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ABSTRACT
Quantum architectural research has been hindered by the
lack of scalable simulation tools. This deficiency is un-
derstandable, since the amount of information required
to accurately simulate a quantum system grows exponen-
tially. However, it is possible to obtain accurate statisti-
cal information about a quantum architecture, without
fully simulating a quantum algorithm. Some interesting
questions for architects are: how fast does it run? how
many operations are performed? how reliable is the re-
sult? To answer these questions, a quantum simulator
doesn’t require complete state information. This paper
is a proposal for a scalable quantum architectural sim-
ulator, based on a hierarchy of modeling abstractions,
that works across a few different proposed silicon-based
quantum device technologies.

1. INTRODUCTION
There are many different packages that simulate quan-

tum computations [8], by simulating quantum state tran-
sitions. While quite useful for verifying algorithms on
a small number of quantum bits, the overhead of storing
and manipulating quantum state makes such languages
impractical for modeling systems of more than a dozen
entangled qubits. This makes the straightforward ap-
proach impractical; we cannot utilize the same methods
of classical architecture research in the quantum domain.

Fortunately, for architectural studies we can make an
important observation: simulating a quantum state re-
quires potentially exponential resources, but simulating
the reliability of a quantum state requires only polyno-
mial overhead. Hence, if we divorce of ourselves of the
actual state (i.e. the classical analog of the simulated
memory and register values), and instead focus only on
estimating the reliability of this state, then a quantitative
investigation of quantum architectures becomes practi-
cal.

In this paper we outline the necessary abstractions for
a quantum architectural simulator, and how these mod-
els can be linked together for polynomial time evalua-

tion of architecture proposals. Classically, architects are
generally interested in the following question: how fast
is a given architecture on a given application. The ulti-
mate goal is the optimization of the cost in terms of area
and/or power. In the quantum world, the view is similar
except that one tries to optimize for area (least number of
quantum bits), while still maintaining a necessary level
of reliability.

The next section sets the stage with a discussion of
classical architectural simulation. Section 3 gives an
overview of error in quantum systems, and a rationale
for being able to estimate quantum error in polynomial
time and space. Section 4 describes an approach to state-
less simulation of quantum devices, circuits, architecture
and software in polynomial time and space. Section 5 de-
scribes the actual steps necessary to perform simulation
from software down to the circuit and gate levels. Con-
clusions are given in Section 6, and for those readers un-
familiar with quantum computation, or this paper’s nota-
tion, Section 7 gives a brief introduction and overview.

2. CLASSICAL SIMULATION
Research into conventional systems is a well estab-

lished field. Over time, it has specialized itself into var-
ious sub-disciplines such as devices, circuits, architec-
tures and software support systems, with the latter split
much finer still. The field of quantum computation is
still too young have reached a similar degree of special-
ization. Hence, we need to consider a much broader form
of “simulation”, than is typical in the classical world. To
put the remainder of this paper in perspective we outline
the various tools and research methods used in each of
these classical specialties prior to discussing their quan-
tum analog in subsequent sections.
Physical layer: The bottom-most layer of classical tech-
nology is the actual device physics that controls the inter-
actions of electrons in silicon. Here basic n-body simula-
tions are used to determine device operation. Just a small
step up from these are gates, whereby basic abstractions
such as transistors, are used to form complete logic gates.



SPICE simulation tools are used to model the input-
output characteristics to answers questions such as delay
and drive capability.
Circuits: Just above the physical layer in complexity is
the circuit layer. Here, standard building blocks such
as adders, memories, content-addressable memories and
other components are put together to form working cir-
cuits. A typical approach to work at this layer is to imple-
ment a design in a hardware description language (such
as Verilog or VHDL). The measurements undertaken at
this layer usually involve executing precisely designed
test vectors through simulation tools to test functional-
ity and estimate performance (cycle time, power). The
design can also be compiled by synthesis tools to pro-
duce an ASIC. Some or all components can be manually
optimized to form a full-custom device.
Architecture: Above the circuit implementation stands
the architectural level. Here, larger building blocks,
such as execution units, issue-windows, and instruction
fetch stages are modeled using custom designed soft-
ware simulations. Typically these simulations are far re-
moved from circuit implementations and performance is
estimated by functionally simulating an application and
measuring instructions per cycle (IPC).
Software support: At the upper most layer of classi-
cal research stands the software support system. This
usually includes a compiler, the performance of which is
typically gauged on a real system. It may also include
a dynamic optimizer, whose quality is determined either
on a real system or on an architectural level simulator.
As with the architectural layer, the performance is mea-
sured in either wall-clock time or IPC depending upon
the specifics of the research.

At the moment, all four of these layers are of interest
to quantum architects. Prior to discussing their quantum
analogs, we first describe the intuition behind polyno-
mial time simulation of reliability, which is one of the
fundamental criteria of quantum architectures.

3. RELIABILITY
A quantum operator (gate) G with input ρ and output

ρ� fails if D�G�ρ��ρ�� �� 0 for metric D such as the trace
distance. The action of a quantum operator G that fails
with probability p can be represented as

ρ� � �1� p�G�ρ�� pE�ρ�

where E�ρ� in an arbitrary quantum error operator, and
p is less than a particular bound [3]. In general, if several
such gates are composed, the error bound grows linearly
in p, to the first order.

Considering a coarser set of gates, hi, each composed
of gates from �gi�, gives a set of corresponding proba-
bilities, qi, that can be bounded by applying the quantum

circuit model, specifically, by simulating the action of a
circuit C in the presence of physical noise processes such
as control inaccuracy and decoherence. The true proba-
bility of failure is less than the composition of the qi.

3.1 Failure Bounds
An important problem in engineering reliable systems

built from faulty components is the accurate determi-
nation of bounds on failure probabilities. For classical
circuits, excellent bounds on the failure probability of a
system can be established by bounding the failure proba-
bility of its components. However, for quantum circuits,
that is not the case. This section gives some simple ex-
amples of this important and non-intuitive fact.

3.1.1 Error propagation in classical systems

Let us begin by considering the classical case. Sup-
pose we have a noisy NOT gate, G , which fails with prob-

ability p. It then follows that prob
�
G�0� � 1

�
� 1� p,

that is, acting on an input value of 0, the output is the
correct value of 1 with probability at least 1� p. Fur-
thermore, for a circuit C �G ÆG of two such noisy gates

cascaded together, prob
�
C �0� � 0

�
� �1� p�2, since the

composite circuit will give the correct output if both
gates work successfully.

This elementary idea, that the probability of success
of the whole can be bounded below by the probability
of success of its components, is crucial to the study of
complex systems and architectures, and how such sys-
tems can be made reliable. Of course, there are a variety
of errors that a classical gate can have: it may be a com-
pletely random error, or its output could be stuck at one
value, for example. Generally, however, the likelihood
that errors cancel each other out by chance is very small,
particularly in large circuits, and never for all possible
inputs (except in trivial instances). Thus, it is a good ap-
proximation that the system will operate properly only
when all of its components do.

3.1.2 Quantum gates with systematic errors

The failure probability of a quantum circuit can sim-
ilarly be bounded below by the probability of failure of
its component quantum gates. However, in some impor-
tant situations, this bound is far from being tight, mean-
ing that it is not a good assumption that the system will
operate properly only when all of its components do so
perfectly. That is because there are many more ways for
a quantum gate to fail than for a classical gate to fail.

For example, consider a noisy quantum NOT gate,
Uε � Rx�π � 2ε�, written using standard notation [6],
where ε is a fixed, small quantity. This gate suffers from
a systematic error, an over-rotation of the qubit, known
to be a common error in actual physical implementa-



tions, where the area of a pulse determines the qubit ro-
tation angle; when such pulses are too long, the qubit is
over-rotated. For an input state �0�, the output becomes
Uε�0� � �1�� ε�0�, to first order in ε. When measured,
this output state gives the wrong answer, 0, with proba-
bility �ε�2.

When these faulty gates are cascaded, errors of this
form can be made to partially cancel, even for all pos-
sible inputs, with specially constructed circuits. For
example, consider the four gate quantum circuit Vε �
Rx�π�2� ε�R�y�π� 2ε�Rx�π�2� ε�R�z�π� 2ε�. This
is a sequence of four rotations that accomplish the same
action as U when ε � 0. However, for small ε, V �0� �
�1�� ε2�0�. When measured, this output state gives the
wrong answer, 0, with probability �ε�4, which is much
less than before! In fact as long as ε is sufficiently small,
the failure probability of this circuit is less than the fail-
ure probability of any of the individual gates, for all in-
puts.

Let us analyze this example in more detail by introduc-
ing the concept of fidelity. The entanglement fidelity of a
single-qubit unitary quantum gate acting on an entangled
two-qubit pure state �ψ�AB is

F��ψ�AB�U� � F��ψ�AB��U � I��ψ�AB�
2� (1)

The entanglement fidelity is a lower bound on the square
of the static fidelity of U acting on a single-qubit state
[6], which can be interpreted as the probability that U
succeeds given �ψ�A. By minimizing the entanglement
fidelity over all two-qubit entangled pure states, one can
define a gate fidelity

F�U1�U2�	 min�ψ�AB
F��ψ�AB�U

†
1U2� (2)

that can be written [1]

F�U1�U2� �
�tr�U†

1U2��2
4

� (3)

In this sense, F�U1�U2� is a lower bound on the proba-
bility that the noisy gate U1 succeeds given the ideal gate
U2, or, as we will prefer, 1�F�U1�U2� is an upper bound
on the probability of failure.

The failure probability of Uε acting on an arbitrary
single-qubit state �ψ� � cos�θ�2��0� � eiφ sin�θ�2��1�
is pfail�Uε� �ψ�� � 1 � 
ψ�U†

0 Uε�ψ�� In the specific
case where Uε � Rx�π � 2ε�, pfail � 1 � cos2 ε �
sin2 εsin2 θcos2 φ. The gate fidelity of the noisy Uε gate,
F�Uε�U0� � cos2 ε� gives a clear upper bound p fail �
1� cos2 ε which is met by the states �0�, �1�, and states
that pass through �0�� i�1� as θ varies (i.e. Uε gives the
worst performance for these states).

Consider now the error bound on the V gate given by
the gate fidelity,

pfail � 1�F�Vε�V0� � 1� cos2 ε�cosε� sin2 ε�2� (4)
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Figure 1: Upper bounds on gate failure probability
implied by fidelity. The solid line is 1�F�Vε��iX�
and the dashed line is 1�F�Uε��iX�. These failure
probabilities are very close to those obtained when
Uε and Vε act on �0� (i.e. sin2 ε and sin4 ε respectively).

Surprisingly, this error bound is better than the bound on
U , even though two of the four gates in V implement
U . In fact, F�Vε��iX� � F�Uε��iX� for 0 � ε � π�2,
noting that V0 � U0 � �iX (see Figure 1). States very
close to �0� or �1� fail with probability close to the upper
bound given by the gate fidelity.

Calculating the failure probability of V to full order,
pfail�V � � pfail�U� for all �ψ� some distance δ�ε� from
the X eigenstates �0�� �1�, where δ�ε� is on the order of
ε.

This example shows how gates with systematic errors
can be used to construct circuits which perform with
lower failure probability than its components would im-
ply, if we had used classical methods for bounding fail-
ure probability. This technique is an art known as com-
posite pulses in the field of NMR [5], and is one of the
most important tools in practical quantum computation
today.

3.1.3 Quantum gates with random errors

The failure probability of quantum circuits also de-
pends highly on the specific inputs fed to it; often, even
for gates which fail randomly, there are wide classes of
inputs which may or may not be sensitive to the error
induced by the gate.

For example, consider the single qubit gate U �
Rx�2η�, where η is a normally distributed random vari-
able, with zero mean and variance σ. This faulty gate
produces significant error when fed a �0� or �1� in-
put, since U �0� � cos�η��0�� isin�η��1� and U �1� �
cos�η��1�� isin�η��0�; ideally, the output should be the
same as the input (because the mean value of the noise
is zero), but the wrong answer is measured at the output



with probability

1
2πσ

� ∞

�∞
sin2�η�e�η2�2σdη � 1� e�2σ � (5)

However, now consider the circuit V � HRx�2η�H,
where H is the Hadamard gate. This circuit works
flawlessly on inputs �0� and �1�, since V �0� � �0� and
V �1�� �1�. In fact, any single qubit gate Rn̂�2η� has the
same two eigenstates as n̂ ��σ and will work flawlessly on
these states. This example makes the point that quantum
circuits with random errors may also have significantly
different failure probabilities than the naive bound given
by combining the failure probability of its component
gates.

3.2 Polynomial Time Simulation
Clearly, it is desirable to achieve a tight lower bound

on reliability. However, to do so requires an accurate
description of the complete quantum state. Since the
amount of state information grows exponentially with
system size, this limits the size of the system being sim-
ulated.

One simplifying assumption is that errors accrued
by the system are, to first order, independent. This
doesn’t help much if the system is viewed as an amor-
phous group of qubits, but it becomes very helpful when
circuit-level structure is imposed on the qubits. In partic-
ular, certain structures are deemed essential for scalable
quantum computation. These include blocks for error-
correction codes (linear codes, decoherence free sub-
spaces, etc.), circuits for entropy removal, and circuits
to purify known states with a quantifiable amount of er-
ror. All of these structures have the purpose of removing
error from a subset of qubits in the system. Furthermore,
these structures are generally small enough to simulate
precisely. The precise simulation results in a known ag-
gregate behavior that can be modeled much more effi-
ciently.

Aggregating substructures that have been precisely
modeled can be done in polynomial time, given the as-
sumption that errors between substructures are not cor-
related. If error accrues in the system more rapidly than
it is removed, however, this can be detected during sim-
ulation, resulting in a simulation failure.

4. QUANTUM SIMULATORS
In Section 2 we described how research into classical

systems has already specialized to the degree that dedi-
cated tools and even research communities focus on indi-
vidual abstraction layers from device technology through
software. Research into quantum systems has not under-
gone such a specialization yet and thus quantum archi-
tecture research needs to work across the conventional
layers of abstraction. In this section we describe the

Operator Time Error
ROTX 1.0e-7 1.0e-8
ROTZ 1.0e-7 1.0e-8
SWAP 5.7e-7 2.1e-7

Table 1: Operations summary for the Skinner-Kane
technology.

approach to quantum devices, circuits, architecture and
software simulation that we are undertaking.

4.1 Physical layer
The concept of a qubit is naturally at the core of our

physical device simulation. We abstract from the actual
device technology, instead characterizing qubits by the
following properties:
Static decoherence: quantum systems are subject to
noise from the environment, leading to decoherence.
The amount of decoherence, or introduced error, is a
function of time.
Realizable operators: each quantum device technology
seems to implement a different set of underlying quan-
tum operations. Thus, at the core of a qubit model is
what operations are supported, how long they require
in real time execute, how much error is induced while
performing them, and how the canonical set of universal
quantum operations are synthesized from them. Table 1
depicts these attributes for the Skinner-Kane [11] tech-
nology.
Measurement operators: measurement operators are
applied to the system for two reasons. The first is to
read out the final state of the system. The second, and
more common, reason is for error mitigation. Some
technologies allow for measurement on any qubit, while
others have special devices for measurement. Measure-
ment almost always has the side effect of reducing the
overall number of states, and so cannot be completely
modeled at the physical level. Hence, the description
of a measurement operator contains a “call” to an error-
mitigation function, which is implemented by the circuit-
layer.
Implementation dependent parameters: some imple-
mentations may parameters that are not general. An ex-
ample is the speed of ballistic transport–physically mov-
ing qubits, rather than states. Not all qubits are mobile.

Combined these properties are used to control the sim-
ulation of a quantum architecture. By exploiting the
ideas from the previous section, such a device simula-
tor returns the reliability of the operation as well as the
total amount of time and resources required.

4.2 Circuit layer



To manage the complexity of classical systems, de-
signers form basic abstractions for collections of elec-
trical components. These abstractions include gates,
adders, memories, etc. These components are then com-
posed into circuits using high level description languages
or schematic capture. On occasion, full-custom layout is
used. We expect the same approach to abstraction will
be used for building large quantum circuits.

Some basic building blocks (quantum cad cells) we
have already discussed in previous work [9] and include
teleportation, entropy-exchange, and purification units.
Obvious other ones include error correction blocks and
analogs of classical components (adders, memories, etc).
As with the quantum cellular automata (QCA) work [7],
the wire-level pipelining of quantum technologies will
likely lead to some unique circuit constructions and de-
sign rules.

As with the physical layer simulation, components of
the circuit layer taken on a set of properties. These prop-
erties are very much like those a component would have
within a standard cell library.
Interconnectivity: Certain proposed device technolo-
gies, such as ion-traps [2, 4] are more mobile than oth-
ers (such as [11]). This means than instead of having
to always use a swapping or teleportation channel for
communication [9], the qubit itself can be ballistically
transported across a physical space. This interconnec-
tion ability changes the reliability of transport, just as
with conventional communication techniques.
Spatial extent: As with classical standard cells, the spa-
tial dimensions are an important property of a compo-
nent. The distance between adjacent quantum bits drives
a number of architectural parameters. For instance, an
extremely fine spacing implies a sparser classical con-
trol, leading to potential layout constraints [9], or even a
SIMD style approach to interconnect [13].
Input / output characteristics: Similar to classical
components, what inputs and outputs are available is part
of the description of a quantum cell. While quantum op-
erations are reversible by nature, it often makes sense to
have non-reversible cells, such as for entropy exchange
or measurement. Hence, the number of inputs may not
match the number of outputs on a quantum component,
even though it may perform a reversible operation (e.g.,
a reliable cnot gate may have two inputs and two outputs,
and a third input as a source of cold zero qubits from an
entropy exchange cell).
Reliability function: Unlike the low-level error proba-
bility calculation of the physical layer simulation, at the
component level we abstract errors from state, and pro-
vide an aggregate error behavior model.

4.3 Architecture layer
The architectural level simulation of a quantum com-

puter is currently an extension of the circuit level simu-
lator. In the classical case, one simulates the architecture
of a computer with the appropriate Verilog or VHDL cir-
cuit description. However, quantum hardware descrip-
tion languages [12] are only now being developed. In
the combined simulation approach required for quantum
systems at the moment, it makes little sense to make a
distinction between an architecture layer simulator and
simulation of ever more complex quantum CAD cells.

In the future, however, as particular quantum device
technologies prove more promising than others and we
can abstract ever more away from them, then a more ar-
chitecturesque simulator will be called for. As is the case
now, such a simulator is focused on obtaining two re-
sults: efficiency of execution on a given algorithm, and
reliability.

4.4 Software support
The final layer of abstraction for a quantum simulator

is software support, or the quantum instruction set archi-
tecture. Our work here is only just beginning, but two
things seem evident:
Parallel languages will almost certainly be used. Quan-
tum devices are so unreliable, and it will be extremely
costly to make large ones, that the typical cost/benefit
of making the programmers task more difficult is quite
different than on a classical system. It seems likely that
anything that reduces the number of qubits required, or
speeds up the calculation by exploiting parallelism will
be worth it, even with a great deal of programmer inter-
vention.
Dynamic compilation is a certainty. Currently, quan-
tum algorithms are expressed at the bit-level. Similar to
classical bit-level calculations, a significant amount of
circuit specialization opportunities are available. For ex-
ample, it is well known that specialized multipliers are
far smaller and faster than fully general ones. At the
heart of Shor’s algorithm for factoring [10] lies a multi-
ply that is ripe for such specialization.

With these speculations about the software support in
mind, it seems likely that any quantum architecture sim-
ulator will also tightly couple the software support sys-
tem. Indeed, we imagine that in the first revision of our
work this software support will be done “off line” but
with full knowledge of the architecture and software be-
ing simulated.

5. SIMULATOR OPERATION
Execution of the quantum architecture simulator pro-

ceeds as follows. First a pre-execution phase is per-
formed:

1. Dynamically compile the application by specializ-
ing the operations as much as possible to remove



redundant or useless primitives.

2. Instantiate operations by realizing them into the
underlying physical gates provided by the mod-
eled device technology. The physical level should
provide a set of operators that can be composed
to form any arbitrary operator. For example, the
phosphorus-silicon model allows for arbitrary ro-
tations around the x̂- and ẑ-axes, and partial SWAP

“rotations.” Any arbitrary single-qubit operator
can be composed from three rotation operators. In
addition, if the error model is known a priori, then
it is possible to compose multiple operators with
some error ε so that the error cancels in large part
to εn:

3. Optimize the operators to reduce the overall op-
erator count. This is done because often adjacent
logical quantum operations are decomposed into
a set of physical gates, that when such gates are
placed back-to-back an even more efficient under-
lying physical implementation is possible. For ex-
ample, if an operator is composed of an x̂-rotation,
a ẑ-rotation, and a second x̂-rotation, applying a
second operator would juxtapose two x̂-rotations,
that can be combined.

4. Verify that all constraints at the physical and struc-
tural levels are met, such as supply of cold states,
space for classical control circuitry, etc.

Next, a loop is performed with the body of the loop be-
ing something like an n-body simulation. Each element
of this simulation is a physical quantum bit, and may
have an operator applied at any time step. All operators
that can be currently applied are applied:

1. Check for circuit-layer constraints, such as adja-
cency. If a constraint is unmet, raise an error.

2. Accrue error. As discussed in Section 3, to a first
order approximation, error accrues linearly with
time (static decoherence) and operator application.

3. Remove any error due to an error correction
process, by applying circuit-level error-mitigation
functions associated with measurement operators.

6. CONCLUSION
Quantum simulation has been limited to small sys-

tems due to the exponentially expanding state required
to simulate larger systems. However, results that are use-
ful to quantum architecture research do not require the
outcome of a state simulation. Rather, statistics about
the speed and reliability of an algorithm are significant.
This paper puts forward a proposal to ignore the major-
ity of state information, precisely calculate the run-time

and pessimistically estimate the reliability, in order to be
able to run larger, more meaningful simulations in poly-
nomial time. This pragmatic approach to quantitative
research into quantum systems, side-steps the difficult
challenge of exponential resource consumption, while
still providing useful insight to the architect.

7. TUTORIAL ON QUANTUM COMPU-
TATION

Quantum computation is computing on data encoded
in quantum states. A detailed description of quantum
computation is beyond the scope of this paper, and the
reader is encouraged to consult the literature [6].

In general, quantum computation is performed on bi-
nary quantum states, or qubits, much like classical com-
putation is performed on binary digits. The details of
the underlying quantum mechanism are orthogonal to
what calculations can be performed–all quantum com-
puters can efficiently compute the same class of prob-
lems, and many systems have been demonstrated or pro-
posed for quantum computation. A few examples are vi-
brational energy states of “trapped” ions, polarization of
photons, bulk nuclear magnetic resonance of specially
crafted molecules, spins of phosphorous-31 nuclei em-
bedded in isotopically pure silicon-28, quantum dots,
and Josephson junctions. The only requirements are that
a minimum set of quantum operators exist to manipulate
single qubits, interact multiple qubits, and read (mea-
sure) the result.

Analogous to the classical case, the two quantum
states are labeled 0 and 1, or more precisely, �0� and
�1�. Unlike the classical case, where a bit is either in
the 0 state or the 1 state, a qubit’s state is described by
α�0�� β�1�, where α and β are complex valued ampli-
tudes; the probability of the qubit being observed in the
state �0� is �α�2, and in state �1� is �β�2. If the qubit is
not in a pure �0� or �1� state, it is said to be in a super-
position, where the waveforms for each of the states are
added together. Observation, or measurement, collapses
the superposition to a single state.

Just as the number of states that can be represented by
a classical set of bits doubles with each additional bit,
each additional qubit doubles the number of states that
is represented by a quantum system. The difference is
that the system itself can be in a superposition of any
or all of the states, and, more importantly, any operator
applied to an n-qubit system can impact the amplitudes
of all 2n states simultaneously, as opposed to the single
state transition allowed for a classical system. This ex-
ponential speed-up in operation is balanced by the fact
that only a single state will ever be read: measuring the
system collapses all of the states in the superposition to
the single state observed, and the amplitudes of the re-



maining states are set to zero. As a concrete example,
it is possible to perform a quantum Fourier transform
(QFT) on the amplitudes of a quantum system. The re-
sult of the transform is the frequencies associated with
the discrete sample encoded in the original amplitudes.
However, measurement will only return one state. The
probability of a particular state being returned is propor-
tional to the square of the modulus of the amplitude for
that “frequency,” so the measured state is likely to repre-
sent a stronger frequency. But this is clearly not useful
for most common applications of a Fourier transform 1!

In our classical analogy, an entire system that can per-
form any algorithm can be built from a small universal
set of gates, such as NOT, AND, and OR, or even more
simply, from NAND gates. Quantum gates take a sys-
tem from one complex state to another, so one would ex-
pect the gates to be more complex, and indeed, they are.
However, it is possible to form a universal set of quantum
gates from just three operators: CNOT, H, and T . But it
is easier to understand quantum operators from the ba-
sics. The quantum equivalent of a NOT gate is the X gate,
which takes α�0�� β�1� to β�0��α�1�. Similarly, the
phase or Z gate takes α�0��β�1� to α�0��β�1�, chang-
ing the relative phase of the states by π. The Z gate has
no classical analogue, since there is no concept of phase
in a singly-valued bit. The Hadamard operator, or H
gate, is slightly more complex. Applying H to �0� gives

H�0��
�

2
2 �0��

�
2

2 �1�, while H�1��
�

2
2 �0��

�
2

2 �1�. A
little bit of thought should convince the reader that these
three gates are each their own inverse: HH�0�� �0�. The
T gate is similar to the Z gate in that it changes the rel-
ative phase of the states, but the T gate only changes
the phase by π�4. The last of the operators required for
a universal set is the CNOT gate, which takes a pair of
qubits and inverts the second (target) qubit if the first
(control) qubit is �1�. Hence, CNOT�

�
2

2 �00��
�

2
2 �10�� ��

2
2 �00��

�
2

2 �11�.
The state

�
2

2 �00��
�

2
2 �11� is an important enough

state to have several names. It is called an EPR pair,
after the Einstein-Podolsky-Rosen paradox, a cat state
after Schrödinger’s thought experiment, and is also one
of the Bell states. The reason the state is important is
that the qubits are entangled: they contain information
as a pair that neither qubit alone has. Taken separately,
each qubit has an equal probability of being measured
as �0� or �1�. However, since the two states where the
qubits have different values have zero amplitude, the pair
of qubits must measure to the same value of either �0� or
�1�.

Unlike classical bits stored in modern computers,

1However, QFT is an essential component of Shor’s algorithm,
which factors an n-bit number in time O�n3�.

qubits are relatively fragile. Interactions with the en-
vironment can cause unwanted entanglement, or deco-
herence, introducing erroneous states into the computa-
tion. One of the greatest challenges in designing quan-
tum computers is how to reduce decoherence. Opera-
tors, being external fields, are also a significant source
of decoherence, since the precision of the operator be-
ing applied is limited by the physical process that im-
plements it. One way to battle decoherence is by us-
ing error correction. While the qubits cannot be directly
measured without destroying their state, it is possible to
encode the quantum state in such a way that errors can be
greatly reduced. For example, the simplest classical er-
ror correction code is triple redundancy: 0 is encoded as
000, and 1 is encoded as 111. Applying this to quantum
states, we can encode α�0��β�1� as the three-qubit state
α�000�� β�111�. Decoherence introduces states where
the bits have different values, by flipping the value of
one of the three encoding qubits. Measuring the pairwise
parity of the qubits (using �0� ancilla) collapses the sys-
tem back to two states. In addition, the measurements in-
dicate which, if any, of the qubits was flipped. Applying
an X operator to the flipped qubit flips it back. There are
many quantum block codes known that protect against
both bit-flips and phase-flips, and also allow operators to
be applied to the encoded qubits relatively simply.
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