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VOLKAN AKÇELIK y, GEORGEBIROSz, ANDREI DR �AG �ANESCUx

OMAR GHATTASk, JUDITH HILL { , AND BART VAN BLOEMEN WAANDERS¤¤

Abstract. In contrastto traditionalterascalesimulationsthathaveknown, �x eddatainputs,dynamicdata-driven
(DDD) applicationsarecharacterizedby unknown dataandinformedby dynamicobservations. DDD simulations
give riseto inverseproblemsof determiningunknown datafrom sparseobservations.Themaindif�culty is thatthe
optimality systemis a boundaryvalueproblemin 4D space-time,even thoughthe forward simulationis an initial
valueproblem.We constructspecial-purposeparallelmultigrid algorithmsthatexploit thespectralstructureof the
inverseoperator. Experimentson problemsof localizingairbornecontaminantreleasefrom sparseobservationsin
a regionalatmospherictransportmodeldemonstratethat17-million-parameterinversioncanbeeffectedat a costof
just 18 forward simulationswith high parallelef�ciency. On 1024Alphaserver EV68 processors,the turnaround
time is just 29 minutes.Moreover, inverseproblemswith 135 million parameters— correspondingto 139 billion
total space-timeunknowns — are solved in lessthan 5 hourson the samenumberof processors.Theseresults
suggestthatultra-highresolutiondata-driven inversioncanbecarriedout suf�ciently rapidly for simulation-based
“real-time” hazardassessment.

1. Intr oduction. Traditionally, terascalesupercomputershave beenemployedfor sim-
ulationsof complex physical systemsthat arebasedon static, known data. Typically, the
behavior of thephysicalsystemis modeledby partialdifferentialequations(PDEs),andthe
datacompriseboundaryconditions,initial conditions,sources,geometry, andmaterialcoef-
®cients.Simulationsarecarriedout to studythebehavior of thesystemfor thegivendata.In
this realmof staticdata-drivensimulations,absoluteturn-aroundtime is oftensubordinateto
considerationsof desiredaccuracy andresolution.

Recently, interestin dynamicdata-driven(DDD) applicationsÐ requiringthe highest
levelsof supercomputingperformanceÐ hasincreaseddramatically[9, 10]. Theseapplica-
tions arecharacterizedby uncertainor unknown data,andareinformedby observationsor
measurementsthatbecomeavailabledynamically. DDD simulationsappearin suchscenarios
ashazardassessment,emergency response,treatyveri®cation,structuralhealthmonitoring,
image-drivensurgery, weatherforecasting,geophysicalexploration,andclosed-loopprocess
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control,to namejustafew. All of theseapplicationssharethechallengeof reconstructingun-
known input datafrom sparse,dynamically-obtainedmeasurementsÐ andtheneedto issue
predictionsrapidly.

In general,DDD applicationscanbe castas inverseproblems, in which the goal is to
reconstructthe missing,uncertain,unknown, or errantdatafrom sparseobservationsand
measurementsover a ®nite time interval. The reconstructionmustbe model-based: that is,
the reconstructedinput datamust be mappedto the observed measurementsin a manner
that is consistentwith the PDE forward simulationmodel. Oncean estimateof the input
datahasbeenconstructed,it canbeusedto initialize forwardsimulationsthatpredictfuture
systembehavior overanappropriatetimehorizon.The“observe–invert–predict”cycleis then
repeatedfor thenext time interval of observations,andsoon.

Rapidturn-aroundtimeisparamountfor many DDD simulations.Historically, thismeant
thatsimulationaccuracy andresolutionweresacri®cedfor speed.Whererapidpredictionand
responsearemandated,thesupportingsimulationshave hadto revert from high-resolution,
high-®delitythree-dimensionalPDEmodelsbackto simpli®edmodelssuchaslookuptables,
algebraicmodels,or one-or two-dimensionalPDEs.

However, in recentyearsit hasbecomemeaningfulÐ andin many casesimperative Ð
to contemplateDDD simulationsof complex physicalsystemsthatarebothrapidandhighly-
resolved. This hasbeenmotivatedby advancesin sensingtechnologies,deploymentof very
high bandwidthnetworks,andtheavailability of terascalesupercomputers.To capitalizeon
this emerging infrastructure,a centralchallengefacingcomputationalscientistsis the con-
structionof robust scalableparallelalgorithmsfor near-real time solutionof theunderlying
data-driveninverseproblems.Unfortunately, inverseproblemsareoftenmuchmoredif®cult
to solve thancorrespondingforwardsimulations,becauseinverseproblems

² usuallyrequirenumerousrepeatedforwardsimulations;
² areusuallyill-poseddespitethewell-posednessof theforwardproblem;and
² are boundaryvalue problemsin four-dimensionalspace-time, despitethe initial-

value,time-marchingcharacterof theforwardproblem.
Nevertheless,thereis a pervasive needin many applicationareasfor near-real time, high-
�delity, dynamicdata-driveninversion. Thedevelopmentof scalableparallelalgorithmsfor
this taskis thegoalof ourpaper.

Althoughourapproachis generalandwidely applicable,wehavechosenaspeci®cdriv-
ing applicationto instantiateandevaluateour algorithmsandimplementation.We focuson
the localizationof airbornecontaminantreleasesin regional atmospherictransportmodels
from sparseobservations[2], in timescalesshortenoughfor predictionsto beusefulfor haz-
ardassessment,mitigation,andevacuationprocedures.In particular, ourgoalis model-based
rapidreconstructionÐ via solutionof alarge-scaleinverseproblemÐ of theunknown initial
concentrationof the airbornecontaminantin a convection-diffusion transportmodel, from
limited-time spatially-discretemeasurementsof the contaminantconcentration,andfrom a
velocity ®eld aspredicted,for example,by a mesoscopicweathermodel. Mathematically,
transportof thecontaminantis describedby theconvection-diffusionequation

@u
@t

¡ º ¢ u + v ¢r u = 0 in ­ £ (0; T);

º r u ¢n = 0 on ¡ £ (0; T); (1.1)

u = u0 in ­ £ f t = 0g;

whereu(x ; t) is thecontaminantconcentration®eld, u0(x ) is the initial concentrationthat,
togetherwith thevelocity ®eld v(x ; t), drivesthesystem,andº is thediffusioncoef®cient.
Weseekto reconstructtheinitial concentrationu0 from measurementsof theconcentrationu
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overashorttimehorizon,takenatasmallnumberof sensorlocationsthroughoutthedomain.
ThenÐ usingthejust-reconstructedinitial concentrationÐ we canissuepredictionsof the
longer-time transportof thecontaminantplumethroughouttheregion.

Inverseproblemsfor convective-diffusive transportof this typearisein severalsettings:
characterizationof pollutantsin theatmosphere,unintentionalcatastrophicaccidentsinvolv-
ing (for example)chemicalplants,or intentionalreleasesof hazardouschemicalor biological
agents.Although studieshave beenconductedof the sensitivity of chemicalconcentration
with respectto sourcetermsor observer placement,[8, 16, 18, 19], very little work hasbeen
doneon reconstructionof initial concentrationsvia solutionof aninverseproblem.

In Section2 we formulatethe inverseproblemasan output leastsquaresoptimization
problemwith a convection-diffusion PDEconstraint.First orderoptimality conditionspro-
ducea coupledsystemof partial differential-algebraicequations,which includesthe initial
valueconvection-diffusion PDE, the terminal-valueadjoint convection-diffusion PDE, and
an algebraicequationfor the initial concentration.As mentionedabove, this systemis an
ill-posed boundaryvalue problemin 4D space-time,and typical problemsizesof interest
presenta signi®cantchallengefor rapid solution. To overcomethe four-dimensionalityof
this system,we invoke a block eliminationthat reducesthe systemto onein just the (3D)
spatially-discretizedinitial concentrationvariableu0. Unfortunately, theoperatorfor this re-
ducedsystemis non-localandcannotevenbeformedfor theproblemswe target,evenwith
petascalecomputingresources.Fortunately, the actionof the reducedoperatoron a vector
canbeformedby solvinga pair of forward/adjointconvection-diffusionPDEs,andthespec-
tral characterof thereducedoperator(asfor many inverseproblems)guaranteesthataKrylov
methodappliedto thissystemconvergesin amesh-independentnumberof iterations.

However, a constantnumberof iterationsindependentof meshsizeis by itself not suf-
®cient for real-timedynamicdata-drivenapplications:theconstantitself mustbereducedso
thatnomorethana few iterationsÐ andhenceforward/adjointsimulationsÐ areneededto
solvetheinverseproblem.Thisrequiresascalableandeffectivepreconditioner, which is par-
ticularly challengingbecausetheinverseoperatoris never formed.In Section3 we presenta
parallelmultigrid preconditionerdesignedto reducethenumberof Krylov iterationsfor DDD
inverseproblems.Unlike PDE operators,inverseoperatorsarecompact,andtheir spectral
propertiesaredifferentfrom thoseof differentialoperators.As a result,standardmultigrid
smoothersarenot applicablefor inverseoperators.Instead,special-purposesmoothersthat
aretailoredto their spectralpropertiesmustbeemployed,andthesearepresentedin Section
3. Section4 providesa prototypeinversionscenario:localizationof thereleaseof a contam-
inant in the Los Angelesharborfrom short-termmeasurementsof its transportby onshore
winds,followedby longer-termpredictionof thetransportof thecontaminantthroughoutthe
GreaterLA Basin. We alsoprovide resultson theperformanceandscalabilityof our inver-
sionalgorithm. Our resultsdemonstratethatdueto high parallelandalgorithmicef®ciency,
inverseproblemswith 17 million initial concentrationunknowns,and8.7billion total space-
time unknowns,canbesolvedin lessthan30 minuteson 1024processorsof anAlphaserver
EV68-basedsystem.Thetime takenis just 18 timesthatof a singleforwardtransportsimu-
lation. Moreover, inverseproblemswith 135million initial concentrationparametersÐ and
139billion total space-timeunknownsÐ aresolvedin lessthan5 hourson thesamenumber
of processors.

Ultimately, our resultsdemonstratethat Ð with carefulattentionto the designof scal-
ableparallelalgorithmsÐ high-resolutioninversetransportproblemscanbesolvedin “real
time,” i.e. in timescalesfeasiblefor simulation-basedhazardassessmentandresponse.More
generally, for DDD inverseproblemscharacterizedby otherclassesof forwardsimulations,
the turn-aroundtime will, of course,dependon the complexity of the forward simulation.
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However, our resultsindicatethat model-basedreconstructionof incompleteinitial condi-
tions— which is necessaryfor data-drivenprediction— canbeachievedin a smallmultiple
of the costof the forward simulation,evenwhenmillions of uncertainparameters mustbe
estimated.

2. Formulation and optimality conditions. In thissectionwegivedetailsonthemath-
ematicalformulationof theinverseproblem,its discretization,andtheoverall strategy for its
numericalsolution.

Givenobservationsof theconcentrationf u¤
j gN s

j =1 at Ns locationsf x j gN s
j =1 insidea do-

main­ , wewishto estimatetheinitial concentrationu0(x ) thatleadsto theclosestreproduc-
tion of theobservedconcentrationsusingtheforwardtransportPDE.Theinverseproblemis
formulatedasaconstrained,leastsquaresoptimizationproblem:

min
u;u 0

J (u; u0) def=
1
2

N sX

j =1

Z T

0

Z

­
(u ¡ u¤)2 ±(x ¡ x j ) dx dt +

¯
2

Z

­
u2

0 dx ;

subjectto
@u
@t

¡ º ¢ u + v ¢r u = 0 in ­ £ (0; T); (2.1)

º r u ¢n = 0 on ¡ £ (0; T);

u = u0 in ­ £ f t = 0g:

The ®rst term in the objective functional J representsa least-squaresmis®t of predicted
concentrationsu(x j ) with observedconcentrationsu¤(x j ) (thedeltafunctionlocalizestheu
andu¤ ®eldsto thesensorlocations).Thesecondtermin J , scaledby theconstant̄ =2, is a
regularizationtermthatresultsin a well-posedproblem.In theabsenceof theregularization
term, the problemis ill-posed, sincewe cannothopeto recover componentsof the initial
concentrationthat are much more oscillatory than dictatedby the spacingof the sensors.
Therefore,oscillatory componentsof u0 lie in the null spaceof the inverseoperator, and
Ð in the absenceof regularizationÐ will appearas arbitrary noise in the reconstructed
initial concentration®eld. To addressill-posedness,we employ L2(­) regularization,which
penalizestheL 2 normof u0.

Theconstraintsin theoptimizationproblem(2.1)arejust thecontaminanttransportcon-
vection-diffusion equation,boundarycondition,and initial condition. The transportof the
pollutantis drivenby the initial conditions,thediffusion,andthevelocity ®eld. In practice,
thevelocity ®eld would beprovidedby a regionalnumericalweatherpredictionmodelsuch
asMM5 [20]. For ourpresentpurposes,however, weareinterestedin assessingthereal-time
viability andalgorithmicandparallelscalabilityof our inversionmethod.For simplicity we
employ asteadylaminarincompressibleNavier-Stokessolverto generatewind velocity®elds
over a terrainof interest.

The inverseproblemthenis to determinethe initial concentration®eld u0(x ), andthe
resultingspace-timeevolutionof theconcentrationu(x ; t), by solvingtheoptimizationprob-
lem(2.1).First-ordernecessaryconditionsfor optimalityÐ theso-calledKKT conditionsÐ
maybederivedby introducingaLagrangianfunctional:

L (u; u0; p) def=
1
2

N sX

j =1

Z T

0

Z

­
(u ¡ u¤)2 ±(x ¡ x j ) dx dt +

¯
2

Z

­
u2

0 dx

+
Z T

0

Z

­

µ
p

@u
@t

+ º r u ¢r p + pv ¢r u
¶

dx dt +
Z

­
p(u ¡ u0) dx ;

(2.2)

in whichtheadjointconcentrationp(x ; t) isusedtoenforcetheconvection-diffusionequation
andinitial condition.Requiringstationarityof theLagrangianL with respectto p, u, andu0
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(respectively) yieldstheKKT conditions,whichconsistof:

Theforward convection-diffusionproblem

@u
@t

¡ º ¢ u + v ¢r u = 0 in ­ £ (0; T);

º r u ¢n = 0 on ¡ £ (0; T); (2.3)

u = u0 in ­ £ f t = 0g:

Theadjoint convection-diffusionproblem

¡
@p
@t

¡ º ¢ p ¡ r ¢(pv) = ¡
N sX

j =1

(u ¡ u¤)±(x ¡ x j ); in ­ £ (0; T)

(º r p + vp) ¢n = 0; on ¡ £ (0; T); (2.4)

p = 0 in ­ £ f t = Tg:

Theinitial concentrationequation

¯ u0 ¡ pjt =0 = 0 in ­ : (2.5)

Equations(2.3) arejust the original forward convection-diffusion transportproblemfor the
contaminant®eld. The adjoint convection-diffusion problem(2.4) resemblesthe forward
problem,but with someessentialdifferences.First, it is a terminalvalueproblem;thatis, the
adjointp is speci®edat the®nal time t = T. Second,convectionis directedbackwardalong
thestreamlines.Third, it is drivenby asourcetermgivenby thenegativeof themis®tbetween
predictedandmeasuredconcentrationsat sensorlocations.Finally, the initial concentration
equation(2.5) is in the presentcaseof L 2 regularizationan algebraicequation. Together,
(2.3), (2.4), and(2.5) furnisha coupledsystemof linearPDEsfor (u; p;u0). Theprincipal
dif®culty in solvingthissystemis thatÐ while theforwardandadjointtransportproblemsare
parabolic-hyperbolicproblemsÐ the KKT optimality systemis a coupledboundaryvalue
problemin 4D space-time.

To simplify discussionof solutionapproaches,we introduceoperatorsA; T; B andR.
Here,A denotestheforwardtransportoperatorandA ¡ 1 its inverse;T extendsa spatial®eld
at initial timeinto space-time;B is anobservationoperatorthatlocalizesspace-timeto points
atwhichsensorsareplaced;R is theregularizationoperator(in thepresentcasetheidentity);
A¤ is theadjointtransportoperatorandA ¡¤ its inverse;andT ¤ restrictsaspace-time®eld to
a spatial®eld at t = 0. With thesede®nitions,we canwrite theKKT conditionsin operator
form:

2

4
B 0 A¤

0 ¯ R ¡ T¤

A ¡ T 0

3

5

2

4
u
u0

p

3

5 =

2

4
B u¤

0
0

3

5 (2.6)

Special-purposeKrylov solversandparallelpreconditionerscanbevery effective at solving
discretizedversionsof optimalitysystemssuchas(2.6)for optimizationproblemsconstrained
by steady-statePDEs[4, 5]. Here,however, the4D space-timenatureof (2.6)presentspro-
hibitive memoryrequirementsfor large scaleproblems. Solutionof (2.6) in its full-space
form is essentiallyintractablefor suchproblemsusingpresentcomputingresources.Instead,
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we pursuea reduced-spacemethodthat amountsto a block elimination combinedwith a
matrix-freeSchurcomplementsolver.

Eliminatingtheconcentrationu andforwardtransportequation(third row of (2.6)) and
adjointconcentrationp andadjointtransportequation(®rst row of (2.6)) from theKKT opti-
mality system,weobtaintheSchurcomplementsystemfor theinitial concentrationu0:

H u0 = g; (2.7)

wherethereducedHessian(or inverse)operatorH is de®nedby

H def= T¤A ¡¤ B A ¡ 1T + ¯ R; (2.8)

andthereducedgradientg is de®nedby

g def= T¤A ¡¤ B u¤:

It is immediatelyclearthatH is asymmetricandstrictly positivede®niteoperator. Thus,the
optimizationproblemhasauniquesolutionfor non-vanishinḡ .

Notice that H is a non-localoperator(when discretizedit will be a full matrix) and
its explicit constructionis completelyout of the question. For example, for the problem
with 139billion space-timeunknownssolvedin Section4, H is of dimension135£ 106 by
135£ 106. Thus,storingH would requireabout1023 bytesof memory. Moreover, forming
H would require135million solutionsof forwardconvection-diffusion transportequations;
on the 1024processorAlpha systemwe usedfor the numericalexperimentsof Section4,
this would requireover 400yearsof computingtime. While explicit formationof H andits
singularvaluedecompositionconstitutesanattractive andpopularapproachfor small-scale
inverseproblems[14], alternative approachesareessentialfor large-scaleproblems,andin
particularthosefor whichnearreal-timeresponseis mandated.

Therefore,we opt to solve (thediscretizedform of) (2.7)usingthepreconditionedCon-
jugateGradient(CG) method.H is never formedexplicitly; instead,we computew = H v,
theactionof thereducedHessianonagivenspatial®eld v, in matrix-freefashionasfollows.
(i) Set u0 = v andsolve the forward transportequation(2.3) to obtain the concentration
evolutionu. (ii) Computethemis®t betweenmeasurementsu¤ andpredictedconcentrationu
at thesensorlocations,andusethis mis®t asa sourceto solve theadjoint transportequation
(2.4)backwardin time to obtainpj t =0 , theadjointat t = 0. (iii) Setw = ¯ v ¡ pj t =0 . There-
fore, eachapplicationof thereducedHessianrequirestwo transportequationsolutions,one
forwardin time andonebackward. Besidesu0, we needto storetheentiretime historyof u
(if wehavemeasurementsovertheentiretimeinterval (0; T)) but onlyatthesensorlocations.
In contrastwith full-spacemethods,we avoid storingthe forwardandadjointconcentration
time histories.Thus,memoryrequirementsfor theinverseproblem(2.1)aresimilar to those
of theforwardproblem(1.1).

The overall computationalcostof the (unpreconditioned)CG methodis the work per
iterationÐ dominatedby thetwo transportequationssolutionsÐ multiplied by thenumber
of CG iterations.The latterdependson theconditionnumberof the reducedHessian.One
canshow that,for ®xed¯ , H is acompactperturbationof theidentityandthushasabounded
andhencemesh-independent,conditionnumber[11]. Furthermore,its spectrumhasa small
numberof clusters;it collapsesexponentiallyonto¯ . Therefore,if we usea Krylov method,
suchasCG, to solve (2.7), thenumberof iterationsfor a speci®crelative residualreduction
will alsobemesh-independent.This is anoptimalnumberof iterations,andwehaveveri®ed
it numerically(seeSection4). Thus,mesh-independentconvergencecomesfor free(but the
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constantdeteriorateswith ¯ ). Theconstantalsodependson thePecletnumber, thelengthof
thetimehorizon,thecomplexity of thevelocity®eld,andthetopography.

However, mesh-independenceof CG iterationsis by itself not suf�cient for DDD prob-
lemsrequiringreal-timeinversion. Althoughalgorithmicallyoptimal, thenumberof unpre-
conditionedCG iterationsis often so large that the costof solving the inverseproblemis
equivalentto many tensto hundredsof forwardtransportsolutions,which precludestheuse
of high-resolutionmodelsin the real-timesetting. Our goal thereforeis to reducethe ab-
solutenumberof iterationsso that the cost is equivalent to a handfulof forward transport
solves. To achieve this goal, we mustreducethe constantin the complexity estimate. The
immediateideais to preconditionthereducedHessiansystemto furtherdecreasethenumber
of CG iterationsand,most importantly, reducethe overall wall-clock time. Onechallenge
in constructingsuitablepreconditionersfor the reducedHessianis the impossibility of ex-
plicitly forming this operatorfor reasonsstatedabove. For this reasonÐ anddueto their
demonstratedsuccessaspreconditionersfor second-kindintegral operators[12, 17], we pur-
suemultigrid preconditioners.Detailsaregivenin thenext section.

3. Multigrid Preconditioner. Multigrid methodshave revolutionizedscienti®ccom-
puting,especiallyfor linearsystemsrelatedto elliptic andparabolicpartialdifferentialequa-
tions. Suchmultigrid schemes,however, arenot directly applicableto reducedHessianop-
eratorsfor inverseproblems. For this reason,therehasbeenrecentinterestin developing
speci®cmultigrid-like methodsfor inverseproblems(for examplesee[11, 13, 15, 17, 21]).
Themaindif®culty lies in constructinga propersmoothingoperatorfor thereducedHessian
operatorH .

For our problem,the continuousreducedHessianoperatoris spectrallyequivalentto a
Fredholmintegral operatorof the secondkind. Multigrid solvers for suchproblemshave
beenvery successful[12]. The overall algorithmfollows the standardmultigrid hierarchy:
pre-smoothing,restrictionto a coarsergrid, solution,prolongationbackto the®negrid, cor-
rection,andpost-smoothing.Thekey aspectis thesmoother, which mustaddressthespec-
trumof thereducedHessian.

ClassicalsolverssuchasJacobiandGauss-Seidelwork well assmoothersfor elliptic
PDE operators,wherethe large eigenvaluesof the differentialoperatorcorrespondto high
frequency eigenvectors(see[6]). Thesemethodsrapidly eliminateoscillatorycomponents
of thenumericalerror, but arenotoriouslyslow at eliminatingthesmoothcomponents.The
multigrid methodcanbeusedto effectively eliminatethesmootherrorcomponentsby iterat-
ing oncoarserscales.

Unlikeelliptic operators,however, thecontinuousreducedHessianis astronglysmooth-
ing, compact,andnonlocaloperator(henceits discreteversionH is representedby a dense
matrix). Its eigenvector–eigenvaluecorrespondenceis reversed,with largeeigenvaluesasso-
ciatedwith smootheigenvectors,andsmalleigenvaluesassociatedwith oscillatoryeigenvec-
tors. NeitherKrylov-subspacemethods,nor stationarymethodssuchasJacobiandGauss-
Seidel,actassmoothersfor H ; in fact,in additionto beingexpensive to apply, they actmore
as roughers,sincethe “high energy” (large eigenvalue) components,which correspondto
smootheigenvectors,aretypically resolved®rst, leaving oscillatorycomponentsin theerror.

Thesmoothingpropertiesof thecontinuousreducedHessian,combinedwith its approx-
imationof thediscretecounterpart,imply thatby decreasingthemeshsize,bothH andthe
“high energy” eigenvectorsareincreasinglywell representedontheimmediatelycoarsergrid.
For clarity we denoteby H h thediscretereducedHessianat resolutionh. If we assumethat
the“coarse”spaceV2h is embeddedinto the“®ne” spaceVh (asis oftenthecasewith ®nite
elementdiscretizations),andwe denoteby Ph : Vh ! V2h the L 2-orthogonalprojection,
thenthe actionof the reducedHessianH h on the “coarse”spaceis well approximatedby
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H2h . If in additionweregardtheorthogonalcomplementW2h = (I ¡ Ph )Vh of V2h in Vh as
thespaceof high frequency functions(this is only approximatelytrue; in factW2h actually
hasbothsmoothandoscillatorycomponents[6]), thenthestrongsmoothingpropertiesof the
continuousreducedHessianimply that

Hh ¼ ¯ (I ¡ Ph ) + H2h Ph ; (3.1)

whichcombinedwith orthogonalitybetweenPh andI ¡ Ph suggests1 thefollowing two-level
preconditionerM h [11, 21]:

H ¡ 1
h ¼ M h

def= ¯ ¡ 1(I ¡ Ph ) + (H2h )¡ 1Ph : (3.2)

Onecangeneralizethis procedurerecursively to obtaina multigrid preconditioner. Notethat
the ®rst part of the preconditioner, ¯ ¡ 1(I ¡ Ph ), actsasa smoother, sinceit removeshigh
frequency componentsfrom the residual. If Vh are®nite elementspaces,andwe invert for
the initial valuegiven the entire®nal-timestate,it hasbeenshown in [11] that for h small
enough

1 ¡ Chp=¯ · hM h u; ui
­
(Hh )¡ 1u; u

®¡ 1
· 1 + Chp=¯ ; for all u 2 Vh ; u 6= 0 ; (3.3)

whereh¢; ¢i is theL 2-innerproduct,p is theconvergenceorderof theforwardmethod(p = 2
for piecewise linearpolynomials)andC is independentof h. A similar resultholdsfor the
multigrid preconditionerwhenusingaW-cycle. Thestatement(3.3)showsthatthetwo-level
preconditionerbecomesincreasinglyeffective athigh resolution.

Thereare a numberof implementationissuesto consider. At the coarsestlevel, the
approximateinverseis replacedby an“exact” solve. Themeshsizefor thecoarselevel cannot
bechosenarbitrarily, andis afunctionof theregularizationparameter̄ andthecompactpart
of H (see[11]). Sincethe reducedHessianis not availableexplicitly (even at the coarsest
scale)theexactcoarsesolve is performedby theCG solver. Theorthogonaldecomposition
(I ¡ Ph ) canbe replacedby lessexpensive projection-like operators,suchasthe standard
interpolation-restrictionoperatorsfrom classicalmultigrid theory. Our preconditionerthen
becomes

H ¡ 1
h ¼ M h = ¯ ¡ 1(I ¡ I h

2h I 2h
h ) + I h

2h M 2h I 2h
h ; (3.4)

whereI h
2h : V2h ! Vh is thenaturalinterpolationoperator, andI 2h

h : Vh ! V2h is thefull-

weightingrestrictionoperatorde®nedby I2h
h = c

¡
I h

2h

¢T
with c chosenso that a constant

function is restrictedto itself. Theoperator̄ ¡ 1(I ¡ I h
2h I 2h

h ) actsasa smoother, replacing
themoreexpensive ¯ ¡ 1(I ¡ Ph ). Note that thesmoothingoperatoris explicit, symmetric,
andsparse;it actsonly on initial concentrations,and thereforeits applicationhasnegligi-
blecomputationalcostcomparedto thepairof forward/adjointconvective-diffusive transport
solvesat eachCG iteration. Sincewe coarsenin both temporalandspatialdimensionsat
the samerate (in our implementationthe time-steppingandspatialdiscretizationmethods
have thesameapproximationorder),thecostof onereducedHessian–vectormultiplication
on level l is 24 timesmoreexpensive thanthatat theimmediatelycoarserlevel l ¡ 1. There-
fore,by usingjust threelevels,thecostof areducedHessian-vectorproductonthe®nestgrid
is 256 timesthecostof a similar operationat thecoarsestlevel. By usinga simpleV-cycle

1Assumethat ¯ = 0. If v 2 Vh is decomposedinto a smoothvs 2 V2h andanoscillatorywo 2 W2h then
H h v = H h vs + H h w0 ¼ H 2h vs = H 2h Ph v. Furthermore,we canwrite H h = (1 ¡ Ph )H h (1 ¡ Ph ) +
Ph H h (1 ¡ Ph ) + (1 ¡ Ph )H h Ph + Ph H h Ph ¼ Ph H h Ph . Thenfor ¯ 6= 0, (3.1) followseasily.
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strategy at the ®nestlevel we avoid computingthe®nest-level residualinsidetheprecondi-
tioner; however, we usea W-cycle (asin King's original algorithm)at the middle level, in
orderto make up for a possiblelossof quality of thepreconditionerat coarserresolution,as
would follow from (3.3).As statedbefore,CGis usedasadirectsolveron thecoarsestlevel.
We employ thefull multigrid framework (i.e. grid sequencing)to computeinitial guessesfor
eachlevel. In thenext section,wediscussnumericalresults.

4. Implementation and Numerical Results. Wedemonstrateourdynamicdata-driven
inversionframework on a hypotheticalatmosphericcontaminationevent in the GreaterLos
AngelesBasin(GLAB) region. Usingrealtopographicaldataandsynthesizedvelocity®elds,
we conductnumericalexperimentsin which sparseobservationsareextractedfrom forward
simulationsandsubsequentlyusedin the inverseproblem. Our implementationbuilds on
PETSc[3] to manageparallel datastructures,coordinatedifferent grid resolutionsin our
multigrid preconditioner, interfacewith linearsolversanddomaindecompositionprecondi-
tioners,andutilize a rangeof softwareservices.We ®rst discussdiscretizationandgeometry
detailsandproblemsetup.We thenbrie�y presentnumericalresultsfor initial concentration
inversionsin the GLAB. Finally, we provide parallelandalgorithmicscalabilityresultson
structuredgridswithout topography.

In our actual implementation,we ®rst discretizethe optimizationproblem(2.1), and
thenwrite optimality conditions(asopposedto thewriting thein®nite-dimensionaloptimal-
ity conditions(2.6) andthendiscretizing;in the presentcasethe two arenot identical[1]).
We employ StreamlineUpwind Petrov-Galerkin (SUPG)®nite elements[7] in spaceand
Crank-Nicolsonin time. For problemswith high Pecletnumber, stabilizedmethodssuch
asSUPGaremoreaccuratethanstandardGalerkinon coarsemeshes.We usea logically-
rectangulartopography-conformingisoparametrichexahedral®nite elementmeshon which
piecewise-trilinearbasisfunctionsarede®ned.SincetheCrank-Nicolsonmethodis implicit,
we “invert” the time-steppingoperatorusinga restartedGMRESmethod,acceleratedby an
additive Schwarzdomaindecompositionpreconditioner, bothfrom thePETSclibrary.

Contaminanttransportis modeledover a 360km £ 120km £ 5 km in theGLAB. Land
surfaceelevationsareobtainedat 1 km spacingfrom theUSGSLandProcessesDistributed
Active Archive Center(GTOPO30digital elevationmodel).2 Thethree-dimensionalmeshis
createdfrom thesurfaceelevationsby insertingequallyspacedgrid pointsvertically from the
surfacegrid to thetopof thedomainat5 km.

To simulateacontaminationevent,aninitial contaminantplumewith aGaussianconcen-
trationgivenby 20exp(¡ 0:04jx ¡ x cj) is centeredatxc = (120km,60km,0 km). Theplume
is transportedover theGLAB region by solvingtheconvection-diffusionequation(1.1)with
speci®edvelocity ®eld over a time horizonof 120minutes.Sensormeasurementsaretaken
every 3 minutesto develop a time history from which to invert. For this contaminant,the
diffusioncoef®cient is takenasº = 0:05. Theregularizationparameteris ®xedat ¯ = 0:01.
The forward andinverseproblemsaresolved on a meshwith 361 £ 121 £ 21 grid points,
representing917,301concentrationunknowns at eachtime step. The time stepis the same
asthesensorrecordingrate,i.e. 3 minutes,for a total of 40 time steps.Therefore,thereare
about74£ 106 total space-timevariablesin theKKT optimalitysystem(2.6).

The velocity ®eld v in the convection-diffusion equationis synthesizedby solving the
steady-stateincompressibleNavier-Stokesequations,½(v ¢r ) v+ r p¡ ¹ ¢ v = 0, r ¢v = 0,
wherep is the�uid pressureand(½;¹ ) areits densityandviscosity. To simulateanonshore
wind, an in�o w Dirichlet boundaryconditionwith vx = vmax (z=(5:0 ¡ zsurface ))0:1 and
zero for the other componentsis appliedto the x = 0 plane,wherevmax is speci®edas

2http://edcdaac.usgs.gov/gtopo30/dem_img.asp
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30 km/hr. Traction-freeboundaryconditionsareappliedto the out�ow planeat x = 360
km. Traction-freetangentialandno-slip normalboundaryconditionsareappliedto the re-
mainingportionsof the boundary. An SUPG-stabilized®nite elementmethodis employed
to solve theNavier-Stokesequationsusinglineartetrahedralelementsderivedby subdividing
theconvection-diffusionhexahedralmesh.

We samplethe concentrationsfrom the forward transportsimulationson a uniformly-
spacedarrayof sensors,andusethemassyntheticobservationsto drive theinverseproblem.
Figure4.1depictsinversionresultsfor differentsensorarraydensities,alongwith theactual

FIG. 4.1. Sensitivityof the inversion result to the sensorarray density. The target initial concentration is
shownin theupper-left corner, andinversionresultsusingsuccessively-®nersensorarraysare shownin thesubse-
quentimages. As thenumberof sensors in each directionincreases,thequality of the reconstructionof the initial
concentrationplumeimproves.L 2 (­) normrelativeerrorsare0:79, 0:49, and0:34 for the6£ 6£ 6, 11£ 11£ 11,
and21 £ 21 £ 21 sensorarrays,respectively. Inversionusingthe21 £ 21 £ 21 sensorarray takes2.5hourson64
processors of theAlphaserverEV68systemat thePittsburgh SupercomputingCenter. CG iterationsare terminated
whenthe norm of the residualof (2.7) is reducedby ®ve orders of magnitude. Topographical elevation hasbeen
exaggeratedfor visualizationpurposes.

initial concentration(labeledTarget in the®gure). Oneof thecritical issuesis to determine
thenumberof sensorsrequiredto resolve theinitial concentration.As thenumberof sensors
in eachdirectionincreases,the error betweenthe actualinitial concentrationandpredicted
initial concentrationis reduced.TherelativeL 2 normerrorfor the21£ 21£ 21sensorarray
is 34%,but ascanbeobserved in the®nal image,the initial concentrationis localizedvery
accurately. Recallthatdueto thenon-vanishingregularizationparameterandthe®xedmesh
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size,wecannotexpectto recover theinitial concentrationexactly.
The run-timeon a modestnumberof Alphaserver processors(64) is 2.5 hoursfor the

®nestsensorarray. As the sensorarray becomesdenser, the numberof CG iterationsin-
creases,causingan increasein wall-clock time. With new information provided by the
additionalmore®nely-spacedsensors,onemight expecta quicker inversiondueto a less-
poorly-posedproblem.In fact,theoppositeis true: richerinformationprovidedby morethe
®nely-spacedsensorsprovidesmoreenergy to theoscillatorycomponentsof theresidual;the
CGsolver thusmustwork harderto recover thesesolutioncomponents.(Notethatin thisset
of experimentswe have not usedthemultigrid preconditioner.) In additionto the in�uence
of thenumberof sensors,we have alsostudiedthesensitivity of theinversionto theregular-
izationparameter̄ , thePecletnumber, andtheaddednoiselevel in themeasurements.For
brevity wedeferpresentingtheseresultsto aseparatearticle.

Whatis of ultimateinterestis how successfulthereconstructedinitial ®eld is in predict-
ing the actualtransportof the contaminant.Figure4.2 comparesthe actualevolution (left)
andpredictedevolution(right) of thecontaminantplumein time. It is evidentfrom this®gure
thatalthoughthereconstructedconcentrationdoesnotmatchtheactualconcentrationexactly
at t = 0, thedifferencebetweenthe two diminishesover time, dueto thedissipative nature
of theforwardconvection-diffusionproblem.

Wenext studytheparallelandalgorithmicscalabilityof themultigrid preconditioner. In
all experiments,we usea regular grid with a constantunidirectionalvelocity ®eld. This is
an importantsimpli®cationof theproblem.Furthertestsarenecessaryfor thecaseof more
complex andtime-dependentvelocity®elds.ThecorrespondingPecletnumberis 3. We take
syntheticmeasurementson a 7 £ 7 £ 7 sensorarray. CG is terminatedwhentheresidualof
(2.7)hasbeenreducedby six ordersof magnitude.

Table4.1presents®xed-sizescalabilityresults.Theinverseproblemis solvedona257£

TABLE 4.1
Fixed sizescalability of unpreconditionedand multigrid preconditionedinversion. Here theproblemsize

is 257 £ 257 £ 257 £ 257 for all cases.We usea three-level versionof themultigrid preconditionerdescribedin
Section3. Thevariablesare distributedacrosstheprocessors in space, whereasthey are storedsequentiallyin time
(as in a multicomponentPDE). Here hoursis thewall-clock time, and´ is theparallel ef®ciencyinferred fromthe
runtime. Theunpreconditionedcodescalesextremelywell sincethere is little overheadassociatedwith its single-
grid simulations.Themultigrid preconditioneralsoscalesreasonablywell, but its performancedeterioratessince
theproblemgranularity at thecoarser levelsis signi®cantlyreduced.Nevertheless,wall-clock time is signi®cantly
reducedover theunpreconditionedcase.

CPUs nopreconditioner multigrid
hours ´ hours ´

128 5.65 1.00 2.22 1.00
512 1.41 1.00 0.76 0.73
1024 0.74 0.95 0.48 0.58

257£ 257£ 257 grid, i.e. thereare17 £ 106 inversionparametersin (2.7) and4:3 £ 109

total space-timeunknowns in (2.6). Note thatwhile theCG iterationsareinsensitive to the
numberof processors,theforwardandadjointtransportsimulationsateachiterationrely ona
single-level Schwarzdomaindecompositionpreconditioner, whoseeffectivenessdeteriorates
with increasingnumberof processors.Thus, the ef®cienciesreportedin the table re�ect
parallelaswell as(forward)algorithmicscalability. Themultigrid preconditionerincursnon-
negligible overheadasthenumberof processorsincreasesfor ®xed problemsize,sincethe
coarsesubproblemsaresolvedon ever largernumbersof processors.For example,on 1024
processors,the65£ 65£ 65 coarsegrid solve hasjust 270grid pointsperprocessor, which
is far too few for a favorablecomputation-to-communicationratio.
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FIG. 4.2. Illustration of thepredictivecapabilitiesof our inversionalgorithm,usingan 11 £ 11 £ 11 sensor
array. Forward transportof theactualinitial concentration is comparedwith forward transportof thereconstructed
initial concentrationplume. Thetrajectoriesarecloseto each other, andthecomparisonimproveswith time.
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On the otherhand,the unpreconditionedCG iterationsexhibit excellentparallelscala-
bility sincetheforwardandadjointproblemsaresolvedon just the®negrids. Nevertheless,
themultigrid preconditionerachievesanetspeedupin wall-clock time,varyingfrom afactor
of 2.5 for 128processorsto 1.5 for 1024processors.Most important,theinverseproblemis
solvedin lessthan29minuteson1024processors.This is about18timesthewall-clock time
for solvingasingleforwardtransportproblem.

Table 4.2 presentsisogranularscalability results. Here the problemsize rangesfrom

TABLE 4.2
Isogranular scalability of unpreconditionedand multigrid preconditionedinversion. Thespatialproblem

sizeper processoris ®xed(strideof 8). Ideal speedupshouldresultin doublingof wall-clock time. Themultigrid
preconditionerscalesverywell dueto improving algorithmicef®ciency(decreasingCG iterations)with increasing
problemsize. UnpreconditionedCGis notableto solvethelargestproblemin reasonabletime.

grid size problemsize CPUs nopreconditioner multigrid
u0 (u; p;u0) hours iterations hours iterations

1294 2.15E+6 5.56E+8 16 2.13 23 1.05 8
2574 1.70E+7 8.75E+9 128 5.65 23 2.22 6
5134 1.35E+8 1.39E+11 1024 Ð Ð 4.89 5

5:56£ 108 to 1:39£ 1011 totalspace-timeunknowns,while thenumberof processorsranges
from 16 to 1024. Becausewe re®nein time aswell asin space,andbecausethenumberof
processorsincreasesby a factorof 8 with eachre®nementof the grid, the total numberof
space-timeunknowns is not constantfrom row to row of the table;in fact it doubles.How-
ever, the numberof grid pointsper processordoesremainconstant,andthis is the number
that dictatesthe computationto communicationratio. For ideal overall (i.e. algorithmic+
parallel)scalability, wewould thusexpectwall-clock time to doublewith eachre®nementof
thegrid. UnpreconditionedCGbecomestooexpensive for thelargerproblems,andis unable
to solve thelargestproblemin reasonabletime. Themultigrid preconditionedsolver, on the
otherhand,exhibits very goodoverall scalability, with overall ef®ciency droppingto 95%
on 128 processorsand86% on 1024processors,comparedto the 16 processorbasecase.
Fromthe®xed-sizescalabilitystudiesin Table4.1,weknow thattheparallelef®ciency of the
multigrid preconditionerdropsonlargenumbersof processorsdueto theneedto solvecoarse
problems.However, theisogranularscalabilityresultsof Table4.2indicatesubstantiallybet-
ter multigrid performance.Whataccountsfor this?First, theconstantnumberof grid points
per processorkeepsthe processorsrelatively well-populatedfor the coarseproblems.Sec-
ond,thealgorithmicef®cacy of themultigrid preconditionerimproveswith decreasingmesh
size(aspredictedby (3.3)); thenumberof iterationsdropsfrom 8 to 5 over two successive
doublingsof meshresolution.The largestproblemexhibits a factorof 4.6 reductionin CG
iterationsrelative to theunpreconditionedcase(5 vs. 23). This improvementin algorithmic
ef®ciency helpskeeptheoverall ef®ciency high.

5. Conclusions. We have presenteda methodologyfor solvingterascaledynamicdata-
driveninverseproblemsof determiningunknown initial conditiondatafrom sparseobserva-
tions in a model-consistentmanner. The methodologyhasbeeninstantiatedin the context
of inverseconvection-diffusiontransportproblems.Themaindif®culty is thattheoptimality
systemis a boundaryvalueproblemin 4D space-time,even thoughthe forward simulation
problemis aninitial valueparabolic-hyperbolicproblem.Wehavepresentedspecial-purpose
parallelmultigrid algorithmsthatexploit thespectralstructureof theinverseoperator. Exper-
imentson problemsof localizingairbornecontaminantreleasefrom sparseobservationsin a
regionalatmospherictransportmodeldemonstratethat:
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² 17-million-parameterinversioncanbeeffectedat a costof just 18 forwardsimula-
tions;

² wall-clock timeon1024AlphaserverEV68processorsfor the17-million parameter
inversioncaseis just29minutes;

² themultigrid preconditionerreducesthenumberof iterationsby asmuchasa factor
of 4.6;and

² inverseproblemswith 135million initial conditionparametersand139billion total
space-timeunknowns aresolved in lessthan5 hourson 1024processorsat 86%
overall (parallel+ algorithmic)ef®ciency.

Theseresultssuggestthatultra-highresolutiondata-driveninversionfor lineartransport
problemscanbecarriedoutsuf®ciently rapidlyto enablesimulation-based“real-time” hazard
assessment.Thenext stepis to assessscalability, performance,andreal-timeviability using
complex wind velocity ®elds.Our long-termgoalis to incorporatemoresophisticatedtrans-
portmodelsinto ourcurrentframework, including,for example,deposition,regionalweather
models,andmoreaccurateterraininformation.
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