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Abstract

Satis abilit y procedureshave shavn signi cant promise for symbolic simulation

of large circuits, hencethey have beenusedin many formal veri cation tech-
niques, including automated abstraction re nement, ATPG etc. We shav how
to use modern SAT solvers like Cha and GRASP to compute imagesof sets
of states and how to e cien tly detect xed point of the sets of states during

reachability analysis. Our method is completely SAT based,and does not use
BDDs at all. The setsof statesand transition relation are represetted in clausal
form, which can be processedoy SAT cheders. The SAT cheder subsequetly

generatesthe set of newly reached statesin clausal form aswell. At the heart
of our enginelie two e cien t algorithms. The rst algorithm shortensthe cubes
that the SAT cheder generatesby a static-analysis algorithm, which signi -

cantly reducesthe number of cubesthe SAT cheder needsto enumerate. The

secondalgorithm reducesthe spacerequired to store sets of states as a set of
cubesby a recursive cube-mergingprocedure. We demonstrate the e ectiv eness
of our procedureon ISCAS sequettial bencdhmarks for reachability. In particu-

lar, our algorithm doesnot have BDD size explosion surprisesand deteriorates
in a predictable manner.



1 Intro duction

Image Computation and Reachabilit y Analysis Computing the set of
states reachable in one step from a given set of states under a transition rela-
tion forms the heart of many symbolic state exploration algorithms, including
reachability analysis, model cheding [8, 6, 7], etc. This operation is called im-
age computation. Let us consider a state transition relation T over the set of
states S. The set of statesis de ned by the set of valuations over a vector of
state variables x. We denote a set or a vector of variables in a boldface. The
transition relation T(x;i;x% relatesstatesde ned by valuations of presert state
variablesx and inputs i to statesde ned by valuations of next state variablesx’.
Note that we are using propositional formulas S(x) and T(x;i;x% to represen
set of states and set of transitions. The image of S(x) under T(x;i;x9 is given
by the following equation.

Img(S(x9) = 9x:T(x;i;x9) " S(x) (1)

In reachability analysis, beginning with the set of initial states Sy, images
are repeatedly computed until the set of statesdoesnot grow any more, in other
words, the least xed point of the following equation is computed.

X = X (So[ I'mg(X)) )

Following simple algorithm computesthis xed point.

Reachability (Sp)

1 Sreach

21i 0

3 while (56 )f

4 St each St each [ Si

5 Si+1 I mg(si)nsr each
6 i i+ 1

7

8

g
return  Syeach

Figure 1. Readability algorithm

In this algorithm, S; denotesthe set of newly discovered states in ead
iteration. Once there are no more states to be discovered, we have reached
a xed point.

As noted earlier, the sets of states and sets of transitions are traditionally
represerted by BDDs ([3, 8, 5, 4]). It is well known that while BDDs are
compact represenations of many functions, they unfortunately su er from size
explosion for many circuits. A BDD basedmodel cheder is like a black box.



A slight changein circuit or variable order can make model cheding infeasible.
Moreover, there are somefunctions like multipliers, wherethe BDDs are always
exponertially large in the number of variables. BDD basedmodel cheders do
not have a gradual degradation in performance, and the performanceis often
not predictable. We o er a SAT procedurebasedimage computation and xed
point detection mechanism that is robust and degradesgradually. The runtime
of our algorithm depends on the size of the input circuit and the diameter of
the circuit only.

SAT Pro cedures Recenly, propositional SAT cheders have demonstrated
tremendous successon various classesof SAT formulas. The key to the e ec-
tivenessof SAT cheders like Cha [16], GRASP [19], and SATO [2Q] is hon-
chronological backtracking, e cien t conict driven learning of conict clauses,
and improved decision heuristics.

SAT cheders have been successfullyused for Bounded Model Chedking
(BMC) [2], where the designunder consideration is unrolled and the property
is symbolically veried using SAT procedures. BMC is e ectiv e for shaving
the presenceof errors. However, BMC is not at all e ectiv e for showing that a
speci cation is true unlessthe diameter of the state spaceis known. Moreover,
BMC performancedegradeswhen searting for deepcounterexamples. The ba-
sic problem with BMC s that there is no medanism to detect whether a xed
point has beenreaced while exploring state space. A more seriousproblem is
that the transition relation is unrolled for progressiely increasing number of
steps; hence, searding for deeper courterexamples becomesimpractical. Our
algorithm is usedto detect xed points in image computations and the SAT
chedker never hasto deal with multiple unrollings of the transition relation. In
ead SAT chedker run, only onestep of the image computation is doneat atime.

The e ciency of SAT procedureshasmadeit possibleto handle circuits with
a few thousand of variables, much larger than any BDD basedmodel cheder is
able to do at presen.

The basic framework for these SAT procedures,shaowvn in Figure 2, is based
on Davis-Putnam-Longeman-Loveland (DPLL) badtracking seard, . The func-
tion decide_next_branch() choosesthe branching variable at current decision
level The function deduce() does Boolean constraint propagation to deduce
further assignmems. In the process,it might infer that the presen set of as-
signmerts to variables do not lead to any satisfying solution. This is termed
asaconict, asat leastone CNF clauseremains unsatis ed. In caseof a con-
ict, new clausesare learned by analyze_conflict() that hopefully prevert
the sameunsuccessfulseard in the future. The conict analysis also returns
a variable for which another value should be tried. This variable may not be
the most recert variable decided, leading to a non-chronological badtrack. If
all variables have beendecided,then we have found a satisfying assignmen and
the procedurereturns. The strength of various SAT chedersliesin their imple-
mentation of constraint propagation, non-chronological badktracking, decision
heuristics, and learning.



while(1) {

if (decide_next_branch()) { /I Branching
while (deduce() == conflict)y { // Propagate implications
blevel = analyse_conflict(); /I Learning
if (blevel ==0)
return UNSAT,
else
backtrack(blevel); /I Non-chronological
/I backtrack
}
}
else /I no branch meansall vars
/I have been assigned
return SAT,

Figure 2: Basic DPLL badktracking seard (used from [16] for illustration pur-
pose)

Modern SAT cheders work by introducing conict clausesin the learning
phaseand by non-chronological badtracking. Implication graphs are used for
Boolean constraint propagation. The vertexes of this graph are literals, and
ead edgeis labeled with the clausethat forcesthe assignmen. When a clause
becomesunsatis able as a result of the current set of assignmers (decision
assignmeits or implied assignmets), a conict clauseis introducedto record
the causeof the conict, sothat the samefutile seard is never repeated. The
conict clauseis learned from the structure of the implication graph. When
the seard backtracks, it badktracks to the most recen variable in the con ict
clausejust added, not to the variable that was assignedlast.

In our algorithm, we usethe Cha SAT cheder [16], asit hasbeendemon-
strated to be the most powerful SAT cheder on a wide classof problems.

The rest of the paper is organizedas follows. In Section 2, we describe our
basic SAT basedreacdability algorithm. This algorithm is ine cien t as given,
therefore, in Section 3, we describe e cien t data structure for storing sets of
states as DNF cubesand a cube enlargemen procedure. In Section 4, related
work is described. Finally, we concludein Section 6 with directions for future
researd.

2 SAT Based Fixed Point Computation

SAT chederslike Cha read propositional formulas represerted in conjunctive
normal forms (CNFs). We presernt an algorithm that doesnot use any BDDs.
We assumethat the transition relation T(x;i;x9 is already represerned in as



a set of CNF clauses. It is customary to corvert any transition relation repre-
serted asa setof propositional formula to CNF form by intro ducing intermediate
variables. This translation is polynomial in the size of the original circuit. We
represen the set of newly reached states after ead iteration of the readability
loop (S; in Figure 1) as a set of disjunctive normal form (DNF) cubes. The
set of all reachable states after eat step (Syeach) is also represerted in DNF.
Since Syeach IS in DNF, : Sieach WIll be automatically in CNF. As Cha needs
CNF represettation, we corvert S; from DNF to CNF by introducing interme-
diate variables. In ead iteration i, we ask the SAT cheder to nd satisfying
assignmerts to the formula below.

S 1(x)" T(X;i;XO) ™ 1 Sreach (XO) ©))

This formula correspondsto step 5 of the basic reachability algorithm (Fig. 1).
This formula asksthe SAT cheder to compute a satisfying assignmen suc
that the presen state variables x and input variables i satisfy the predicate
Si 1(x)~ T(x;i;x9, i. e., the set of states reachable from the newly discovered
statesin the previous iteration. We conjoin with this the negation of the set of
all accumulated states so far (: Syeach), thus we ask SAT cheder to compute
only the statesthat have not beenseensofar. If the SAT cheder concludesthat
the formula is unsatis able, then it meansthat the set of newly reached states
Si is empty, and we have reached xed point. On the other hand, if the SAT
chedker nds a satisfying assignmehn to this formula in presen state x, input i,
intermediate and x° variables, the projection of this assignmen on x° variables
givesa subsetof newly readhed states. Note that this partial assignmen to x°is
consistert with the full assignmen that the SAT cheder nds to the formula 3.
The formula 3 describesall constraints on the next set of states. Therefore, the
projection is a valid state reachable from S; ; following the transition relation
T. Therefore, the following lemma easily follows.

Lemma 2.1 The projection of any partial satisfying assignmentto Equation 3
in x, i, x%and intermediate variablesto just x°is a valid partial assignmentin
x9 describing a newly discovered state reachablefrom S; ; following T.

We add this state to S;(x) asa DNF cubed, after translating the next state
variables in the cube to preser state variables. The negation of d is a CNF
clause,which is addedasa con ict clausein the SAT engine. This clause: d is
called a blacking clause Thus after nding ead satisfying assignmem, the set
St each (XO) grows.

We presert the high level algorithm in Figure 3. The algorithm has two
loops. The outer loop carries out di erent steps of image computation, while
the inner loop is implicit in the SAT cheder, and erumeratessets of the newly
reached statesin a particular step.

Each satisfying cube d is addedto S; and S;each after enlarging it to d®in
step 6. The addition of d°to S;each is donein the SAT chedker whenthe blocking
clause: d°is added. As noted earlier, negation of S;each iS automatically in
CNF.



[* It is assumedthat S is givenin DNF form */
SatRea chability (Sp)

1 i 1

2 Sreach SO

3 while (S 16 )f
4 Si

/* DNFtoCNF corverts a formula to CNF by
introducing intermediate variables */
5 for (each satisfying partial assignmen d in x°to
DNFtoCNF (S 1(x)) " T(x; i;XO) ™ 1 Sreach (XO))
/* d cortains only next state variables*/

6 d® EnlargeCubgd)

7 Add : d°asa blocking clause

8 Si  AddCubg(S;; next2current(d9)
9 Sreach AddCubg(S; each; do)

10 endfor

11 g

12 return next2current(Syeach)

Figure 3: Outline of SAT basedreacability algorithm

3 Ecien t Implemen tation of SAT Based Reach-
abilit y

This algorithm, as it is, is very inecien t and henceimpractical. The rst
problem comesfrom the way the SAT cheder computessatisfying assignmets
or cubes. Cha SAT cheder givesvaluesto all variablesin any assignmer.
We then project this assignmem to d, which assignsvaluesto all next state
variablesx®. Therefored describesonly one newly reached states. Enumerating
states one at a time is clearly very ine cien t. Howewver, most times, only a
partial assignmen to all variables satis es the clausedatabasegivento SAT. A
partial assignmen to x° describesmore than one state at a time, the larger the
set the few the number of assignmems. This is advantageousin two ways, rst
the blocking clausefor d prunesthe SAT seard spacedrastically, second,the
number of state enumerations required go down considerably Therefore, it is
desiredthat the partial assignmen be as small as possible. It is clearly to our
advantage to get as small cubes as possible, since smaller cubes cover a larger
number of assignmets. Given a cube computed by Cha, it may be possible
to throw away certain assignmets from the cube, and still get a satisfying
cube. By a static analysis of the transition relation, we infer the unnecessary
assignmetts in d. This procedure EnlargeCule is called in line 6 ond to get a



smaller cube d°

The secondproblem is that the represenation of the sets S;eacn and even
Si can grow too large. For example, if we consider a courter that counts up
to 2%, ead iteration of the while loop will add only one state t0 Syeach. Thus
we will have to represen 230 clausesfor S;each. However, the DNF clause 1
represens all possiblevalues of the counter. In other words, after a satisfying
assignmet to S;eqch is found, we can combine multiple clausesto get a smaller
partial assignmen. For example,the DNF clausesx;” X5” : Xg and X1 X5 Xg
can be combined to x; ® x5. An e cient data structure is neededto support
this AddClauseoperation, since many clausesmay be added, and ead clause
can potentially be combined with more than one existing clause. We usea hash
table, eacyentry of which cortains a trie.

We give a cube enlargement heuristic procedurenext, which is followed by a
description of an e cien t data structure that storesS; and S;each: The enlarge-
ment procedurereducesthe number of set enumerations, hencethe amount of
time, while the seconfprocedurereducesthe spacerequiremert.

3.1 Cub e Enlargemen t

There are v e types of variables that appear in the SAT formula 3: presen
state variables x, circuit inputs i, next state variables x°, intermediate variables
is introduced while corverting S; ; to CNF, and the intermediate variables
iy introduced while corverting the transition relation T(x;i;x% to CNF. The
SAT chedker nds a satisfying assignmen c, possibly to all these variables.
However, the cube d of line 7 in the algorithm (Fig. 3) is just in terms of
x9 variables. In order to reduce the number of assignmens in d, we presen
the following procedure. This procedure assumeghat the transition relation is
given in functional form, i.e., there is a transition function f;(x) for ead next
state variables x;. Let Supp(f;) denote the support set of f;, i.e., the variables
that f; dependson. This assumptionis true for circuit descriptions. When an
assignmen to a next state variable x° can be ignored, we say that x? is *.

Free Variables

First, we describe the conceptof free variables, i.e., the variablesthat are freeto
chooseany value, despite SAT cheder assigningthem speci ¢ values. In order
to detect whether the variable v is free or not, the following consenative tests
areused. If visaninput variable or an intermediate variable, then it is de nitely

free. Moreover, for functional transition relations, we don't even needto chedk
if an intermediate variable appearsin other transition functions or not, since
intermediate variables are generatedfrom local translation for f;. The only real
problem is if v is a presen state variable. The only constraints that are placed
on the presern state variables are from S; ;. To seeif the presen satisfying
assignmer c restricts v or not, we can just chedk that assignmem to v does
not a ect the presen satisfying assignmem. This can be e cien tly detectedas
follows. While translating the DNF correspondingto S; ; to CNF, weintroduce



oneintermediate variable for each DNF cube. In essencethe truth value of each

DNF cube is captured in the corresponding variable. Supposeiy;iz;::: ;ix are
the intermediate variables corresponding to DNF cubesD;D»;:::;Dy in S 3.
The translation of the S; ; constraint in Eqn. 3 looks like:
(lp_iz_:ii_ik)"(in, Dy)™(i2, D)™ :i:” (i, Di) (4)
Each equality ij , D; givesrise to a set of CNF clauses,which we haven't

expandedfor the sake of brevity.

If the satisfying assignmen ¢ makesany of intermediate variables true, the
corresponding DNF cubeis true, and we don't needto seeif any other DNF cube
is true or not, sincethe truth of only one DNF cube satis es the S; ; clauses.
Sowe nd the rst intermediate variable i that is setto true. All presen state
variables not mentioned in the DNF cuke D, are irr elevant for satisfying S;
constraint, hence,they can be assumedto be free.

Free Transition Functions

Let us denote the set of free variablesin the support of a transition function f;
asFreeupp(fi).

The main ideais that if atransition function f; (for x°) dependson a variable
v (which is either a presert state variable, input or an intermediate variable from
it), and the following conditions are satis ed, we can guarantee that x° can be
setto either 1 or 0. Thus, the value of x? can be safelyignored from the presen
assignmert.

1. Variable v is free.

2. Values of non-free variables in Supp(f;) are propagated and do not force
fi to a particular value. For example, when f; = x1 ™ X, X3 is free, f;
satis es condition 3, but xo = 0in S; ;. This forcesf; to 0. So constart
values of non-free variables are propagated rst.

3. The function f; does not share free support with any other transition
function, i.e., FreeSupp(fi)\ FreeSupp(f;) = ; j & i. Moreover, the
variable v appearsin the formula for f; in exactly one place. In other
words, the variable v doesnot appear in any other propositional function.

Note that there may be other conditions under which x? canstill chooseboth
values. However, this conditions allow us to do a static analysis of the circuit.

The third condition is too restrictive in practice. Usually, transition func-
tions do share common variables. In order to infer that a next state variable
x? can assumeboth values, we can simplify the transition functions by further
constart-propagating values of somefree variables as well (remember that we
already constart-propagate the valuesof non-free variables). For example, sup-
posethat f; = Xjji, and f, = X4jiz, and X1;i; and iz are freevariables. Suppose
the SAT assignmen isa = 0;i; = 0;i; = 1. Sinceboth f; and f, sharethe
variable x1, we can not safely say that both x$ and x9 are *. Howewer, we can



replacex; by 0, and propagate the e ects, giving usf; = i, and f, = i3. Now,
both f, and f, becomeindependert, ascanbe setto *. Note that sincex; is a
free variable, we could have chosenx; = 1, dierent from the SAT assignmen.

In order to determine which variablesto assignvaluesto, till the functions be-
come independert, we use a greedy strategy. We order the variables by the
number of times they appear in all transition functions. Beginning with the
variable that occursthe most number of times, we keepreplacing the variables
by constarts (from SAT assignmei) and propagating the e ect, until transition

functions becomeindependert and next state variables can be inferred to be *s.
In the worst case,all transition functions becomeconstarts, whosevaluesagree
with the satisfying assignmer.

Most analysis of this procedure can be done statically just once. The only
changing part is detection of free presern state variables. Note that this is just
one alternative. There can be other options. For example, we consideredusing
e cien t approximate set cover algorithms to nd out the literals that cover all
clausesof formula 3. Another option is to use BDD basedsymbolic simulation
to infer multiple cubes. The given cube enlargemen procedure producesone
smaller cube. Howewer, using BDDs for simulation of the circuit for one step
and then applying constarts to someof BDD variablesto contain the BDD sizes
canyield a set of many states at once.

3.2 Ecien t Set Representation

The set of states are represened as a set of DNF cubes. Howewer, it is easyto
seethat eat new cube that is addedto S;e¢acn has a potential to be merged
with other cubesto form shorter cubes. For example, the boolean function 1
is an exponertially compact represenation than four DNF cubesa” b;: a”
b;a” : b;: a” : b We describe the following procedureto add a cube to the
existing set of cubes. We assumethat the variables in the cubes are ordered.
The set is represerted by a hash table, where ead hash table entry stores a
subset of cubesin a trie form. Each trie stores cubes that are made up of
the same CNF variables. The hash table is indexed by the hash computed
from a signature of a cube. In the following algorithm (Figure 4), assumethat
the DNF cube d is represerted as a vector of integers, ead integer identifying
a particular propositional variable, negative if the literal is negative, positive
otherwise. For example, if a;b;c;d;e;f::; are variables, then they are identi ed
by the integers1;2;3;4;5;6;:::. Soacube (a”:c”":f) isrepresened by the
vector d = [1; 3; 6]. The function ComputeSignatur e computesa bit string
that is usedto compute the hash value for a cube. The bit string is ordered,
just as variables in the cubes are, and cortains 1 for ead variable (in any
phase) present and 0 for the variables not presert in the cube. The trailing
Os are removed to get a shorter bit string. So the signature for the cube d is
101001. Not that even though there may be variables numbered 7; 8;9; ::, the
0Os corresponding to them do not appear in the signature.

Since ead trie stores cubes made up of the samevariables, the cubes are
represened by bit strings of the samelength asthe number of variablesin the



cubesof the trie. Essetially, if a literal is positive, the bit corresponding to it
is 1, and 0 otherwise. Sothe cube d is stored as 100.

The crux of the AddCube procedureis betweenlines 5{19. Given an incom-
ing cube d, it tries to nd all other cubesfrom the trie that dier from d in
just onebit. For ead sud cube d° found (lines 10{13), the cube computed by
merging d and d®is addedto S by calling AddCube recursively. The merged
cube is essetially cube d with the matched bit (i bit) removed. If d doesn't
match at the i" bit, then the next bit is cheded. Once the traversal over trie
is done, we ched if d was mergedwith anything. If it was, then we no longer
keepd. Line 18 just updatesthe hash table with potentially modied trie.

Note that the algorithm doesn't guarartee absolute minimum cubes. In fact,
to do so,we may needto keepall cubes,even after they are merged,in the hopes
of merging them with other future cubes. But the main focus of the algorithm
is to reduce space,and not get the absolute smallest cubes. Another point to
note is that sincethe SAT cheder always nds new states that haven't been
discovered so far, we assumethat the trie Tq doesnot already cortain d.

The complexity of this algorithm in the worst casecan be O(n?), not court-
ing the recursive calls. Here n is the number of state variables. Each of line 1,
3{4, 6 and 17 cost O(n), while hash lookups and updateson lines 2 and 18 are
essetially constart time operations. Lines 10 and 11 costO(m) + O(m 1) +
21+ O(1) = O(m?) = O(n?).

3.3 Complexit y of the Set Representation

The set of DNF cubesrepreseting S; or S;each possessa useful property. By
the negation of S;gach in the SAT formula (Eqn. 3), we guarantee that no newly
generated DNF cube sharesa satisfying assignmem with any existing cube in
setsS; or Sreach - Thusthe setof DNF cubesrepreserting thesesetsare disjoint,
in that they do not have any common assignmen. For example,the DNF cube
b_c_ d cannot occur if the cube a_ b_ c is already presen, as they share
a common assignmen a= b= c= d= 1. Howewer,cube:a_b_c¢_dcan
occur. If we candetect that the setof cubesis a tautology, we canterminate the
reachability, aswe have reached all the states. Our cube addition algorithm is
online in nature. We now actually prove that if the set of DNF cubesare given
a priori that do not sharea commona satisfying assignmen, then detecting if it
is a tautology is polynomial. The general problem of detecting DNF tautology
is NP-complete, sois its dual CNF satis abilit y.

We call the problem of tautology detection of a set of DNF cubesthat do
not share any common assignmen pairwise an R-TAUT problem. The proce-
dure for tautology detection works simply by courting the number of satisfying
assignmeits. Supposethere are ¢ DNF cubes made up from a total of m vari-
ables. The cubesdo not share common assignmefts pair wise. Supposecube i
has literals I1;12;::: ;l¢,. There are a total of 2™ possibleassignmetts to vari-
ables, and if eadh assignmen is a satisfying assignmen, then the DNF cubes
are a tautology. Cube i describesa total of 2™ & assignmeits agreeingwith
the literals in cubei. As we know that no two cubesi andj shareany common
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ComputeSigna ture (d;m)
/* m is the sizeof the cube d, assumed is sorted */
j 1
for (i from 1to d[m])
if (i =jd[j]j) /* variable is presen in d */

safi] 1
i j+1
else
safi] O
endif
endfor
return sq

AddCube (S, d, n, m)
/* n is the total number of variables, m is the number of variablesin d */
sq¢ ComputeSignatur e(d; m)
[* T4 is the trie in which d will be stored */
Tg HashLookup(S;sq)
/* compute the represenation of d to storein Ty */
for (i from 1to m)
b[i] (d[i]> 0)?1:0
endfor
match  false
Tg  Triel nsert(Tq;b)
curr_node Ty
for (i from 1to m)
blil] 1 b[i]/* ip thei® bit */
if (TrieLookup(curr_node;b[i : m]) = true)
/* match at the ith bit */
Tg TrieDelete(Ty;b)
/* insert the merged cube */
S AddCubgS;d[1:i 1]:d[i+ 1:m];n;m)
match  true
endif
b[i] 1 Db[i]/* ip it bak to what it was*/
curr_node (b[i]= 1)?curr _node:right : curr _node:left
endfor
if (match = true )
Tg TrieDelete(Ty;b)
[* update the trie for this cube */
S HashUpdate(S; sq; Tq)
return S

Figure 4: ProceduresAddCifbe and ComputeSignatur e.



assignmer, the total number of assignmerts that satisfy both cubei and| are
precisely2™ & + 2™ &  The total number of satisfying assignmeits for the set
of DNF cubesis just

2Mm G4 M Cogonen g M Ceo

Clearly, the additions can be carried out in time polynomial in m and c, the
size of problem input. Hencethe theorem

Theorem 3.1 R-TAUT isin P.

Note that in our case,the set of DNF cubesare not given a priori. However,
this procedure can be run periodically on S;¢ach to nd out if all states have
been readhed, in which casewe stop the seard. We also use this counting
medhanism to report the number of readhed states.

4 Related Work

The rst completely SAT basedreadability algorithm was reported by McMil-
lan in [14]. The main di erence betweenour approacesis that we represer
the set of statesin DNF, while he preseried it in CNF. A SAT basedenumera-
tion algorithm is usedto compute a CNF formula equivalert to a given formula
characterizing preimages. Howewer, we use intermediate variables to corvert
DNF represenation to CNF while running SAT. He usedzerosuppressedBDDs
(zDDs) to store CNF clauses,and useda SAT conict analysis basedheuristic
to enlargethe cubes. We did not comparethe results reported in [14] asthe set
of benchmarks in [14] was not publicly available.

In [11], the authors used procedure similar to ours to compute preimages.
They also intermediate variablesto convert DNF cubesto CNF formula. How-
ever, they useoine Espresso[l7] algorithm to reducethe number of cubes.
Our cube storage procedureis on-line, in the sensethat it processedhe cubes
asthey are generated. Moreover, they do not have any algorithm to enlargethe
cubes. We doubt their results. They also reported them only on two di erent
circuits and for safety property chedking only, which can be much easierthan
to do than computing reachability. Our attempts to cortact them to get more
information about the properties they cheded failed.

In [18], the authors usedATPG instead of SAT to compute preimages. They
usedBDDS to store the resultant setsof states. ATPG allows reasoningdirectly
on the circuits, hencethey do not have any intermediate variables. They report
results on only two circuits. Theseare known to be di cult circuits, however.

In [15], the only aim was to compute the sequetiial diameter, also called
diameter of the circuit. They did not compute the reachable set of states at all.
Their procedurewas basedon the Cha SAT cheder aswell. Their procedures
sharedmany similarities with bounded model cheking (BMC) [1]. They build
a SAT formula describing symbolic simulations of increasing length. In our
approad, we explicitly computethe setof reachable states, and the SAT cheder
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doesnot have to compute more than one step of symbolic simulation at a time.

This we beliewe is a signi cant advantage that our method has over [15] and

BMC. Using BMC for depth equalto circuit diameter is su cien t for Gp kind

of LTL properties. In [12], this notion is generalizedto that of completeness
threshold (CT). The authors describe a sorting network built on top of SAT

formula for computing diameters.

In [10, 9], a mixed BDD and SAT basedapproac to image computation is
described. They use SAT procedureto derive a top level disjunctive decompo-
sition of image computation and use BDD basedimage computation for ead
leaf subproblem.

5 Experimen tal Results

We implemented our algorithms on top of the zCha SAT solvwer. The SAT
solver is modi ed to enumerate satisfying solutions by adding blocking clauses.
We implemented our program in C++ aspart of a larger high level veri cation
system.

We conducted our experiments on a 1.53GHz dual AMD Athlon processor
machine with 3GB of memory running Linux. The memory cuto was set to
1.5GB of residert program size, and the time cut o was setto 1000 seconds.
The results are summarizedin table 1. For ead circuit, we report the number of
latches,the number of reachability stepsthat we could complete, the number of
cubesstored in the represettation for the reacable states, the number of cubes
that wereenumerated asblocking clauses(or how many times line 7 in algorithm
of Figure 3 wascalled), the ratio of the number cubesv/s the number of blocking
clausesaddedin percertage, and the total running time (usertime+system time)
in seconds. Note that the number of cubesin nal setrepresenation is much
smaller than the total number of enumerated cubes, as evidencedby the %age
sizecolumn. This assertsthat the spacesaving data structure for storing cubes
is e ective. We compareour results with primarily that of [15. We would like
to emphasizethat in [15], only the depth was computed, and the actual set of
reachable states was not computed.

The circuits that we report come from mainly three sources, ISCAS'89
benchmarks, IU setof circuits from Synopsys,and somecircuits that weretrans-
lated from Verilog code available from various sources. The IU set of circuits
are various abstractions of parts of a picoJava microprocessorimplemertation.

For a relatively small timeout value, we have beenable to do reachability for
many circuits. We have outperformed [15] by a large magnitude on all but one
small completed bendhmarks. They useda faster machine (2GHz v/s 1.53GHz)
aswell. The e ectiv enessof the cube merging procedureis evidert from \%age
space” column. The savings are dramatic for circuits that have counter like
structures in them (iu**, s208.1,s420.1,s838.1,s635)and other circuits (s1512,
$9234,s13207,51423,s526,s526n). For other circuits, it can be inferred that
the SAT chedker and cube enlargemen proceduresgeneratemany disjoint cubes
that can not be mergedwith existing set of cubes. This may be dependert on
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Circuit || # latches | # steps SpaceRequiremernt Time (sec) Comparison with [15]
# cubes | # blocking clauses | %age space Max. Depth [ Time (sec)

decss 86 85* 655 131304 0.50 1000.00

iu30 30 4* 3343 72037 4.64 1000.00

iu3s 35 3* 1479 94424 1.57 1000.00

iu40 40 2% 20 33168 0.06 1000.00

iu45 45 1* 2294 165192 1.39 1000.00

s208.1 8 255 8 255 3.14 0.56

s298 14 18 33 217 15.21 0.33 18 19.3

s344 15 6 558 2624 21.27 15.30

s349 15 6 546 2624 20.81 14.82

s382 21 150 337 8864 3.80 7.71

s386 6 7 6 12 50.00 0.21 7 0.18

s400 21 150 336 8864 3.79 7.81

s420.1 16 65535 16 65535 0.02 213.97

s444 21 150 341 8864 3.85 8.00

s499 22 21 21 21 100.00 1.74 21 1.07

s510 6 46 10 46 21.74 0.47 46 144.81

s526 21 150 381 8867 4.30 9.35

s526n 21 150 372 8867 4.20 9.21

s635 32 | 125528* 66 125528 0.05 1000.00

s641 19 6 321 1543 20.80 2.24 6 97.03

s713 19 6 363 1543 23.53 2.53 6 126.94

s820 5 10 11 24 45.83 0.48 10 2.51

s832 5 10 11 24 45.83 0.47

s838.1 32 | 155441~ 26 155441 0.02 1000.00

s953 29 10 189 503 37.57 2.01 10 102.23

s967 29 10 177 548 32.30 3.12

51196 18 2 802 2615 30.67 6.79 2 232.84

51238 18 2 849 2615 32.47 7.26

51269 37 1* 2136 4339 49.23 1000.00 7* 5000

51423 74 3* 2652 55568 4.77 1000.00 26* 5000

51488 6 21 19 a7 40.43 0.87 21 96.87

51494 6 21 19 47 40.43 0.87

s1512 57 4* 2035 178175 1.14 1000.00

s9234 228 8* 507 6651 7.62 1000.00

513207 669 2% 76 1824 4.17 1000.00

s15850 597 5* 362 2558 14.15 1000.00

38584 1452 2% 58 452 12.83 1000.00

Table 1: Experimental results on a set of circuits from various sourcesincluding ISCAS'89 and Synopsys. The comparisonis

against [15]. Note: (*)-reachability was not complete. Empty boxes denote results N/A.




circuit structure.

In [13], our tool was usedto enumerate symbolic solutions to certain pred-
icate abstraction formulas. The characteristic of these formulas was that the
number of variablesto be quantied was much larger (an order of magnitude)
than the number of variables represening the set of states. In our case,the
number of variablesto be quantied is x;1; and iy .

6 Conclusions and Future Work

We presented a completely SAT basedimage computation algorithm. The ef-
fectivenessof this algorithm is demonstrated for reachability analysis on many
large circuits. This algorithm can be used for computing pre images equally
well, henceit can be usedin a general SAT basedsymbolic model cheking al-
gorithm. The novel features of our algorithm are an e cien t data structure for
storing setsof statesas DNF cubesand a cube enlargemen procedurebasedon
static circuit analysis.

There are many directions for future resear®. The cube enlargemen pro-
cedure can be improved by the use of BDD based symbolic simulation. One
obvious extension that we are working on is to do full CTL model chedking
using this procedure. A related question to explore is whether techniques like
iterativ e squaring can be usedwith SAT to speedup Xxp oint detection in reacth-
ability. Wewant to extend this procedurefor solving generalquanti ed Boolean
formulas (QBFs). Our algorithm was usedin [13] for solving QBFs with one
existertial quanti er that arise in symbolic predicate abstraction. We are also
identifying other problem domains where our method can be applied.
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