB;; = A;j1x(s,)>x(c;), EVEry coordinate starting
from the bottom-most coordinate withlan B has the same value in bathand B. But
then the rows o™ except the bottom-most one (there dre¢ 1 of them) are shattered
by A, contradicting that it has VC dimensiahn



5 Lower Bounds

In this section, we establish@(log k) lower bound on the integrality gap of tfRSC
LP for hereditary instances for which the underlying setezanstance ha®(1) hered-
itary integrality gap. This shows that Theorem 2 is tightaahO(log k) factor.

The Hinged Axis-Aligned Rectangle Cover ProblemThe underlying problem we
start with is theHinged Axis-Aligned Rectangle Covaroblem HARC): we are given
asetof points¥ = {(z;,y,) : 1 <j <n}inthe 2-dimensional plane and a collection
of axis-aligned rectangleS = {[a;, b;] x [0,d;] : 1 < i < m} all of which have one
side on the X-axis. The goal is to pick a minimum number ofaegtes to coveX
where the notion of coverage is simply containment of th@fioside the rectangle.

It is known that the natural LP relaxation for this problens laa integrality gap of
2 [1]. Moreover the gap is clearly hereditary as any sub-ctibbe of sets and elements
is also a problem of the same type. We will now show that thenaht P relaxation
for Priority HARC has an integrality gap aP(log k) when there aré priorities. We
achieve this by relating the priority version of thAARC problem to the 2D rectangle
covering problemZDRC).

The 2D Rectangle Cover Problemln the2DRC problem, we are given a set of points
X = {(zj,y;) : 1 < j < n}inthe 2-dimensional plane and a collection of axis-
aligned rectangles = {[a;,b;] X [¢;,d;] : 1 < i < m}. The goal is to pick a
minimum number of rectangles to cover each of the given pairitere the notion of
coverage is simply containment of the point inside the regia

Step 1: Reducing2DRC to Priority HARC. Consider an instance @DRC Z =
(X, S). Without loss of generality, we assume that no two pointseshay coordinate
(which we can ensure by moving the points by infinitesimal anis). We now create
the Priority HARC instanceZ’ as follows: for each poinfr;,y;) € X, create the
pointe; = (z;,y;) with priority w(e;) = 1/y,. For each rectanglf;, b;] x [c;, di],
create an axis-aligned rectandle = [a;, b;] x [0, d;] with priority w(S;) = 1/¢;. By
construction, it is clear to see th@t;,y;) € [ai, bi] X [¢;,d;] iff e; is covered bys;
andm(S;) > w(e;).

Note: Since each set could (in the worst case) be associated withwit priority,
the number of priorities: created in the above reduction (¥m), wherem is the
number of rectangles.

Step 2: Lower Bound for 2DRC. Therefore it suffices to obtain an integrality gap for
the 2DRC in order to get the same gap for prioridARC. The idea is to use recent
super-linear lower bounds annets for2DRC, and the strong connection between
nets and the LP relaxation for set cover. In particular, wethe following theorem on
e-net lower bounds due to Pach and Tardos [11].

Theorem 6 ([11]).For anye > 0 and for any sufficiently large integen > mg(e) =
poly(%), there exists a range spac¢&, R), where X is a set of points irR? and R
consists ofn axis-aligned rectangles, such that the size of the smallest (w.r.t the
points) is at leasf2(1 log 1). Thatis, ifS C R is such thatany point € X thatis con-
tained in at leastm rectangles is covered by a rectangleSnthen|S| = (1 log 1).



To get our integrality gap, consider the following set cowvetance: the sets are
all the rectangles, and elements are only those points wariettontained in at least
em points. Then clearly from the above theorem, and the fadtahg feasible integer
solution is a valick-net, we geOpt > Q(% log %). To complete the proof, we need to
upper bound the cost of an optimal LP solution: if we set eagho 1/(em), we see
that such a solution is feasible, i.e., all elements aretitraally covered to extent;
furthermore, the total cost of this fractional coveri&. Now this immediately gives
us an integrality gap of2(log(1/¢)). Now notice that the number of rectangles in the
instances created can be setite= my(e) = poly(%). Therefore, the integrality gap is
also2(logm) = 2(log k), sincem is linearly related to the number of prioritiésas
noted above. This proves Theorem 5.
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