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Abstract

In distributed resource allocation a set of agents must assign their resources to a set of
dynamic tasks. This problem arises in many real-world domains like the one described in this
paper: distributed sensor networks. Despite the variety of approaches proposed for distributed
resource allocation, a systematic formalization of the problem and a general solution strategy
are missing. Such formalizations are necessary to understand the complexity of different types
of problems and to develop solution strategies that translate across domains. This paper takes a
step towards this goal by proposing a formalization of resource allocation that represents both
dynamic and distributed aspects of the problem and allows tractable subclasses to be identi-
fied. In addition, this paper defines the notion of Dynamic Distributed Constraint Satisfaction
Problem (DyDisCSP) and proposes two generalized mappings to translate distributed resource
allocation problems to DyDisCSP. Each mapping is proven to correctly perform resource al-
location problems of specific difficulty. Our theoretical results are verified in practice by an
implementation on a real-world distributed sensor network.

�This paper is an extension of a earlier conference paper [12]. Detailed exposition, experimental results and detailed
proofs are included here.
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1 Introduction

Distributed resource allocation is a general problem in which a set of agents must perform op-
erations and intelligently assign their resources to a set of distributed tasks. This problem arises
in many real-world domains such as distributed sensor networks [21], disaster rescue[8], hospital
scheduling[4], and others.

Resource allocation problems of this type are difficult because they are bothdistributedand
dynamic. First, a key implication of the distributed nature of this problem is that the control is
distributed in multiple agents; yet these multiple agents must collaborate to accomplish the tasks
at hand. Second, another implication is that agents faceglobal ambiguity— an agent may know
based on the results of its local operations, that some task (out of a possible set of tasks) is present.
However, it may not be able to locally determine exactly which task is present. The agents must
collaborate to determine which one of the many possible tasks is actually present and needs to be
done. Third, different tasks may require the same resources and thus,resource contentionmay
occur. In these situations, agents must take care to allocate critical resources to appropriate tasks
– allocating a critical resource incorrectly may lead to situations where some other tasks must go
unperformed. Finally, the situation is dynamic so a solution to the resource allocation problem at
one time may become obsolete when the underlying tasks have changed. The agents must have a
way to express and cope with such changes in the problem.

Despite the significant progress in distributed resource allocation, there are currently two key
shortcomings in this research. First, abstract formalization of the problem and domain types, which
allow us to understand the complexity of different problem categories, are missing. Such abstract
formalizations are important because if constructed appropriately, they allow tractable subclasses
to be identified, allow theoretical results to transfer across domains and allow solution strategies
and modeling effort to be reused. Second, general mapping strategies that allow distributed re-
source allocation problem types to be mapped to key problem solving paradigms — in our case,
we will focus on distributed constraint satisfaction – are missing.

In this paper, we attempt to develop a systematic formalization of the problem and a general so-
lution strategy in order to obtain the above benefits. First, we propose a formalization of distributed
resource allocation that is expressive enough to represent both dynamic and distributed aspects of
the problem. This formalization is significant because it allows us to understand the complexity
of different types of resource allocation problems and may also enable future researchers to un-
derstand the difficulty of their own resource allocation problem. We present detailed complexity
results for various subclasses of resource allocation in our formal model and identify tractable sub-
classes. Second, in order to solve these types of resource allocation problems, we define the notion
of a Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP). Distributed constraint rea-
soning in general has been shown to be an effective way to model and solve complex distributed
problems in a distributed manner [12] [7] [2] [20] [14] and is a very active area of current research
[27] [30][11][18]. Yokoo, Durfee, Ishida, and Kuwabara have done seminal work in distributed
constraint satisfaction (DisCSP) [28]. While this paper does not focus on new algorithms for
DisCSP, it does focus on applying DisCSP in service of distributed resource allocation problems.
In dynamic domains where features of the environment may not be known in advance, it is difficult
to completely specify a DisCSP problem in advance. To address this difficulty, DyDisCSP gener-
alizes DisCSP by allowing agents to add or remove local constraints from the problem as external
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Figure 1: Graphical depiction of the methodology described in this paper.

environmental conditions change.
Given the distributed resource allocation formalism and the DyDisCSP problem, we present

two reusable, generalized mappings, Mapping I and II, that automatically convert a given dis-
tributed resource allocation problem into a DyDisCSP. Each mapping is proven to correctly per-
form resource allocation problems of specific difficulty. These generalized mappings enable exist-
ing distributed constraint reasoning technologies to be brought to bear directly onto the distributed
resource allocation problem. In addition, they allow future advances in distributed constraint rea-
soning to also be directly applied to the distributed resource allocation problem without significant
re-modeling effort. Thus, our formalism and generalized mappings provide researchers with an au-
tomatic method for representing their resource allocation problem using constraints, while existing
and future distributed constraint reasoning techniques provide automatic solution algorithms.

Figure 1 depicts our methodology. The presentation of the these ideas is as follows. Section
2 describes a concrete distributed resource allocation domain, distributed sensor networks, which
is used throughout the paper to illustrate our mathematics. Section 3 describes related work in
resource allocation and sensor networks. Our abstract model of distributed resource allocation,
also intended to apply to domains beyond sensor networks, is presented in Section 4. Section 4
also presents a series of definitions (Strongly Conflict Free (SCF), Weakly Conflict Free (WCF),
Overconstrained (OC), etc.) that are used to classify resource allocation domain types of varying
degrees of difficulty. Section 5 leaves the resource allocation problem for a moment to define
the Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP). Armed with the definition
of DyDisCSP, Section 6 goes on to define the first mapping, Mapping I, of SCF problems into
DyDisCSP. Proofs of correctness of this mapping are also presented in this section. Analagous to
Section 6, Section 7 presents a new mapping, Mapping II, for WCF problems and similar proofs of
correctness are presented. Section8 presents a complexity result for OC problems. Finally, Section
9 experimentally verifies Mapping II within the distributed sensor network domain described in
Section 2. Section 10 concludes by summarizing and describing future work.

2 Application Domain
We describe a real-world dynamic distributed resource allocation problem which we will use to
both illustrate and validate our contributions. This domain consists of multiple stationary sensors,
each controlled by an independent agent, and targets moving through their sensing range (Figure
2.a illustrates the real hardware and simulator screen, respectively). Each sensor is equipped with
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Figure 2: A distributed sensor network for tracking moving targets.

a Doppler radar with three sector heads. An agent may activate at most one sector of the sensor it
controls at a given time, or may switch the entire sensor off. While all of the sensor agents must
act as a team to cooperatively track the targets, there are some key difficulties in such tracking.

The first difficulty is that the domain is inherently distributed. In order for a target to be tracked
accurately, at least three agents must collaborate — they must concurrently activate their sensors
so the target is painted by at least three overlapping sector heads. For example, in Figure 2.b which
corresponds to the simulator in Figure 2.a, if an agent A1 detects target 1 in its sector 0, it must
inform two of its neighboring agents, A2 and A4 for example, so that they activate their respective
sectors that overlap with A1’s sector 0. Activating a sector is an agent’s operation. Since each
sensor has three sectors of 120 degrees and only one sector can be active at a time, each agent has
three mutually exclusive operations it can perform.

The second difficulty is that when an agent is informed about a target, it may face ambiguity
in which sector to activate. Each sensor can detect only the distance and speed of a target, so an
agent that detects a target can only inform another agent about the general area of where a target
may be, but cannot tell other agents specifically which sector they must activate. For example,
suppose there is only target 1 in Figure 2.b and agent A1 detects that a target is present in its sector
0. A1 can tell A2 that a target is somewhere in the region of its sector 0, but it cannot tell A2 which
sector to activate because A2 has two sectors (sector 1 and 2) that overlap with A1’s sector 0. In
order to resolve this ambiguity, A2 may be forced to first activate its sector 1, detect no target, then
try its sector 2. Thus, activating the correct sector requires a collaboration between A1 and A2 –
A1 informs A2 that a target exists in some ambiguous region and A2 then resolves the remaining
ambiguity. The significance here is that no single agent can determine the correct allocation of all
sectors to targets.

The third difficulty is that resource contention may occur when multiple targets must be tracked
simultaneously. For instance, in Figure 2.b, A4 needs to decide whether to track target 1 or target
2 – it cannot do both since it may activate only one sector at a time. If A4 chooses target 1, target 2
may go untracked because A4 may be critical for tracking target 2. Determining whether an agent
is critical requires non-local information, so agents must again collaborate. In this example, target
1 and 2 are tasks that conflict with one another. Targets that are spatially distant do not conflict
with each other and thus can easily be tracked without resource contention. Thus, as we will see,
the relationship among tasks will affect the difficulty of the overall resource allocation problem.

Finally, the situation is dynamic as targets move through the sensing range. Even after agents
find a configuration that is accurately tracking all targets, they will have to reconfigure, or reallocate
themselves, as targets move over time.
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While we will focus mainly on the distributed sensor network problem, a second domain which
motivates our work is large-scale urban disaster recovery, e.g., agents performing search and rescue
operations after an earthquake. Specifically, Robocup Rescue [8] is a detailed simulation environ-
ment of the 1995 Kobe, Japan earthquake in which over 5000 people were killed. In this simulator,
multiple fire engines, ambulances and police cars must collaborate to save trapped civilians from
burning buildings. No centralized control is available to allocate all of the emergency response
resources since communication infrastructure may be damaged or overloaded. Individual agents
must communicate locally and collaborate with one another in order to allocate their resources cor-
rectly. For instance, an ambulance agent which must rescue a civilian trapped in a burning building
must collaborate with a fire engine agent who is able to extinguish the fire. The tasks are dynamic,
e.g., fires grow or shrink and also ambiguous e.g., a fire engine could receive a report of a fire in an
area, but not a specific building on fire. This domain thus presents another example of a distributed
resource allocation problem with many similarities to the distributed sensor network problem.

The above applications illustrate the difficulty of resource allocation among distributed agents
in a dynamic environment. Lack of a formalism for dynamic distributed resource allocation prob-
lem can lead to ad-hoc methods which cannot be easily reused. Instead, our adoption of a formal
model allows our problem and its solution to be stated in a more general way, possibly increas-
ing our solution’s usefulness. More importantly, a formal treatment of the problem also allows
us to study its complexity and provide other researchers with some insights into the difficulty of
their own resource allocation problems. Finally, a formal model allows us to provide guarantees of
soundness and completeness of our results. The next section presents our formal model of resource
allocation.

3 Related Work

A variety of researchers have focused on formalizing resource allocation as a centralized CSP[5].
In addition, the Dynamic Constraint Satisfaction Problem has been studied in the centralized case
by [17]. In centralized CSP, there is no distribution or ambiguity during the problem solving
process. However, the fact that the resource allocation problem is inherently distributed in many
domains means that ambiguity must be dealt with. We also categorize different resource allocation
problems and provide detailed complexity results.

Distributed sensor networks have gained significant attention in recent years. Sensor hardware
nodes are becoming more sophisticated and able to support increasing levels of both computa-
tion and communication. This trend, in turn, has lead to the consideration of the Distributed AI
(DAI) and the Multiagent perspective for addressing technical problems in distributed sensor net-
works [16] [6] [19] [22]. Soh and Tsatsoulis [19] describe a case-based reasoning approach where
agents choose different negotiation strategies depending on environmental circumstances in order
to collaboratively track moving targets. Vincent et al. [22] and Horling et al. [6] bring existing
multi-agent technologies, such as the TAEMS modelling language [3] and the Design-to-Criteria
plan scheduler [23], to bear on the distributed sensor network problem. These approaches report
positive results in customizing and applying existing DAI technologies to the specific problem of
coordination in distributed sensor networks. However, this existing research does not draw any
theoretical conclusions about distributed resource allocation in general.
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There is significant research in the area of distributed resource allocation. For instance, Liu
and Sycara [10] address resource allocation in the distributed job-shop scheduling problem. The
solution technique presented is an extension of local dispatch scheduling – the extension allows
agents to use non-local information to make their local decisions. Schedules are shown to improve
using this technique. Chia et al’s [1] work on job-shop scheduling for airport ground service
schedules is another example of distributed resource allocation. The authors are able to reduce
schedule inefficiencies by allowing agents to communicate heuristic domain specific information
about their local jobs. Finally, the Distributed Vehicle Monitoring Testbed (DVMT) of Lesser et al.
[9] is well known in distributed AI as a domain for distributed problem solving. A set of problem-
solving nodes must cooperate and integrate distributed sensing data to accurately track a moving
vehicle. This domain is inherently distributed and exhibits both dynamics and ambiguity. To
summarize, while previous work in distributed resource allocation has been effective for particular
problem domains, a formalization of the general problem which allows tractable subclasses to be
identified, is yet to be developed.

A recent approach to distributed resource allocation that has received significant attention is
that of market-based systems, or multi-agent auctions[26]. These price-based search techniques
coordinate a set of agents by allowing them to buy and sell goods in order to maximize local utility.
The price of a good implicitly conveys to an agent non-local information about the global utility
of obtaining that good. This approach has been used effectively to structure distributed search in
many multi-agent domains including multi-commodity flows [26], multi-agent task allocation [24]
and even distributed propositional satisfiability [25]. While market-based approaches show great
promise and applicability in open systems, they may be unnecessarily restrictive in collaborative
domains explicitly engineered by a system designer. In collaborative domains, agents may be able
to reach global optimal solutions faster by exchanging more information beyond prices. Sandholm
and Suri [15] also discuss the need for non-price attributes and explicit constraints in conjuction
with market protocols.

4 Formalization of Resource Allocation

While Section 2 provided a concrete example domain, in this section, we abstract to a general
formalization of resource allocation problems. We divide this section into two subsections. The
first subsection presents our formal model, along with two definitions and a Notification Assump-
tion that formalizes the model’s interface with the environment. The second subsection goes on to
introduce a group of definitions that allow a particular domain to be categorized into a subclass.
Later, we will show that these subclasses correspond to varying degrees of complexity. Finally,
note that we will use the distributed sensor domain as a concrete example for illustration through-
out this section, however, the formalization provided is intended to be a general one, applicable to
other domains (such as disaster rescue described in Section 2).

4.1 Formal Definitions

A Distributed Resource Allocation Problem consists of 1) a set of agents that can each perform
some set of operations, and 2) a set of tasks to be completed. In order to be completed, a task
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requires some subset of agents to perform their necessary operations. Thus, we can define a task
by the operations that agents must perform in order to complete it. The problem to be solved is an
allocation of agents to tasks such that all tasks are performed. This problem is formalized next.

� Definition 1: A Distributed Resource Allocation Problem is a structure<Ag,
, �> where

– Ag = fA1, A2, ...,Ang is a set of agents.

– 
 = fO1

1
; O1

2
, ...,Oi

p, ...,On
q g is a set of operations, where operationOi

p denotes the p‘th
operation of agentAi. An operation can either succeed or fail. LetOp(Ai) denote the
set of operations ofAi. Operations inOp(Ai) aremutually exclusive; an agent can only
perform one operation at a time.

– � = fT1; T2; :::; Tng is a set of tasks, where each taskT 2 � is a set of non-empty
setsft1; t2; :::; tng and eachti 2 T is a set of operations. Eachti is called aminimal
setbecause they must satisfy the following property:8tr, ts 2 T , tr 6� ts andts 6� tr.
This requires that each set of operations in a task should be minimal in the sense that
no other set is a subset of it. Two minimal setsconflict if they contain an operation
belonging to the same agent.

Intuitively, the minimal sets of a task specify the alternative ways (sets of operations) to com-
plete the task. Asolutionto a resource allocation problem then, involves choosing a minimal set
for each present task such that the minimal sets do not conflict. In this way, when the agents
perform the operations in those minimal sets, all present tasks are successfully completed. One
key difficulty lies in assigning the correct resources to each task so that all tasks get their required
resources. An incorrect allocation of resources to one task may result in a shortage of resources
for some other task.

To illustrate this formalism in the distributed sensor network domain, we cast each sensor as
an agent and activating one of its (three) sectors as an operation. We will useOi

p to denote the
operation of agentAi activating sector p. For example, in Figure 2.b, we have four agents, soAg
= fA1, A2, A3, A4g. Each agent can perform one of three operations, so
 = fO1

0
,O1

1
, O1

2
,O2

0
,O2

1
,

O2

2
, O3

0
,O3

1
, O3

2
, O4

0
,O4

1
, O4

2
g. To specify the subset of operations belonging to a particular agent,

sayA1, we can useOp(A1) = f O1

0
,O1

1
, O1

2
g.

We now define our task set�. We will define a separate task for each region of overlap of
sectors. In this way, the existence of a target in a particular location corresponds to a task that
needs to be performed. Regions of overlap that do not currently contain a target are tasks that do
not currently need to be performed. In the situation illustrated in Figure 2.b, we have only two
targets shown and for simplicity, let us assume these are the only possible target locations. So, we
define our task set� = fT1, T2g. Remember that each target requires three agents to track it so
that its position can be triangulated. Thus, taskT1 requires any three of the four possible agents
to activate their correct sector, so we define a minimal set corresponding to all the (4 choose 3)
combinations. Thus,T1 = ffO1

0
, O2

2
, O3

0
g, fO2

2
, O3

0
, O4

1
g, fO1

0
, O3

0
, O4

1
g, fO1

0
, O2

2
, O4

1
gg. Note

that the subscript of the operation denotes the number of the sector the agent must activate. In the
example, taskT2 can only be tracked by two agents. For simplicity, let us assume this is sufficient
andT2 = ffO3

0
, O4

2
gg.
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For each task, we use�(Tr) to denote the union over all the minimal sets ofTr, and for each
operation, we useT (Oi

p) to denote the set of tasksTr that may requireOi
p, i.e., includeOi

p in�(Tr).
For instance,�(T1) = fO1

0
, O2

2
, O3

0
, O4

1
g andT (O3

0
) = f T1, T2g.

As mentioned above, all the tasks in� may not always be present. We use�current (� �)
to denote the set of tasks that are currently present and require resources. This set is determined
by the environment. We call a resource allocation problemstatic if �current is constant over time
anddynamicotherwise. So in our distributed sensor network example, a moving target represents
a dynamic problem. We do not model resource allocation problems where the resources may be
dynamic (i.e., where agents may come and go). Agents must determine which tasks are currently
present by executing their operations. The success of an operation is determined by the set of tasks
that are currently present. The following definition formalizes this interface with the environment.

� Definition 2: 8 Oi
p 2 
, if Oi

p is executed and9 Tr 2 �current such thatOi
p 2 �(Tr), thenOi

p

is said tosucceed. If an operation is executed, but it has no corresponding task in�current,
the operation is said tofail.

So in our example, if agentA1 executes operationO1

0
(activates sector 1) and ifT1 2 �current

(target 1 is present), thenO1

0
will succeed (A1 will detect a target), otherwise it will fail. In other

domains such as disaster rescue, ambulance agents may use sensors that detect the presence of life
in a building in order to detect civilians that need medical attention (tasks). Note that our notion
of operation failure corresponds to a sensor signal indicating the absence of a task, not actual
hardware failure. Hardware failure or sensor noise is an issue not modeled in our formalism here.
However, an actual system built using this formalism has been able to incorporate techniques for
dealing with noise and failure by using a two-layered architecture, whereby a lower layer of the
implementation deals with these issues[16].

A dynamic problem requires agents to detect new tasks as they appear in the environment. This
can be done in the distributed sensor domain by agents “scanning” for targets by rotating sectors
when they are currently not tracking any target. In disaster rescue, ambulances can drive around
searching for injured civilians. This notification procedure is outside of our formalism and we rely
on the following assumption.

� Notification assumption:

– i) 8Tr 2 �, if Tr 2 �current, then9 Oi
p 2 �(Tr) such thatOi

p succeeds.

– ii) 8Ts( 6= Tr) 2 �current, Oi
p 62 �(Ts).

(i) states that if a task is present, at least one agent is notified of the task by the success of
one of its operations, i.e., no present task goes unnoticed by everyone. (ii) states that the notifying
operationOi

p (from (i)) must not be required for any other present task. This implies that the
success of operationOi

p will uniquely identify the taskTr among all present tasks. This assumption
prevents the possiblity whereby the success of a single operation serves to notify an agent of
two present tasks. For example, in distributed sensor networks, hardware restrictions preclude
this possiblity – two targets simultaneously present in a single sector results in a garbled signal
received by the sensor. Note that the ambiguity problem (figuring out which tasks are present and
not present) is not eliminated because we donotrequire the task to be uniquely identified among all
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(e.g., not present) tasks. Similarly, other difficulties such as resource contention, are not eliminated
by this assumption.

Finally, a task isperformed(the target is tracked) when all the operations in some minimal set
succeed (enough radar sectors are painting the target). More formally,

� Definition 3: 8Tr 2 �, Tr is performediff there exists a minimal settr 2 Tr such that all
the operations intr succeed. A task that is not present cannot be performed, or equivalently,
a task that is performed must be included in�current.

For example, taskT2 is performed if and only ifA3 executes operationO3

0
andA4 executes

operationO4

2
and both operations succeed.

4.2 Properties of Resource Allocation

We now state some definitions that will allow us to categorize a given resource allocation problem
and analyze its difficulty. In particular, we notice some properties of task and inter-task relation-
ships. Definitions 4 through 7 are used to describe the complexity of a given task in a given
problem, i.e., the definitions relate to properties of an individual task. Next, definitions 8 through
10 are used to describe the complexity of inter-task relationships, i.e., the definitions relate to the
interactions between a set of tasks.

4.2.1 Task Complexity

Many resource allocation problems have the property that each task requires anyk agents from a
pool of n (n � k) available agents. That is, the task contains a minimal set for each of the

�
n

k

�

combinations. The following definition formalizes this notion.

� Definition 4: 8 Tr 2 �, Tr is task-
�
n

k

�
-exact iff Tr has exactly

�
n

kr

�
minimal sets of sizekr,

wheren = j �(Tr) j andkr(� n) depends onTr.

For example, the taskT1 (corresponding to target 1 in Figure 2.b) is task-
�
4

3

�
-exact because it

has exactly
�
4

3

�
minimal sets of sizek = 3, wheren = 4 =j �(T1) j. The following definition just

defines the class of resource allocation problems where every task is task-
�
n

k

�
-exact.

� Definition 5 :
�
n

k

�
-exactdenotes the class of resource allocation problems<Ag,
,�> such

that8 Tr 2 �, Tr is task-
�
n

kr

�
-exact.

We find it useful to define a special case of
�
n

k

�
-exact resource allocation problems, namely

those whenk = n. In other words, each task contains only a single minimal set.

� Definition 6:
�
n

n

�
-exactdenotes the class of resource allocation problems<Ag,
,�> such

that8 Tr 2 �, Tr is task-
�
nr

kr

�
-exact, wherenr = kr =j �(Tr) j.

For example, the taskT2 (corresponding to target 2 in Figure 2.b) is task-
�
2

2

�
-exact.
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� Definition 7: Unrestricted denotes the class of resource allocation problems<Ag, 
, �>
with no restrictions on tasks.

Note that
�
n

n

�
-exact�

�
n

k

�
-exact� Unrestricted.

4.2.2 Task Relationship Complexity

The following definitions refer to relations between tasks. We define two types ofconflict-freeto
denote resource allocation problems that have solutions, or equivalently, problems where all tasks
can be performed concurrently.

� Definition 8: A resource allocation problem is calledstrongly conflict free (SCF) if for all
Tr andTs 2 �current and all agentsAi 2 Ag, j Op(Ai) \�(Tr) j + j Op(Ai) \�(Ts) j� 1,
i.e., no two tasks have in common an operation from the same agent.

The SCF condition implies that we can choose any minimal set out of the given alternatives
for a task and be guaranteed that it will lead to a solution where all tasks are performed, i.e., no
backtracking is ever required to find a solution.

� Definition 9: A resource allocation problem is calledweakly conflict free (WCF) if there
exists some choice of minimal set for every present task such that all the chosen minimal
sets are non-conflicting.

The WCF condition is much weaker that the SCF condition since it only requires that there
exists some solution. However, a significant amount of search may be required to find it. Finally,
we define problems that may not have a solution.

� Definition 10: A resource allocation problem is calledover-constrained (OC) if it is not
necessarily WCF, i.e., all tasks may not necessarily be able to be performed concurrently
because resources are insufficient.

Note that SCF� WCF� OC.

4.3 Subclasses of Resource Allocation

Given the above properties, we can define 9 subclasses of problems according to their task com-
plexity and inter-task relationship complexity: SCF and

�
n

n

�
-exact, SCF and

�
n

k

�
-exact, SCF and

unrestricted, WCF and
�
n

n

�
-exact, WCF and

�
n

k

�
-exact, WCF and unrestricted, OC and

�
n

n

�
-exact,

OC and
�
n

k

�
-exact, OC and unrestricted.

Table 1 summarizes our complexity results for the subclasses of resource allocation problems
just defined. The columns of the table, from top to bottom, represent increasingly complex tasks.
The rows of the table, from left to right, represent increasingly complex inter-task relationships.
Sections 6, 7 and 8 will present proofs of these results. In addition, methods for solving SCF and
WCF problems by mapping them into DyDisCSP (defined next in Section 5) are also presented in
Section 6 and 7.
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Table 1: Complexity Classes of Resource Allocation,n = size of task set�, m = size of operation
set
. Columns represent task complexity and rows represent inter-task relationship complexity.

SCF WCF OC�
n

n

�
-exact O(n) O(n) NP-Complete�

n

k

�
-exact O(n) O((n+m)3) NP-Complete

unrestricted O(n) NP-Complete NP-Complete

5 Dynamic Distributed CSP

In order to solve general resource allocation problems that conform to our formalized model, we
will use distributed constraint satisfaction techniques. Existing approaches to distributed constraint
satisfaction fall short for our purposes however because they cannot capture the dynamic aspects
of the problem. In dynamic problems, a solution to the resource allocation problem at one time
may become obsolete when the underlying tasks have changed. This means that once a solution
is obtained, the agents must continuously monitor it for changes and must have a way to express
such changes in the problem. In order to address this shortcoming, the following section defines
the notion of a Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP).

A Constraint Satisfaction Problem (CSP) is commonly defined by a set of variables, each as-
sociated with a finite domain, and a set of constraints on the values of the variables. A solution
is the value assignment for the variables which satisfies all the constraints. A distributed CSP is
a CSP in which variables and constraints are distributed among multiple agents. Each variable
belongs to an agent. A constraint defined only on variables belonging to a single agent is called a
local constraint. In contrast, anexternal constraintinvolves variables of different agents. Solving
a DisCSP requires that agents not only solve their local constraints, but also communicate with
other agents to satisfy external constraints.

DisCSP assumes that the set of constraints are fixed in advance. This assumption is problematic
when we attempt to apply DisCSP to domains where features of the environment are not known in
advance and must be sensed at run-time. For example, in distributed sensor networks, agents do
not know where the targets will appear. This makes it difficult to specify the DisCSP constraints
in advance. Rather, we desire agents to sense the environment and then activate or deactivate
constraints depending on the result of the sensing action. We formalize this idea next.

We take the definition of DisCSP one step further by defining Dynamic DCSP (DyDisCSP). A
DyDisCSP is a DisCSP where constraints are allowed to dynamic, i.e., agents are able to add or
remove constraints from the problem according to changes in the environment. More formally,

� Definition 11: A dynamicconstraint is given by a tuple (P, C), where P is an arbitrary
predicate that is evaluated by an agent sensing its environment and C is a familiar constraint
in DisCSP.

When P is true, C must be satisfied in any DyDisCSP solution. When P is false, C may be
violated. An important consequence of dynamic DisCSP is that agents no longer terminate when
they reach a stable state. They must continue to monitor P, waiting to see if it changes. If its
value changes, they may be required to search for a new solution. Note that a solution when P is

11



true is also a solution when P is false, so the deletion of a constraint does not require any extra
computation. However, the converse does not hold. When a constraint is added to the problem,
agents may be forced to compute a new solution. In this work, we only need to address a restricted
form of DyDisCSP i.e. it is only necessary thatlocal constraintsbe dynamic.

AWC [29] is a sound and complete algorithm for solving DisCSPs. An agent with local variable
Ai, chooses a valuevi for Ai and sends this value to agents with whom it has external constraints.
It then waits for and responds to messages. When the agent receives a variable value (Aj = vj)
from another agent, this value is stored in an AgentView. Therefore, an AgentView is a set of pairs
f(Aj; vj), (Ak, vk), ...g. Intuitively, the AgentView stores the current value of non-local variables.
A subset of an AgentView is a NoGood if an agent cannot find a value for its local variable that
satisfies all constraints. For example, an agent with variableAi may find that the setf(Aj; vj),
(Ak, vk)g is a NoGood because, given these values forAj andAk, it cannot find a value forAi

that satisfies all of its constraints. This means that these value assignments cannot be part of any
solution. In this case, the agent will request that the others change their variable value and a search
for a solution continues. To guarantee completeness, a discovered NoGood is stored so that that
assignment is not considered in the future.

The most straightforward way to attempt to deal with dynamism in DisCSP is to consider
AWC as a subroutine that is invoked anew everytime a constraint is added. Unfortunately, in many
domains such as ours, where the problem is dynamic but does not change drastically, starting from
scratch may be prohibitively inefficient. Another option, and the one that we adopt, is for agents to
continue their computation even as local constraints change asynchronously. The potential problem
with this approach is that when constraints are removed, a stored NoGood may now become part
of a solution. We solve this problem by requiring agents to store their own variable values as
part of non-empty NoGoods. For example, if an agent with variableAi finds that a valuevi does
not satisfy all constraints given the AgentViewf(Aj; vj), (Ak, vk)g, it will store the setf(Ai; vi),
(Aj; vj), (Ak, vk)g as a NoGood. With this modification to AWC, NoGoods remain “no good”
even as local constraints change. Let us call this modified algorithm Locally-Dynamic AWC (LD-
AWC) and the modified NoGoods “LD-NoGoods” in order to distinguish them from the original
AWC NoGoods.

Lemma I: LD-AWC is sound and complete.
The soundness of LD-AWC follows from the soundness of AWC. The completeness of AWC is

guaranteed by the recording of NoGoods. A NoGood logically represents a set of assignments that
leads to a contradiction. We need to show that this invariant is maintained in LD-NoGoods. An
LD-NoGood is a superset of some non-empty AWC NoGood and since every superset of an AWC
NoGood is no good, the invariant is true when a LD-NoGood is first recorded. The only problem
that remains is the possibility that an LD-NoGood may later become good due to the dynamism
of local constraints. A LD-NoGood contains a specific value of the local variable that is no good
but never contains a local variable exclusively. Therefore, it logically holds information about
external constraints only. Since external constraints are not allowed to be dynamic in LD-AWC,
LD-NoGoods remain valid even in the face of dynamic local constraints. Thus the completeness
of LD-AWC is guaranteed.
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6 Strongly Conflict Free Problems

In this section, we state the complexity of SCF resource allocation problems as a theorem and
map our formal model of the resource allocation problem onto DyDisCSP. Our goal is to provide
a general mapping so that any unrestricted SCF resource allocation problem can be solved in a
distributed manner by a set of agents by applying this mapping.

Although our formalism and mappings will address dynamic problems, our complexity analysis
here deals with a static problem. A dynamic resource allocation problem can be cast as solving a
sequence of static problems, so a dynamic problem is at least as hard as a static one. Furthermore,
since distributed problem solving is no easier than a centralized approach (due to communication
delays, limited communication range/bandwith, etc.), all our complexity results are based on a
centralized problem solver.

Theorem I: Unrestricted Strongly Conflict Free resource allocation problems can be solved
in time linear in the number of tasks.

proof: Greedily choose any minimal set for each task. They are guaranteed not to conflict by
the Strongly Conflict Free condition.2

6.1 Mapping SCF Problems into DyDisCSP

We now describe a solution to this subclass of resource allocation problems by mapping onto
DyDisCSP. Mapping I is motivated by the following idea. The goal in DisCSP is for agents to
choose values for their variables so all constraints are satisfied. Similarly, the goal in resource
allocation is for the agents to choose operations so all tasks are performed. Therefore, in our first
attempt we map variables to agents and values of variables to operations of agents. So for example,
if an agentAi has three operations it can perform,fOi

1
; Oi

2
; Oi

3
g, then the variable corresponding

to this agent will have three values in its domain. However, this simple mapping attempt fails due
to the dynamic nature of the problem; operations of an agent may not always succeed. Therefore,
we define two values for every operation, one for success and the other for failure. In our example,
this would result in six values for each variableAi: fOi

1
yes,Oi

2
yes,Oi

3
yes,Oi

1
no,Oi

2
no,Oi

3
nog.

It turns out that even this mapping is inadequate due to ambiguity. Ambiguity arises when
an operation can be required for multiple tasks but only one task is actually present. To resolve
ambiguity, we desire agents to be able to not only communicate about which operation to perform,
but also to communicate for which task they intend the operation. For example in Figure 2.b,
Agent A3 is required to active the same sector for both targets 1 and 2. We want A3 to be able
to distinguish between the two targets when it communicates with A2, so that A2 will be able to
activate its correct respective sector. So, for each of the values defined so far, we will define new
values corresponding to each task that an operation may serve.

Mapping I: Given a Resource Allocation ProblemhAg, 
, �i, the corresponding DyDisCSP
is defined over a set ofn variables,

� A = fA1, A2,...,Ang, one variable for eachAi 2 Ag. We will use the notationAi to inter-
changeably refer to an agent or its variable.

The domain of each variable is given by:
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� 8Ai 2 Ag, Dom(Ai) =
S

Oi
p2


Oi
pxT (O

i
p)xfyes,nog.

In this way, we have a value for every combination of operations an agent can perform, a task
for which this operation is required, and whether the operation succeeds or fails. For example
in Figure 2.b, Agent A3 has one operation (sector 0) with two possible tasks (target 1 and 2).
Although the figure does not show targets in sector 1 and sector 2 of agent A3, let us assume that
targets may appear there for this example. Thus, let taskT3 be defined as a target in A3’s sector 1
and let taskT4 be defined as a target in A3’s sector 2. This means A3 would have 8 values in its
domain:fO3

0
T1yes,O3

0
T1no,O3

0
T2yes,O3

0
T2no,O3

1
T3yes,O3

1
T3no,O3

2
T4yes,O3

2
T4nog

A word about notation:8 Oi
p 2 
, the set of values inOi

pxT (O
i
p)xfyesg will be abbreviated

by the termOi
p*yes and the assignmentAi = Oi

p*yes denotes that9v 2 Oi
p*yes such thatAi = v.

Intuitively, the notation is used when an agent detects that an operation is succeeding, but it is not
known which task is being performed. This analogous to the situation in the distributed sensor
network domain where an agent may detect a target in a sector, but not know its exact location.
Finally, when a variableAi is assigned a value, the corresponding agent executes the corresponding
operation.

Next, we must constrain agents to assign “yes” values to variables only when an operation
has succeeded. However, in dynamic problems, an operation may succeed at some time and fail
at another time since tasks are dynamically added and removed from the current set of tasks to
be performed. Thus, every variable is constrained by the followingdynamiclocal constraints (as
defined in Section 5).

� Dynamic Local Constraint 1 (LC1): 8Tr 2 �, 8Oi
p 2 �(Tr),

LC1(Ai) = (P, C), where Predicate P:Oi
p succeeds.

Constraint C:Ai = Oi
p*yes

� Dynamic Local Constraint 2 (LC2): 8Tr 2 �, 8Oi
p 2 �(Tr),

LC2(Ai) = (P, C), where Predicate P:Oi
p does not succeed.

Constraint C:Ai 6= Oi
p*yes

The truth value of P is not known in advance. Agents must execute their operations, and based
on the result, locally determine if C needs to be satisfied. In dynamic problems, where the set of
current tasks is changing over time, the truth value of P will also change over time, and hence the
corresponding DyDisCSP will need to be continually monitored and resolved as necessary.

We now define the external constraint (EC) between variables of two different agents. EC is a
normal static constraint and must always be satisfied.

� External Constraint : 8Tr 2 �, 8Oi
p 2 �(Tr), 8Aj 2 A,

EC(Ai, Aj): (1)Ai = Oi
pTryes, and

(2) 8tr 2 Tr, Oi
p 2 tr, 9q Oj

q 2 tr:

) Aj = Oj
qTryes

The EC constraint requires some explanation. It basically says that ifAi detects a task, then
other agents in minimal settr must also help with the task. In particular, Condition (1) states
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that an agentAi is executing a successful operationOi
p for taskTr. Condition (2) quantifies the

other agents whose operations are also required forTr. If Aj is one of those agents, i.e.,Oj
q is an

operation that can help performTr, the consequent requiresAj to choose operationOj
q. Note that

every pair of variablesAi andAj have an EC constraint between them. IfAj is not required for
Tr, condition (2) is false and EC is trivially satisfied.

6.2 Correctness of Mapping I

We now show that mapping I can be used to model any given SCF Resource Allocation Problem
as a DyDisCSP. Theorem II states that our DyDisCSP always has a solution. This means the
constraints as defined above are not inconsistent and thus, it is always possible to solve the resulting
DyDisCSP. Theorem III then states that if agents reach a solution, all tasks are performed. Note
that the converse of the Theorem III does not hold, i.e. it is possible for agents to be performing
all tasksbeforea solution to the DyDisCSP is reached. This is due to the fact that when all current
tasks are being performed, agents whose operations are not necessary for the current tasks could
still be violating some constraints.

Theorem II: Given an unrestricted SCF Resource Allocation ProblemhAg,
,�i,�current �
�, a solution always exists for the DyDisCSP obtained from Mapping I.

proof: We proceed by presenting a solution to any given DyDisCSP problem obtained from
Mapping I.

Let B = fAi 2 A j 9Tr 2 �current; 9O
i
p 2 �(Tr)g. B contains precisely those agents whose

have an operation that can contribute to some current task. We will first assign values to variables
in B, then assign values to variables that are not inB. If Ai 2 B, we assignAi = Oi

pTryes, where
Tr 2 �current andOi

p 2 �(Tr). We know suchTr andOi
p exist by the definition ofB. If Ai 62 B,

we may choose anyOi
pTrno 2 Domain(Ai) and assignAi = Oi

pTrno.
To show that this assignment is a solution, we first show that it satisfies the EC constraint. We

arbitrarily choose two variables,Ai andAj, and show that EC(Ai, Aj) is satisfied. We proceed by
cases. LetAi; Aj 2 A be given.

� case 1:Ai 62 B

SinceAi = Oi
pTrno, condition (1) of EC constraint is false and thus EC is trivially satisfied.

� case 2:Ai 2 B;Aj 62 B

Ai = Oi
pTryes in our solution. Lettr 2 Tr, Oi

p 2 tr. We know thatTr 2 �current and since
Aj 62 B, we conclude that6 9Oj

q 2 tr. So condition (2) of the EC constraint is false and thus
EC is trivially satisfied.

� case 3:Ai 2 B;Aj 2 B

Ai = Oi
pTryes andAj = Oj

qTsyes in our solution. Lettr 2 Tr, Oi
p 2 tr. Ts andTr must be

strongly conflict free since both are in�current. If Ts 6= Tr, then 6 9 Oj
n 2 
, Oj

n 2 tr. So
condition (2) of EC(Ai,Aj) is false and thus EC is trivially satisfied. IfTs = Tr, then EC is
satisfied sinceAj is helpingAi performTr.

Next, we show that our assignment satisfies the LC constraints. IfAi 2 B thenAi = Oi
pTryes,

and LC1, regardless of the truth value of P, is clearly not violated. Furthermore, it is the case
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thatOi
p succeeds, sinceTr is present. Then the predicate P of LC2 is not true and thus LC2 is

not present. IfAi 62 B andAi = Oi
pTrno, it is the case thatOi

p is executed and, by definition,
does not succeed. Then, the predicate P of LC1 is not satisfied and thus LC1 is not present. LC2,
regardless of the truth value of P, is clearly not violated. Thus, the LC constraints are satisfied
by all variables. We can conclude that all constraints are satisfied and our value assignment is a
solution to the DyDisCSP.2

Theorem III: Given an unrestricted SCF Resource Allocation ProblemhAg,
,�i,�current �
� and the DyDisCSP obtained from Mapping I, if an assignment of values to variables in the
DyDisCSP is a solution, then all tasks in�current are performed.

proof: Let a solution to the DyDisCSP be given. We want to show that all tasks in�current

are performed. We proceed by choosing a taskTr 2 �current. Since our choice is arbitrary and
tasks are strongly conflict free, if we can show that it is indeed performed, we can conclude that all
members of�current are performed.

Let Tr 2 �current be given. By theNotification Assumption, some operationOi
p, required

by Tr will be executed. However, the corresponding agentAi, will be unsure as to which task
it is performing whenOi

p succeeds. This is due to the fact thatOi
p may be required for many

different tasks. It may choose a task,Ts 2 T (Oi
p), and LC1 requires it to assign the valueOi

pTsyes.
We will show thatAi could not have chosen incorrectly since we are in solution state. The EC
constraint will then require that all other agentsAj, whose operations are required forTs also
execute those operations and assignAj = Oj

qTsyes. We are in solution, so LC2 cannot be present
for Aj. Thus,Oj

q succeeds. Since all operations required forTs succeed,Ts is performed. By
definition,Ts 2 �current. But since we already know thatTs andTr have an operation in common,
the Strongly Conflict Free condition requires thatTs = Tr. Therefore,Tr is indeed performed.2

7 Weakly Conflict Free Problems

In this section, we first show the complexity of
�
n

k

�
-exact WCF resource allocation problems and

that of unrestricted WCF resource allocation problems. The complexity results are based on a static
centralized problem solver but as mentioned, the dynamic distributed case can be no easier. Next,
Section 7.2 begins with a discussion of the difficulty in using Mapping I for solving WCF prob-
lems. This leads to the introduction of a second mapping, Mapping II, which is able to map WCF
problems into DyDisCSP so that it can be efficiently solved using existing distributed constraint
reasoning methods.

7.1 Complexity of WCF Problems

Theorem IV:
�
n

n

�
-exact WCF resource allocation problems can be solved in time linear in the

number of tasks.
proof: Since every task in an

�
n

n

�
-exact problem has a single minimal set, there is no back-

tracking required. Greedily choose the single minimal set for each task. We are guaranteed to find
a solution by the WCF condition.2

Theorem V:
�
n

k

�
-exact WCF resource allocation problems can be solved in time polyno-

mial in the number of tasks and operations.
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proof: We can convert a given
�
n

k

�
-exact resource allocation problem to a network-flow prob-

lem known to be polynomial. Let such a resource allocation problem be given. We first construct
a tripartite graph and then convert it to a network-flow problem.

� Create three empty sets of vertices, U, V, and W and an empty edge set E.

� For each taskTr 2 �, add a vertexur to U.

� For each agentAi 2 Ag, add a vertexvi to V.

� For each agentAi, for each operationOi
p 2 Op(Ai), add a vertexwi

p to W.

� For each agentAi, for each operationOi
p 2 Op(Ai), add an edge between verticesvi, wi

p to
E.

� For each taskTr, for each operationOi
p 2 �(Tr), add an edge between verticesur, wi

p to E.

We convert this tripartite graph into a network-flow graph in the usual way. Add two new
vertices, a supersources, and supersinkt. Connects to all vertices in V and assign a max-flow
of 1. For all edges among V, W, and U, assign a max-flow of 1. Now, connectt to all vertices in
U and for each edge (ur, t), assign a max-flow ofkr. We now have a network flow graph with an
upper limit on flow of

Pj�j
i=1 ki.

We show that the resource allocation problem has a solution if and only if the max-flow is equal
to
Pj�j

i=1 ki.
) Let a solution to the resource allocation problem be given. We will now construct a flow

equal to
Pj�j

i=1 ki. This means, for each edge between vertexur in U andt, we must assign a flow
of kr. It is required that the in-flow tour equalkr. Since each edge between W and U has capacity
1, we must choosekr vertices from W that have an edge intour and fill them to capacity. LetTr be
the task corresponding to vertexur, andtr 2 Tr be the minimal set chosen in the given solution.
We will assign a flow of 1 to all edges (wi

p; ur) such thatwi
p corresponds to the operationOi

p that is
required intr. There are exactlykr of these. Furthermore, since no operation is required for two
different tasks, when we assign flows through vertices in U, we will never choosewi

p again. For
vertexwi

p such that the edge (wi
p, ur) is filled to its capacity, assign a flow of 1 to the edge (vi, wi

p).
Here, when a flow is assigned through a vertexwi

p, no other flow is assigned throughwi
q 2 Op(Ai)

(p 6= q) because all operations inOp(Ai) are mutually exclusive. Therefore,vi’s outflow cannot
be greater than 1. Finally, the assignment of flows froms to V is straightforward. Thus, we will
always have a valid flow (inflow=outflow). Since all edges from U tot are filled to capacity, the
max-flow is equal to

Pj�j
i=1 ki.

( Assume we have a max-flow equal to
Pj�j

i=1 ki. Then for each vertexur in U, there are
kr incoming edges filled to capacity 1. By construction, the set of vertices in W matched tour

corresponds to a minimal set inTr. We choose this minimal set for the solution to the resource
allocation problem. For each such edge (wi

p, ur), wi
p has an in-capacity of 1, so every other edge

out ofwi
p must be empty. That is, no operation is required by multiple tasks. Furthermore, since

outgoing flow thoroughvi is 1, no more than one operation inOp(Ai) is required. Therefore, we
will not have any conflicts between minimal sets in our solution.2
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Figure 3: Reduction of graph 3-coloring to Resource Allocation Problems

Theorem VI: Determining whether an unrestricted resource allocation problem is Weakly
Conflict Free is NP-Complete.

proof: We reduce from 3 coloring problem. For reduction, let an arbitrary instance of 3-color
with colors c1; c2; c3, verticesV and edgesE, be given. We construct the resource allocation
problem as follows:

� For each vertexv 2 V , add a taskTv to�.

� For each taskTv 2 �, for each colorck, add a minimal settckv to Tv.

� For each edgevi; vj 2 E, for each colorck, add an operatorOck
vi;vj

to
 and add this operator
to minimal setstckvi andtckvj .

� Assign each operator to a unique agentAO
ck
vi;vj

in Ag.

Figure 3 illustrates the mapping from a 3 node graph to a resource allocation problem. With
the mapping above, it is somewhat easy to show that the 3-color problem has a solution if and only
if the constructed resource allocation problem is weakly conflict free.

7.2 Mapping WCF Problems into DyDisCSP

Our first mapping has allowed us to solve any SCF resource allocation problem. However, when
we attempt to solve WCF resource allocation problems with this mapping, it fails because the
DyDisCSP becomes overconstrained. This is due to the fact that Mapping I requires all agents
who can possibly help perform a task to do so. If only three out of four agents are required
for a task, Mapping I will still require all four agents to perform the task. In some sense, this
results in an overallocation of resources to some tasks. This is not a problem when all tasks are
independent as in the SCF case. However, in the WCF case, this overallocation may leave other
tasks without sufficient resources to be performed. One way to solve this problem is to modify the
constraints in the mapping to allow agents to reason about relationships among tasks. However,
this requires adding n-ary (n > 2) external constraints to the mapping. This is problematic in
a distributed situation because there are no efficient algorithms for non-binary distributed CSPs
– they require extraordinary amounts of inter-agent communication. Instead, we create a new
mapping by extending mapping I to n-ary constraints, then taking its dual representation. In the
dual representation, variables correspond to tasks and values correspond to operations. This allows
all n-ary constraints to belocal within an agent and all external constraints are reduced to equality
constraints. Restricting n-ary constraints to be local rather than external is more efficient because
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it reduces the amount of communication needed between agents. This new mapping, Mapping II,
allocates only minimal resources to each task, allowing WCF problems to be solved. Mapping II
is described next and proven correct. Here, each agent has a variable for each task in which its
operations are included.

Mapping II: Given a Resource Allocation ProblemhAg,
,�i, the corresponding DyDisCSP
is defined as follows:

� Variables: 8Tr 2 �; 8Oi
p 2 �(Tr), create a DyDisCSP variableTr;i and assign it to agent

Ai.

� Domain: For each variableTr;i, create a valuetr;i for each minimal set inTr, plus a “NP”
value (not present). The NP value allows agents to avoid assigning resources to tasks that
are not present and thus do not need to be performed.

In this way, we have a variable for each task and a copy of each such variable is assigned to
each agent that has operation for that task. For example in Figure 2.b, Agent A1 has one variable,
T1;1, Agent A2 has one variableT1;2, Agent A3 has two variables,T1;3 andT2;3, one for each task
it can perform, and Agent A4 has two variables,T1;4 andT2;4. The domain of eachT1;i variable
has five values, one for each of the four minimal sets as described in Section 4, plus the NP value.

Next, we must constrain agents to assign non-NP values to variables only when an operation has
succeeded, which indicates the presence of the corresponding task. However, in dynamic problems,
an operation may succeed at some time and fail at another time since tasks are dynamically added
and removed from the current set of tasks to be performed. Thus, every variable is constrained by
the following dynamic local constraints.

� Dynamic Local (Non-Binary) Constraint (LC1) :

8Ai 2 Ag, 8Oi
p 2 Op(Ai), let B =f Tr;i j O

i
p 2 Tr g. Then let the constraint be defined as a

non-binary constraint over the variables in B as follows:

Predicate P:Oi
p succeeds

Constraint C:9Tr;i 2 B Tr;i 6= NP.

� Dynamic Local Constraint (LC2): 8Tr 2 �, 8Oi
p 2 �(Tr), let the constraint be defined on

Tr;i as follows:

Predicate P:Oi
p does not succeed

Constraint C:Tr;i = NP

We now define the constraint that defines a valid allocation of resources and the external con-
straints that require agents to agree on a particular allocation.

� Static Local Constraint (LC3): 8Tr;i; Ts;i, if Tr;i = tr;i andTs;i = ts;i, thentr;i and ts;i
cannot conflict. NP does not conflict with any value.

� External Constraint (EC) : 8i; j; r Tr;i = Tr;j
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For example, if Agent A4 assignsT1;4 = fO1

0
, O2

2
, O4

2
g, then LC3 says it cannot assign a

minimal set to its other variableT2;4, that contains any operation of either Agent A1, A2 or A4.
SinceT2;4 has only one minimal set,fO3

0
, O4

2
g which contains Agent A4, the only compatible

value is NP. Note that if Target 1 and 2 are both present simultaneously as shown in Figure 2.b, the
situation is overconstrained since the NP value will be prohibited by LC1.

7.3 Correctness of Mapping II

We will now prove that Mapping II can be used to represent any given WCF Resource Allocation
Problem as a DyDisCSP. As in Mapping I, the Theorem VII shows that our DyDisCSP always
has a solution, and the Theorem VIII shows that if agents reach a solution, all current tasks are
performed.

Theorem VII: Given a WCF Resource Allocation ProblemhAg,
,�i,�current � �, there
exists a solution to DyDisCSP obtained from Mapping II.

proof: For all variables corresponding to tasks that are not present, we can assign the value
“NP”. This value satisfies all constraints except possibly LC1. But the P condition must be false
since the task is not present, so LC1 cannot be violated. We are guaranteed that there is a choice of
non-conflicting minimal sets for the remaining tasks (by the WCF condition). We can assign the
values corresponding to these minimal sets to those tasks and be assured that LC3 is satisfied. Since
all variable corresponding to a particular task get assigned the same value, the external constraint
is satisfied. So we have a solution to the DyDisCSP.2

Theorem VIII: Given a WCF Resource Allocation Problem hAg,
,�i, �current � � and
the DyDisCSP obtained from Mapping II, if an assignment of values to variables in the Dy-
DisCSP is a solution, then all tasks in�current are performed.

proof: Let a solution to the DyDisCSP be given. We want to show that all tasks in�current

are performed. We proceed by contradiction. LetTr 2 �current be a task that is not performed in
the given solution state. Condition (i) of theNotification Assumption says some operationOi

p,
required byTr will be executed and (by definition) succeed. LC1 requires the corresponding agent
Ai, to assign a minimal set to some task which requiresOi

p. There may be many choices of tasks
that requireOi

p. SupposeAi chooses a taskTs. SoAi assigns a minimal set, sayts, to the variable
Ts;i. The EC constraint will then require that all other agentsAj, who have a local copy ofTs

calledTs;j, to assignTs;j = ts. In addition, ifAj has an operationOj
q in the minimal setts, it will

execute that operation. Also, we know thatAj is not already doing some other operation sincets
cannot conflict with any other chosen minimal set (by LC3).

We now have two cases. In case 1, supposeTs 6= Tr. Condition (ii) of theNotification As-
sumption states thatTr is the only task that both requiresOi

p and is actually present. Thus,Ts

cannot be present. By definition, ifTs is not present, it cannot be performed. If it cannot be per-
formed, there cannot exist a minimal set ofTs where all operations succeed (def of “performed”).
Therefore, some operation ints must fail. LetOj

q be an operation of agentAj that fails. SinceAj

has assigned valueTs;j = ts, LC2 is violated byAj. This contradicts the fact we are in a solution
state. So case 1 is not possible. This leaves case 2 whereTs = Tr. Then, all operations ints
succeed andTr is performed. We assumedTr was not performed, so by contradiction, all tasks in
�current must be performed.2
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8 Overconstrained Problems

In this section, we state the complexity of overconstrained resource allocation problems where suf-
ficient resources may not be available to complete all present tasks. In overconstrained problems,
the problem is to find�sat � �current, such that<Ag, 
, �sat> has a solution andj �sat j is
maximized. In other words, we wish to choose a subset of the tasks so that the maximum number
of tasks are completed. We show complexity of this problem to be NP-Complete.

Theorem IX: Overconstrained resource allocation is NP-Complete.
proof: We show that a special case is NP-Complete, namely, assume the problem is

�
n

n

�
-exact.

If we are given a subset of�, we can determine if the RAP is solvable in linear time. So the
problem is in NP. To show this problem is NP-hard, we will reduce from the INDEPENDENT-
SET problem. INDEPENDENT-SET is defined as follows: LetG = (V;E) be an undirected
graph, and letI � V . The setI is independentif wheneveri; j 2 I then there is no edge between
i andj. The goal is to find the largest independent set in graphG.

The reduction from INDEPENDENT-SET is as follows. For each nodei, we create a taskTi

with exactly one minimal set. For each edge,i; j 2 E, we create an operationOi;j and add it to the
minimal set ofTi andTj. Finally, create one agent for each operation. We can see that two tasks
conflict if and only if their nodes inG have an edge between them. LetI � V be is a solution to
the INDEPENDENT-SET. Let�sat be the set of tasks corresponding to the nodes inI. There is no
edge between anyi; j 2 I, so there cannot be any operation in common betweenTi andTj in �sat.
Thus,�sat is the solution to the resource allocation problem. The reverse direction is similar.2

In overconstrained domains, agents must reason about the quality of alternative allocations
and find the allocation that satisfies the most tasks. Methods to solve such problems using CSP
techniques are not currently available. Part of the difficulty is that sufficiently advanced distributed
constraint reasoning techniques which are able to handle optimization problems have not yet been
developed. Indeed, this is an active area of on-going research [13].

9 Experiments

The purpose of the experimental results in this section is to demonstrate our formalism, mapping
and solution methodology in an actual implementation using the distributed sensor network prob-
lem. This is important to ground the theory and understand its computational properties.

9.1 Distributed Resource Allocation

We empirically investigate some of the characteristics of a resource allocation problem that make
it difficult or easier to solve using the distributed constraint methodology outlined in this paper.
In particular, we evaluate the effect of increasing the number of resources (agents) while keeping
the number of tasks constant and the effect of increasing the number of tasks while keeping the
number of resources constant. Finally, we examine a heuristic whereby the most “useful” resources
(i.e., agents that can contribute to one of many possible tasks) are allocated first. The intuition
behind this heuristic is that when highly constrained resources are allocated early, if they happen
to be allocated incorrectly, it will be discovered quickly and the error can be corrected. This
heuristic is realized in the constraint framework by ordering variables so that the variables with the
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most constraints are prioritized higher in the variable instantiation order. Figure 4 shows a sensor
configuration and associated priority ordering where the most constrained agents have highest
priority.

We experiment with distributed constraint problems obtained from applying Mapping II to
various target and sensor configurations. Experimenting with Mapping II is appropriate because
it addresses WCF resource allocation problems, which are more complex than the SCF problems
addressed by Mapping I as seen in Table 1. Note that these are not toy examples but rather real
problems from hardware sensor configurations similar to that shown in Figure 4. The problems
are solved using state-of-the-art distributed constraint reasoning algorithms [29] [13]. To measure
progress over time in a system that is completely asynchronous and distributed, previous methods
in distributed constraint reasoning of counting ”synchronous cycles” [29] were not realistic and
acceptable. Instead, we measure the number of search cycles by counting the maximum number of
backtrack messages sent by any agent in the system. In the following, we present our hypotheses
for the experiments and then present the experimental results.

Hypothesis 1: Mapping II scales well as number of resources (agents) increases but num-
ber of tasks remains constant.In terms of the constraint graph, increasing the number of agents
corresponds to increasing the number of variables and constraints in the problem. However, keep-
ing the number of tasks constant means that choosing assignments for the new constraints is easy.
Few cycles should be required between agents with these types of variables. Figure 5(left) plots
the experimental results with two configurations, chain and grid, where we keep the number of
interacting tasks constant at one, two, three or four, while increasing the number of agents. The
number of agents is shown on the x-axis and number of cycles to solution on the y-axis. Figure
5(right) plots the total number of messages exchanged. The scaling is almost constant so we see
that our hypothesis is verified. This is a desirable property of our mapping because it means that
the number of agents, by itself, does not adversely affect time to solution.

Hypothesis 2: The Distributed Resource Allocation Problem becomes harder as number
of tasks increases but number of resources (agents) remains constant. However, this effect can
be mitigated by allowing the most constrained resources to be allocated first.If the number
of tasks increases while the number of resources remains constant, the allocation problem should
become more difficult to solve and a larger number of cycles will be necessary to reach the solution.
Figure 6 (left) shows results for two sensor configurations. The chain configuration has 28 variables
with domain size 5 and 94 constraints and the grid configuration has 36 variables with domain size
5 and 154 constraints. The graph shows that the number of cycles (y-axis) increases exponentially
as more interacting tasks (x-axis) are added. Figure 6 (right) shows similar results for total number
of messages exchanged. Variables are ordered arbitrarily. However, Figure 7 shows the same
experiment but the variable ordering is modified so that most constrained agents are higher in the
ordering. The results show that this priority ordering is superior to the arbitrary ordering from
Figure 6 in terms of both cycles and number of messages. This supports our hypothesis.

9.2 Target Tracking using DyDisCSP

We have also applied our solution methodology to the distributed sensor network problem de-
scribed in Section 2 using both real hardware and a detailed simulator. Although it was infeasible
to do extensive experiments directly on the hardware due to unavailability of the equipment in our
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Figure 4: A chain configuration of sensors and targets. Sensors are numbered according to their
priority order where a higher number indicates higher priority. If the sensors of higher priority in
the middle of the chain choose their sectors first, a global solution can be found more quickly.
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Figure 5: Number of cycles (left) and number of messages (right) with increasing number of agents
and constant number of tasks
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Figure 7: Heuristic priority ordering. Number of cycles (left) and number of messages (right) with
increasing number of interacting tasks. Number of cycles and number of messages decreases as
compared to the arbitrary priority ordering from Figure 6.

lab, we were able to successfully complete evaluation trials conducted in government labs where
agents collaboratively tracked a moving target. In particular, our DyDisCSP implementation and
the mapping introduced in Section 7 was successfully run on eight communicating hardware sen-
sor nodes (see Figure 2.a). This target tracking requires addressing noise, communication failures,
and other real-world problems; this was done outside the DyDisCSP framework and hence not
reported here. However, the hardware trials are significant since they provide evidence that the
assumptions underlying our solution methodology do not violate crucial real-world constraints.

In addition to hardware experiments, a simulator that very faithfully mirrors the hardware has
been made available to us. We have done extensive tests using this simulator to further validate the
DyDisCSP formalization. Table 2 presents some experimental results from the implementation in
the simulator. One evaluation criteria in distributed sensor networks is how accurately targets are
tracked. Here, the accuracy of a track is measured in terms of theRMS(root mean square) error in
the distance between the real position of a target and the target’s position as estimated by a team of
sensor agents. Domain experts termed the RMS error of up to 3 units as acceptable. Experiments
were conducted in different dynamic situations varying the type of resource allocation problem, the
number of nodes/targets, and the configuration. RMS error, message number, and sector change
are averaged over the number of involved agents. In the “node number” column, the number
in parentheses indicates the number of rows and columns of the grid configuration where sensor
agents are located. For instance, the last row represents the result of the WCF resource allocation
problem with 12 sensor nodes (in 3x4 grid) and 4 four targets: the RMS of 3.24 units with average
30 messages and 2 sector changes per node.

10 Summary and Future Work

In this paper, we have made three contributions. First, we proposed a formalization of distributed
resource allocation that is expressive enough to represent both dynamic and distributed aspects of
the problem. Second, we defined different categories of difficulties of the problem and presented
detailed complexity results for each category. Third, in order to address these formalized prob-
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Problem type node number target number avg RMS avg message numberavg sector changes
WCF/SCF 4 (2x2) 1 2.58 14 0.5

SCF 8 (2x4) 2 3.21 17.08 0.5
SCF 9 (3x3) 2 3.21 21.89 0.2
SCF 16 (4x4) 4 2.58 23.13 0.5
WCF 6 (2x3) 2 2.50 45.17 1.6
WCF 12 (3x4) 4 3.24 30 2.0

Table 2: Results from sensor network domain for dynamic resource allocation problems.

lems, we define the notion of Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP)
and present a general strategy for mapping distributed resource allocation into DyDisCSP. Through
both theoretical analysis and experimental verifications, we have shown that our theoretical frame-
work for dynamic and distributed resource allocation is powerful and unique, and can be applied to
real-problems such as the Distributed Sensor Network Domain. Indeed, in the future, our formal-
ization may enable researchers to understand the difficulty of their resource allocation problem,
choose a suitable mapping using DyDisCSP, with automatic guarantees for correctness of the so-
lution.

A variety of future issues remain in order to fully address the distributed resource allocation
problem. First, agents may have insufficient resources available (e.g. theover-constrained(OC)
resource allocation problems defined in Section 4) or resources may have varying costs. In such
domains, agents must reason about the quality of alternative allocations and find the allocation
that satisfies the most tasks for the least cost, for example. Methods to solve such problems using
CSP techniques are not currently available but is an active area of on-going research [13]. Second,
agents may encounter sensor noise or agent failure. We desire the system to be able to continue
to perform tasks by transferring tasks to more capable agents or recruiting new agents if needed.
Resource allocation methods that are robust these problems are missing. Finally, agents may need
to solve difficult allocation problems under severe real-time constraints. For example, the envi-
ronment may impose hard deadlines after which an obtained solution is useless. In order to be
effective in such domains, agents must be able to explicitly reason about the amount of time they
have available to solve a given problem and obtain solutions accordingly.
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