Throughout, 7 = 7" denotes a fixed product distribution on [k].

Theorem 1 Let B C [k]" be ab-insensitive on I, and assume |I| > nye(k,d,n,d) :=
2m(k + d)™In(1/n), where m = ngusp(k,d,n/2, 7).t Then B can be partitioned into
a collection S of disjoint nondegenerate d-dimensional subspaces, along with an error
set E satisfying m(E) < n.

ProOF: The proof proceeds in “rounds”, t = 1,2,3,.... In each round, we remove
some disjoint subspaces from B and put them into &; and, the set [ shrinks by m
coordinates. We will show that after the th round,

(B) < (1 _ m)t. (1)

We continue the process until 7(B) < 7, at which point we may stop and set £ = B.
Because of (1), the process stops after at most 7' = 2(k + d)™ In(1/n) rounds. By our
choice of nye(k,d,n,d) = mT, the set I never “runs out of coordinates”.

Suppose we are about to begin the tth round; hence, writing § = w(B) we have
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The round begins by choosing an arbitrary J C [ with |J| = m. Since 7 is a product
distribution we have
§= Pr reBl= E [r/(B)),
xww[n] yww[”]\J
where B, = {z € [k]’ : (y,z) € B}. Hence n/(B,) > §/2 for at least a §/2 prob-
ability mass of y’s; call these y’s “good”. Since |J| = m = ngusp(k,d,n/2,7) >
Nsubsp (K, d, /2, ), for each good y there must exist a nondegenerate d-dimensional

subspace p C B,. Since the number of d-dimensional subspaces in [k]™ is at most
(k + d)™, there must exist a fized nondegenerate d-dimensional subspace py C [k]”

such that 5
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Let R C [n]\ J be the set of y’s with oy C B,. It is easy to see that R is ab-insensitive
on I\ J. Hence R X pg is ab-insensitive on I \ J; hence so too is B\ (R X py). We
therefore complete the round by setting I = I\ J and transferring R x po (a disjoint

union of subspaces {y} x pg) from B into S. By (2), this drops B’s probability mass
from ¢ to § - (1 —1/2(k 4+ d)™), as required to establish (1) inductively. O

T.e., m is large enough that every ab-insensitive set B C [k|™ with 7(B) > 7/2 contains a
nondegenerate d-dimensional subspace.



