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Abstract. In contrasto traditionalterascalsimulationghathave known, x eddatainputs,dynamiadata-driven
(DDD) applicationsarecharacterizedby unknovn dataandinformedby dynamicobsenations. DDD simulations
giveriseto inverseproblemsof determiningunknavn datafrom sparseobsenations. The maindif culty is thatthe
optimality systemis a boundaryvalue problemin 4D space-timegven thoughthe forward simulationis aninitial
valueproblem. We constructspecial-purposearallelmultigrid algorithmsthat exploit the spectralstructureof the
inverseoperator Experimentson problemsof localizing airbornecontaminanteleasdrom sparseobsenationsin
aregionalatmospheri¢ransportmodeldemonstratéhat 17-million-parametemversioncanbe effectedat a costof
just 18 forward simulationswith high parallelef ciency. On 1024 Alphaserer EV68 processorsthe turnaround
time is just 29 minutes. Moreover, inverseproblemswith 135 million parameters— correspondindo 139 billion
total space-timeunknavns — are solved in lessthan 5 hourson the samenumberof processors.Theseresults
suggesthat ultra-highresolutiondata-drven inversioncanbe carriedout sufciently rapidly for simulation-based
“real-time” hazardassessment.

1. Intr oduction. Traditionally, terascalesupercomputersave beenemployedfor sim-
ulationsof comple physical systemshat are basedon static, known data. Typically, the
behaior of the physical systemis modeledby partial differentialequationdPDESs),andthe
datacompriseboundaryconditions,initial conditions,sourcesgeometryandmaterialcoef-
®cients.Simulationsarecarriedout to studythe behaior of the systemfor thegivendata.ln
thisrealmof staticdata-drivensimulationsabsoluteurn-aroundimeis oftensubordinateéo
considerationsf desiredaccurag andresolution.

Recently interestin dynamicdata-driven(DDD) applicationsb requiringthe highest
levels of supercomputingerformanced hasincreasediramatically[9, 10]. Theseapplica-
tions are characterizedby uncertainor unknavn data,andareinformedby obsenrationsor
measurementhatbecomeavailabledynamically DDD simulationsappeain suchscenarios
ashazardassessmengmegeny responsetreatyveri®cation,structuralhealthmonitoring,
image-drvensuigery, weatherforecastinggeoplysical exploration,andclosed-loopprocess
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control,to namejustafew. All of theseapplicationsharethe challengeof reconstructingin-
known input datafrom sparsedynamically-obtainedneasurement® andthe needto issue
predictionsrapidly.

In general, DDD applicationscanbe castasinverse problems in which the goalis to
reconstructhe missing, uncertain,unknown, or errantdatafrom sparseobsenrationsand
measurementsver a ®nite time interval. The reconstructiormustbe model-basedthatis,
the reconstructednput datamust be mappedto the obsened measurements a manner
thatis consistentwith the PDE forward simulationmodel. Oncean estimateof the input
datahasbeenconstructedit canbe usedto initialize forward simulationsthat predictfuture
systenmbehaior overanappropriatégime horizon. The“obsene—irvert—predict'cycleis then
repeatedor thenext time intenal of obsenations,andsoon.

Rapidturn-aroundimeis paramounfor mary DDD simulations Historically, thismeant
thatsimulationaccurag andresolutionweresacri®cedor speed Whererapidpredictionand
responsare mandatedthe supportingsimulationshave hadto revert from high-resolution,
high-®delitythree-dimensiond?DE modelsbackto simpli®edmodelssuchaslookuptables,
algebraiomodels,or one-or two-dimensionaPDEs.

However, in recentyearsit hasbecomemeaningfulb andin mary casesmperatve b
to contemplatédDD simulationsof complex physicalsystemghatarebothrapidandhighly-
resohed. This hasbeenmotivatedby advancesn sensingechnologiesgdeploymentof very
high bandwidthnetworks, andthe availability of terascalesupercomputersTo capitalizeon
this emeging infrastructure a centralchallengefacing computationakcientistsis the con-
structionof robust scalableparallelalgorithmsfor nearreal time solutionof the underlying
data-drveninverseproblems.Unfortunately inverseproblemsareoften muchmoredif®cult
to solve thancorrespondindorward simulations pecausénverseproblems

2 ysuallyrequirenumepusrepeatedorwardsimulations;
2 areusuallyill-poseddespitethe well-posednessf the forward problem;and
2 are boundaryvalue problemsin four-dimensionalspace-time despitethe initial-
value,time-marchingcharacteof the forwardproblem.
Neverthelessthereis a penasive needin mary applicationareasfor nearreal time high-
delity, dynamicdata-driveninversion The developmentof scalableparallelalgorithmsfor
this taskis the goal of our paper
Althoughourapproachs generabndwidely applicablewe have chosera speci®cdriv-
ing applicationto instantiateandevaluateour algorithmsandimplementation.We focuson
the localizationof airbornecontaminanteleasesn regional atmospheridransportmodels
from sparseobsenations[2], in time scaleshortenoughfor predictiongo be usefulfor haz-
ardassessmentitigation,andevacuatiorproceduresln particular our goalis model-based
rapidreconstructio via solutionof alarge-scalénverseproblemb of theunknowvn initial
concentratiorof the airbornecontaminanin a corvection-difusion transportmodel, from
limited-time spatially-discretaneasurementsf the contaminanconcentrationandfrom a
velocity ®eld as predicted,for example,by a mesoscopiaveathermodel. Mathematically
transporiof the contaminants describedy the corvection-difusionequation

i °¢u+vderu=0 in - £ (0;T);

°ru¢n=0 on j £ (0;T); (1.1)
Uu=ug in - £ ft= 0g;

Q@

whereu(x ;t) is the contaminantoncentratior®eld, w(x) is theinitial concentratiorthat,
togetherwith the velocity ®eld v(x; t), drivesthe systemand® is the diffusion coefdcient.
We seekto reconstructheinitial concentrationug from measurementsf the concentratiornu
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overashorttime horizon,takenata smallnumberof sensotocationsthroughouthedomain.
Thenb usingthejust-reconstructedhitial concentratior® we canissuepredictionsof the
longertime transportof the contaminanplumethroughoutheregion.

Inverseproblemsfor corvective-diffusive transportof this type arisein several settings:
characterizatiowf pollutantsin the atmospherejnintentionalcatastrophi@accidentsnvolv-
ing (for example)chemicalplants,or intentionalrelease®f hazardoushemicalor biological
agents. Although studieshave beenconductedf the sensitvity of chemicalconcentration
with respecto sourcetermsor obsener placement[8, 16, 18, 19], very little work hasbeen
doneon reconstructiorof initial concentrationsia solutionof aninverseproblem.

In Section2 we formulatethe inverseproblemasan outputleastsquaresoptimization
problemwith a corvection-difusion PDE constraint. First orderoptimality conditionspro-
ducea coupledsystemof partial differential-algebrai@quationswhich includesthe initial
value corvection-difusion PDE, the terminal-valueadjoint corvection-difusion PDE, and
an algebraicequationfor the initial concentration.As mentionedabore, this systemis an
ill-posed boundaryvalue problemin 4D space-timeand typical problemsizesof interest
presenta signi®cantchallengefor rapid solution. To overcomethe four-dimensionalityof
this system,we invoke a block eliminationthat reduceghe systemto onein just the (3D)
spatially-discretizedhitial concentratiorvariableug. Unfortunatelythe operatorfor thisre-
ducedsystemis non-localandcannoteven be formedfor the problemswe target, even with
petascal&eomputingresources.Fortunately the action of the reducedoperatoron a vector
canbeformedby solvinga pair of forward/adjointcorvection-difusion PDEs,andthe spec-
tral characteof thereducedperator(asfor mary inverseproblemsguaranteethataKrylov
methodappliedto this systemcorvergesin amesh-independemumberof iterations.

However, a constanthumberof iterationsindependenbf meshsizeis by itself not suf-
®cientfor real-timedynamicdata-drienapplicationsthe constantitself mustbereducedso
thatno morethanafew iterationsb andhenceforward/adjointsimulationsb areneededo
solve theinverseproblem.Thisrequiresa scalableandeffective preconditionerwhichis par
ticularly challengingbecauseheinverseoperatoris never formed. In Section3 we presenta
parallelmultigrid preconditionedesignedo reducehenumberof Krylov iterationsfor DDD
inverseproblems. Unlike PDE operatorsjnverseoperatorsare compact,andtheir spectral
propertiesare differentfrom thoseof differentialoperators.As a result, standardnultigrid
smoothersarenot applicablefor inverseoperators.Instead,special-purposemootherghat
aretailoredto their spectrabpropertieamustbe emplo/ed,andthesearepresentedn Section
3. Sectiord providesa prototypeinversionscenariolocalizationof thereleaseof a contam-
inantin the Los Angelesharborfrom short-termmeasurementsf its transportby onshore
winds,followedby longerterm predictionof thetransporif the contaminanthroughouthe
GreaterLA Basin. We alsoprovide resultson the performanceandscalability of our inver-
sion algorithm. Our resultsdemonstrat¢hat dueto high parallelandalgorithmicef®ciencgy,
inverseproblemswith 17 million initial concentratiorunknovns,and8.7 billion total space-
time unknavns, canbe solvedin lessthan30 minuteson 1024 processorsf an Alphasener
EV68-basedystem.Thetime takenis just 18 timesthatof a singleforwardtransportsimu-
lation. Moreover, inverseproblemswith 135million initial concentratiorparameter® and
139billion total space-timeinknavnsd aresolvedin lessthan5 hourson the samenumber
of processors.

Ultimately, our resultsdemonstrateéhat with carefulattentionto the designof scal-
ableparallelalgorithmsb high-resolutiorinversetransportproblemscanbe solvedin “real
time; i.e.in time scaledeasiblefor simulation-basetiazardassessmermndresponseMore
generally for DDD inverseproblemscharacterizedy otherclassef forward simulations,
the turn-aroundtime will, of course,dependon the complity of the forward simulation.
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However, our resultsindicate that model-basedeconstructiorof incompleteinitial condi-
tions—which is necessaryor data-drivenprediction— canbe achievedin a smallmultiple
of the costof the forward simulation,evenwhenmillions of uncertainparametes mustbe
estimated.

2. Formulation and optimality conditions. In thissectiorwe give detailsonthemath-
ematicaformulationof theinverseproblem,its discretizationandthe overall stratgy for its
numericalsolution.

Given obsenrationsof the concentratiorf uj"ng;1 atN; locationsf x; g, insidea do-
main- , wewishto estimateheinitial concentrationug(x) thatleadsto theclosesteproduc-
tion of the obsened concentrationsisingthe forwardtransportPDE. The inverseproblemis
formulatedasa constrainedleastsquare®ptimizationproblem:

Z+Z _Z
(Ui u™)2H(x j xj)dxdt+§ uz dx ;

. 1 Xe
min J (u; ug) def
U;u o o O

subjectto i °Cu+veru=0 in - £ (0;T); (2.1)

e@ ™

°ru¢n=0 on j £ (0;T);
u=up in - £ft= 0g:

The ®rst term in the objective functional J representsa least-squaremis®t of predicted
concentrationsi(x; ) with obsenedconcentrations®(x; ) (thedeltafunctionlocalizestheu
andu” ®eldsto thesensoillocations).Thesecondermin J , scaledby theconstant =2, is a
regularizationtermthatresultsin awell-posedproblem.In the absenc®f theregularization
term, the problemis ill-posed, sincewe cannothopeto recover componentf the initial
concentratiorthat are much more oscillatory than dictatedby the spacingof the sensors.
Therefore,oscillatory componentof ug lie in the null spaceof the inverseoperatoy and
b in the absenceof regularizationb will appearas arbitrary noisein the reconstructed
initial concentratior®eld. To addressll-posednesswe employ L2(-) regularizationwhich
penalizegheL ? normof up.

Theconstraintsn theoptimizationproblem(2.1) arejustthe contaminantransporicon-
vection-difusion equation,boundarycondition, andinitial condition. The transportof the
pollutantis driven by theinitial conditions the diffusion, andthe velocity ®eld. In practice,
the velocity ®eld would be provided by a regional numericalweathemredictionmodelsuch
asMM5 [20]. For our presenpurposeshowever, we areinterestedn assessinthereal-time
viability andalgorithmicandparallelscalabilityof our inversionmethod.For simplicity we
employ asteadylaminarincompressibl®&avier-Stokessolverto generatevind velocity ®elds
over aterrainof interest.

The inverseproblemthenis to determinethe initial concentratior®eld w(x), andthe
resultingspace-timevolution of theconcentrationu(x ; t), by solvingthe optimizationprob-
lem (2.1). First-ordemecessargonditionsfor optimality b theso-calledKKT conditionsb
may bederived by introducinga Lagrangiarfunctional:

s Z1Z _z
oy def 1 Lo Ey2 . 2
L(u;ug;p) = > (uj u?)*Hxj xj)dxdt+ > ug dx
izg O -
z.zp T 7 (2.2)
+ p@+°r utr p+pvéru dxdt+ p(uj ug)dx;
0 - -

in whichtheadjointconcentationp(x ; t) is usedo enforcethecornvection-difusionequation
andinitial condition. Requiringstationarityof the LagrangiarL with respecto p, u, andug
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(respectiely) yieldsthe KKT conditionswhich consistof:

Theforward corvection-difusionproblem

%i°¢u+v¢ru:0in - £(0;T);
°ru¢n =0 on j £ (0;T); (2.3)
u=ug in - £ ft=0g:

Theadjoint corvection-difusionproblem

. @ o¢ . ¢ J—— %S . o] H . ). H £ OT
i@l CepiT (pv) =i (Ui u)HXi xj); in - £(0;T)
j=1
°rp+vp)¢n =0, on j £ (0;T); (2.4)
p=0in - £ft=Tg:
Theinitial concentation equation
T Upi Pit=o =0 in -: (2.5)

Equationg(2.3) arejust the original forward cornvection-difusion transportproblemfor the
contaminant®eld. The adjoint convection-difusion problem (2.4) resembleghe forward
problem but with someessentiadifferencesFirst, it is aterminalvalueproblem;thatis, the
adjointp is speci®edatthe®naltimet = T. Secondgcorvectionis directedbackwardalong
thestreamlinesThird, it is drivenby asourceermgivenby thenegative of themis®tbetween
predictedandmeasuredoncentrationsit sensotocations. Finally, the initial concentration
equation(2.5) is in the presentcaseof L? regularizationan algebraicequation. Togethey
(2.3),(2.4),and(2.5) furnish a coupledsystemof linear PDEsfor (u; p;up). The principal
dif®culty in solvingthis systenis thatb while theforwardandadjointtransporproblemsare
parabolic-lyperbolic problemsb the KKT optimality systemis a coupledboundaryvalue
problemin 4D space-time

To simplify discussiorof solutionapproachesye introduceoperatorsA; T; B andR.
Here,A denotegheforwardtransporioperatorandAi ! its inverse;T extendsa spatial®eld
atinitial timeinto space-timeB is anobsenationoperatotthatlocalizesspace-timéo points
atwhichsensorareplaced;R is theregularizationoperatot(in the presentasetheidentity);
A" istheadjointtransporbperatorandA® itsinverse;andT  restrictsa space-time®eld to
aspatial®eld att = 0. With thesede®nitions,we canwrite the KKT conditionsin operator
form:

2 32 3 2 3
B O A® u Bu”®

40 "R TS 4ypd =405 (2.6)
A T 0 p 0

Special-purpos&rylov solversandparallelpreconditionerganbe very effective at solving
discretizedrersionf optimality systemsuchas(2.6)for optimizationproblemsconstrained
by steady-stat®DEs[4, 5]. Here,however, the 4D space-timenatureof (2.6) presentgro-
hibitive memoryrequirementdor large scaleproblems. Solutionof (2.6) in its full-space
form is essentiallyintractablefor suchproblemsusingpresentomputingresourceslnstead,
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we pursuea reduced-spacenethodthat amountsto a block elimination combinedwith a
matrix-freeSchurcomplemensolver.

Eliminating the concentratioru andforward transportequation(third row of (2.6)) and
adjointconcentratiorp andadjointtransportequation®rst row of (2.6)) from the KKT opti-
mality systemwe obtainthe Schurcomplemensystemfor theinitial concentrationig:

Hup = g; (2.7)
wherethereducedHessian(or inverse)operatoH is de®nedby
H % 1°A” BAI 1T + R; (2.8)
andthereducedyradientg is de®nedby
g% ToA By

It isimmediatelyclearthatH is a symmetricandstrictly positive de®niteoperator Thus,the
optimizationproblemhasa uniquesolutionfor non-vanishing .

Notice that H is a non-localoperator(when discretizedit will be a full matrix) and
its explicit constructionis completelyout of the question. For example, for the problem
with 139billion space-timainknavnssolvedin Section4, H is of dimensionl35£ 10° by
135£ 1(CP. Thus,storingH would requireabout10?® bytesof memory Moreover, forming
H would require135million solutionsof forward convection-difusiontransportequations;
on the 1024 processoAlpha systemwe usedfor the numericalexperimentsof Section4,
this would requireover 400 yearsof computingtime. While explicit formationof H andits
singularvalue decompositiorconstitutesan attractve and popularapproachfor small-scale
inverseproblems[14], alternatie approachesre essentiafor large-scalgproblems,andin
particularthosefor which nearreal-timeresponsés mandated.

Thereforewe optto solve (thediscretizedorm of) (2.7) usingthe preconditionedCon-
jugate Gradient(CG) method.H is never formedexplicitly; insteadwe computew = Hv,
theactionof thereducedHessiaron a givenspatial®eld v, in matrix-freefashionasfollows.
() Setug = v andsolwe the forward transportequation(2.3) to obtainthe concentration
evolutionu. (ii) Computethe mis®t betweermeasurements' andpredictedconcentratioru
atthe sensorocations,andusethis mis®t asa sourceto solve the adjointtransportequation
(2.4)backwardin time to obtainpj:=o , theadjointatt = 0. (iii) Setw = ~v | pji=o - There-
fore, eachapplicationof the reducedHessiarrequirestwo transportequationsolutions,one
forwardin time andonebackward. Besideaup, we needto storethe entiretime history of u
(if we have measurementavertheentiretimeinterval (0; T)) but onlyatthesensotocations.
In contrastwith full-spacemethodswe avoid storingthe forward andadjointconcentration
time histories.Thus,memoryrequirementsor theinverseproblem(2.1) aresimilar to those
of theforward problem(1.1).

The overall computationakostof the (unpreconditionedCG methodis the work per
iterationb dominatedoy thetwo transportequationssolutionsb multiplied by the number
of CG iterations. The latter dependsn the conditionnumberof the reducedHessian.One
canshaw that,for ®xed ™, H is acompaciperturbatiorof theidentity andthushasabounded
andhencemesh-independentonditionnumber[11]. Furthermoreijts spectrumhasa small
numberof clustersjt collapsesxponentiallyonto . Thereforef we useaKrylov method,
suchasCG, to solve (2.7), the numberof iterationsfor a speci®crelative residualreduction
will alsobemesh-independenthisis anoptimalnumberof iterations,andwe have veri®ed
it numerically(seeSection4). Thus,mesh-independerbrvergencecomesfor free (but the
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constantdeterioratesvith ). The constantlsodepend®on the Pecletnumber thelengthof
thetime horizon,the compleity of the velocity ®eld, andthetopograply.

However, mesh-independena# CG iterationsis by itself not sufcient for DDD prob-
lemsrequiring real-timeinversion Althoughalgorithmicallyoptimal, the numberof unpre-
conditionedCG iterationsis often so large that the cost of solving the inverseproblemis
equivalentto mary tensto hundredsof forward transportsolutions,which precludeghe use
of high-resolutionmodelsin the real-timesetting. Our goal thereforeis to reducethe ab-
solutenumberof iterationsso that the costis equivalentto a handful of forward transport
solves. To achieve this goal, we mustreducethe constantin the compleity estimate The
immediateideais to preconditionthereducedHessiarsystento furtherdecreas¢he number
of CG iterationsand, mostimportantly reducethe overall wall-clock time. Onechallenge
in constructingsuitablepreconditionerdor the reducedHessianis the impossibility of ex-
plicitly forming this operatorfor reasonsstatedabore. For this reasonb anddueto their
demonstrateduccessspreconditionergor second-kindntegral operatorg12, 17], we pur-
suemultigrid preconditionersDetailsaregivenin the next section.

3. Multigrid Preconditioner Multigrid methodshave revolutionized scienti®c com-
puting,especiallyfor linearsystemgelatedto elliptic andparabolicpartial differentialequa-
tions. Suchmultigrid schemeshowever, arenot directly applicableto reducedHessianop-
eratorsfor inverseproblems. For this reasontherehasbeenrecentinterestin developing
speci®cmultigrid-like methodsfor inverseproblems(for examplesee[11, 13, 15, 17, 21]).
Themaindif®culty liesin constructinga propersmoothingoperatorfor the reducedHessian
operatorH .

For our problem,the continuousreducedHessianoperatoris spectrallyequivalentto a
Fredholmintegral operatorof the secondkind. Multigrid solversfor suchproblemshave
beenvery successfu[12]. The overall algorithmfollows the standardmultigrid hierarcly:
pre-smoothingrestrictionto a coarseigrid, solution,prolongation backto the ®ne grid, cor
rection,and post-smoothingThe key aspecis the smootherwhich mustaddresghe spec-
trum of thereducedHessian.

Classicalsolvers suchas Jacobiand Gauss-Seidelvork well as smootherdor elliptic
PDE operatorswherethe large eigervaluesof the differential operatorcorrespondo high
frequeng eigervectors(see[6]). Thesemethodsrapidly eliminateoscillatory components
of the numericalerror, but arenotoriouslyslow at eliminatingthe smoothcomponentsThe
multigrid methodcanbeusedto effectively eliminatethe smootherrorcomponentdy iterat-
ing on coarserscales.

Unlike elliptic operatorshowever, the continuouseducedHessiaris a stronglysmooth-
ing, compactandnonlocaloperator(henceits discreteversionH is representety a dense
matrix). Its eigervector-eigewvaluecorrespondencis reversedwith large eigervaluesasso-
ciatedwith smootheigervectors,andsmalleigervaluesassociateavith oscillatoryeigervec-
tors. NeitherKrylov-subspacenethodsnor stationarymethodssuchas Jacobiand Gauss-
Seidel,actassmoothergor H ; in fact,in additionto beingexpensve to apply, they actmore
asroughers,sincethe “high enegy” (large eigervalue) componentswhich correspondo
smootheigervectors,aretypically resohed®rst, leaving oscillatorycomponentsn theerror.

Thesmoothingpropertiesof the continuouseducedHessiancombinedwith its approx-
imation of the discretecounterpartimply thatby decreasinghe meshsize,bothH andthe
“high enegy” eigervectorsareincreasinglywell representedntheimmediatelycoarsegrid.
For clarity we denoteby Hy, thediscretereducedHessiamt resolutionh. If we assumehat
the“coarse”spaceVs;, is embeddednto the“®ne” spacey, (asis oftenthe casewith ®nite
elementdiscretizations)andwe denoteby Py, : Vi, | Vs, the L2-orthogonalprojection,
thenthe action of the reducedHessianH, on the “coarse” spaceis well approximatecdy
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Hp. If in additionwe regardtheorthogonakomplemenWoy, = (1§ Ph)V;, of Vo in 'V, as
the spaceof high frequeng functions(this is only approximatelytrue; in fact W, actually
hasbothsmoothandoscillatorycomponent$6]), thenthe strongsmoothingpropertieof the
continuougeducedHessianmply that

Hn % (1§ Pn)+ HanPh; (3.1)

which combinedwith orthogonalitybetweerPy, andl j Py suggeststhefollowing two-level
preconditioneMy, [11, 21]:

HitvaM, €~

P i Pr)+ (Han)' Py (3.2)
Onecangeneralizehis procedureecursvely to obtaina multigrid preconditionerNotethat
the ®rst partof the preconditiongr (1 j Py), actsasa smoothersinceit remaveshigh
frequeny componentgrom the residual. If V}, are®nite elementspacesandwe invert for
theinitial value given the entire®nal-time state,it hasbeenshavn in [11] thatfor h small
enough

_ - . ® _
1j ChP="- hMpu;ui (Hy) lg;u 't 1+ ChP="; forallu2 Vh; u6 0; (3.3)

whereh¢¢iis the L ?-innerproduct,p is the corvergenceorderof the forwardmethod(p = 2
for piecawvise linear polynomials)andC is independenbf h. A similar resultholdsfor the
multigrid preconditionewhenusinga W -cycle. Thestatemen(3.3) shavs thatthetwo-level
preconditionebecomesncreasinglyeffective at high resolution.

Thereare a numberof implementationissuesto consider At the coarsestevel, the
approximatenverseis replacedy an“exact” solve. Themeshsizefor thecoarsdevel cannot
bechoserarbitrarily, andis afunctionof theregularizationparameter andthecompacipart
of H (see[11]). SincethereducedHessianis not available explicitly (even at the coarsest
scale)the exact coarsesolve is performedby the CG solver. The orthogonaldecomposition
(I i Pn) canbereplacedby lessexpensve projection-like operatorssuchasthe standard
interpolation-restrictioroperatorsdrom classicalmultigrid theory Our preconditionetthen
becomes

Hitv%Mp= "1 15,02 + 15, Manl 2 (3.4)

wherelgh Vop I VW is thenaturaIinterpolationqper%;o,randIﬁh Vh ! Vo isthefull-
weighting restrictionoperatorde®nedby 12" = CIIQh with ¢ chosenso that a constant

functionis restrictedto itself. Theoperator i (1 j 15 12") actsasa smootherreplacing
themoreexpensve ' 1(1 | Py). Notethatthe smoothingoperatoris explicit, symmetric,
andsparse;it actsonly on initial concentrationsandthereforeits applicationhasneyligi-

ble computationatostcomparedo the pair of forward/adjointconvective-diffusive transport
solvesat eachCG iteration. Sincewe coarsenn both temporaland spatialdimensionsat
the samerate (in our implementatiorthe time-steppingand spatialdiscretizationmethods
have the sameapproximationorder),the costof onereducedHessian—ectormultiplication
onlevel | is 2* timesmoreexpensve thanthatattheimmediatelycoarsetevel | j 1. There-
fore, by usingjustthreelevels,the costof areducedHessian-ectorproducton the®nestgrid
is 256 timesthe costof a similar operationat the coarsestevel. By usinga simpleV-cycle

IAssumethat™ = 0. If v 2 V;, is decomposeihto asmoothvs 2 V,p, andanoscillatoryw, 2 Wy, then
Hpv = Hpvs + Hawo ¥ Hopvs = Hop Pyv. Furthermorewe canwrite Hy = (1§ Ph)Hp(1§ Ph) +
PhHh(@i Ph)+ (1 Ph)HLPR + PhHLPL Y% PrHEPL. Thenfor — 6 0, (3.1)follows easily
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stratgy at the ®nestlevel we avoid computingthe ®nest-level residualinsidethe precondi-
tioner; however, we usea W -cycle (asin King's original algorithm) at the middle level, in
orderto make up for a possiblelossof quality of the preconditionemt coarseresolution,as
wouldfollow from (3.3). As statedbefore,CG is usedasadirectsolver onthe coarsestevel.
We employ thefull multigrid framework (i.e. grid sequencing)o computeinitial guesse$or
eachlevel. In the next sectionwe discussnumericalresults.

4. Implementation and Numerical Results. We demonstrateur dynamicdata-drven
inversionframevork on a hypotheticalatmosphericontaminatioreventin the GreaterLos
AngelesBasin(GLAB) region. Usingrealtopographicatiataandsynthesizedelocity ®elds,
we conductnumericalexperimentsn which sparseobsenationsare extractedfrom forward
simulationsand subsequentlyisedin the inverseproblem. Our implementationbuilds on
PETSc[3] to manageparallel datastructures,coordinatedifferentgrid resolutionsin our
multigrid preconditionerinterfacewith linear solversanddomaindecompositiorprecondi-
tioners,andutilize arangeof softwareservices We ®rst discusdiscretizatiorandgeometry
detailsandproblemsetup.We thenbrie y presennhumericalresultsfor initial concentration
inversionsin the GLAB. Finally, we provide paralleland algorithmic scalability resultson
structuredgrids without topograply.

In our actualimplementationwe ®rst discretizethe optimization problem (2.1), and
thenwrite optimality conditions(asopposedo the writing the in®nite-dimensionabptimal-
ity conditions(2.6) andthendiscretizing;in the presentcasethe two arenot identical[1]).
We emplgy StreamlineUpwind Petros-Galerkin (SUPG) ®nite elementg[7] in spaceand
Crank-Nicolsonin time. For problemswith high Pecletnumber stabilizedmethodssuch
as SUPGare more accuratehan standardGalerkinon coarsemeshes.We usea logically-
rectangulatopograply-conformingisoparametrihbexahedral®nite elementmeshon which
piecavise-trilinearbasisfunctionsarede®ned.Sincethe Crank-Nicolsormethodis implicit,
we “invert” the time-steppingperatorusinga restartedSMRESmethod,acceleratedby an
additive Schwarzdomaindecompositiorpreconditionerbothfrom the PETSdlibrary.

Contaminantransportis modeledovera360km £ 120km £ 5kmin the GLAB. Land
surfaceelevationsare obtainedat 1 km spacingfrom the USGSLand ProcesseBistributed
Active Archive Center(GTOPO30digital elevationmodel)? Thethree-dimensionaheshis
createdrom the surfaceelevationsby insertingequallyspacedyrid pointsvertically from the
surfacegrid to thetop of thedomainat 5 km.

To simulatea contaminatiorevent,aninitial contaminanplumewith aGaussiartoncen-
trationgivenby 20exp(j 0:04jx j X(j) iscenteredtx. = (120km, 60km, 0km). Theplume
is transportedver the GLAB region by solvingthe convection-difusionequation(1.1) with
speci®edvelocity ®eld over a time horizonof 120 minutes. Sensomeasurementaretaken
every 3 minutesto develop a time history from which to invert. For this contaminantthe
diffusioncoef®cientis takenas® = 0:05. Theregularizationparameteis ®xedat™ = 0:01
The forward andinverseproblemsare solved on a meshwith 361£ 121£ 21 grid points,
representin@17,301concentratiorunknavns at eachtime step. The time stepis the same
asthe sensorecordingrate,i.e. 3 minutes,for a total of 40 time steps.Therefore thereare
about74£ 1P total space-timevariablesin the KKT optimality system(2.6).

The velocity ®eld v in the corvection-difusion equationis synthesizedy solving the
steady-statsncompressibl&avier-Stokesequations¥q{v ¢r )v+r pj 1 ¢v = 0,r & = O,
wherep is the uid pressureand (%21 ) areits densityandviscosity To simulateanonshore
wind, anin o w Dirichlet boundaryconditionwith vy = Vmax (2=(5:0§ Zsurface ))0:1 and
zerofor the other componentss appliedto the x = 0 plane,wherevya is speci®edas

2http://ledcdaac.usgs.gov/gtopo30/dem_img.asp
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30 km/hr. Traction-freeboundaryconditionsare appliedto the out ow planeatx = 360
km. Traction-freetangentialand no-slip normalboundaryconditionsare appliedto the re-
maining portionsof the boundary An SUPG-stabilize®nite elementmethodis emplg/ed
to solve theNavier-Stokesequationausinglineartetrahedratlementslerived by subdviding
the convection-difusionhexahedraimesh.

We samplethe concentrationdrom the forward transportsimulationson a uniformly-
spacedarrayof sensorsandusethemassyntheticobsenrationsto drive theinverseproblem.
Figure4.1 depictsinversionresultsfor differentsensomarraydensitiesalongwith the actual

Target Concentration 6 x 6 x 6 Sensor Array

Concentration Concentration

11 x 11 x 11 Sensor Array 21 x 21 x 21 Sensor Array

Concentration Concentration

FiG. 4.1. Sensitivityof the inversion resultto the sensorarray density Thetarget initial concentation is
shownin the upperleft corner and inversion resultsusingsuccessively-®nesensorarraysare shownin the subse-
guentimages. Asthe numberof sensos in ead directionincreasesthe quality of the reconstructiorof the initial
concentation plumeimproves.L 2(-) normrelativeerrorsare 0:79, 0:49, and0:34 for the6£ 6£ 6, 11£ 11£ 11,
and21£ 21£ 21 sensorarrays,respectivelylnversionusingthe21£ 21 £ 21 sensorarraytakes2.5hourson 64
processos of the AlphaservelEV68systemat the Pittskurgh SupecomputingCenter CG iterationsare terminated
whenthe norm of the residualof (2.7) is reducedby ®ve orders of magnitude Topagraphical elevation hasbeen
exaggeratedfor visualizationpurposes.

initial concentratior(labeledTargetin the ®gure). One of the critical issuess to determine
thenumberof sensorsequiredto resole theinitial concentrationAs the numberof sensors
in eachdirectionincreasesthe error betweenthe actualinitial concentratiorand predicted
initial concentrations reduced Therelative L > normerrorfor the21£ 21£ 21sensomrray
is 34%, but ascanbe obseredin the ®nal image,theinitial concentrations localizedvery
accurately Recallthatdueto the non-\vanishingregularizationparameteandthe ®xed mesh
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size,we cannotexpectto recover theinitial concentratiorexactly.

The run-time on a modestnumberof Alphaserer processorg64) is 2.5 hoursfor the
®nestsensorarray As the sensorarray becomesdenser the numberof CG iterationsin-
creasesgcausingan increasein wall-clock time. With new information provided by the
additionalmore ®nely-spacedsensorspne might expecta quicker inversiondueto a less-
poorly-posedproblem.In fact,the oppositeis true: richerinformationprovided by morethe
®nely-spacedensorprovidesmoreenegy to the oscillatorycomponentsf theresidualithe
CG solverthusmustwork harderto recover thesesolutioncomponents(Notethatin this set
of experimentswe have not usedthe multigrid preconditione) In additionto thein uence
of the numberof sensorswe have alsostudiedthe sensitvity of theinversionto theregular
ization parameter , the Peclethumber andthe addednoiselevel in the measurementd-or
brevity we deferpresentingheseresultsto a separatearticle.

Whatis of ultimateinterestis how successfuthe reconstructedhitial ®eld is in predict-
ing the actualtransportof the contaminant.Figure 4.2 compareghe actualevolution (left)
andpredictedevolution (right) of thecontaminanplumein time. It is evidentfrom this ®gure
thatalthoughthereconstructedoncentratiomoesnot matchtheactualconcentratiorexactly
att = 0, thedifferencebetweernthetwo diminishesover time, dueto the dissipatve nature
of theforward convection-difusion problem.

We next studythe parallelandalgorithmicscalabilityof the multigrid preconditionerin
all experimentswe usea regular grid with a constantunidirectionalvelocity ®eld. Thisis
animportantsimpli®cationof the problem. Furthertestsare necessaryor the caseof more
complex andtime-dependentelocity ®elds. The correspondindPecletnumberis 3. We take
syntheticmeasurementsna7 £ 7 £ 7 sensomarray CG is terminatedvhenthe residualof
(2.7) hasbeenreducedy six ordersof magnitude.

Table4.1present®xed-sizescalabilityresults. Theinverseproblemis solvedona257£

TABLE 4.1

Fixed sizescalability of unpreconditionedand multigrid preconditionedinversion. Here the problemsize
is 257 £ 257 £ 257 £ 257 for all cases.We usea three-level version of the multigrid preconditionerdescribedn
Section3. Thevariablesare distributedacrossthe processos in space whereasthey are stored sequentiallyin time
(asin a multicomponenPDE). Here hoursis the wall-clodk timeg and” is the parallel ef®ciencyinferred fromthe
runtime Theunpreconditioneccodescalesextremelywell sincethere is little overheadassociatedwith its single-
grid simulations. Themultigrid preconditioneralso scalesreasonablywell, but its performancedeterioatessince
the problemgranularity at the coarser levelsis signi®cantlyreduced.Neverthelessyall-clock timeis signi®cantly
reducedvertheunpreconditionecdtase

CPUs | nopreconditioner| multigrid
hours ! hours

128 | 5.65 1.00 222 1.00
512 141 1.00 0.76 0.73
1024 | 0.74 0.95 0.48 0.58

257£ 257£ 257grid, i.e. thereare17 £ 10° inversionparametersn (2.7)and4:3 £ 10°
total space-timainknavnsin (2.6). Note thatwhile the CG iterationsareinsensitve to the
numberof processorgheforwardandadjointtransporsimulationsateachiterationrely ona
single-lerel Schwarzdomaindecompositiopreconditiongrwhoseeffectivenessleteriorates
with increasingnumberof processors.Thus, the ef®cienciesreportedin the table re ect
parallelaswell as(forward)algorithmicscalability Themultigrid preconditioneincursnon-
nagligible overheadasthe numberof processoréncreasedor ®xed problemsize,sincethe
coarsesubproblemsresolved on ever larger numbersof processorsFor example,on 1024
processorghe65£ 65£ 65 coarsegrid solve hasjust 270grid pointsper processqrwhich
is fartoo few for a favorablecomputation-to-communicatiaratio.
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Target Concentration Predicted Concentration
Time = 300 min Time = 300 min

Concentration Concentration

FIG. 4.2. lllustration of the predictivecapabilitiesof our inversionalgorithm,usingan11 £ 11 £ 11 sensor
array. Forward transportof theactualinitial concentationis compaedwith forward transportof thereconstructed
initial concentation plume Thetrajectoriesare closeto eat other andthe comparisorimproveswith time
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On the otherhand,the unpreconditionedG iterationsexhibit excellentparallelscala-
bility sincetheforward andadjointproblemsaresolved onjustthe ®ne grids. Nevertheless,
themultigrid preconditioneachiezesa netspeedupn wall-clock time, varyingfrom afactor
of 2.5for 128 processors$o 1.5for 1024processorsMostimportant,theinverseproblemis
solvedin lessthan29 minuteson 1024processorsThisis about18timesthewall-clock time
for solvinga singleforwardtransporiproblem.

Table 4.2 presentssogranularscalability results. Here the problemsize rangesfrom

TABLE 4.2
Isogranular scalability of unpreconditionedand multigrid preconditionedinversion. Thespatialproblem
sizeper processolis ®xed (stride of 8). Ideal speedupshouldresultin doublingof wall-clodk time Themultigrid
preconditionerscalesvery well dueto improving algorithmic ef®ciency(deceasingCG iterations)with increasing
problemsize UnpreconditionedCG is notableto solvethelargestproblemin reasonabldime

grid size problemsize CPUs | nopreconditioner multigrid
Ug (u; p; uo) hours iterations| hours iterations
129 2.15E+6 5.56E+8 | 16 2.13 23 1.05 8
257 1.70E+7 8.75E+9 | 128 | 5.65 23 2.22 6
513 1.35E+8 1.39E+11| 1024 | D b 4.89 5

5:56£ 10° to 1:39£ 10" total space-timainknavns, while the numberof processorsanges
from 16 to 1024. Becauseave re®nein time aswell asin spaceandbecausehe numberof
processorsncreasesy a factorof 8 with eachre®nemenif the grid, the total numberof
space-timainknavnsis not constantfrom row to row of thetable;in factit doubles.How-
ever, the numberof grid points per processodoesremainconstantandthis is the number
that dictatesthe computationto communicatiorratio. For ideal overall (i.e. algorithmic +
parallel)scalability we would thusexpectwall-clock time to doublewith eachre®nemenbf
thegrid. UnpreconditionedC G becomegoo expensve for thelargerproblemsandis unable
to solve thelargestproblemin reasonabléime. The multigrid preconditionedolver, on the
otherhand, exhibits very good overall scalability with overall ef®cieng/ droppingto 95%
on 128 processorand 86% on 1024 processorscomparedo the 16 processobasecase.
Fromthe®xed-sizescalabilitystudiesn Table4.1,we know thatthe parallelef®ciencgy of the
multigrid preconditionedropson largenumberf processordueto theneedto solve coarse
problems.However, theisogranulascalabilityresultsof Table4.2indicatesubstantiallybet-
ter multigrid performanceWhataccountdgor this? First, the constannhumberof grid points
per processokeepsthe processorselatively well-populatedfor the coarseproblems. Sec-
ond,thealgorithmicef®cacy of the multigrid preconditioneimproveswith decreasingnesh
size (aspredictedby (3.3)); the numberof iterationsdropsfrom 8 to 5 over two successie
doublingsof meshresolution. The largestproblemexhibits a factorof 4.6 reductionin CG
iterationsrelative to the unpreconditionedase(5 vs. 23). Thisimprovementin algorithmic
ef®cieng helpskeepthe overall ef®ciengy high.

5. Conclusions. We have presenteé methodologyfor solvingterascalelynamicdata-
driveninverseproblemsof determiningunknown initial conditiondatafrom sparsenbsena-
tionsin a model-consistentanner The methodologyhasbeeninstantiatedn the context
of inversecorvection-difusiontransportproblems.The maindif®culty is thatthe optimality
systemis a boundaryvalue problemin 4D space-timegventhoughthe forward simulation
problemis aninitial valueparabolic-lyperbolicproblem.We have presentedpecial-purpose
parallelmultigrid algorithmsthatexploit the spectraktructureof theinverseoperator Exper
imentson problemsof localizingairbornecontaminanteleasdrom sparseobsenationsin a
regionalatmospheri¢ransportmodeldemonstrat¢hat:
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2 17-million-parameteimversioncanbe effectedat a costof just 18 forward simula-
tions;

2 wall-clocktime on 1024 Alphasener EV68 processorfor the 17-million parameter
inversioncaseis just 29 minutes;

2 themultigrid preconditionereduceghe numberof iterationsby asmuchasafactor
of 4.6;and

2 inverseproblemswith 135million initial conditionparameterand139billion total
space-timaunknovns are solved in lessthan 5 hourson 1024 processorst 86%
overall (parallel+ algorithmic)ef®ciengy.

Theseresultssuggesthatultra-highresolutiondata-dneninversionfor lineartransport

problemscanbecarriedout suf®ciently rapidly to enablesimulation-basetteal-time” hazard
assessmenihe next stepis to assesscalability performanceandreal-timeviability using

comple wind velocity ®elds. Our long-termgoalis to incorporatemoresophisticatedrans-
portmodelsinto our currentframeawork, including,for example,depositionyegionalweather
modelsandmoreaccuratderraininformation.
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