
Homework 1

CMU 10-708: Probabilistic Graphical Models (Fall 2020)

September 15, 2020

Instructions:

• Collaboration policy: Collaboration on solving the homework is allowed, after you have
thought about the problems on your own. It is also OK to get clarification (but not solutions)
from books or online resources, again after you have thought about the problems on your own.
There are two requirements: first, cite your collaborators fully and completely (e.g., “Bob
explained to me what is asked in Question 4.3”). Second, write your solution independently :
close the book and all of your notes, and send collaborators out of the room, so that the
solution comes from you only.

• Submitting your work: Assignments should be submitted as PDFs using Gradescope unless
explicitly stated otherwise. Each derivation/proof should be completed on a separate page.
Submissions can be handwritten, but should be labeled and clearly legible. Else, submission
can be written in LaTeX. Upon submission, label each question using the tempate provided
by Gradescope.
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1 Markov Properties for UGMs [20 points] (Chih-Kuan)

1. Prove the following properties, by using the following equivalence:

X ⊥ Y |Z ≡ P (X,Y, Z) = φ1(X,Z)φ2(Y,Z),

for some factors φ1(·), φ2(·).

• [2 points] If A ⊥ (B,D) | C then A ⊥ B | C.

• [3 points] If A ⊥ (B,D) | C then A ⊥ B | (C,D) and A ⊥ D | (B,C).

• [5 points] For strictly positive distributions, if A ⊥ B | (C,D) and A ⊥ C | (B,D) then
A ⊥ (B,C) | D.

2. Let Ip(G), I`(G), I(G) denote the set of pairwise, local, and global Markov properties entailed
by an undirected graph G. Let I(P ) denote the set of all conditional independences satisfied
by some distribution P .

• [2 points] Show that Ip(G) ⊆ I`(G) ⊆ I(G).

• [3 points] Use the above to show that: {distributions P that satisfy global Markov prop.}
⊆ {distributions P that satisfy local Markov prop.}
⊆ {distributions P that satisfy pairwise Markov prop.}.

• [5 points] In class we showed that any distribution that factors according to G satisfies
the global Markov properties associated with G. Suppose we know that all positive distri-
butions P that satisfy pairwise Markov properties associated with G also factor according
to the graph G.
Show that this entails that: {positive distributions P that satisfy pairwise Markov prop.}
⊆ {positive distributions P that satisfy local Markov prop.}
⊆ {positive distributions P that satisfy global Markov prop.}.
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2 Independence and Correlation on UGMs [30 points] (Chang)

Let X = (X1, . . . , Xd) be a random vector (not necessarily Gaussian) with mean µ and covariance
matrix Σ.

The partial correlation matrix R of X is a d × d matrix where each entry Rij = ρ(Xi, Xj |X−ij) is
the partial correlation between Xi and Xj given the d− 2 remaining variables X−ij . Let Θ = Σ−1

be the inverse covariance matrix of X.

We will prove the relation between R and Θ, and furthermore how Θ characterizes conditional
independence in Gaussian graphical models.

1. [10 points] Show that (
Θii Θij

Θji Θjj

)
=

(
Var[ei] Cov[ei, ej ]

Cov[ei, ej ] Var[ej ]

)−1

(1)

for any i, j ∈ [d], i 6= j. Here ei is the residual resulting from the linear regression of X−ij to
Xi, and similarly ej is the residual resulting from the linear regression of X−ij to Xj .

(Hint: Use the formula for block matrix inversion.)

(
A B
C D

)−1

=

(
(A−BD−1C)−1 ∗

∗ ∗

)
2. [10 points] Show that

Rij = − Θij√
Θii

√
Θjj

(2)

3. [10 points] From the above result and the relation between independence and correlation, we
know Θij = 0 ⇐⇒ Rij = 0 ⇐= Xi ⊥ Xj | X−ij . Note the last implication only holds in
one direction.

Now suppose X ∼ N(µ,Σ) is jointly Gaussian. Show that Rij = 0 =⇒ Xi ⊥ Xj | X−ij .

(Hint: You can directly use the fact that the conditional distribution p(Xi, Xj | X−ij) is
Gaussian when X is jointly Gaussian.)
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3 DGMs, d-Separation and Moralization [30 points]
(Chirag)

Figure 1 shows three different DAGs over the random variables X,Y, Z, T,A.

X
<latexit sha1_base64="Vgxp0ePK0cTgWzdh9w4gAK1TP64=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwgWcLspDcZMju7zMwKYckXeBIUxKs/4Vd48eTfOHkgxhQ0FFXdVHcHieDauO63k9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lDzmjxkqNTr9YcivuHGSdeEtSuvn8uAOLer/41RvELI1QGiao1l3PTYyfUWU4Ezgt9FKNCWVjOsSupZJGqP1svuiUlK0yIGGsbElD5urfiYxGWk+iwHZG1Iz0f28m/nrllSgTXvsZl0lqULJFUpgKYmIyO5sMuEJmxMQSyhS3yxI2oooyY59TsF/w/t+8TlqXFc+teA23VK3BAnk4g3O4AA+uoAo1qEMTGCA8wjO8OGPnyXl13hatOWc5cworcN5/AAsdjyA=</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="EdtaSVAuolaQKOaMESmrYbNyglM=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSSz0KvXhUqB+gQTbrRBc3m7C7KUjwF/RUaKH02p/UU/9NVw2l6oOBx3szzMwLEsG1cd0fp7C3f3B4VDwunZyenV+UL6+6Ok4Vww6LRaz6AdUouMSO4UZgP1FIo0BgL5g9Lv3eMyrNY/lk5gn6EZ1IHnJGjZXa/VG54tbcFcgu8XJSgRytUfl7OI5ZGqE0TFCtB56bGD+jynAmcFEaphoTymZ0ggNLJY1Q+9nq0AWpWmVMwljZkoas1P8TGY20nkeB7Yyomeptbyn+edWNVSas+xmXSWpQsvWmMBXExGT5NhlzhcyIuSWUKW6PJWxKFWXGhlOyKXjbP++S7n3Nc2te2600mnkeRbiBW7gDDx6gAU1oQQcYILzAG7w7M+fV+XA+160FJ5+5hg04X780yY0J</latexit>

Y
<latexit sha1_base64="+gMG89YW/w2vdJO67wkZqxNCWoY=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwkWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCwyijyE=</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="Bm4j9zfQeJ2/+LX3njoHg4skJss=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9pQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFNk6NCg==</latexit>

T
<latexit sha1_base64="sHYsVGjHkgk6vj807k1e4oZfzWU=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMJC9IljA76SRDZmeXmVkhLPkCT4KCePUn/AovnvwbJw/EJAUNRVU31d1BLLg2rvvjZLa2d3b3svu5g8Oj45P86VlTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeP7md96RKV5JOtmEqMf0qHkA86osVKt3ssX3JI7B9kk3pIU7r4+H8Ci2st/d/sRS0KUhgmqdcdzY+OnVBnOBE5z3URjTNmYDrFjqaQhaj+dLzolRav0ySBStqQhc/X/REpDrSdhYDtDakZ63ZuJf15xJcoMbv2UyzgxKNkiaZAIYiIyO5v0uUJmxMQSyhS3yxI2oooyY5+Ts1/w1m/eJM3rkueWvJpbKFdggSxcwCVcgQc3UIYKVKEBDBCe4AVenbHz7Lw574vWjLOcOYcVOB+/BQmPHA==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="1GP1tbvv3pPEfhNYlKlto0sxXWc=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSS3sUevGo4BdokM060cXNJuxuChL8BT0VWii99if11H/TVUOp+mDg8d4MM/OCRHBtXPfHKeztHxweFY9LJ6dn5xfly6uujlPFsMNiEat+QDUKLrFjuBHYTxTSKBDYC2ZPS7/3jErzWLbNPEE/ohPJQ86osVKrPSpX3Jq7AtklXk4qkKM5Kn8PxzFLI5SGCar1wHMT42dUGc4ELkrDVGNC2YxOcGCppBFqP1sduiBVq4xJGCtb0pCV+n8io5HW8yiwnRE1U73tLcU/r7qxyoSPfsZlkhqUbL0pTAUxMVm+TcZcITNibgllittjCZtSRZmx4ZRsCt72z7uke1/z3JrXciv1Rp5HEW7gFu7AgweoQwOa0AEGCC/wBu/OzHl1PpzPdWvByWeuYQPO1y8utY0F</latexit>

Z
<latexit sha1_base64="PcwmrZYLq3ubmScZLTIiCqg0eZo=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwwWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCw4njyI=</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="Y8n3HA9k1NshTK1r8fvg9VgIQ8w=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9sQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFN9ONCw==</latexit>

A
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X
<latexit sha1_base64="Vgxp0ePK0cTgWzdh9w4gAK1TP64=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwgWcLspDcZMju7zMwKYckXeBIUxKs/4Vd48eTfOHkgxhQ0FFXdVHcHieDauO63k9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lDzmjxkqNTr9YcivuHGSdeEtSuvn8uAOLer/41RvELI1QGiao1l3PTYyfUWU4Ezgt9FKNCWVjOsSupZJGqP1svuiUlK0yIGGsbElD5urfiYxGWk+iwHZG1Iz0f28m/nrllSgTXvsZl0lqULJFUpgKYmIyO5sMuEJmxMQSyhS3yxI2oooyY59TsF/w/t+8TlqXFc+teA23VK3BAnk4g3O4AA+uoAo1qEMTGCA8wjO8OGPnyXl13hatOWc5cworcN5/AAsdjyA=</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="EdtaSVAuolaQKOaMESmrYbNyglM=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSSz0KvXhUqB+gQTbrRBc3m7C7KUjwF/RUaKH02p/UU/9NVw2l6oOBx3szzMwLEsG1cd0fp7C3f3B4VDwunZyenV+UL6+6Ok4Vww6LRaz6AdUouMSO4UZgP1FIo0BgL5g9Lv3eMyrNY/lk5gn6EZ1IHnJGjZXa/VG54tbcFcgu8XJSgRytUfl7OI5ZGqE0TFCtB56bGD+jynAmcFEaphoTymZ0ggNLJY1Q+9nq0AWpWmVMwljZkoas1P8TGY20nkeB7Yyomeptbyn+edWNVSas+xmXSWpQsvWmMBXExGT5NhlzhcyIuSWUKW6PJWxKFWXGhlOyKXjbP++S7n3Nc2te2600mnkeRbiBW7gDDx6gAU1oQQcYILzAG7w7M+fV+XA+160FJ5+5hg04X780yY0J</latexit>

Y
<latexit sha1_base64="+gMG89YW/w2vdJO67wkZqxNCWoY=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwkWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCwyijyE=</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="Bm4j9zfQeJ2/+LX3njoHg4skJss=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9pQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFNk6NCg==</latexit>

T
<latexit sha1_base64="sHYsVGjHkgk6vj807k1e4oZfzWU=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMJC9IljA76SRDZmeXmVkhLPkCT4KCePUn/AovnvwbJw/EJAUNRVU31d1BLLg2rvvjZLa2d3b3svu5g8Oj45P86VlTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeP7md96RKV5JOtmEqMf0qHkA86osVKt3ssX3JI7B9kk3pIU7r4+H8Ci2st/d/sRS0KUhgmqdcdzY+OnVBnOBE5z3URjTNmYDrFjqaQhaj+dLzolRav0ySBStqQhc/X/REpDrSdhYDtDakZ63ZuJf15xJcoMbv2UyzgxKNkiaZAIYiIyO5v0uUJmxMQSyhS3yxI2oooyY5+Ts1/w1m/eJM3rkueWvJpbKFdggSxcwCVcgQc3UIYKVKEBDBCe4AVenbHz7Lw574vWjLOcOYcVOB+/BQmPHA==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="1GP1tbvv3pPEfhNYlKlto0sxXWc=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSS3sUevGo4BdokM060cXNJuxuChL8BT0VWii99if11H/TVUOp+mDg8d4MM/OCRHBtXPfHKeztHxweFY9LJ6dn5xfly6uujlPFsMNiEat+QDUKLrFjuBHYTxTSKBDYC2ZPS7/3jErzWLbNPEE/ohPJQ86osVKrPSpX3Jq7AtklXk4qkKM5Kn8PxzFLI5SGCar1wHMT42dUGc4ELkrDVGNC2YxOcGCppBFqP1sduiBVq4xJGCtb0pCV+n8io5HW8yiwnRE1U73tLcU/r7qxyoSPfsZlkhqUbL0pTAUxMVm+TcZcITNibgllittjCZtSRZmx4ZRsCt72z7uke1/z3JrXciv1Rp5HEW7gFu7AgweoQwOa0AEGCC/wBu/OzHl1PpzPdWvByWeuYQPO1y8utY0F</latexit>

Z
<latexit sha1_base64="PcwmrZYLq3ubmScZLTIiCqg0eZo=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwwWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCw4njyI=</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="Y8n3HA9k1NshTK1r8fvg9VgIQ8w=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9sQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFN9ONCw==</latexit>

A
<latexit sha1_base64="cyt4qBt/t3of4pdl7TFjKoFsAZg=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcjXnJMxDwgWcLspJMMmZ1dZmaFsOQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHseDauO6Pk9nY3Nreye7m9vYPDo/yxycNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYzupn7zEZXmkXww4xj9kA4k73NGjZVqt918wS25M5B14i1I4ebr8x4sqt38d6cXsSREaZigWrc9NzZ+SpXhTOAk10k0xpSN6ADblkoaovbT2aITUrRKj/QjZUsaMlP/T6Q01HocBrYzpGaoV72p+OcVl6JM/9pPuYwTg5LNk/qJICYi07NJjytkRowtoUxxuyxhQ6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk5z86b8z5vzTiLmVNYgvPxC+gbjwk=</latexit><latexit sha1_base64="irpiuIRJzHQ2ctB0UL45Y1qYovs=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2IlxwTMA9IljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A38RsPKBWLxL0exuiFpCdYwCjRRqrednJ5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MX9FuRTg==</latexit><latexit sha1_base64="irpiuIRJzHQ2ctB0UL45Y1qYovs=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2IlxwTMA9IljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A38RsPKBWLxL0exuiFpCdYwCjRRqrednJ5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MX9FuRTg==</latexit><latexit sha1_base64="rukFRgqcmPN6eJV6/+HypRY8m70=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPFS48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9XPjdZ1Sax/LJzBL0IzqWPOSMGiu1HobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFEdaM8g==</latexit>

X
<latexit sha1_base64="Vgxp0ePK0cTgWzdh9w4gAK1TP64=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwgWcLspDcZMju7zMwKYckXeBIUxKs/4Vd48eTfOHkgxhQ0FFXdVHcHieDauO63k9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lDzmjxkqNTr9YcivuHGSdeEtSuvn8uAOLer/41RvELI1QGiao1l3PTYyfUWU4Ezgt9FKNCWVjOsSupZJGqP1svuiUlK0yIGGsbElD5urfiYxGWk+iwHZG1Iz0f28m/nrllSgTXvsZl0lqULJFUpgKYmIyO5sMuEJmxMQSyhS3yxI2oooyY59TsF/w/t+8TlqXFc+teA23VK3BAnk4g3O4AA+uoAo1qEMTGCA8wjO8OGPnyXl13hatOWc5cworcN5/AAsdjyA=</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="SlEJE1U8qPzvN1zQ1GiO4T8z5nw=">AAAB6XicZVDLSgNBEOyNrxhfUY+CLIaAp7DrRW8GvOSYgHlAsoTZSW8yZHZ2mZkVwpKjJ0+Cgnj1J/IVXjz5Df6EkwdikoKGoqqb6m4/5kxpx/m2MhubW9s72d3c3v7B4VH++KShokRSrNOIR7LlE4WcCaxrpjm2Yokk9Dk2/eHd1G8+oFQsEvd6FKMXkr5gAaNEG6nW6uYLTsmZwV4n7oIUbj8ntZ/H80m1m//q9CKahCg05USptuvE2kuJ1IxyHOc6icKY0CHpY9tQQUJUXjpbdGwXjdKzg0iaEtqeqf8nUhIqNQp90xkSPVCr3lT884pLUTq48VIm4kSjoPOkIOG2juzp2XaPSaSajwwhVDKzrE0HRBKqzXNy5gvu6s3rpHFVcp2SW3MK5QrMkYUzuIBLcOEaylCBKtSBAsITvMCrNbSerTfrfd6asRYzp7AE6+MXF12RZQ==</latexit><latexit sha1_base64="EdtaSVAuolaQKOaMESmrYbNyglM=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSSz0KvXhUqB+gQTbrRBc3m7C7KUjwF/RUaKH02p/UU/9NVw2l6oOBx3szzMwLEsG1cd0fp7C3f3B4VDwunZyenV+UL6+6Ok4Vww6LRaz6AdUouMSO4UZgP1FIo0BgL5g9Lv3eMyrNY/lk5gn6EZ1IHnJGjZXa/VG54tbcFcgu8XJSgRytUfl7OI5ZGqE0TFCtB56bGD+jynAmcFEaphoTymZ0ggNLJY1Q+9nq0AWpWmVMwljZkoas1P8TGY20nkeB7Yyomeptbyn+edWNVSas+xmXSWpQsvWmMBXExGT5NhlzhcyIuSWUKW6PJWxKFWXGhlOyKXjbP++S7n3Nc2te2600mnkeRbiBW7gDDx6gAU1oQQcYILzAG7w7M+fV+XA+160FJ5+5hg04X780yY0J</latexit>

Y
<latexit sha1_base64="+gMG89YW/w2vdJO67wkZqxNCWoY=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwkWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCwyijyE=</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="On6rpBrh0jNQ7B0YbUcOU6LwdVw=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9JljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGOKRZg==</latexit><latexit sha1_base64="Bm4j9zfQeJ2/+LX3njoHg4skJss=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9pQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFNk6NCg==</latexit>

A
<latexit sha1_base64="cyt4qBt/t3of4pdl7TFjKoFsAZg=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcjXnJMxDwgWcLspJMMmZ1dZmaFsOQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHseDauO6Pk9nY3Nreye7m9vYPDo/yxycNHSWKYZ1FIlKtgGoUXGLdcCOwFSukYSCwGYzupn7zEZXmkXww4xj9kA4k73NGjZVqt918wS25M5B14i1I4ebr8x4sqt38d6cXsSREaZigWrc9NzZ+SpXhTOAk10k0xpSN6ADblkoaovbT2aITUrRKj/QjZUsaMlP/T6Q01HocBrYzpGaoV72p+OcVl6JM/9pPuYwTg5LNk/qJICYi07NJjytkRowtoUxxuyxhQ6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk5z86b8z5vzTiLmVNYgvPxC+gbjwk=</latexit><latexit sha1_base64="irpiuIRJzHQ2ctB0UL45Y1qYovs=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2IlxwTMA9IljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A38RsPKBWLxL0exuiFpCdYwCjRRqrednJ5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MX9FuRTg==</latexit><latexit sha1_base64="irpiuIRJzHQ2ctB0UL45Y1qYovs=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2IlxwTMA9IljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A38RsPKBWLxL0exuiFpCdYwCjRRqrednJ5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MX9FuRTg==</latexit><latexit sha1_base64="rukFRgqcmPN6eJV6/+HypRY8m70=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPFS48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9XPjdZ1Sax/LJzBL0IzqWPOSMGiu1HobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFEdaM8g==</latexit>

T
<latexit sha1_base64="sHYsVGjHkgk6vj807k1e4oZfzWU=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMJC9IljA76SRDZmeXmVkhLPkCT4KCePUn/AovnvwbJw/EJAUNRVU31d1BLLg2rvvjZLa2d3b3svu5g8Oj45P86VlTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBeP7md96RKV5JOtmEqMf0qHkA86osVKt3ssX3JI7B9kk3pIU7r4+H8Ci2st/d/sRS0KUhgmqdcdzY+OnVBnOBE5z3URjTNmYDrFjqaQhaj+dLzolRav0ySBStqQhc/X/REpDrSdhYDtDakZ63ZuJf15xJcoMbv2UyzgxKNkiaZAIYiIyO5v0uUJmxMQSyhS3yxI2oooyY5+Ts1/w1m/eJM3rkueWvJpbKFdggSxcwCVcgQc3UIYKVKEBDBCe4AVenbHz7Lw574vWjLOcOYcVOB+/BQmPHA==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="ETz7XRPSyCVzH+kmkgiaOrmCG0A=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTyAuSJcxOepMhs7PLzKwQlhw9eRIUxKs/ka/w4slv8CecPBCTFDQUVd1Ud/sxZ0o7zre1sbm1vbOb2cvuHxweHedOThsqSiTFOo14JFs+UciZwLpmmmMrlkhCn2PTH95P/eYDSsUiUdOjGL2Q9AULGCXaSNVaN5d3is4M9jpxFyR/9zmp/jxeTCrd3FenF9EkRKEpJ0q1XSfWXkqkZpTjONtJFMaEDkkf24YKEqLy0tmiY7tglJ4dRNKU0PZM/T+RklCpUeibzpDogVr1puKfV1iK0sGtlzIRJxoFnScFCbd1ZE/PtntMItV8ZAihkpllbTogklBtnpM1X3BXb14njeui6xTdqpMvlWGODJzDJVyBCzdQgjJUoA4UEJ7gBV6tofVsvVnv89YNazFzBkuwPn4BEUmRYQ==</latexit><latexit sha1_base64="1GP1tbvv3pPEfhNYlKlto0sxXWc=">AAAB6XicZVBNa8JAEJ3YL2u/bHvsZakIPUnSS3sUevGo4BdokM060cXNJuxuChL8BT0VWii99if11H/TVUOp+mDg8d4MM/OCRHBtXPfHKeztHxweFY9LJ6dn5xfly6uujlPFsMNiEat+QDUKLrFjuBHYTxTSKBDYC2ZPS7/3jErzWLbNPEE/ohPJQ86osVKrPSpX3Jq7AtklXk4qkKM5Kn8PxzFLI5SGCar1wHMT42dUGc4ELkrDVGNC2YxOcGCppBFqP1sduiBVq4xJGCtb0pCV+n8io5HW8yiwnRE1U73tLcU/r7qxyoSPfsZlkhqUbL0pTAUxMVm+TcZcITNibgllittjCZtSRZmx4ZRsCt72z7uke1/z3JrXciv1Rp5HEW7gFu7AgweoQwOa0AEGCC/wBu/OzHl1PpzPdWvByWeuYQPO1y8utY0F</latexit>

Z
<latexit sha1_base64="PcwmrZYLq3ubmScZLTIiCqg0eZo=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1ojcDXnJMxDwwWcLspDcZMju7zMwKIeQLPAkK4tWf8Cu8ePJvnDwQkxQ0FFXdVHcHieDauO6Pk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvp37zEZXmsbw3owT9iPYlDzmjxkq1h26+4JbcGcg68RakcPP1eQcW1W7+u9OLWRqhNExQrduemxh/TJXhTOAk10k1JpQNaR/blkoaofbHs0UnpGiVHgljZUsaMlP/T4xppPUoCmxnRM1Ar3pT8c8rLkWZ8Nofc5mkBiWbJ4WpICYm07NJjytkRowsoUxxuyxhA6ooM/Y5OfsFb/XmddK4LHluyau5hXIF5sjCGZzDBXhwBWWoQBXqwADhCV7g1Rk6z86b8z5vzTiLmVNYgvPxCw4njyI=</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="lFqc2yiRCJmWNQO5ccleXdhpdxQ=">AAAB6XicZVDLSgNBEOz1GeMr6lGQxRDwFHa96M2AlxwTMA9MljA76U2GzM4uM7NCWHL05ElQEK/+RL7Ciye/wZ9w8kBMUtBQVHVT3e3HnCntON/W2vrG5tZ2Zie7u7d/cJg7Oq6rKJEUazTikWz6RCFnAmuaaY7NWCIJfY4Nf3A78RsPKBWLxJ0exuiFpCdYwCjRRqred3J5p+hMYa8Sd07yN5/j6s/j2bjSyX21uxFNQhSacqJUy3Vi7aVEakY5jrLtRGFM6ID0sGWoICEqL50uOrILRunaQSRNCW1P1f8TKQmVGoa+6QyJ7qtlbyL+eYWFKB1ceykTcaJR0FlSkHBbR/bkbLvLJFLNh4YQKplZ1qZ9IgnV5jlZ8wV3+eZVUr8suk7RrTr5UhlmyMApnMMFuHAFJShDBWpAAeEJXuDVGljP1pv1Pmtds+YzJ7AA6+MXGmeRZw==</latexit><latexit sha1_base64="Y8n3HA9k1NshTK1r8fvg9VgIQ8w=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40WPBS48t2A9sQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i2wcDj/dmmJkXJIJr47o/TmFnd2//oHhYOjo+OT0rn190dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjB9WPjdZ1Sax/LRzBL0IzqWPOSMGiu1nobliltzlyDbxMtJBXI0h+XvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+ekapURCWNlSxqyVP9PZDTSehYFtjOiZqI3vYX451XXVpnw3s+4TFKDkq02hakgJiaLt8mIK2RGzCyhTHF7LGETqigzNpySTcHb/HmbdG5rnlvzWm6l3sjzKMIVXMMNeHAHdWhAE9rAAOEF3uDdmTqvzofzuWotOPnMJazB+foFN9ONCw==</latexit>

a)
<latexit sha1_base64="vuNcriF3ikmaVLNoO2TRE9gGiRQ=">AAAB6nicZVDLSgNBEOyNrxhfUY9eBkMgXsKuFz0GvOQYxTzALGF2MpsMmZ1dZnqFuOQPPAkK4tU/8uTRP3HyQExS0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD0c3Ubz9ybUSs7nGccD+iAyVCwSha6Y5e9Iolt+rOQNaJtyClWuXppwYAjV7xq9uPWRpxhUxSYx48N0E/oxoFk3xS6KaGJ5SN6IA/WKpoxI2fzS6dkLJV+iSMtS2FZKb+n8hoZMw4CmxnRHFoVr2p+OeVl1ZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTsCl4qz+vk9Zl1XOr3q2Now5z5OEMzqECHlxBDerQgCYwCOEZXuHNkc6L8+58zFtzzmLmFJbgfP4CX46PSA==</latexit><latexit sha1_base64="IQCo0gNcEhd8Wi1grs7tE9ksgX4=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2FjpDp938wW37E6BVok3J4VK6fHn5vMkrXXzX52eJElEhSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KBI6r9dHrpGBWt0kOhVLaEQVP1/0SKI61HUWA7I2wGetmbiH9ecWGVCa/8lIk4MVSQ2aYw4chINPkb9ZiixPCRJZgoZo9FZIAVJsamk7MpeMs/r5LGRdlzy96tjaMKM2ThFM6gBB5cQgWqUIM6EAjhCV7g1eHOs/PmvM9aM8585hgW4Hz8AhIJkIw=</latexit><latexit sha1_base64="IQCo0gNcEhd8Wi1grs7tE9ksgX4=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2FjpDp938wW37E6BVok3J4VK6fHn5vMkrXXzX52eJElEhSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KBI6r9dHrpGBWt0kOhVLaEQVP1/0SKI61HUWA7I2wGetmbiH9ecWGVCa/8lIk4MVSQ2aYw4chINPkb9ZiixPCRJZgoZo9FZIAVJsamk7MpeMs/r5LGRdlzy96tjaMKM2ThFM6gBB5cQgWqUIM6EAjhCV7g1eHOs/PmvM9aM8585hgW4Hz8AhIJkIw=</latexit><latexit sha1_base64="goVeUpo5U7ZvjtQ3doWq/fAaZ+M=">AAAB6nicZVBNS8NAEJ3Ur1q/qh69LJaCXkriRY8FLz1WsR/QhjLZbtqlm03Y3Qgl9B94EhTEq//Ik//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkm93O/88yU5rF8MtOE+RGOJA85RWOlR7welCtuzV2AbBIvJxXI0RyUv/vDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6dkapVhiSMlS1pyEL9P5FhpPU0CmxnhGas1725+OdVV1aZ8M7PuExSwyRdbgpTQUxM5n+TIVeMGjG1BKni9lhCx6iQGptOyabgrf+8Sdo3Nc+teQ9upd7I8yjCBVzCFXhwC3VoQBNaQCGEF3iDd0c4r86H87lsLTj5zDmswPn6BaYJjUU=</latexit>

b)
<latexit sha1_base64="a1yzXLbnEObfI3AR3Zu3U40yaaA=">AAAB6nicZVDLSgNBEOyNrxhfUY9eBkMgXsKuFz0GvOQYxTzALGF2MpsMmZ1dZnqFuOQPPAkK4tU/8uTRP3HyQExS0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD0c3Ubz9ybUSs7nGccD+iAyVCwSha6S646BVLbtWdgawTb0FKtcrTTw0AGr3iV7cfszTiCpmkxjx4boJ+RjUKJvmk0E0NTygb0QF/sFTRiBs/m106IWWr9EkYa1sKyUz9P5HRyJhxFNjOiOLQrHpT8c8rL63C8NrPhEpS5IrNN4WpJBiT6d+kLzRnKMeWUKaFPZawIdWUoU2nYFPwVn9eJ63LqudWvVsbRx3myMMZnEMFPLiCGtShAU1gEMIzvMKbI50X5935mLfmnMXMKSzB+fwFYRSPSQ==</latexit><latexit sha1_base64="4QZjivlBLAnP1l0Q13koLQNamC8=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2FjpLjjv5gtu2Z0CrRJvTgqV0uPPzedJWuvmvzo9SZKICkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUCR1T76fTSMSpapYdCqWwJg6bq/4kUR1qPosB2RtgM9LI3Ef+84sIqE175KRNxYqggs01hwpGRaPI36jFFieEjSzBRzB6LyAArTIxNJ2dT8JZ/XiWNi7Lnlr1bG0cVZsjCKZxBCTy4hApUoQZ1IBDCE7zAq8OdZ+fNeZ+1Zpz5zDEswPn4BROPkI0=</latexit><latexit sha1_base64="4QZjivlBLAnP1l0Q13koLQNamC8=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2FjpLjjv5gtu2Z0CrRJvTgqV0uPPzedJWuvmvzo9SZKICkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUCR1T76fTSMSpapYdCqWwJg6bq/4kUR1qPosB2RtgM9LI3Ef+84sIqE175KRNxYqggs01hwpGRaPI36jFFieEjSzBRzB6LyAArTIxNJ2dT8JZ/XiWNi7Lnlr1bG0cVZsjCKZxBCTy4hApUoQZ1IBDCE7zAq8OdZ+fNeZ+1Zpz5zDEswPn4BROPkI0=</latexit><latexit sha1_base64="Qd/X+JoEWSuG2Uz0L5ZXbwJYec0=">AAAB6nicZVBNS8NAEJ3Ur1q/qh69LJaCXkriRY8FLz1WsR/QhrLZTtqlm03Y3Qgl9B94EhTEq//Ik//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZ6DK4H5Ypbcxcgm8TLSQVyNAfl7/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tnpGqVIQljZUsaslD/T2Q00noaBbYzomas1725+OdVV1aZ8M7PuExSg5ItN4WpICYm87/JkCtkRkwtoUxxeyxhY6ooMzadkk3BW/95k7Rvap5b8x7cSr2R51GEC7iEK/DgFurQgCa0gEEIL/AG745wXp0P53PZWnDymXNYgfP1C6ePjUY=</latexit>

c)
<latexit sha1_base64="wj0btlEtFHw5Qxqzhl/lL+SUQis=">AAAB6nicZVDLSgNBEOyNrxhfUY9eBkMgXsKuFz0GvOQYxTzALGF2MpsMmZ1dZnqFuOQPPAkK4tU/8uTRP3HyQExS0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD0c3Ubz9ybUSs7nGccD+iAyVCwSha6Y5d9Iolt+rOQNaJtyClWuXppwYAjV7xq9uPWRpxhUxSYx48N0E/oxoFk3xS6KaGJ5SN6IA/WKpoxI2fzS6dkLJV+iSMtS2FZKb+n8hoZMw4CmxnRHFoVr2p+OeVl1ZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTsCl4qz+vk9Zl1XOr3q2Now5z5OEMzqECHlxBDerQgCYwCOEZXuHNkc6L8+58zFtzzmLmFJbgfP4CYpqPSg==</latexit><latexit sha1_base64="7t1Pg1saJaqALsgQq0jdPSrJ3vM=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2Fjpjpx38wW37E6BVok3J4VK6fHn5vMkrXXzX52eJElEhSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KBI6r9dHrpGBWt0kOhVLaEQVP1/0SKI61HUWA7I2wGetmbiH9ecWGVCa/8lIk4MVSQ2aYw4chINPkb9ZiixPCRJZgoZo9FZIAVJsamk7MpeMs/r5LGRdlzy96tjaMKM2ThFM6gBB5cQgWqUIM6EAjhCV7g1eHOs/PmvM9aM8585hgW4Hz8AhUVkI4=</latexit><latexit sha1_base64="7t1Pg1saJaqALsgQq0jdPSrJ3vM=">AAAB6nicZVDJSgNBEK2JW4xbXG5eGkMgXsKMFz0GPJhjFLNAMoSeTk/SpKd76O4R4pA/8CQoiFfP/ownj/6JnQUxyYOCx3tVVNULYs60cd1vJ7O2vrG5ld3O7ezu7R/kD48aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HweuI3H6jSTIp7M4qpH+G+YCEj2Fjpjpx38wW37E6BVok3J4VK6fHn5vMkrXXzX52eJElEhSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KBI6r9dHrpGBWt0kOhVLaEQVP1/0SKI61HUWA7I2wGetmbiH9ecWGVCa/8lIk4MVSQ2aYw4chINPkb9ZiixPCRJZgoZo9FZIAVJsamk7MpeMs/r5LGRdlzy96tjaMKM2ThFM6gBB5cQgWqUIM6EAjhCV7g1eHOs/PmvM9aM8585hgW4Hz8AhUVkI4=</latexit><latexit sha1_base64="CDf3LLK6bV2YMjwmJrez84mLJbA=">AAAB6nicZVBNS8NAEJ3Ur1q/qh69LJaCXkriRY8FLz1WsR/QhrLZTtqlm03Y3Qgl9B94EhTEq//Ik//GbRvEtg8GHu/NMDMvSATXxnV/nMLW9s7uXnG/dHB4dHxSPj1r6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByP/c7z6g0j+WTmSboR3QkecgZNVZ6ZNeDcsWtuQuQTeLlpAI5moPyd38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaUzUrXKkISxsiUNWaj/JzIaaT2NAtsZUTPW695c/POqK6tMeOdnXCapQcmWm8JUEBOT+d9kyBUyI6aWUKa4PZawMVWUGZtOyabgrf+8Sdo3Nc+teQ9upd7I8yjCBVzCFXhwC3VoQBNawCCEF3iDd0c4r86H87lsLTj5zDmswPn6BakVjUc=</latexit>

Figure 1: Directed Graphical Models

1. [6 points] For each of the DAGs in Figure 1, show how the joint distributions of the corre-
sponding DGMs factorize.

2. For each of the DAGs in Figure 1, using rules of d-Separation to answer the following questions.

(For the cases which are not independent, explicitly show at least one trail that is
not blocked.)

(i) [3 points] Is Y ⊥ Z ?

(ii) [3 points] Is Y ⊥ T ?

(iii) [3 points] Is Y ⊥ A ?

(iv) [3 points] Is Y ⊥ Z | X ?

(v) [3 points] Is Y ⊥ T | A ?

(vi) [3 points] Is Y ⊥ A | T ?

3. Consider now the consequences of moralizing the DAGs in Figure 1.

(i) [3 points] Show the moralized undirected graphs corresponding to each DAG in Fig. 1.

(ii) [3 points] For each moralized graph, show how the joint distributions of the correspond-
ing UGMs factorize over the corresponding maximal cliques.

***
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