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Abstract

The Gyrover is a singlewheelgyroscopicallystabilizedmobile robot developedat
Carngjie Mellon University An internalpendulunmsenesasa countenweightfor adrive
motorthatcausedore/aftmotion,while a large gyroscopeon a tilt-mechanisnprovides
for lateralbalanceandsteeringactuation.In this paper we develop a detaileddynamic
modelfor the Gyrover, andusethis modelin an extendedKalmanfilter to estimatethe
completestate. A linearizedversionof the modelis usedto develop a statefeedback
controller The designmethodologyis basedn a semi-definitgprogrammingprocedure
which optimize the stability region subjectto a setof Linear Matrix Inequalitiesthat
capturestability andpole placementonstraints Finally, the controllerdesigncombined

with the extendedKalmanfilter areverifiedontherobotprototype.
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1 INTRODUCTION

Theconcepbf asingle-wheebyroscopicallystabilizedrobotwasoriginally proposedy

Brown and Xu [3, 8, 11]. Theideais to take advantageof the inherentdynamicstability



of a singlewheel,but augmentit with a mechanicagyroscopeo affect steeringand low-

speedalance . Theself-stabilizingdynamicsof a singlewheelcanbeillustratedasfollows.

Considera singlewheelrolling down a hill. Whenthe wheelleanslaterally, gyroscopic
precessiorausest to turnin thedirectionit is leaning,andthe“centrifugal” forcesresulting
from the curved motion path tend to right the wheel. Brown and Xu point out that it is

paradoxicathatthosefactorsthat producestatic stability may actually contradictdynamic
stability [3]. A four-wheeledcar hasexcellentstaticstability but is proneto roll-over when
it hits a bumpor takesa curve at high velocity.

Pastresearcton the Gyrover focussedentirely on the mechanicaldesign. After some
initial teststo verify the concept,a simplified dynamicmodelwasdevelopedto weigh the
differentdesigncharacteristic§3]: staticstability vs. high speeddynamicresponsieness,
slopeclimbing ability, etc. Basedon this model,several generation®f Gyrovershave been
built with graduallyincreasingsophisticationreliability, andperformance.

So far, the Gyrover hasbeencontrolledusing a remotecontrol transmitterthat allows
the userto control the voltageof the drive motorandthe angleof the tilt-mechanism(see
Section2.2 andFigure?2). Dueto the couplingbetweerthe fore/aftandlateralmotionsand
thelack of attitudesensingonthe Gyrover, theuserhasto developafeelingfor thedynamics
of the robot, estimateits currentattitudeby visual inspection,and provide the appropriate
input commands.Becauseof the self-stabilizingdynamicsof the Gyrover, it is relatively
easyfor anovice userto keepit from falling over, especiallywhenmoving at moderateand
high speedsHowever, it is muchmorechallengingto track a desiredtrajectory andnearly
impossibleto controltherobotwhenit is out of sight.

To usethe Gyrover for inspectiontasksin which fine controlin remotelocationsis re-
quired, we needto develop a controllerthat relievesthe userfrom stability concernsand
providesanintuitive control interface. Au and Xu [1] recentlydevelopeda decoupledin-
earstatefeedbackcontrollerbasedn a simplifiedmodelof the Gyrover. Simulationresults
demonstrat¢his controller'sability to balancethe Gyrover laterally, This papermpresentshe
developmentbf amoregenerakontrollerbasedn a comprehense dynamicmodel.

We approactthe problemin threestages.In the next section,we describethe Gyrover
robotanddevelopa detaileddynamicmodelof it. This modellies atthebasisfor the subse-
guentderivationsof the stateestimatorandcontrollerdescribedn detailin Sections3 and4.

Simulationandexperimentabdatato validatethemodelandcontrollerareshavnin Sectionb.



2 GYROVER SYSTEM
2.1 Overall Description

The Gyrover is a single-wheekobotthat is stabilizedand steeredwith aninternal,me-
chanicalgyroscope.Figure 1 shavs an overall view of the robot. The Gyrover canstand
andturnin place,move deliberatelyatlow speed¢climb moderateggradesandmove stablyat
high speedgvenonroughterrain. It hasa relatively largerolling diametemwhich facilitates
motion over roughterrain,anda singletrack and narrav profile for obstacleavoidance. It
canbe completelyenclosedor protectionfrom theervironment.

As shawn in Figures2 and?2.2, the Gyrover consistsof four rigid bodiesconnectedo
eachotherthrougha 3-degree-of-freedonkinematicchain: the wheel, the pendulum the

tilt-mechanismandthegyroscope.

Figurel: Sideviews of the Gyrover prototype.

Tireand Wheel. The wheelis the only elementthatis in direct contactwith the environ-
ment. It consistsof a rim andtwo polycarbonatelomesthat connectthe rim to the

axle. The Gyrover usesa lightweight,16 inchrim, tire andinnertubeof thetypeused

in racingwheelchairs.

Pendulum. Themainbodyof the Gyrover hangsasa pendulumfrom the axle of thewheel.
The pendulumincludesa DC-motorandtransmissiorthatdrive thewheelshaft. With
gravity actingasreactiontorque,this drive mechanisngenerateforwardacceleration
andbrakingfor the Gyrover. The forward drive systemusesa 2-stage toothedbelt

transmissiorsystemwith anapproximategearratio of 13:1.
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Figure2: Componentiagramof the Gyrover.

Gyroscope. Thestabilizinggyroscopés the heartof the Gyrover mechanismThe angular
momentumof the rotating massprovidesstability, anda referenceagainstwhich the
Gyrover wheelcanbetilted by thetilt motoror “serwo”. The gyroscopés housedn
a fiberglassand aluminumhousing,rotatingon precisionball bearingsand mounted
in rubbervibrationisolators. An integratedbrushlesDC motor spinsthe gyroscope
to operatingspeed controlledby a speed-controunit mountedoutsidethe housing.
It maintainsa constan@ngularvelocity of approximatelyl5, 000 RPM. Becausehe
motoris too smallto generateary suddenchangein angularvelocity, we do not use
this degree-of-freedonfor control purposes.In the remainderof the paper we will
thereforeassumethat the angularvelocity of the gyroscopes constant. The gyro
requiresaboutoneminuteto accelerateéo operatingspeedlongeron recentversions
with higherspeedspinmotors),andabout20 minutesto spindown to a stopafterthe

poweris removed.

Gyroscope Tilt Servo. Thetilt seno controlsthe relative angleof the gyroscopespinaxis
with respecto thewheelaxisandpendulum.Thisrotationaxisis perpendiculato the
main axle andis locatedbelow the axle on the sagittalplane,as shavn in Figure 2.
The seno is a very high torqueunit that providesthe torqueto causethe wheelto
leanrelative to thegyroscope Thistorque,actingto balanceghewheelagainsgravity,
is what leadsto the yaw precessiorthat produceshe steeringeffect. For example,
whenthe forward velocity is zero, one canrotatethe Gyraver to the left by leaning

it slightly to the left. The gyroscopiceffect stopsthe Gyrover from falling over and



simultaneouslynducesapositiverotationaroundtheverticalaxissteeringherobotto

theleft.

Computer and Custom 1/0O Board. A custom-hilt circuit boardcontainghecontrolcom-
puterandflashdisktheinterfacecircuitry for theradiosystemandsernos,components
andlogic to controlpower for the actuatorsandaninterfacefor theon-boardsensors.
The on-boardcomputera Cardid" 486 PC 100 MHz, canbe operatechsa corven-
tional PCby connectinga standardeyboard monitorandmouse.lt operatesisingthe
QNX™ real-timeoperatingsystem.lt alsoincludesa radio systemfor remotecontrol

(JRModel XP783A),thatcanoperatdndependentlyf the computercontrol system.

Sensorsand I nstrumentation. A numberof on-boardsensorshave beeninstalledon the

Gyroverto measuréts state.Theseare:

¢ A potentiometeto measurehe Gyroscopdilt angle.
¢ An Opticalencodeto sensdahedrive motorpositionandvelocity.
¢ A Hall-effect sensoto measureéhe Gyroscopeangularvelocity.

¢ A Three-axigategyroto senseaheangularvelocity of thependulum.

All thesesignals plusthe controlinputsfrom the radiotransmitter canbereadby the

computer

Battery. Thebatteryunit comprisesight,2800mAh Nickel-CadmiumC-cells,plusa bat-
teryholdermadeoutof lead,toincreasehemaximumdrive torqueandkeepthecenter
of-masslow. The batterypackmay be fast-chagedat 5 ampsfor about45 minutes,

andprovidesabout20 minutesof runningtime.
2.2 Dynamics

The developmentof the stateestimatorand controller of the Gyrover builds on the dy-
namic equations. The dynamicsof the Gyrover is describedby a set of highly coupled
nonlineardifferentialequations.The derivation of the dynamicequationgor the Gyrover
presentedhereis basedon the Newton-Eulerapproach6, 9]. Previous derivationsof the
dynamicequationaverebasecdn aLagrangiarapproach8, 11] with simplifying geometric

assumptionfor simulationpurposeslin our derivation,we makethefollowing assumptions:



¢ all thecomponentsirerigid bodies,
¢ thewheelrolls without slipping,

o thefriction modelfor the contactbetweenthe wheelandthe floor, and betweenthe

drive motorandtransmissiorincludesCoulombandviscousfriction,
¢ theangularvelocity of thegyroscopes constant,
o thewheelandgyroscopeareaxially symmetric,
¢ theflooris flat andhorizontal,
¢ thewheelremainsn contactwith theground.

Unlike the Newton-Eulerdynamicsor fixed basemanipulatorsthe Gyrover dynamicscan-
not be calculatednumericallyin aniterative fashion. For fixed basemanipulatorsthe ac-
celerationof the baseis known andfixed, so that the acceleration®f the distal links can
be computedsequentially Onceall the accelerationsireknown, the reactionforcescanbe
computedn aninwarditerationfrom the end-efectortowardsthe base . However, sincethe
accelerationsf thewheelof the Gyrover arenotfixedbut dependntheaccelerationsf the
internaldggrees-of-freedompne cannotevaluatethe Newton-Eulerequationsnumerically
Insteadthe completedynamicaneedto be derivedsymbolicallyafterwhichthecontactcon-
straintscanbeimposed.

Both kinematicandforce constraint;eedto be consideredit the contactpoint. Rolling
without slipping imposesconstrainton the wheelaccelerationsWith the notationlistedin

Tablel andrepresenteth Figure2.2,theacceleratiortonstraintaregivenby:

'(.)0 = "LboX?’—i—(.dofX’Uo

, (1)
wor = [woz, woy, woycotby]

Rolling without slipping also imposesconstraintson the torquesactingon the wheel. If
thereis nofriction, thetorquesexertedontothewheelat the point of contact,(N., Ny, N.),

arezero[7].



\

Figure3: Simplified diagramof the Gyrover shawving the wheel, pendu-

lum, gyroscopendtheir relationshipto thevariableschosen.

In summarythe dynamicsof the Gyrover takestheform:

71 Wy T1,nonlinear
T2 wo T2 nonlinear
T3 _ M(g) w3 + T3, nonlinear (2)
N:c (-L)O:c,rel Nx,nonlinear
Ny ('L)Oy,rel Ny,nonlinear
L Nz ] L ('L)Oz,rel ] L Nz,nonlinear ]

However, dueto the rolling without slipping constraint,someindependentariables(N,,
Ny, N.) occurontheleft-handsideof (2) while somedependentariableS(woz e, Woy,reis
wo- ret) @appeaontheright-handside. Thisillustratesagaintheneedfor symbolicderivation
of thedynamicequations.

Although (2) captureghe dynamicbehaior of the Gyrover completelyit is notin state
spaceform asis requiredfor estimationandcontrol purposes.The statevector X consists
of (0, 01, 02, w1, w2, wos, woy, wo.). Thedervativesof eachof thesevariablesareobtained
from Equationg1) and(2).

éo = Woz (3)



Variable

Definition

0o

Vo

61,“}1

92 , W2

T

62,ref

Leanangleof thewheelmeasuredbetweertherotationaxis
andthevertical.

Roll angularvelocity.

Yaw angularvelocity.

Pitchangulanvelocity.

Rotationalvelocity of thewheelframe(thisis differentfrom
wp becausehe frameis definedashaving its X -axis hori-
zontal;it doesnotrotatewith thewheel).
Translationvelocity of thewheel.

Angle andangularvelocity of the pendulumwith respecto
thewheel.

Angle andangularvelocity of the tilt mechanismwith re-
spectto the pendulum.

Angular velocity of the gyroscopewith respectto the tilt
mechanism.

Torqueexertedby thedrive motor.

Referenceositionfor thetilt mechanism.
Contacttorquein the global X -axis.

Contacttorquein the global Y -axis.

Contacttorquein the global 7 -axis.

Tablel: Descriptionof kinematicanddynamicvariablesof the Gyrover.

0 = wi+wo: — woy cot Oy

0 = wo

w; = W

Wy = wf(u2 —03) — we/ 2wy
Wor = (-L)Ox,rel — WoyWoz + WoyWoy cot by
Wwoy = Woy,rel + Worwo: — Wozwoy cot o
woy = (-L)Oz,rel

(4)
()
(6)
(7)
(8)
(9)
(10)



wherethevariablesvo, rei, Woy rel, Woz ret, aNdw; arecomputedy solving(2). (7) models
the dynamicsof the tilt-servo system. The inputs to the systemare given by the vector
u = (71,02re). In thenext two sections,this statespacerepresentationvill be usedto

developa stateestimatoranda statefeedbackcontroller

3 STATE ESTIMATOR

With the sensoranountedon the Gyrover, describedin Section2.1, five independent
variablescanbe measured Sincethereareeight statevariable,we needto usean obserer
to determinethe full statevector The variation of the linear KalmanFilter for nonlinear
systemsgalledExtendedKalmanFilter or EKF [4], is appliedto estimatehe statevectorof
the Gyrover. The EKF maximizesthe informationthatis extractedfrom multiple sensorsn
a noisy ervironment,by taking the dynamicsof the systeminto account.Table 2 describes
the notationusedin the EKF formulationof the obserer problem. Thefollowing equations

summarizeéhe EKF algorithm.

Symbol | Description

x,u Plantstateandcontrolinput vector

z(k|l) Estimatecplantstateattime k givenmeasurementsp to time step!.

z(k) Plantmeasurementattime k.
Q(k) Covariancematrix for processoise.
R(k) Covariancematrixfor outputnoise.

f(z,u, k) | Nonlineardiscrete-timemodelfunction.

Vfz(k) | Jacobiarof f(.,.,.) with respecto thestatevectorz attime k.

hg(z,k) | Outputfunctionattime k.

Vhe(k) | Jacobiarof theplantoutputwith respecto the statevectorz attime k.
P(k|l) Stateerrorpredictioncovarianceat time k& givenmeasuremenisp to time .

S(k) Obserationerrorcovariancematrix.

W (k) Kalmangainmatrix.

Table2: Notationusedin the EKF algorithm.



Prediction step.

@kl —1) = f(a(k— 1)k — 1), u(k — 1), (k= 1))
P(klk—1) = Vs (k)P(k = 1k = 1)V " (k) + Q
Correction step.
S(k) = Vhe(k)P(k|k — 1)Vh," (k) + R(k)
W (k) = P(k|k — 1)Vh," (k)S™1(k)
P(klk) = P(klk — 1) = W(k)S(k)WT (k)
& (k|k) = @ (k|k — 1) + W (k)[2(k) — h(&(k|k — 1))]

Combiningthe expressiorfor the torquesin (2) with the dynamicequationg3) to (10) we

arrive attheexpressiorfor f(z, u, k):

[ fo ] [ O + Tswog
6, 61 + T (w1 + wo; — woy cot Bp)
05 0z + Tswo

klk—1) = wy _ wy + T

wa wy + Tsws
Wor Woe + T (Woe, rel — Woywo: + Woywoy cot fp)
Woy woy + Ts (Woy ret + Wozwos — wozwoy cot fg)

| woz | i woz + Tswos rel |

Theoutputfunctionh(z, k), to beusedin the correctionstepof the EKF, is givenby:

_ o - _ o -
Wig Wog cos By 4+ woy sin ¢y
h(z, k) = wiy | = | —woesinbi + wgy cos by
Wiz Woz + W1
62 62

Computing the Jacobians. In orderto usethe EKF algorithm,we needto computethe
Jacobian®f f(xz,u, k) and h(x, k) with respectto the stateand input vectors. While the
JacobianV h;(k), is relatively simple,finding the Jacobiarof the dynamics,V f; (k), is a

non-trivial problem. We have implementeda computationallyefficient schemethat relies

10



on symbolicpre-computatio@ndnumericrun-timecomputationsThe derivationof the dy-
namicequationsnvolvedtheinversemassmatrix M (f) from (2). Computingthe derivative
of thedynamicequatiorthereforenvolvesthe computatiorof thederivative of themasama-
trix andits inverse.Insteadof computingthis derivative symbolically we usethe following

property Let thematrix function M (x) benon-singularthen

oM~1 L OM
0z - MM

Noise. Thedynamicandmeasurememtoisein thesystemis modeledn the EKF through
the covariancematricesy and R, respectiely. They areassumedo be uncorrelatedzero-
meanGaussiamoise. The following estimatedor ¢ and R wereselectedbasedon sensor

capabilitiesanddatafrom thereal system:

121 0 621 0
Q=10"° 3 , R=10"" *
0 415 0 1

wherel, is then-orderidentity matrix.

4 CONTROLLER

Thecontrolof the Gyroveris achieved throughthefirst two degrees-of-freedomthedrive
motor, andthetilt seno. As we will shav in the remaindeof this paperthesetwo degrees-
of-freedomallow usto controltheforwardvelocity aswell astherotationalvelocity around
theverticalaxis. A controlleris designedo stabilizethe Gyrover aroundits uprightposition
6y = w/2. Linear statefeedbackbasedon the linearizedplant aroundthe desiredpoint is

used.
4.1 Linearization Analysis

Linearizingthe nonlineardynamicequationsof motion aboutthe unstableequilibrium
point
0o = m/2, 0, = 0.0046, 0, = 0, w, = 207
Woe = Woy =wg; = wy = wy =0, w3 = 15000 rpm,

resultsin the following decoupledstatespaceepresentatiofor thesystem:
Xi = A; Xi + Bi w, Yi=Ci X; i1=1,2.

11



where,

X1 = {01, w1, wo: 17, Yy = {wi,wi.}7, U =Ty

— T _ T —
XZ — {60’ 02a wZ;WOanOy} ) YZ — {Wlxawly; 92} 3 Uz = 92,ref

The statevectorsX; and X» representhe longitudinaland lateral motion of the Gyrover

respectiely. Theconstanmatricesaregivenby:

0 11
A= —4432 0 0
—1191 0 O
[ 0 0 0 1 0 ]
0 0 1 0 0
Ay = 0 —4007? —88.86 0 0
515  —49.3 6.5 8.7 2337
i 19.17  —28.3 1025 —-103.7 8.7 |

By =[0, 1452, —0.37]
By =10, 0, 40072, 493, 2837

000 1 0.0046
010
C1 = ;, Ca=1000 —0.0046 1
011
010 0 0
The systemis completelycontrollableand obsenable but non-minimumphase.It hasfour
polesat the origin, a pair of polesat —44.4(1 + j) andanotherpair at +48;. Thetransfer

functionfrom u, towy, hasthreezeroesat(), —8 and+7.
4.2 Sate Feedback Controller

To designthe controllerwe optimizethe size of the stability region subjectto constraints
on the inputs, states,and closedloop poles. The optimizationis carriedout usinga semi-
definite programmingprocedure.Stability and constrainedegions are definedin termsof
Linear Matrix Inequalities(LMI) [2]. Closedloop polesare constrainedo a prespecified
convex region S(a, r, ¢) [5] asshawn in thefigurebelon. By constraininghe polesto lie

in aprescribedegion, we canachiee a satisfactontransientresponseThe constrainton

12



Figure4: Poleplacementegion.

the statesarederived from the mechanicatlesign.We optimizethe volume of the ellipsoid
containedin the stability region using semi-definiteprogramming(sdp) [10] andfind the

statefeedbackgainmatrix. Thelinearizeddynamicsystemcanbe describedas:
z=Az+ Bu, y=Cuz

wherez representstatesof the system,u representsheinputsto the systemand A, B, C
areconstaninatrices.

Let theobserer-basedstatefeedbackcontrollaw be

where z is the estimateof the statevector L is the obserer gain matrix, and K is the

controllergainmatrix. We definethe Lyapuna functionV' as
V=2l Pzt (z—2) Py(x—2),

with Py, P, both symmetricand positive definite. The Lyapuna function definesthe el-
lipsoid ec by V < C. The volume of the ellipsoid is proportionalto (det P;)~/? x

(det Py)~1/2. Maximizing thevolumeof ¢ is equivalentto minimizing

log det P + log det Py (1)

13



Stability is guaranteed andonly if
QAT + AQ1+Y'B+BY; +22Q; < 0 (12)
Q2(A+LOY + (A4+ LO)Q2+22Q2 < 0 (13)

whereQ; = P!, Q> = P, ' and
Y: = KQy (14)

Input constraintf thetype||u|| < p arespecifiedoy

T
[@ f ]go (15)
Y1 /LI

Stateconstraintof theform |a? z| < 1 arehandledby
afQia < 1, (16)

while S(«, r, #) addthefollowing LMIs

-1 AQ1 + BY; <0 17)
QAT + Y BY -7
[ sing (Z+27) cos¢ (Z - Z7T) ] -0 (18)
cos¢ (ZT — Z) sing (Z +Z7T)

whereZ = AQ, + BY;.

The packagesdpsol [10] wasusedto minimizethe objective function (11). It solvesthe
convex minimizationproblemusingan interior-point algorithmin termsof @, @2 andY;.
Afterwards, K canbe computedrom (14). For this optimization, L is takenasthe steady
stateKalmanFilter gain matrix andthe parameterthatdefinethe pole placementegion are
selectedhs

a=0.1 r=50, ¢=45deg.
In summaryto find the state-feedbackain, we performa corvex optimizationprocedure,
minimizing (11) subjectto the constraintsspecifiedby Equations(12) to (18). The opti-
mizationproceduredescribedyive usthe following controlrow vectorsfor eachdecoupled

subsystem:

K, = [-18.44, —-3.31, 1.16]

K, = [-0.0077,1.001, 0.0019, 0.0179, —0.0022 ]
with closed-looppolesin { —41.3, —3.59 + 2.76: } for the longitudinal motion and
{ —34.45 + 25.18¢,-10.34,-1.37,-0.1} for thelateralmotion.
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