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Abstract. In distributed resource allocation a set of agents musgagheir re-
sources to a set of tasks. This problem arises in many redéhilomains such
as disaster rescue, hospital scheduling and the domaimitakeén this paper:
distributed sensor networks. Despite the variety of apghvea proposed for dis-
tributed resource allocation, a systematic formalizatibthe problem and a gen-
eral solution strategy are missing. This paper takes a stegrtls this goal by
proposing a formalization of distributed resource allarathat represents both
dynamic and distributed aspects of the problem and a gesehation strategy
that uses distributed constraint satisfaction techniqglies paper de nes the no-
tion of Dynamic Distributed Constraint Satisfaction Pexbl(DyDCSP) and pro-
poses two generalized mappings from distributed resolimeasion to DyDCSP,
each proven to correctly perform resource allocation m@nwisl of speci ¢ dif -
culty and this theoretical result is veri ed in practice by implementation on a
real-world distributed sensor network.

1 Introduction

Distributed resource allocation is a general problem ircivlai set of agents must intelli-
gently perform operations and assign their resources toaf s&sks such that all tasks
are performed. This problem arises in many real-world dosiauch as distributed
sensor networks [7], disaster rescue[4], hospital sclirg|@], and others. Resource
allocation problems of this type are dif cult because theg bothdistributedanddy-
namic A key implication of the distributed nature of this problérthat the control is
distributed in multiple agents; yet these multiple agentisincollaborate to accomplish
the tasks at hand. Another implication is that the multiglerats each obtain only local
information, and face global ambiguity — an agent may knoevrigsults of its local
operations but it may not know which other collaboratorsnesnvolved to ful Il the
global task and which operations these collaborators nerébpn for success. Finally,
the situation is dynamic so a solution to the resource dilocgroblem at one time
may become obsolete when the underlying tasks have chahigisdneans that once a
solution is obtained, the agents must continuously moitifor changes and must have
a way to express such changes in the problem.

In this paper, we rst propose a formalization of distribdtesource allocation that
is expressive enough to represent both dynamic and distdtaspects of the problem.
This formalization allows us to understand the complexitgifierent types of resource
allocation problems. Second, in order to address this typesmurce allocation prob-
lem, we de ne the notion of a Dynamic Distributed Constre@dtisfaction Problem



(DyDCSP). DyDCSP is a generalization of DCSP (Distributech€lraint Satisfaction
Problem) [8] that allows constraints to be added or remox@u the problem as exter-
nal environmental conditions change. Third, we presenteusable, generalized map-
pings from distributed resource allocation to DyDCSP, gachen to correctly perform
resource allocation problems of speci ¢ dif culty and expeentally veri ed through
implementation in a real-world application. In summary;, oentral contribution is 1) a
formalization that may enable researchers to understanditiculty of their resource
allocation problem and 2) generalized mappings to DyDCSRwprovide automatic
guarantees for correctness of the solution.

There is signi cant research in the area of distributed vese allocation; for in-
stance, Liu and Sycara's work[5] extends dispatch schedgtti improve resource allo-
cation. Chia et al's work on distributed vehicle monitorirgd general scheduling (e.g.
airport ground service scheduling) is well known but spaedétd preclude us from a
detailed discussion [1]. However, a formalization of thegyl problem in distributed
settings is yet to be forthcoming. Some researchers havweséacon formalizing re-
source allocation as a centralized CSP, where the issuelmfjaity does not arise[3].
The fact that resource allocation is distributed meansaimdtiguity must be dealt with.
Dynamic Constraint Satisfaction Problem has been studigdd centralized case by
[6]. However, there is no distribution or ambiguity durifigetproblem solving process.

The paper is structured as follows: Section 2 describespgpécation domain of
our resource allocation problem and Section 3 presents@afonodel and de nes sub-
classes of the resource allocation problem. Section 4dntes Dynamic Distributed
Constraint Satisfaction Problems. Then, Sections 5 ands6rie solutions to sub-
classes of resource allocation problems of increasingcdify, by mapping them to
DyDCSP. Section 7 describes empirical results and Sectam8ludes.

2 Application Domain

The domain in which this work has been applied is a distrithsensor domain. This
domain consists of multiple stationary sensors, each aldedrby an independentagent,
and targets moving through their sensing range (Figurdllusirates the real hardware
and simulator screen, respectively). Each sensor is egdipfith a Doppler radar with
three sectors. An agent may activate at most one sector aofs@rsat a given time or
switch the sensor off. While all of the sensor agents musasetteam to cooperatively
track the targets, there are some key dif culties in suchkirag.

First, in order for a target to be tracked accurately, attl#fase agents must collab-
orate — concurrently activating overlapping sectors. Kaneple, in Figure 1.b which
corresponds to the simulator in Figure 1.a, if an agent Aédsta target 1 in its sec-
tor 0, it must coordinate with neighboring agents, A2 and A¥, so that they activate
their respective sectors that overlap with Al's sector Qivating a sector is an agent's
operation. Since there are three sectors of 120 degredsagant has three operations.
Since target 1 exists in the range of a sector for all agenysz@mbination of operations
from three agents or all four agents can achieve the taskckitig target 1.

Second, there is ambiguity in selecting a sector to nd adtar§ince each sensor
agent can detect only the distance and speed of a targetean thgt detects a target
cannot tell other agents which sectors to activate. Whertiseonly target 1 in Figure
1.b and agent Al detects the target rst, Al can tell A4 towetd sector 1. However,
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Fig. 1. A distributed sensor domain

Al cannot tell A2 which of the two sectors (sector 1 or secjdoZctivate since it only
knows that there is a target in its sector 0. That is, agent4 kisow which task is to be
performed. Identifying a task to perform depends on thelre$wther related agents'
operations.

Third, if there are multiple targets, that introduces resewcontention — an agent
may be required to activate more than one sector, which itncahFor instance, in
Figure 1.b, A4 needs to decide whether to perform eitherlaftastarget 1 or a task
for target 2. Since at most one sector can be activated ata fime, A4 should decide
which task to perform. Thus, the relationship among taslsaffect the dif culty of
the resource allocation problem.

Fourth, the situation is dynamic as targets move throughsémsing range. The
dynamic property of the domain makes problems even haridere $arget moves over
time, after agents activate overlapping sectors and traakget, they may have to nd
different overlapping sectors.

The above application illustrates the dif culty of resoarallocation among dis-
tributed agents in dynamic environment. Lack of a formalfsmdynamic distributed
resource allocation problem can lead to ad-hoc methodswdasionot be easily reused.
On the other hand, adopting a formal model allows our protdenhits solution to be
stated in a more general way, possibly increasing our swistusefulness. More im-
portantly, a formal treatment of the problem also allowsausttidy its complexity and
provide other researchers with some insights into the difycof their own resource al-
location problems. Finally, a formal model allows us to pdewguarantees of soundness
and completeness of our results. The next section presengeoeral, formal model of
resource allocation.

3 Formalization of Resource Allocation

A Distributed Resource Allocation Problem consists of 1¢&a§ agents that can each
perform some set of operations, and 2) a set of tasks to beletedpIn order to be
completed, a task requires some subset of agents to peffiermecessary operations.
Thus, we can de ne a task by the operations that agents mustrpein order to com-
plete it. The problem to be solved is an allocation of agemtasks such that all tasks
are performed. This problem is formalized next.

A Distributed Resource Allocation Problem is a structure , where

- is a set of agents, = by
- = vy ey is a set of operatlons where operation denotes
the p'th operatlon of agent . An operation can either succeed or fail. Let



denote the set of operations of. Operations in aremutually exclusivean
agent can only perform one operation at a time.

— is aset of tasks, where a task is a collection of sets of opesathat satisfy the
following properties: ,

0] (Power set of )
(i) is nonempty and, , IS nonempty;
@iy , and . and are calledninimal setsTwo minimal

setscon ict if they contain operations belonging to the same agent.

Notice that there may be alternative sets of operationsdhatcomplete a given
task. Each such set is a minimal set. (Property (iii) abovpiires that each set of
operations in a task should be minimal in the sense that rey g#t is a subset of it.) A
solutionto a resource allocation problem then, involves choosingénmal set for each
task such that the minimal sets do not con ict. In this wayamthe agents perform the
operations in those minimal sets, all tasks are succegsfoithpleted.

To illustrate this formalism in the distributed sensor netivdomain, we cast each
sensor as an agent and activating one of its (three) sect@ns aperation. We will use

to denote the operation of agent activating sector p. For example, in Figure 1.b,
we have four agents, so = v . Each agent can perform one of three
operations, so = , Where = v

Now we only have left to de ne our task set. We will de ne a separate task for
each target in a particular location, where a location gpoeds to an area of overlap
of sectors. In the situation illustrated in Figure 1.b, weénbwo targets shown, so we
de ne two tasks: = , . Since a target requires three agents to track it so that
its position can be triangulated, Task requires any three of the four possible agents
to activate their correct sector, so we de ne a minimal setegponding to the all (4
choose 3) combinations. Thus, = . , v ; v )

. . Note that the subscript of the operation denotes the nummibtre
sector the agent must activate. Task can only be tracked by two agents, both of
which are needed, so = , .

For each task, we usg( ) to denote the union of all the minimal sets of and for
each operation, we use to denote the set of tasks that include. For instance,

()= v and ( )= , . We will also require that every
operation should serve some task, i.e. , ) 0. Formal de nitions for

and are as follows:

- ’ ( ) =

- o ()= ()

All the tasks in  may not always be present. We use (  )todenotethe

set of tasks that are currently present. This set is deteuwlrtiry the environment. We
call a resource allocation problestaticif is constant over time ariynamic

otherwise. So in our distributed sensor network examplepeaimg target represents a
dynamic problem. Agents can execute their operations atiarg; but the success of
an operation is determined by the set of tasks that are diyresent. The following
two de nitions formalize this interface with the environmte



De nition 1:  if is executed and such that
( ),then s said tosucceed

So in our example, if agent executes operation and if , then

will succeed, otherwise it will fail. Next, a task is perfoehwhen all the operations
in some minimal set succeed. More formally,

De nition 2 : , Is performedff such that all the operations in

succeed. All tasks that satisfy this de nition are contaire

Agents must somehow be informed of the set of current tagkes nbti cation pro-
cedure is outside of this formalism. Thus, the followinguasption states that at least
one agent is noti ed that a task is present by the successabbits operations. (This
assumption can be satis ed in the distributed sensor dotmaiagents “scanning” for
targets by rotating sectors when they are currently nokingca target.)

Noti cation assumption: ,if , then () suchthat

, and  succeeds.

We now state some de nitions that will allow us to categoizgiven resource allo-
cation problem and analyze its complexity. In many resoatceation problems, tasks
have the property that they require at leastgents from a pool of ( ) available
agents. That is, the task contains a minimal set for eacheof thcombinations. The
following de nition formalizes this notion.

De nition 3 : , Istask- -exactiff hasexactly minimal sets of
size ,where = .

For example, the task (corresponding to target 1 in Figure 1.b) is task-exact.
The following just de nes the class of resource allocationlpems where all tasks
satisfy the above de nition.

Denition4 : -exactdenotes the class of resource allocation problems,

such that , istask- -exactfor some .

We nd it useful to de ne a special case of -exact resource allocation problems,
namely those when . In other words, the task contains only one minimal set.

Denition5:  -exactdenotes the class of resource allocation problems,

such that , Istask- -exact, where .

For example,the task (corresponding to target 2 in Figure 1.b) is task-exact.
De nition 6 : Unrestricted denotes the class of resource allocation problems,
, with no restrictions on tasks.

The following de nitions refer to relations between taskée de ne two types of
con ict-freeto denote resource allocation problems that have solyt@reqjuivalently,
problems where all tasks can be performed concurrently.

De nition 7 : A resource allocation problem is callsttongly con ict free (SCF)
if , the following statement is true:

—if , then , , , () + () 1

The SCF condition states that an operation of an agent caggéed for no more
than one task. This implies that we can choose any minimdbseatach task and be
guaranteed a non-con icting solution.

De nition 8 : A resource allocation problem is callegeakly con ict free (WCF)
if , the following statement is true:



— if , then , , () + () L

The WCF condition is much weaker in that it implies that thexests a choice of
minimal sets from the tasks that are non-con icting or inetlords, there exists at
least one solution.

4 Dynamic DCSP
In order to solve general resource allocation problemsabaform to our formalized

model, we will use distributed constraint satisfactiorht@iques. Existing approaches
to distributed constraint satisfaction fall short for owrposes however because they
cannot capture the dynamic aspects of the problem. In dynarablems, a solution to
the resource allocation problem at one time may become etesahen the underlying
tasks have changed. This means that once a solution is ebitdihe agents must con-
tinuously monitor it for changes and must have a way to expsesh changes in the
problem. In order to address this shortcoming, the follgngaction de nes the notion
of a Dynamic Distributed Constraint Satisfaction Probl&ywDCSP).

A Constraint Satisfaction Problem (CSP) is commonly de bgd set of variables,
each associated with a nite domain, and a set of constraimthe values of the vari-
ables. A solution is the value assignment for the variablegkvsatis es all the con-
straints. A distributed CSP is a CSP in which variables amstaints are distributed
among multiple agents. Each variable belongs to an agenbtnAtaint de ned only
on the variable belonging to a single agent is callédcal constraint In contrast, an
external constraininvolves variables of different agents. Solving a DCSP nexgithat
agents not only solve their local constraints, but also camoate with other agents to
satisfy external constraints.

DCSP assumes that the set of constraints are xed in advamig assumption is
problematic when we attempt to apply DCSP to domains whexeifes of the envi-
ronment are not known in advance and must be sensed at renfion example, in
distributed sensor networks, agents do not know where tigetawill appear. This
makes it dif cult to specify the DCSP constraints in advariRather, we desire agents
to sense the environment and then activate or deactivasrains depending on the
result of the sensing action. We formalize this idea next.

We take the de nition of DCSP one step further by de ning Dymia DCSP (DyD-
CSP). DyDCSP allows constraints to be conditional on soradipate P. More specif-
ically, adynamicconstraint is given by a tuple (P, C), where P is an arbitraegicate
that is continuously evaluated by an agent and C is a fanaitiastraint in DCSP. When
P is true, C must be satis ed in any DCSP solution. When P gefaC may be violated.
An important consequence of dynamic DCSP is that agentsmgelderminate when
they reach a stable state. They must continue to monitoriBngao see if it changes.
If its value changes, they may be required to search for a ehutien. Note that a so-
lution when P is true is also a solution when P is false, so tietidn of a constraint
does not require any extra computation. However, the ceav@oes not hold. When a
constraint is added to the problem, agents may be forcedtpuate a new solution. In
this work, we only need to address a restricted form of DyDC&R is only necessary
thatlocal constraintsbe dynamic.

AWC [8] is a sound and complete algorithm for solving DCSPs afyent with local
variable , chooses a value for  and sends this value to agents with whom it has



external constraints. It then waits for and responds to agess When the agent receives
a variable value ( = ) from another agent, this value is stored in an AgentView.
Therefore, an AgentView is a set of pair¢ ), (. ), ... Intuitively, the
AgentView stores the current value of non-local variabfesubset of an AgentView

is a NoGood if an agent cannot nd a value for its local varetilat satis es all con-
straints. For example, an agent with variablemay nd that the set ( ), (

) is a NoGood because, given these values forand | it cannot nd a value
for  that satis es all of its constraints. This means that thedaerassignments can-
not be part of any solution. In this case, the agent will retjtigat the others change
their variable value and a search for a solution continuegugarantee completeness, a
discovered NoGood is stored so that that assignment is msidered in the future.

The most straightforward way to attempt to deal with dynamis DCSP is to
consider AWC as a subroutine that is invoked anew everytiroenstraint is added.
Unfortunately, in many domains such as ours, where the prolid dynamic but does
not change drastically, starting from scratch may be pittdy inef cient. Another
option, and the one that we adopt, is for agents to contineie tomputation even as
local constraints change asynchronously. The potentalpm with this approach is
that when constraints are removed, a stored NoGood may noenteepart of a so-
lution. We solve this problem by requiring agents to stor@rtiown variable values
as part of non-empty NoGoods. For example, if an agent witfabke nds that
a value does not satisfy all constraints given the AgentViev ), ( , ),
it will store the set ( ), ( ), ( , ) as a NoGood. With this modi ca-
tion to AWC, NoGoods remain “no good” even as local consteaimange. Let us call
this modi ed algorithm Locally-Dynamic AWC (LD-AWC) and thmodi ed NoGoods
“LD-NoGoods” in order to distinguish them from the origirlVC NoGoods.

Lemma I: LD-AWC is sound and complete.

The soundness of LD-AWC follows from the soundness of AWG Tbmpleteness
of AWC is guaranteed by the recording of NoGoods. A NoGoodtclalty represents a
set of assignments that leads to a contradiction. We nedubtw that this invariant is
maintained in LD-NoGoods. An LD-NoGood is a superset of sorme-empty AWC
NoGood and since every superset of an AWC NoGood is ho goedntariant is true
when a LD-NoGood is rst recorded. The only problem that r@msas the possibility
that an LD-NoGood may later become good due to the dynamidocaf constraints.
A LD-NoGood contains a speci ¢ value of the local variablatis no good but never
contains a local variable exclusively. Therefore, it ladiig holds information about
external constraints only. Since external constraintsateallowed to be dynamic in
LD-AWC, LD-NoGoods remain valid even in the face of dynanocdl constraints.
Thus the completeness of LD-AWC is guaranteed.

5 Solving SCF Problems via DyDCSP

In this section, we state the complexity of SCF resourcecation problems and map
our formal model of the resource allocation problem onto BAEP. Our goal is to
provide a general mapping so that any unrestricted SCF res@llocation problem
can be solved in a distributed manner by a set of agents byiagphis mapping.

Our complexity analysis (not the DyDCSP mapping, but justdtbmplexity analy-
sis) here assumes a static problem. This is because a dyresuigce allocation prob-



lem can be cast as solving a sequence of static problems, woaanit problem is at
least as hard as a static one. Furthermore, our results sed ba a centralized problem
solver. We conjecture that distributed problem solving aseasier due to ambiguity,
which requires more search.

Theorem I: Unrestricted Strongly Con ict Free resource allocation problems
can be solved in time linear in the number of tasks.

proof: Greedily choose any minimal set for each task. They are gteed not to
con ict by the Strongly Con ict Free condition.

We now describe a solution to this subclass of resource altmt problems by
mapping onto DyDCSP. Mapping | is motivated by the followidga. The goal in
DCSP is for agents to choose values for their variables stoabtraints are satis ed.
Similarly, the goal in resource allocation is for the agentshoose operations so all
tasks are performed. Therefore, in our rst attempt we magatées to agents and
values of variables to operations of agents. So for exanifpden agent  has three
operations it can perform, , then the variable corresponding to this agent
will have three values in its domain. However, this simpleppiag attempt fails due
to the dynamic nature of the problem; operations of an agaytmot always succeed.
Therefore, we de ne two values for every operation, one farcess and the other for
failure. In our example, this would result in six values.

It turns out that even this mapping is inadequate due to amtlpigAmbiguity arises
when an operation can be required for more than one task. Witedments to be able
to not only choose which operation to perform, but also toosieofor which task they
will perform the operation. For example in Figure 1.b, Agéstis required to active
the same sector for both targets 1 and 2. We want A3 to be aldistioguish between
the two targets, so that it does not unnecessarily requiréoARtivate sector 2 when
target 2 is present. So, for each of the values de ned so fanvill de ne new values
corresponding to each task that an operation may serve.

Mapping I: Given a Resource Allocation Problem , , , the corresponding
DyDCSP is de ned over a set of variables,

- = v e , one variable for each  Ag. We will use the notation
to interchangeably refer to an agent or its variable.

The domain of each variable is given by:

- ,Dom( )= X )X yes,no.

In this way, we have a value for every combination of operetian agent can per-
form, a task for which this operation is required, and whethe operation succeeds or
fails. For example in Figure 1.b, Agent A3 has two operati@estor 1 and 2) with only
one possible task (target) and one operation (sector O)twilpossible tasks (target 1
and 2). This means it would have 8 values in its domain.

A word about notation: , the set of values in x )x yes will be
abbreviated by the term *yes and the assignment =  *yes denotes that

*yes such that . Intuitively, the notation is used when an agent detects tha
an operation is succeeding, but it is not known which taskeindp performed. This



analogous to the situation in the distributed sensor nétwlomain where an agent
may detect a target in a sector, but not know its exact locaEmally, when a variable

is assigned a value, we assume the corresponding agenuisecttp execute the
corresponding operation.

Next, we must constrain agents to assign “yes” values t@ak@$ only when an
operation has succeeded. However, in dynamic problemsparation may succeed
at some time and fail at another time since tasks are dyn#éynaided and removed
from the current set of tasks to be performed. Thus, eveighigris constrained by the
following dynamic local constraints.

— Dynamic Local Constraint 1 (LC1): , ), we have
LC1( )=(P, C), where P: succeeds.
C: *yes
— Dynamic Local Constraint 2 (LC2): , (), we have
LC2( )=(P,C), where P: does notsucceed.
C: *yes

The truth value of P is not known in advance. Agents must eegbeir operations,
and based on the result, locally determine if C needs to lieezhtIn dynamic prob-
lems, where the set of current tasks is changing over timeefriith value of P will
change, and hence the corresponding DyDCSP will also bentigna

We now de ne the external constraint (EC) between varialofsvo different
agents. EC is a normal static constraint and is always ptesen

— External Constraint: : () ,
EC( , )@ = yes, and
(2 : :
= yes

The EC constraint requires some explanation. Conditiors{dfes that an agent
has found an operation that succeeds for taskCondition (2) quanti es the other
agents whose operations are also required forlf is one of those agents, the
consequent requires it to choose its respective operaiichdé . If  is notrequired
for , condition (2) is false and EC is trivially satis ed. Finglihote that every pair of
variables and , have two EC constraints between them: one fronto  and
another from to . The conjunction of the two unidirectional constraints ¢en
considered one bidirectional constraint.

The following theorems state that our mapping can be useolte any given SCF
Resource Allocation Problem. The rst theorem states that@yDCSP always has
a solution, and the second theorem states that if agenth eeaolution, all current
tasks are performed. It is interesting to note that the amevef the second theorem
does not hold, i.e. it is possible for agents to be perfornaihtasksbeforea solution
state is reached. This is due to the fact that when all cutasks are being performed,
agents whose operations are not necessary for the curséstdauld still be violating
constraints.

Theorem II: Given an unrestricted SCF Resource Allocation Poblem v

, & solution always exists for the DyDCSP obtained from Mappig .



proof: We proceed by presenting a variable assignment and showaigttis a
solution.

Let () . Wewill rst assign values
to variables in , then assign values to variables that are not inf , then
(). In our solution, we assign f ,
we may choose any Dom( ) and assign

To show that this assignment is a solution, we rst show thadatis es the EC
constraint. We arbitrarily choose two variables,and , and show that EC(, )

is satis ed. We proceed by cases. Let be given.
— case 1:
Since , condition (1) of EC constraint is false and thus EC is ttlyia
satis ed.
— case 2:
in our solution. Let , . We know that
and since , we conclude that . So condition (2) of the EC con-
straint is false and thus EC is trivially satis ed.
— case 3:
and in our solution. Let , . and
must be strongly con ict free since both are in f , then
, . So condition (2) of EC( , ) is false and thus EC is trivially
satis ed. If , then EC is satis ed since is helping perform
Next, we show that our assignment satis es the LC conssaiffit then

, and LC1, regardless of the truth value of P, is clearly notated.
Furthermore, it is the case that succeeds, since is present. Then the precondition
P of LC2 is not satis ed and thus LC2 is not present. If and ,itis
the case that is executed and, by de nition, does not succeed. Then theopidition
P of LC1 is not satis ed and thus LC1 is not present. LC2, rdges of the truth value
of P, is clearly not violated. Thus, the LC constraints atessd by all variables. We
can conclude that all constraints are satis ed and our vaisignment is a solution to
the DyDCSP.
Theorem III: Given an unrestricted SCF Resource AllocationProblem y o
and the DyDCSP obtained from Mapping |, if an assignment of v&

ues to variables in the DyDCSP is a solution, then all tasks in are per-
formed.
proof: Let a solution to the DyDCSP be given. We want to show thataalks in
are performed. We proceed by choosing a task . Since our
choice is arbitrary and tasks are strongly con ict free, & wan show that it is indeed
performed, we can conclude that all members of are performed.
Let . By theNoti cation Assumption, some operation , required

by  will be executed. However, the corresponding agentwill be unsure as to
which task it is performing when succeeds. This is due to the fact that may be
required for many different tasks. It may randomly choosask.t , and
LC1 requiresitto assign the value yes. The EC constraint will then require that all
other agents , whose operations are required foralso execute those operations and



assign . We are in solution, so LC2 cannot be present for Thus,
succeeds. Since all operations required fosucceed, is performed. By de nition,

. But since we already know that and have an operation in common,
the Strongly Con ict Free condition requires that . Therefore, is indeed
performed.

6 Solving WCF problems via DyDCSP

In this section, we state the complexity of -exact WCF resource allocation problems
and that of unrestricted WCF resource allocation probldrhs.following complexity
results are based on a centralized problem solver, but asaned we conjecture that
distributed problem solving is no easier. We also presemtcarsd mapping for WCF
problems onto DyDCSP (Section 6.1).

Theorem IV: -exact WCF resource allocation problems can be solved in
time linear in the number of tasks.

proof: Greedily choose the single minimal set for each task.

TheoremV:  -exact WCF resource allocation problems can be solved in tim
polynomial in the number of tasks and operations.

proof: To prove this theorem, we convert a given -exact resource allocation
problem to a network- ow problem which is known to be polynamSee Appendix.

Theorem VI: Determining whether an unrestricted resource dlocation prob-
lem is Weakly Con ict Free is NP-Complete.

proof-sketch: We reduce from 3 coloring problem. For reduction, let antaaby
instance of 3-color with colors , vertices and edges , be given. We construct
the resource allocation problem as follows:

— For each vertex ,addatask to
— For each task , for each color , add a minimal set to
— For each edge , for each color , add an operator to andadd

this operator to minimal sets and
— Assign each operator to a unique agent in

Figure 2 illustrates the mapping from a 3 node graph to a resallocation prob-
lem. With the mapping above, it is somewhat easy to show tizaB{color problem has
a solution if and only if the constructed resource allogapooblem is weakly con ict
free. (We preclude a detailed proof due to space limits)

Color ={R, G, B}

To= ({052 Qe b 052 Qs 1
{Qh1o Qe
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Fig. 2. Reduction of graph 3-coloring to Resource Allocation Peais




6.1 Mapping Il
Our rst mapping has allowed us to solve any SCF resourceation problem. How-
ever, when we attempt to solve WCF resource allocation problwith this mapping,
it fails because the DyDCSP becomes overconstrained. Jliise to the fact that the
mapping requires all agents who can possibly help perforask to do so. In some
sense, this results in an overallocation of resources tedasks. This in turn leaves
other tasks without suf cient resources to be performecde @ay to solve this problem
is to modify the constraints in the mapping to allow agentsetason about relation-
ships among tasks. However, this requires adding non¥iegiernal constraints to
the mapping. This is problematic in a distributed situati@tause there are no ef -
cient algorithms for non-binary distributed CSPs. Insieadate a new mapping that
has only binary external constraints. This mapping is sintib the dual of a version
of mapping | with non-binary external constraints. This n@apping allocates only
minimal resources to each task, allowing WCF problems todbeed. This mapping
is described next and proven correct. Here, each agent hasadle for each task in
which its operations are included.

Mapping ll: Given a Resource Allocation Problem , , , the corresponding
DyDCSP is de ned as follows:

— Variables: , create a DyDCSP variable and assign it to
agent

— Domain: For each variable , create avalue foreach minimalsetin ,plusa
“NP” value (not present). The NP value allows agents to aasi&lgning resources
to tasks that are not present and thus do not need to be pedorm

Next, we must constrain agents to assign non-NP values tablas only when
an operation has succeeded, which indicates the preseribe obrresponding task.
However, in dynamic problems, an operation may succeedrae gone and fail at
another time since tasks are dynamically added and remaewedthe current set of
tasks to be performed. Thus, every variable is constraiyetthé following dynamic
local constraints.

— Dynamic Local (Non-Binary) Constraint (LC1):
, ( )letB= . Then let the constraint be
de ned as a non-binary constraint over the variables in Botlews:
P:  succeeds
C: B NP.
— Dynamic Local Constraint (LC2): , (), let the constraint be
denedon  as follows:
P:  does not succeed
C: =NP

We now de ne the constraint that de nes a valid allocationre$ources and the
external constraints that require agents to agree on apkartiallocation.

— Static Local Constraint (LC3):  if , then the value of
cannot con ict with the minimal set . NP does not con ict with anything.



— External Constraint (EC):

We will now prove that Mapping Il can also be used to solve aingryWCF Re-
source Allocation Problem. The rst theorem shows that oyDROSP always has a
solution, and the second theorem shows that if agents resalution, all current tasks
are performed.

Theorem VII: Given a WCF Resource Allocation Problem |, |,

, there exists a solution to DyDCSP obtained from Mapping II.

proof: For all variables corresponding to tasks that are not ptesgncan assign
the value “NP”. This value satis es all constraints excepsgibly LC1. But the P con-
dition must be false since the task is not present, so LClatdmn violated. We are
guaranteed that there is a choice of non-con icting minisek for the remaining tasks
(by the WCF condition). We can assign the values correspgrtdithese minimal sets
to those tasks and be assured that LC3 is satis ed. Sincaa#ihle corresponding to
a particular task get assigned the same value, the extarnsiraint is satis ed. So we
have a solution to the DyDCSP.

Theorem VIII: Given a WCF Resource Allocation Problem C

and the DyDCSP obtained from Mapping Il, if an assignment of \alues to vari-
ables in the DyDCSP is a solution, then all tasks in are performed.

proof Let a solution to the DyDCSP be given. We want to show thataalks in

are performed. We proceed by randomly choosing a task from and
showing that it is performed. Since we are in a solution sta@®3 allows us to repeat
this argument for every task in

Let . By theNoti cation Assumption, some operation , required
by  will be executed and (by de nition) succeed. LC1 requires torresponding
agent , to assign a minimal set, say to the variable . The EC constraint will
then require that all other agents, whose operation is in the minimal set , to
assign and execute that operation. LC2 requires that it succeadse all
operations required for succeed, is performed.

7 Experiments in a Real-World Domain

We have successfully applied the DyDCSP approach to theldittd sensor network
problem, using the mapping introduced in Section 6. In tisé égaluation trials con-
ducted in government labs in August and September 2000DYyiBCSP implemen-
tation was successfully tested on four actual hardwareosarsles (see Figure 1.a),
where agents collaboratively tracked a moving target. Triget tracking requires ad-
dressing noise, communication failures, and other realdyaroblems; although this
was done outside the DyDCSP framework and hence not repoeted

The unavailability of the hardware in our lab precludes esiee hardware tests; but
instead, a detailed simulator that very faithfully mirréhe hardware has been made
available to us. We have done extensive tests using thidaiondo further validate the
DyDCSP formalization: indeed a single implementation ron®&oth the hardware and
the simulator. One key evaluation criteria for this implenation is how accurately it
is able to track targets, e.g., if agents do not switch onlapping sectors at the right
time, the target tracking has poor accuracy. Here, the acguf a track is measured in
terms of the(RMS(root mean square) error in the distance between the regiquosf a



target and the target's position as estimated by a team sbsagents. Domain experts
termed the RMS error of upto 3 units as acceptable.

Table 1 presents our results from the implementation wighMapping Il in Sec-
tion 6. Experiments were conducted in different dynamigagibns varying the type of
resource allocation problem, the number of nodes/targatsthe con guration. RMS
error, message number, and sector change are averagedevarrber of involved
agents. In the “node number” column, the number in parepthieslicates the number
of rows and columns of the grid con guration where sensomagare located. For in-
stance, the last row represents the result of the WCF resaliaration problem with
12 sensor nodes (in 3x4 grid) and 4 four targets: the RMS ¢f Grizts with average 30
messages and 2 sector changes per node.

The results show that our mapping works, and agents are @lslecurately track
targets, with average RMS around 3 units as the expertsreedtiis proves the useful-
ness of the DyDCSP approach to this resource allocatiorgmrol-urthermore, scaling
up the number of nodes and targets does not degrade thengaaméduracy. Some in-
teresting differences between WCF and SCF arise: WCF resaliocation problems
require more number of messages and sector changes than&il#nps. These are due
to the fact that, given WCF problems, agents need to reasmut pbssible minimal sets
of the current tasks to be performed.

RAP typelnode numbetarget numbgavg RMSavg message numhbarg sector changes
WCF/SCH 4 (2x2) 1 2.58 14 05

SCF 8 (2x4) 2 3.21 17.08 0.5

SCF 9 (3x3) 2 3.21 21.89 0.2

SCF 16 (4x4) 4 2.58 23.13 0.5

WCF 6 (2x3) 2 2.50 45.17 1.6

WCF 12 (3x4) 4 3.24 30 2.0

Table 1. Results from sensor network domain for dynamic resourceation problems.

8 Summary

In this paper, we proposed a formalization of distributesorgce allocation that is
expressive enough to represent both dynamic and distdlasigects of the problem. We
de ne different categories of dif culties of the problem dupresent complexity results
for them. Table 2 summarizes these complexity results. Thess these formalized
problems, we de ne the notion of Dynamic Distributed CoaBit Satisfaction Problem
(DyDCSP) and present a generalized mapping from distribrgeource allocation to
DyDCSP. Through both theoretical analysis and experinheseta cations, we have
shown that this approach to dynamic and distributed resoaliocation is powerful
and unique, and can be applied to real-problems such as stréiDied Sensor Network
Domain. Indeed, in the future, our formalization may enabkearchers to understand
the dif culty of their resource allocation problem, chooaesuitable mapping using
DyDCSP, with automatic guarantees for correctness of theisn.
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[SCFJWCF |
-exact [O( )|O( )

-exact [O( )|O( )
unrestrictedO( )|NP-Complete

Table 2. Complexity Classes of Resource Allocatiors size of task set, = size of operation
set
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Appendix
Theorem V. -exact WCF resource allocation problems can be solved in tim
polynomial in the number of tasks and operations.

proof: We can convert a given -exact resource allocation problem to a network-
ow problem known to be polynomial. Let such a resource alii@n problem be given.
We rst construct a tripartite graph and then convert it toedwork- ow problem.

— Create three empty sets of vertices, U, V, and W and an empgty set E.

— For each task , add avertex to U.
— For each agent ,add avertex toV.
— For each agent , for each operation ,add avertex toW.
— For each agent , for each operation , add an edge between vertices
, TtoE.
— For each task , for each operation (), add an edge between vertices
to E.

We convert this tripartite graph into a network- ow graphtime usual way. Add
two new vertices, a supersourceand supersink. Connect to all vertices in V and
assign a max- ow of 1. For all edges among V, W, and U, assigraa-raw of 1. Now,
connect to all vertices in U and for each edge ( ), assign a max- ow of . We now
have a network ow graph with an upper limit on ow of

We show that the resource allocation problem has a solutamdi only if the max-
ow is equal to

Let a solution to the resource allocation problem be givemwl now construct
a ow equal to . This means, for each edge between vertexn U and , we



must assign a ow of . Itis required thatthe in-owto equal . Since each edge
between W and U has capacity 1, we must choosegertices from W that have an
edge into and Il them to capacity. Let be the task corresponding to vertex,
and be the minimal set chosen in the given solution. We will assigow of
1 to all edges ( ) such that corresponds to the operation that is required
in . There are exactly of these. Furthermore, since no operation is required for
two different tasks, when we assign ows through verticetlinve will never choose
again. For vertex such that the edge (, ) is lled to its capacity, assign a
ow of 1 to the edge (, ). Here, when a ow is assigned through a vertex, no
other ow is assigned through ( ) because all operations in
are mutually exclusive. Therefore,'s out ow cannot be greater than 1. Finally, the
assignment of ows from to V is straightforward. Thus, we will always have a valid
ow (in ow=out ow). Since all edges from U to are lled to capacity, the max- ow
is equal to

Assume we have a max- ow equal to . Then for each vertex in U,
there are incoming edges lled to capacity 1. By construction, the aetertices in
W matched to corresponds to a minimal set in. We choose this minimal set for
the solution to the resource allocation problem. Foreachsdge( , ), hasan
in-capacity of 1, so every other edge out of must be empty. That is, no operation is
required by multiple tasks. Furthermore, since outgoing thorough is 1, no more
than one operation in is required. Therefore, we will not have any con icts
between minimal sets in our solution.



