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Abstract

This thesis is concerned with the study of the noise sensitivity of boolean functions and
its applications in theoretical computer science. Noise sensitivity is defined as follows: Let
f be a boolean function and let € € (0, %) be a parameter. Suppose a uniformly random
string x is picked, and y is formed by flipping each bit of  independently with probability
€. Then the noise sensitivity of f at € is defined to be the probability that f(z) and f(y)
differ.

In this thesis we investigate the noise sensitivity of various classes of boolean functions,
including majorities and recursive majorities, boolean threshold functions, and monotone
functions. Following this we give new complexity-theoretic and algorithmic applications of
noise sensitivity:

e Regarding computational hardness amplification, we prove a general direct product
theorem that tightly characterizes the hardness of a composite function g® f in terms
of an assumed hardness of f and the noise sensitivity of g. The theorem lets us prove
a new result about the hardness on average of NP: If NP is (1 — poly(n))-hard for
circuits of polynomial size, then it is in fact (3 + o(1))-hard for circuits of polynomial
size.

e In the field of computational learning theory, we show that any class whose functions
have low noise sensitivity is efficiently learnable. Using our noise sensitivity estimates
for functions of boolean halfspaces we obtain new polynomial and quasipolynomial
time algorithms for learning intersections, thresholds, and other functions of halfs-
paces. From noise sensitivity considerations we also give a polynomial time algorithm
for learning polynomial-sized DNFs under the “Random Walk” model; we also give
the first algorithm that learns the class of “junta” functions with efficiency better
than that of the brute force algorithm.

e Finally, we introduce a new collective coin-flipping problem whose study is equivalent
to the study of “higher moments” of the noise sensitivity problem. We prove several
results about this extension, and find optimal or near-optimal choices for the coin-
flipping function for all asymptotic limits of the parameters. Our techniques include
a novel application of the reverse Bonami-Beckner inequality.

Thesis Supervisor: Madhu Sudan
Title: Associate Professor of Electrical Engineering and Computer Science






Acknowledgments

I would like to express many thanks to my advisor, Madhu Sudan. Madhu provided me
with endless assistance and with superb insights and suggestions throughout my time at
MIT. He is everything one could ask for in an advisor.

I would like to thank my main collaborators and good friends, Adam Klivans, Elchanan
Mossel, and Rocco Servedio. Fine fellows, all, and their technical ideas have informed nearly
all aspects of my research and this thesis.

I would like to thank my girlfriend Zeynep Tolon for her encouragement and support
over the years. Zeynep is a great person and a great source of inspiration.

Finally, I would like to thank my coauthors — Nader Bshouty, Adam Klivans, Elchanan
Mossel, Oded Regev, Rocco Servedio, and Benny Sudakov — for their contributions to this

thesis.

In addition. . .

In connection with the work on the noise sensitivity of monotone functions, Elchanan and
I would like to thank Gil Kalai for encouraging us to write up the result, and Yuval Peres for
interesting discussions. In connection with the work on hardness amplification, I would like
to thank Madhu Sudan for the idea of using the majority function to amplify hardness within
NP, Russell Impagliazzo for showing me his independent proof of a 1 — 1/poly — 1 — Q(1)
amplification for NP, and Michael Rosenblum for a helpful discussion. In connection with
the work on the noise sensitivity of halfspaces, Adam, Rocco, and I would like to thank
Yuval Peres for sharing his proof of the O(y/€) upper bound with us. In connection with
the work on learning juntas, Elchanan, Rocco, and T would like to thank Adam Kalai and
Yishay Mansour for telling us about their prior results; I would also like to thank Oded
Regev for letting me include his proof of Theorem 5.5.12 in this thesis. In connection with
the work on cosmic coin flipping from [MO02a], Elchanan and I would like to thank Oded

Schramm and Nati Srebro for many helpful ideas and suggestions.



This thesis is dedicated to my parents, Eric and Judy O’Donnell.



Bibliogrpahic note

Much of this research has been published already, and most of it was performed jointly
with other researchers. The work on the noise sensitivity of monotone functions from Sec-
tions 3.6, 3.7, 3.8, and 3.9 is joint work with Elchanan Mossel [MOO02b]. The work on the
noise sensitivity of halfpsaces and on learning functions of halfspaces from Sections 3.5,
3.10, 3.11, 3.12, 5.3, and most of Section 5.2 is joint work with Adam Klivans and Rocco
Servedio [KOS02]. The work on hardness amplification from Chapter 4, along with pre-
liminary versions of Sections 3.4, 3.7, and 3.9, appeared in [O’D02]. The work on learning
DNF from random walks from Section 5.4 is joint work with Nader Bshouty, Elchanan
Mossel, and Rocco Servedio [BMOS03]. The work on learning juntas from Section 5.5 is
joint work with Elchanan Mossel and Rocco Servedio [MOS03]. The work on the cosmic
coin flipping problem from Chapter 6, except for the upper bound on the parties’ success
rate in Section 6.9, is joint work with Elchanan Mossel [MO02a]. The upper bound from
Section 6.9 along with the isoperimetric inequality from Section 7.1 is part of ongoing work

with Elchanan Mossel, Oded Regev, and Benny Sudakov [MORSO03].






Contents

1 Introduction 15
1.1 A brief history of noise sensitivity in computer science . . . . . . ... ... 16
1.1.1 Kahn, Kalai, and Linial . . . . .. ... ... ... ... ....... 16

1.1.2 Hastad . . . . . . . 17

1.1.3 Benjamini, Kalai, and Schramm . . . . ... ... ... ... .... 18

1.1.4  Other relevant works . . . . . . . . . . ... oo 18

1.2 Current complexity-theoretic motivations — juntas . . . . . . . ... .. .. 19
1.3 New applications, and the outline of this thesis . . . . ... ... ... ... 20

2 Definitions And Preliminaries 23
2.1 Noise sensitivity definitions . . . . . .. .. ... o oL 23
2.2 Functions we consider . . . . . . ... L 25
2.3 Fourier analysis on {+1,—1}" . . . . .. .. ... 27
2.4 The hypercontractivity theorem and its consequences . . . . . . . . .. ... 31

3 The Noise Sensitivity Of Specific Functions 37
3.1 PARITY o 37
3.2 Dictator functions . . . . .. ..o 39
33 ANDand OR . . . . . . . . .. 40
3.4 Majority . . . . .. 42
3.5 The Fourier spectrum of majority . . . . . . . .. .. ... ... ... 46
3.6 Noise sensitivity of monotone functions . . . . . . .. .. ... ... ... .. 51
3.7 [Iterating majority and other functions . . . . . . . ... ... ... ... .. 55
3.8 Talagrand’s random CNF . . . . ... ... ... ... ... ......... 59
3.9 Tribes functions . . . . . . . . . . L 63



3.10 Threshold functions . . . . .. . . . . . ... ... ... ...
3.11 Read-once intersections of halfspaces . . . . . . . .. ... ... ... .. ..
3.12 Read-once majorities of halfspaces . . . . . ... ... ... ... ......

3.12.1 Proof of Lemma 3.12.2 . . . . . . . . ..

4 Hardness Amplification
4.1 Motivation: the hardnessof NP . . . . . . . ... ... ... ... .. ....
4.2 Intuition for the direct product theorem . . . . . . ... .. ... ... ...
4.3 The hardness theorem . . . . . . .. .. .. L L L
4.4 Proof of Lemma 4.3.2 . . . . . ...
4.5 Hardness amplification within NP . . . . . .. ... ... 0000

4.6 A corresponding easiness theorem . . . . . . . .. ... ...

5 Learning Theory
5.1 PAC learning preliminaries . . . . . . . . . .. ...
5.1.1 Uniform-distribution learning via Fourier coefficients . . . . . . . ..
5.2 Learning noise-stable functions . . . . . .. ... ... ... oL
5.3 Learning intersections and other functions of halfspaces . . . . .. .. ...
5.4 Learning DNF from random walks . . . . .. ... ... ... .. ......
5.4.1 The Random Walk learning model . . . . .. .. .. .. ... ....
5.4.2 A Noise Sensitivity learning model . . . . . . .. .. ... ... ...
5.4.3 Performing the Bounded Sieve in the Noise Sensitivity model . . . .
5.4.4 Proof of Theorem 5.4.5 . . . . . . . ... ... ... ... ......
5.5 Learning juntas . . . . . . .. .. L L Lo
5.5.1 History of the problem . . . . . .. ... ... ... .. ... ...,
5.5.2 Representing boolean functions as polynomials . . . ... ... ...
5.5.3 Learning tools for the junta problem . . . . ... ... ... .....
5.5.4 Learning using new structural properties of boolean functions . . . .

5.5.5  Variants of the junta learning problem . . . . . ... ... ... ...

6 Coin Flipping From A Cosmic Source
6.1 Coin flipping from a cosmic source . . . . . . . . .. ...

6.2 Definitions and notation . . . . . . . . . ...

83
86
87
89
93
95
99

103
104
105
106
108
110
111
114
115
116
119
120
122
123
126
129



6.3 Outline of results . . . . . . . . . 134

6.4 k=2,3 . . . 138
6.5 All parties should use the same function . . . . . . ... ... ... ..... 139
6.6 The protocol should be left-monotone . . . . . . .. ... .. ... ..... 141
6.7 Fixede,n; k—00 . . . . o e 144
6.8 Fixed k, n; e - 0ore— % ............................ 146
6.9 Fixed ¢; kK — oo with n unbounded . . . . . . . .. ... ... ... ..., 149
6.10 Computer-assisted analysis; n =5 . . . . . ... ... ... ... ..., 153
Discussion And Open Problems 155
7.1 Isoperimetry via the reverse Bonami-Beckner inequality . . .. ... .. .. 155
7.2 Openproblems . . . . . . . . . . . 157
7.2.1 Fourier analysis . . . . . . . . ... 157
7.2.2 The reverse Bonami-Beckner inequality . . . .. .. ... ... ... 157
7.2.3 Noise sensitivity of halfspaces . . . . . . . .. ... ... ... .... 158
7.2.4 Hardness amplification . . . . . . . .. ... L oo 158
7.2.5 Learning juntas . . . . . . . ... Lo 158
7.2.6 The cosmic coin problem . . . . .. .. ... ... ... ... 159

11



12



List of Figures

3-1 Noise sensitivity graphs of PARITY . . . . . . .. ... ... ... .... 38
3-2 Fourier spectrum graph of PARITY,, . . . .. .. ... ... ... ... ... 39
3-3 Noise sensitivity graph of 8 . . . . . . . ... ... 40
3-4 Fourier spectrum graph of 7T, . . . . .. ... 41
3-5 Noise sensitivity graphs of AND (equivalently, OR) . . . . .. ... ... .. 42
3-6 Fourier spectrum graph of AND7 . . . . . . . .. ... ... .. 43
3-7 Noise sensitivity graphs of MAJ . . . . . . . . .. .. oL 47
3-8 Fourier spectrum graph of MAJys . . . . . . . . oL Lo 49
3-9 Noise sensitivity graphs of TRIBES . . . . . . .. . .. ... ... .. ..., 65
3-10 Fourier spectrum graph of TRIBES44 . . . . . . . . . .. .. ... ... .. 67

13



14



Chapter 1

Introduction

The subject of this thesis is the noise sensitivity of boolean functions. To motivate the
concept, imagine an idealized election in which there are n voters and only two parties,
called +1 and —1. For simplicity, suppose each voter independently casts a vote for +1 or
—1 uniformly at random. An election scheme is a boolean function on n bits mapping the

voters’ votes to a winning party.

There are several properties we would want an election scheme f: {+1,-1}" — {+1,—1}
to have; for example, it should be balanced (equally often +1 and —1), and it should exhibit
some degree of symmetry among the n voters. What will concern us in this example is the
scheme’s robustness to errors in the recording of the votes. Suppose that, independently
for each voter, there is an e chance that the vote is misrecorded (+1 is changed to —1 and
vice versa). What is the probability that this affects the outcome of the election, as defined
by f? That is, what is the probability that f applied to the recorded votes differs from f

applied to the true votes?

This probability is precisely what we mean by the noise sensitivity of f at e. Let us

make a formal definition.

Definition 1.0.1 Let f: {+1,—1}" — {41, —1} be a boolean function, let x be a uniformly
random string from {+1, —1}", and let y be derived from x by flipping each bit independently
with probability €. Then the noise sensitivity of f at € is defined to be:

NS(f) = P[f(z) # f(y)].
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In this thesis we will calculate and estimate the noise sensitivity of various boolean
functions. We will also give applications of the study of noise sensitivity to problems in

theoretical computer science.

1.1 A brief history of noise sensitivity in computer science

We begin by outlining the historical development of the noise sensitivity concept in theo-

retical computer science.

1.1.1 Kahn, Kalai, and Linial

The noise sensitivity of boolean functions was first studied in 1988 by Kahn, Kalai, and
Linial [KKL88], although they did not use the phrase “noise sensitivity,” nor did they study
precisely the quantity in Definition 1.0.1. The most outstanding contribution of this paper
was probably its demonstration of the power of using Fourier analysis and other analytic
techniques in solving combinatorial problems about the boolean hypercube. In particular,
Kahn et al. gave an ingenious application of the Bonami-Beckner inequality [Bon68, Bon70,
Bec75] from classical harmonic analysis; this inequality proved extremely powerful in future
analyses of noise sensitivity and Fourier coefficients [BKK 92, Tal94, Raz95, FK96, BK97b,
Fri98, FK98, BKS99, Bou99, Bou01, BJ02, KS02].

The main result proved in Kahn et al.’s work was a theorem stating that any balanced
boolean function has a variable with “influence” Q(lo%) (For definitions of “influence” and
other terms see Chapter 2.) They also considered problems of packings in the hypercube
with extremal distance distribution properties, and, most relevantly for us, mixing times for
random walks on the hypercube in which the initial distribution is uniform over a given set.
This last problem can be stated thus: Given a boolean function f: {+1,—-1}" — {+1,—1},
consider A = f~!(—1), a subset of the hypercube. Suppose we take a standard random
walk on the hypercube in which the initial distribution is uniform over A. What can be said
about the speed with which the walk converges to the stationary (uniform) distribution in
L? distance?

This question is very similar in nature to the question of noise sensitivity. One part of
Kahn et al.’s problem amounts to determining the probability that a random walk of length

en, starting from A, ends up outside A; this is almost the same as asking the probability that
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a randomly chosen point in A, when it has each bit flipped independently with probability
€, ends up outside A. This latter quantity is precisely the noise sensitivity of f (up to a
factor of |f~1(—1)|/2"). Kahn et al. already gave a formula for their noise sensitivity-like
quantity in terms of Fourier coefficients (cf. Proposition 2.3.1), and showed that bounds on
Fourier tails implied bounds on mixing time (cf. Proposition 2.3.2). Interestingly, Kahn et
al. wrote that studying the mixing times of such random walks (and thus, implicitly, noise

sensitivity) was the original motivation for their paper.

1.1.2 Hastad

The next major development in the study of noise sensitivity came independently in 1997
with Hastad’s work [Has97] on the NP-hardness of approximation problems (see also [Has01]).
This breakthrough paper gave several new optimal inapproximability results for problems
such as MAX-3SAT, MAX-3LIN, and Set Splitting. These results were applications of a
new technique Hastad developed for designing and analyzing probabilistically checkable
proofs (PCPs); the technique, which we now briefly describe, involves noise sensitivity in
an essential way.

A crucial step in designing efficient PCPs is to encode certain information in an error
correcting code called the “long code” (introduced in [BGS98]). The long code over a set
of n objects has as its message space the set of all functions f: {+1,—1}" — {+1,—1};
the encoding of a particular object ¢ € [n] is the “dictator” (projection) function x +— x;.
Typically one has oracle access to a function f which is supposed to be a dictator function,
and one wants to verify the fact that f depends on only one variable by making an extremely
small number of queries to the oracle. Hastad showed that it suffices for applications to come
up with a test which only checks that there is some small set of variables which significantly
control the value of f. Hastad then gave such a test; although he did not phrase it in these
terms, essentially his test works by performing one sample of the noise sensitivity of the
unknown function. Roughly speaking, one chooses x and y as in Definition 1.0.1, queries f
at these two points, and accepts if f(z) = f(y). As did Kahn, Kalai, and Linial, Hastad
analyzed his test by deriving and working with a formula for noise sensitivity in terms of
Fourier coefficients (cf. Proposition 2.3.1).

In addition to deriving extremely important results via noise sensitivity, Hastad’s work

pointed the way to some of the more exciting current developments in noise sensitivity.
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These include more PCP-based results, as well as tighter relationships between having low
noise sensitivity and having the property of depending on only a small number of variables.

We will discuss the latter more in Section 1.2.

1.1.3 Benjamini, Kalai, and Schramm

In 1998, Benjamini, Kalai, and Schramm [BKS99| gave the first comprehensive study of
the noise sensitivity of boolean functions. In addition to introducing the quantity (which
they too did not explicitly call “noise sensitivity”) and the basic formulas, they gave several
interesting new definitions and theorems. They defined a balanced family of functions { f,, }
to be “asymptotically noise sensitive” if NS1(f,) — 3 as n — oo (this turns out not to
depend on the value .1), and they defined it to be “asymptotically noise stable” if NS.(fy)
can be upper-bounded by a function of € alone which goes to 0 as € — 0.

Benjamini et al. gave equivalent conditions that function families be asymptotically noise
sensitive or noise stable in terms of Fourier coefficients. They also gave a deep theorem
showing that if II(f,) — O then {f,} is asymptotically noise sensitive (see Definition 2.3.6
for the definition of II(f)). Using this theorem, Benjamini et al. showed that a certain family
of functions defined by a bond percolation scenario is asymptotically noise sensitive. The
authors also related asymptotic noise sensitivity and stability to correlations with weighted
majority functions (i.e., boolean halfspaces), and showed that the class of weighted majority
functions is asymptotically noise stable (cf. the results in Section 3.10 of this thesis). Finally,
the authors also made some speculative conjectures connecting the noise stability of a

function to the size and depth of the AC? and TC? circuits needed to compute it.

1.1.4 Other relevant works

We now briefly describe some other papers of relevance. Ben-Or and Linial [BL90] intro-
duced the problem of collective coin-flipping in the perfect information model; we study a
related problem in Chapter 6. They also studied the influence of variables on boolean func-
tions, influencing and motivating the work of Kahn, Kalai, and Linial. Bourgain, Kahn,

Kalai, Katznelson, and Linial [BKK"92] generalized some of the results in [KKL88], ex-

logn

5%) to functions

tending their theorem on the existence of a variable with influence €(
on general product spaces, f: X" — {+1,—1} (see also [Fri02]). Bshouty, Jackson, and

Tamon [BJT99b] related noise sensitivity to computational learning theory under noise.
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Schramm and Tsirelson [ST99] studied noise sensitivity on trees, as opposed to the boolean
hypercube. Some works of Talagrand (e.g., [Tal96]) and Tsirelson (e.g., [Tsi99]) also have

some relevance.

1.2 Current complexity-theoretic motivations — juntas

Hastad’s work demonstrated the importance of a certain relaxation in long code-based
probabilistically checkable proofs: instead of having to test whether a codeword function
is close to a dictator function, it is often enough to test whether it is close to a function
dependent on only a small number of coordinates. A function over many variables which

depends on only a small number of them is known as a junta:

Definition 1.2.1 A boolean function f: {+1,—1}" — {41, -1} is called a k-junta if it
only depends on some k of its n inputs. f is called a (7, k)-junta, or is said to be ~y-close
to a k-junta, if there is a k-junta f': {+1,—1}" — {+1, =1} such that f and f’ differ on

at most y2" inputs.

The terms “junta” and “dictator function” come from the theory of social choice (see,
e.g., [Kal02]), and can be understood in terms of the election example described at the
beginning of this chapter — a junta is a choice function that is controlled by a small number
of voters. The same considerations explain why a 1-junta is called a dictator function.
Coming up with simple tests that determine whether a boolean function is close to being
a junta has proved to be a very important problem for hardness of approximation results.
Hastad’s analysis showed that a function with low noise sensitivity must have some small set
of coordinates which exhibit a reasonably significant amount of influence over the function.
Hastad asked whether in fact having low noise sensitivity implied being close to a junta. In
1998 Friedgut [Fri98] showed that having low average sensitivity (see Definition 2.3.4 and
Theorem 2.4.6) was a sufficient condition for being close to a junta. This result played an
important role in the breakthrough paper of Dinur and Safra [DS02] which showed that
the vertex cover problem is NP-hard to approximate to within a factor of 1.36. Friedgut’s
characterization was not necessary, however, as functions which are close to juntas may
have very large average sensitivity. Finally, in 2001 Bourgain [Bou01] showed that indeed
any function with sufficiently low noise sensitivity must be close to a junta. Bourgain’s

main theorem can be rephrased in terms of a corollary:
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Theorem 1.2.2 Let f: {+1,—1}" — {+1,—1} be a boolean function, and let & = NS¢(f).
If 6 < 2T then fis a (0O(6), 063169 ") -junta.

The characterization is also necessary in a limited sense of the parameters; it is easy to
show (using, say, Proposition 3.1.2) that any (O(5),0(573)16° *)-junta must have noise
sensitivity at most O(8) at € = o(6*1670").

Bourgain’s theorem may prove very useful for future PCP-based hardness of approxi-
mation results. A paper of Khot [Kho02] shows how Bourgain’s theorem along with Khot’s
“Unique Games” conjecture can be used to show that it is NP-hard to distinguish between
instances of 2-Linear Equations Mod 2 in which either a 1 — € fraction of the equations
is satisfiable or at most a 1 — €2+ fraction is satisfiable. (Khot attributes the result as
being “essentially” due to Hastad.) We also note that Kindler and Safra [KS02] extended
Bourgain’s theorem (with weaker parameters) to the case of biased product measures on
{+1, —1}"; such generalizations were essential for the hardness result of Dinur and Safra.

Finally, we note that finding tests for juntas in the domains of property testing algo-

rithms [PRS01, FKR 02, CG02] and learning theory [GTT99] (see also Section 5.5) is an

active research area.

1.3 New applications, and the outline of this thesis

In this thesis we give several new complexity-theoretic and algorithmic applications of noise
sensitivity.

We begin in Chapter 2 by giving some basic facts about noise sensitivity, introducing the
families of boolean functions we consider in the thesis, discussing the relationship between
noise sensitivity and Fourier analysis, and introducing the Bonami-Beckner inequality.

In Chapter 3 we analyze and estimate the noise sensitivity of several families of boolean
functions, including majority functions, recursive majorities, boolean threshold functions,
tribes functions, and read-once intersections and majorities of boolean halfspaces. We also
give an essentially complete picture of the maximal noise sensitivity of monotone functions
for all ranges of e.

In Chapter 4 we study the problem of hardness amplification. Hardness amplification
asks the following question: Suppose a boolean function f on n inputs cannot be correctly

computed on more than (1—¢)2" inputs by circuits of a given size. Let g be another boolean
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function on m inputs, and consider the function h given by applying f to m independent
strings of length n, and applying g to the resulting m outputs. How hard is i to compute,
in terms of € and properties of g, for circuits of comparable size? We give a near-tight
answer to this question in terms of the noise sensitivity of g at €. Using our answer and
the analysis of the noise sensitivity of monotone functions, we show the following theorem
regarding the hardness of NP: If NP is (1 — poly(n))-hard for circuits of polynomial size,
then it is in fact (% + n_%+°(1))—hard for circuits of polynomial size.

In Chapter 5 we turn our attention to computational learning theory. We first show how
known techniques can be combined to prove that functions with low noise sensitivity can be
efficiently learned under the uniform distribution. Using our noise sensitivity estimates for
functions of boolean halfspaces we obtain the first known polynomial and quasipolynomial
time algorithms for learning intersections, thresholds, and other functions of halfspaces.
We next show that the notorious class of functions with polynomial-sized DNF formulas
can be learned efficiently under the “Random Walk” model; the proof uses estimations
of noise sensitivity-type quantities. Finally, we attack the same problem under the usual
uniform distribution model by considering the class of junta functions, which as described
in Section 1.2 are intimately involved in the study of noise sensitivity. We make the first
known substantial progress over the trivial algorithm for learning juntas.

In Chapter 6 we introduce a new problem called the “cosmic coin-flipping problem,”
whose study is equivalent to the study of “higher moments” of the noise sensitivity problem.
In the cosmic coin-flipping problem, a number of non-communicating parties wish to agree
on a uniformly random bit. The parties have access to the same uniformly random “cosmic”
string, but each sees only an e-noisy version of it. Each party applies a boolean function
to the bits it sees; we wish to find the functions that maximize the probability that all
parties agree on their outputs. We prove several results about this extension of the noise
sensitivity problem, and find optimal and near-optimal choices for the functions for all
asymptotic limits of the parameters. One of our results uses the reverse Bonami-Beckner
inequality, a technique which does not appear to have been previously exploited in the study
of boolean functions.

Finally, in Chapter 7 we present some conjectures and open problems suggested by the

work in this thesis.
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Chapter 2

Definitions And Preliminaries

2.1 Noise sensitivity definitions

Throughout this thesis we shall write bits as +1 and —1 rather than the usual 0 and 1; this
simplifies notation greatly, mainly because it means the parity of some bits is equal to their
product. We view +1 as being “false” and —1 as being “true,” and we sometimes write F
and T in place of these quantities for clarity.

We shall also view the boolean hypercube {41, —1}" as a probability space under the
uniform probability measure P. Unless otherwise indicated, E shall denote expectation over

the uniform distribution.

Consider two different ways of making a bit z¢ € {+1, —1} noisy:

Definition 2.1.1 We define flipping a bit xog € {+1,—1} as replacing xo with —zg. We

define updating zg as replacing xo with a uniform random bit.

Note that the probabilistic experiments of updating a bit and flipping it with probability %

are identical. Let us introduce some notation for flipping a bit of a string:

Definition 2.1.2 Given x € {+1,—1} and j € [n], we define ojx to be x with its jth bit
flipped.

We now describe a noise operator which acts on strings:

Definition 2.1.3 Given z € {+1,—1}" and 0 < € < 1, we define N¢(x) to be the random

variable taking values in {+1, —1}" given by flipping each bit of x independently with prob-

23



ability €. For e < %, Ne(x) is equivalently defined by updating each bit in x independently

with probability 2e.

As special cases, note that Ny(x) is the constant random variable z, N 1 (x) is a uniform
random string independent of x, and Nj(x) is constantly the string with Hamming distance
n from x. We will almost always consider only € < %

In the study of noise sensitivity, we consider choosing a uniformly random string =z and

letting y being an e-noisy version of z. We will sometimes use the following facts:
Fact 2.1.4 Let x € {+1,—1}" be chosen uniformly at random and let y = N¢(x). Then
o (z,y) has the same probability distribution as (y,z); and,

e the random variables x;y; are mutually independent for i € [n], and Elx;y;] =1 — 2e.

We now repeat Definition 1.0.1 using our new notation:

Definition 2.1.5 Given a boolean function f: {+1,—-1}" — {+1,—1} and 0 < e < 1, the
noise sensitivity of f at € is

NS(f)= P [flz) # f(y)l-

z, y:NE(m)

Since f(z) # f(y) = f(@)f(y) = =1, and f(z) = f(y) = f(2)f(y) = +1, we have the

following:

Fact 2.1.6
E [fl@)fW)]

1
2 2, y=Ne(2)

NSE(f) =

1
2
Since (z,y) and (y,x) have the same probability distribution, we have, for example,

NSc(f) = 2P[f(z) = T, f(Ne(x)) = F]. Consequently,

Fact 2.1.7

NSe(f) 2P[f(z) = T]P[f(Ne(z)) =F | f(z) =T]

2P[f(z) = FIP[f(Ne(z)) = T | f(z) = F].
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The noise sensitivity of any function at 0 is 0. Since x and N 1 (z) are independent,
the noise sensitivity of f at % depends only on the fraction of points on which f is —1; by

Fact 2.1.6, NS1 (z) = 2 — 2E[f(2)]%. This quantity arises frequently:
2

Fact 2.1.8 If f: {+1,—1}" — {+1,—1} is a boolean function,

Var[f] = 1 — E[f(x)]” = 2NS, («) = 4P[f = T| P[f = FJ.

1
2

For fixed f, we have some general facts about NS.(f) as a function of € on [0, %]

Proposition 2.1.9 Forany f: {+1,—1}" — {+1,—1}, NS.(f) is a continuous, increasing,

log-concave function of € on [0,3] which is 0 at € = 0 and $Var[f] at € = 3. If f is

nonconstant then NS¢(f) is strictly increasing in €.

The fact that N(f) is continuous, increasing, and log-concave will follow immediately from

Proposition 2.3.1.

Finally, we remark that adding irrelevant input variables to a function does not change

its noise sensitivity.

2.2 Functions we consider

In this section we describe the sorts of functions whose noise sensitivity we will analyze.

We begin with some very basic functions:
Definition 2.2.1
e PARITY,,: {+1,—1}" — {41, —1} is the parity function, (x1,...,z,) — [ .

o i {+1,—1}" — {+1,—1} is the function (x1,...,x,) — x;. In the context of the
study of boolean functions it is traditional to call the functions {+x’:i € [n]} the

dictator functions rather than the more usual “projection functions.”

e AND,,: {+1,—1}" — {+1,—1} is the logical AND function, which is T (—1) if and
only if all input bits are T (—1).

e OR,: {+1,—1}" — {+1,—1} is the logical OR function, which is T (—1) unless all
input bits are F (+1).
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e For n odd, MAJ,,: {+1,—-1}" — {+1,—1} is the majority function, definable as
MAJ,(z1,...,2n) = sgn(d 1 xi). We emphasize that this function is defined only
for n odd.

We sometimes drop the subscript n from these function names for clarity.

Aside from PARITY, all of the functions defined above are examples of threshold func-

tions:

Definition 2.2.2 A boolean function f: {+1,—1}" — {+1, —1} is said to be a (weighted)

threshold function or a (boolean) halfspace if there are numbers wy,...,w, € R, 8 € R

f(z1,...,2,) =sgn ((szxz> — 9) )
i=1

The numbers w; are called the weights and the number 6 is called the threshold.

such that

We will take sgn(0) to be undefined; consequently we will only admit threshold functions
with the property that Y w;z; # 6 for every choice of z € {4+1,—1}". It is easily seen
that this is without loss of generality, since the weights can be perturbed slightly to prevent

equality.

We now describe some properties that boolean functions may possess.

Definition 2.2.3 A boolean function f: {+1,—1}" — {+1,—1} is said to be balanced
if it is equally often +1 or —1 (i.e., if E[f] = 0). It is said to be antisymmetric if
fl=x1,...,—xpn) = —f(x1,...,2p) for all z € {+1,—1}".

Note that antisymmetric functions are necessarily balanced, and that any threshold function

with threshold 0 is antisymmetric.

Definition 2.2.4 A boolean function f: {+1,—1}" — {+1,—1} is said to be monotone if
f(z) < f(y) whenever x < y in the sense that x; < vy; for all i € [n]. Equivalently, f is
momnotone if changing input bits from +1 to —1 can only change the value of f from +1 to

—1.

Note that any threshold function in which all weights are nonnegative is monotone. This
includes, e.g., 7 for all i, AND, OR, and MAJ. Functions which become monotone when

the sense of +1 and —1 is switched for some input coordinates are called unate:
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Definition 2.2.5 A boolean function f: {+1,—1}" — {+1, —1} is said to be unate if there
are signs si,...,Sn € {+1,—1} such that the function (z1,...,x,) — f(s121,...,SpTy) is

monotone.

All threshold functions are unate.

Finally, we consider a simple operator which allows us to combine functions:

Definition 2.2.6 If f: {+1,—1}" — {+1,—1} and g: {+1,—1}" — {+1,—1} are boolean
functions, we define f ® g: {+1,—-1}™" — {+1, -1} by

/ ®g(:131, s 7:Emn) = f(g(xla s 7$n)7g($n+17 s 73:2%)’ s ag(l‘(m—l)n—l-lv v 7xmn))
We also recursively define ¢®": {+1, =1} — {+1, -1} by ¢®' =g, ¢ =g (4®" ).

Note that the classes of monotone functions and unate functions are both closed under
®. We call a function of the form OR,, ® AND,, a read-once DNF and a function of the
form AND,,, ® OR,, a read-once CNF. We call a function of the form MAJ;‘?k a recursive, or

iterated, majority of n (of depth k).

We end this section with two simple but useful facts; the first follows immediately from

definitions, the second from the union bound.

Proposition 2.2.7 Suppose f: {+1,—1}" — {+1,—-1}, g: {+1,-1}" — {+1,—-1}, and g
is a balanced function. Then NS¢(f ® g) = NSys, (5)(f)-

Proposition 2.2.8 Suppose f: {+1,-1}" — {+1,—-1} and g;: {+1,-1}" — {+1,-1}
fori=1...m. Then NSc(f(g1,--.,9m)) < > iy NSe(gs).

2.3 Fourier analysis on {+1,—1}"

It is often very helpful to relate the noise sensitivity of boolean functions to their Fourier
coefficients. In this section we recall briefly the necessary notions from harmonic analysis

on the hypercube. For a fuller treatment, see, e.g., [SteOQ].
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The probability space {41, —1}" naturally gives rise to an inner product space on all

functions f: {+1,—-1}" — R, with

(f,9)=E[fgl=2"" Y f(a)g(=).
ze{+1,—-1}n
For a set S C [n] we define xg: {+1,—1}" — {+1,—1} to be the parity function xg(z) =
[Licgzi- We also write simply xg for xs(x). Note that E[xs] = 0 for S # ); further,
XsXs' = Xsas/, where A denotes symmetric difference. It follows that (xs)scy is an
orthonormal basis for the space of functions f: {+1,—1}" — R. We define the S Fourier
coefficient of f to be the correlation of f with the parity function on S, f(S) = (xs, f)-
We have the Fourier expansion of f, f(2) = 3 gcn f(S)zs By Parseval’s identity, for any
boolean function f: {+1,—-1}" — {+1, =1} we have g, f(9)2 =1.

Because the basis (xs) 5C[n] has very nice properties with respect to the noise operator,

we can get a formula for noise sensitivity in terms of Fourier coefficients:

Proposition 2.3.1
NS, (

l\DI}—A
[\3|H

Z 2¢)°1f ()",

Proof: Let z be chosen uniformly at random, and let y = N.(z). Now write f’s Fourier

expansion in Definition 2.1.6:

NS.(f) = 5~ 5BIf@)(w)
_ %—%E Z f(S)xs Z f(T)yT
SC[n] TCn]
_ %_; F(S)F(T)Ezsyr].
S, TC[n]

If S # T then E[zgyr] = 0. To see this, suppose, say, ¢ € S\ T; then Elxgyr] =
E[z;|E[rg\(yyr] by independence (see Fact 2.1.4) and E[z;] = 0. On the other hand, if
S = T then E[zsyr] = Elzsys] = [[,cq E[riy:] again by independence, and the result
follows as E[x;y;] = 1 — 2¢ by Fact 2.1.4. O

It is now immediate that NS.(f) is a continuous, increasing, log-concave function of €

on [0, %] since each summand f (8)2(1 — 2¢)!5! is continuous, decreasing, and log-convex.
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Further, if f is not constant then there is at least one S # () such that f (S) > 0 and hence

NS.(f) is strictly increasing for € € [0, ], as claimed in Proposition 2.1.9.

The formula in Proposition 2.3.1 provides an essential tool for studying and applying
noise sensitivity; as noted in Chapter 1, it was discovered — in slightly different versions
each time — by each of Kahn et al., Hastad, and Benjamini et al. The formula shows that
the sensitivity of f to noise is closely related to how much of the ¢o weight of f’s Fourier
coefficients is concentrated on sets S of large size. Since the weights f (9)? are nonnegative
and must sum to 1, we see that the more mass on coefficients with large |S|, the more
noise sensitive f is. Indeed, all the authors mentioned noticed that upper bounds on noise
sensitivity of f imply upper bounds on the tail of f’s Fourier spectrum; thus the following

result can be considered folklore:

Proposition 2.3.2 For any f: {+1,-1}" — {+1, -1}, € € (0, %],

S A(8)? < —ZNS.(f).

1—e2
[S]>1/€

Proof: Starting from Proposition 2.3.1, we have

INS(f) = 1— Y (1—2¢1f(5)?

SC[n]

= > (9= D (1-20f(9)?
5C|[n] SC[n]

= D -1 —-29P]f(s)
SCn]

> Y - (1-29PNf(5)
[S|>1/€

> Y [1-(1-2¢Yf(5)
|S|>1/¢

> ) (1= )f(9)
[S|>1/¢

and the proof is complete. O
By considering parity functions, one sees that % is the sharpest possible constant
that does not depend on n or e. We will sometimes use the above result in the following

alternate form which tells us just “how far up we need to go” to get all but § of the Fourier
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spectrum:

Corollary 2.3.3 Let f: {+1,—-1}" — {+1,—1} be any boolean function, and suppose
m: [0, %] — [0,1] be a strictly increasing continuous function such that NS¢(f) < m(e).

Then

N B 1
g;kf(S) <35 for k—m.

Proof: Immediate from Proposition 2.3.2, using % <232. 0

We now consider a few more quantities derivable from a function’s Fourier coefficients.
Ben-Or and Linial [BL90] introduced notation for the influence of a variable on a boolean
function (the quantity is known as the Banzhaf power index [Ban65] in the theory of choice);

Kahn et al. [KKL88] introduced the notion of average sensitivity.

Definition 2.3.4 Given f: {+1,—1}" — {41, -1} and j € [n], define

Li(f)y= P [f(z) # floo)],

ze{+1,—1}n

called the influence of j on f. Also define

called the average sensitivity of f.

Note that if f is monotone then I;(f) is precisely f ({j}). The name “average sensitivity”
comes from the fact that I(f) is the expected number of indices in a uniformly randomly
chosen z whose flipping causes the value of f to flip. Kahn et al. related I(f) to the Fourier

coefficients of f (monotone or not):

Proposition 2.3.5

I(f)= > ISIf(9)*

SC[n]
Benjamini et al. [BKS99], influenced by Talagrand [Tal96], introduced the following

quantity:

Definition 2.3.6



Since we are interested in asymptotic analysis of noise sensitivity, for a given function
f it is natural to look at the behavior of the derivatives of NS.(f) (with respect to €) near

0 and %; these quantities are related to I, II, and f’s Fourier coeflicients of degree 1:

Proposition 2.3.7 For any boolean function f, NSL(f) is a decreasing function of € on

[0, 2], with
NSo(f) = D ISIF(S)* = I(f)
SCln]
= Z £(9) (if f is monotone),
|S|=1

NSy (f) = > f(8)?
15]=1
= 1I(f) (if f is monotone).

Proof: NS.(f) is decreasing as a function of € because NS.(f) is concave (Proposition 2.1.9).

The formulas for NS{(f) and NS’ (f) follow by differentiating the formula in Proposi-
2

tion 2.3.1, and using Proposition 2.3.5 and the fact that I;(f) = f({j}) if f is a monotone

function. O

2.4 The hypercontractivity theorem and its consequences

Let us introduce a functional operator closely connected to noise sensitivity:

Definition 2.4.1 For each p € [—1,1], the Bonami-Beckner operator T}, is a linear operator

that maps the space of functions {+1,—1}" — R into itself via

T,(f) = > p1f(S)xs,

SC[n]

or equivalently,

L,(H)= B [f)l

y=N1_1,()
Note that the name “Bonami-Beckner operator” is not used consistently in the computer
science literature. Also note that we usually only consider T}, for p € [0, 1]. The equivalence

between the two definitions given follows easily from the considerations in Proposition 2.3.1.
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Let us list some simple properties of the Bonami-Beckner operator:
Fact 2.4.2 Let f: {+1,-1}" — R.

o To(f) = E[f], i(f) = [, and T-1(f)(x) = f(==). Also E[T,(f)] = E[f].

o Forallp#0, T, is a 1-1 operator on the space of functions {+1,—1}" — R. (Proof:
use the first definition of T).)

e Forall p#0, T, is a self-adjoint operator on the space of functions {+1,—-1}" — R;
ie., (Tpf,9) = (f,Tp9). (Proof: use the second definition and the first point of
Fact 2.1.4.)

e For all |p| <1, T, is a positivity-improving operator — i.e., if f >0 and f # 0 then
T,(f) > 0. If |p| = 1 then T, is positivity-preserving (i.e., T,(f) > 0 in the same

circumstances). (Proof: use the second definition of T),.)

o For every p > 1, T, is a contraction in L,({+1,=1}"): [|Tpfllp < ||fllp- For every
p <1, T, is an expansion in L} ({+1, =1}"): | T, fllp > ||f|lp for f > 0.1 (Proof: use

the second definition of T,, and Jensen’s inequality.)

e If f is a boolean function — i.e., has range {+1,—1} — and ¢ € [0,3], then
NSe(f) = 5 = 3T == (N3

The last fact above provides the connection between the Bonami-Beckner operator and
noise sensitivity; studying the noise sensitivity of f is equivalent to studying the 2-norm of

the Bonami-Beckner operator applied to f.

In the remainder of this subsection we discuss a very powerful theorem concerned with
norms and the Bonami-Beckner operator. As we saw in Fact 2.4.2, for p > 1, T, is a
contractive map in L,. In fact, the Bonami-Beckner operator is a hypercontractive map;
i.e., it contracts as an operator from L, to L, for some g > p. The following theorem
was first proved by Bonami [Bon68], in a form equivalent to the second statement of the

theorem:

!The case p = 0 is a removable singularity; by ||f|lo we mean the geometric mean of |f|’s values.
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Theorem 2.4.3 Let f: {+1,—1}" - R and g > p > 1. Then

T (H)lg < 11£1lp forall0 < p < (%)2

Equivalently, if f has f(S) =0 for all |S| > d, then

d
g—1)\2
o< (551) Wl dorattazp1.

Theorem 2.4.3 is frequently only stated and used in the case ¢ = 2.

Some words about the history of Theorem 2.4.3 are in order. Theorem 2.4.3 is usually
referred to in the computer science literature as the Bonami-Beckner inequality (or even just
Beckner’s inequality). It was first proved by Bonami in 1968 [Bon68], though not precisely
in the format stated above; see Bonami’s 1970 paper [Bon70| for more explanation and an
explicit proof. Bonami’s paper was inspired in part by a 1960 paper of Rudin [Rud60] in
which a similar theorem is proved in the setting f: Z,, — R. Bonami’s papers were in
French and it appears they were not widely known to English-speaking researchers until the
early 1990’s — see [Gro92]. Kahn, Kalai, and Linial [KKL88] were the first to use Theo-
rem 2.4.3 in computer science, and they attributed the result to Beckner [Bec75]. Beckner
was motivated in part by Nelson’s inequality [Nel73], a well-known continuous analogue of
Theorem 2.4.3 for real-valued functions f in one-dimensional Gaussian space. Hypercon-
tractive inequalities in this setting have been studied fairly intently and are closely related to
logarithmic Sobolev inequalities — see [Bak92, Gro92, ABC*02]. Interestingly, it is known
([Gro75]) that Nelson’s inequality can be proved very simply from the Bonami-Beckner the-
orem using a limiting argument. There are now many known proofs of the Bonami-Beckner

inequality; see [Gre02, Ste02] for particularly short ones.

Several deep theorems about noise sensitivity and influences of boolean functions are
proved using the Bonami-Beckner inequality. As mentioned, Kahn et al. [KKL88| were the
first to use the result in computer science. They proved the following lower bound on II,
which in turn shows that every balanced boolean function has a variable with influence

I; > Q(*5"):
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Theorem 2.4.4 If f: {+1,—1}" — {+1,—1} is a boolean function, then

I(f) > Q (var[fP@) .

n
Talagrand [Tal94] improved this result:

Theorem 2.4.5 If f: {+1,-1}" — {41, -1} where {+1,—1}" is the product space in
which P[—1] = p, then

n ()

1;7(f)

> j—(p) > Q(p(1 — p)Var[f]).
j=1 log(l/Ij (f))

In 1998 Friedgut [Fri98] used the Bonami-Beckner inequality to show that functions

with very low average sensitivity (significantly smaller than logn, say) are close to juntas:

Theorem 2.4.6 For any boolean function f: {+1,—1}" — {+1,—1} and § > 0, f is a
(8,200 junta.

Bourgain’s Theorem 1.2.2 which shows that functions with low noise sensitivity are close
to juntas also crucially uses the Bonami-Beckner inequality, as does the related paper of
Kindler and Safra [KS02, Kin02].

Finally, one of Benjamini, Kalai, and Schramm’s [BKS99] main theorems was the fol-

lowing;:

Theorem 2.4.7 If a family of functions (f,) satisfies II(f,) — 0 then it is “asymptotically
noise sensitive” in the sense that (NS1(f,) — NSc(fn)) — 0 as n — oo for every e € (0, ).
2

The converse also holds when the functions f, are monotone.

The proof is based on another theorem of theirs which uses the Bonami-Beckner inequality.
This second theorem says that the £ Fourier weight of monotone functions at low levels
can be bounded in terms of II. The case k = 2 in the theorem is due to Talagrand [Tal96];
the bounds on the constant C}, are due to Kindler [Kin03].

Theorem 2.4.8 For each k > 1 there is a constant Cy < oo such that for all monotone

boolean functions f,

S A(8)? < CRI(f) (e T(F)).
|S|=k
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In general, C), may be taken to be k). If II(f) < exp(—k/e — 1) then Cy, may be taken
to be O(1)/k.

We conclude by recording two known extensions of the Bonami-Beckner inequality.

In [Tal94] Talagrand showed how the inequality (with worse constants) could be extended

to product measures on {+1,—1}" in which P[—1] = p, generalizing the case p = % In

1982 Borell [Bor82] observed that the reverse Bonami-Beckner inequality holds:

Theorem 2.4.9 Let f: {+1,—1}" — R=" be nonnegative and let ¢ < p < 1. Then

1Tl = Sl foraito<p< (21)

Equivalently, if f has f(S) =0 for all |S| > d, then

d
g—1\2
oz (£21) ol doratgpst.

The reverse Bonami-Beckner inequality does not appear to have been used previously in

the literature on boolean functions.
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Chapter 3

The Noise Sensitivity Of Specific

Functions

In this chapter we analyze the noise sensitivity of several functions and classes of functions.
Since exact calculations are not possible for most functions, we will often be interested in
asymptotic estimates; for example, we will be interested in showing lower and upper bounds
on the noise sensitivity of functions as the noise parameter e goes to 0 or %

In analyzing a function f, whenever possible we shall include plots of the “noise sensi-

tivity graph” of f and of the “Fourier spectrum graph” of f. The former is simply a plot of
NS, (f) as a function of € € [0, 3]; the latter is a plot of > 1S|=k f(S)? versus k for k= 0...n.

3.1 PARITY

From Proposition 2.3.1 we immediately have the following:
Proposition 3.1.1

NS.(PARITY,,) = NS.(—PARITY,,) =

(1 - 26)".

N —
N[ —

Noise sensitivity graphs of PARITY are shown in Figure 3-1. Of course,

_— 1 if |S|=n,
PARITY ,,(S) =
0 otherwise.
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" PARITY;
PARITY 5 -+
PARITY,;; ——

0.1

Figure 3-1: Noise sensitivity graphs of PARITY

Hence the Fourier spectrum graph of PARITY, is as shown in Figure 3-2. From this fact,
we may also deduce the well-known fact that PARITY is the most noise sensitive boolean

function:

Proposition 3.1.2 For each fized n and € € (0,1/2), the functions £PARITY,, are the only

n-bit boolean functions of mazimum NS.

Proof: By Proposition 2.3.1, for any boolean function on n bits f: {+1,—-1}" — {+1,—1},

— 5 Y a-29lisy

SC[n]

DO | =

NSE(f) =

But we also know from Parseval that > gcp,; f(S)? = 1. Tt follows immediately that any
function which has all of its Fourier weight on the coefficient of degree n maximizes noise

sensitivity. PARITY,, and its negation are the only such functions. O

Note that any function which is an embedded parity — i.e., is given by the parity of
some subset S of its bits — has the same noise sensitivity as PARITY g. In particular, any

dictator function 7! has NS.(7%) = e.
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0.8+
0.6+
351 PARITY,,(8)?

0.4+

0.2

Figure 3-2: Fourier spectrum graph of PARITY,,

3.2 Dictator functions

As we saw in the previous section, any dictator function £7¢ trivially has noise sensitivity
€ at e. For completeness, we give the noise sensitivity and Fourier spectrum graphs of
dictator functions in Figures 3-3 and 3-4. Since the noise sensitivity graph is concave
(Proposition 2.1.9), the dictator functions are least noise sensitive among all functions with
NS 1= % — i.e., all balanced functions. The dictator functions are the only functions with
this property:

Proposition 3.2.1 Fiz any € € (0,1). Then for all balanced f: {+1,—1}" — {+1, -1}, it
holds that NSc(f) > €, and equality is achieved if and only if f is a dictator function.

Proof: Let f: {+1,—1}" — {+1,—1} be balanced, so f(§) = 0. By Proposition 2.1.9,

NS(f) = 55 D (- 26 f(s)?
S#0D
1 1 P
> - Y- 20(8)
2 2SZ;£(Z)

with equality if and only if f has no Fourier coefficients above degree 1. We claim this

implies f is a dictator function. To prove this we show that in this case, f({i}) # 0 for at
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0.4+
0.3+
NS, (W:z)

0.2+

0.1+

Figure 3-3: Noise sensitivity graph of 7¢,

most one ¢; then f depends on at most one input, as required.

Suppose to the contrary that f({z}), f({j}) £ 0, for ¢ # j. Fix any settings for the zj’s
with k # i, 7, and then consider z; and z; varying over {+1, —1}. Then f({i})z;i + f({j})z;
takes on at least three distinct values; hence f(x) = Z‘ =1 f (S)xs cannot always take

values in {+1, —1}, a contradiction. O

Friedgut, Kalai, and Naor [FKNO1] proved a significant generalization: any function with
>18|>1 f(S)? < eis an (O(e),1)-junta (i.e., is close to a dictator function or a constant).

See Kalai and Safra [KS02] for further generalization.

3.3 AND and OR

Since AND and OR are the same function up to switching the roles of 1, the noise sensitivity
properties of the two functions are the same. The following proposition is immediate from

Fact 2.1.7:

Proposition 3.3.1

NS.(AND,,) = NS.(OR,,) = 2'7"(1 — (1 — &)").
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0.84
0.64-
21512k T (S)?

0.4+

0.2

Figure 3-4: Fourier spectrum graph of 7%,

Some noise sensitivity graphs of AND,, (equivalently, of OR;,) are shown in Figure 3-5.

It easy (see, e.g., [Man95]) to check the following:

— ]. — 21—7’l lf S — @,
AND,(S) =
(—=1)ISIH121=n otherwise.
_ —1427" if § =0,
OR,(S5) =
2l-n otherwise.

Note that all Fourier coefficients of positive degree have the same magnitude. A represen-

tative Fourier spectrum graph of AND,, (equivalently, of OR;,) is shown in Figure 3-6.

Given some boolean functions fi,..., f;, we will be interested in computing the noise
sensitivity of AND(f1,..., fm), the function given by applying fi, ..., fm, on disjoint sets of
variables and ANDing together the results. To emphasize the fact that the functions are
on disjoint sets of variables, we call this function the read-once AND (or intersection) of
fiy--+, fm. It is easy to see that the noise sensitivity of AND(f1,..., fm) depends only on
the noise sensitivity of the f;’s and the probability that the f;’s are T:
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AND;
ANDs ---- -
0.4+ AND7
0.3+
NS,
0.2-+
0.1+
0-¢ | I I I I

Figure 3-5: Noise sensitivity graphs of AND (equivalently, OR)

Proposition 3.3.2 Let fi,..., fm be boolean functions and write p; = P[f(x) = T,
1; = NSc(fi). Let g = AND(f1,..., fm). Then

NS.(g) = 2 (Hp> <1 -Ia- m/%)) :

i=1

Proof: Using Fact 2.1.7 and the independence we get from the fact that the f;’s are defined

on disjoint sets of variables, we have

NSc(g9) = 2Plg(z)=T|P[g(Nc(z)) =F | g(z) =T]

_ 3 (Hp[fm) _ T]) (1 ~TIPU(N) =T | fila) = T])
=1 i=1
=1

i=1

where the last line uses Fact 2.1.7 again. O

3.4 Majority

As there is a closed form for the Fourier coefficients of MAJ,,, many questions about the

noise sensitivity of majority can be answered by explicit calculation. However we shall begin
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Figure 3-6: Fourier spectrum graph of AND»

by taking a more qualitative route. First, a lemma which describes the sums of the bits in

(z, Ne(x)) in the limit as n — oo:

Proposition 3.4.1 Let x € {+1,—1}" be chosen uniformly at random, and let y = N¢(z),
where € € [0,1]. Write p=1—2¢. Let X = n-2 Sz and Y = n=z > vyi. Then as
n — 00, the pair of random variables (X,Y') approaches the jointly normal distribution ¢x

1
with 0 means and covariance matriz ¥ = X(p) = P . As an error bound, we have

p 1
that for any convex region R C R%, |P[(X,Y) € R] — ¢s(R)| < O((1 — p?)~

NI

n_%)

Proof: This follows from the Central Limit Theorem (see, e.g., [Fel68]), noting that for
each coordinate i, E[z?] = E[y?] = 1, E[z;y;] = p. The Berry-Esséen-type error bound is

proved in Sazonov [Saz81, p. 10 item 6]. O

Theorem 3.4.2 For any € € [0,1],

lim NS.(MAJ,) =

n—oo

arcsin(1 — 2e),

DN |
R

with the following error estimate:
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N[ =

‘NSG(MAJn) - (% ~ L aresin(1 — 26))‘ < O((e(1 - en) ). (3.1)

™

Indeed, for € € [0,3], NS.(MAJ,,) in increasing in n, and for € € [$,1], NS((MAJ,) is

decreasing in n, so the error estimate (3.1) is always one-sided.

Proof: Using the notation from Proposition 3.4.1, by definition we have NS.(MAJ,) =
P[(X,Y) € R], where R is the union of the upper-left and lower-right quadrants of R?,
R=Q+_UQ_,. But each of Q4_ and Q)_ is convex and is well known to have probability
mass ; — 5= arcsin p under ¢y, (see, e.g., [AST2, 26.3.19]). This completes the proof of all
of Theorem 3.4.2 except for the claim that NS.(MAJ,) increases with n for € € [0, 3] and
decreases with n for € € [%, 1].

The proof of this claim uses the Fourier calculations of Theorem 3.5.2; in particular, the
fact that My (k) = > g1y, MA\JH(S)2 decreases in n for all k, and is constantly 0 for even

k. \/Ve CODClude frOIn PI‘OpOSi(iOH 231,
€ n 2 2 n .

We know that ), My(k) = 1 for every n, but as n increases, these nonnegative weights
“shift up” and put more weight at higher levels k. Now simply note that (1 — 2¢)* is
decreasing in k for € < % and increasing in (odd) k for e > % O

It is not surprising that arcsin should arise in this context; c.f. the arc sine laws of

Feller [Fel68].

To make a basic approximation, recall ([AS72, 4.4.41]) the following:
Fact 3.4.3 arcsin(l —z) = 1 — (22)2 — O(z?).
Thus from Theorem 3.4.2 we conclude:

Corollary 3.4.4 For every n,
NS (MAJ,) < ((2/7) + o(1)) Ve,

where the o(1) refers to € — 0.
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Note that in the range € € [(1), 3], the error bound (3.1) is O(n_%) so the approxima-

tion NS.(MAJ,,) = 1 — L arcsin(1 — 2¢) is very good. Indeed, even for € as small as Q(nfé)

the error term is no bigger than the actual limiting value; using Fact 3.4.3 again we get,

Corollary 3.4.5 There is a constant C' < oo such that

NS,, 3 (MAJ,) = ©(n"1).

_1
n 2

For € = o(n_%), the error bound in Theorem 3.4.2 breaks down and we need to use
alternative methods. First, we can find NS{(MAJ,,): Since MAJ, is monotone, Proposi-
tion 2.3.7 lets us compute NS((MAJ,,) (and NS/% (MAJ,,)) in terms of the degree-one Fourier
coefficients of MAJ,,. Tt is easy to check that MA\JH({j}) = (E)T*” for all j € [n]. Hence,

by Proposition 2.3.7 and Stirling’s approximation, we have the following:
Proposition 3.4.6
o NSH(MAJ,) = I(MAJ,) = n2' =" (i1) = ((2/7)2 + o(1))n2,

o NS\ (MAJ,) = ITI(MAJ,) = n22~2(2-1) = 2 + o(1).
2 2

For € < n~! the following simple estimate proves useful:

Proposition 3.4.7 Forn >3 and e <n~!,
NS.(MAJ,) > (2/77)% ne e exp(—1/3n) exp(—en).

Proof: Suppose z is chosen uniformly at random and y is formed from x by flipping each

bit independently with probability . Then

NS.(MAJ,) = P[MAJ,(z) # MAJ,(y)]

> PIMAJk(z) # MAJk(y) | exactly one flip] x P[exactly one flip], (3.2)

and Plexactly one flip] = ne(1 — €)" 1. By elementary calculus, (1 —€)"~! > exp(—en) for
¢ < n~L. Therefore

Plexactly one flip] > kd exp(—dk). (3.3)
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The probability that the majority flips given that there is exactly one flipped bit in x is

exactly the probability that the remaining input bits split evenly — i.e.,

n

-1
P[MAJ,,(z) # MAJ,(y) | exactly one flip] = ( el )21_”
T2

> (2/m)2n"2(1 — 1/4n) > (2/7)2 n? exp(—1/3n), (3.4)

where the first inequality follows by Stirling’s formula and the second since 1 — 1/4n <

exp(—1/3n) for n > 3. Combining (3.2), (3.3) and (3.4) we obtain the required result. O

By combining Propositions 3.4.6 and 3.4.7 we get the following:

Proposition 3.4.8 For e = o(n™!), NS.(MAJ,) = ((2/#)% + 0(1))n% €. For e =0(n1),
NS.(MAJ,) = ©(n"2).
Proof: To get the upper bounds, use Proposition 3.4.7 and standard estimates. To get

the lower bounds, use Proposition 3.4.6 and the Intermediate Value Theorem, noting that

NS.(f) is decreasing in € and hence maximized at e = 0. O

Theorem 3.4.2, Corollary 3.4.5, and Propositions 3.4.6 and 3.4.8 give a fairly complete
picture of the noise sensitivity graph of MAJ,,. Some noise sensitivity graphs of MAJ are

shown in Figure 3-7.

3.5 The Fourier spectrum of majority

In this section we will examine the Fourier spectrum graph of MAJ,. Recall the Taylor

expansion of arcsinz ([AS72, 4.4.40]):

Fact 3.5.1

arcsinx = x+1x3+_$5+ix7+_n
6 40 112

- k‘1<kk_;1>21‘k ",

k odd 2

We shall write [2¥](arcsin ) for the degree k coefficient in the above,

0 if k is even,

kU(E2D) 2 if ks odd.

2

[z"] (arcsin ) =

46



Figure 3-7: Noise sensitivity graphs of MAJ

By comparing Theorem 3.4.2 with Proposition 2.3.1, we expect that Z|S|:k MA\J,Z(S)2

should go to [2¥]((2/7) arcsin x) as n — 0o, and this is indeed true:

Theorem 3.5.2 For odd n and 0 < k < n, write My(k) = >_ gy, mJn(S)z. Then for
each fixed k € N,
lim M, (k) = [z*]((2/7) arcsin z).

n—oo

Further, M, (k) is decreasing in n for every k. Finally, for k varying with n, we have the

following error estimate which holds for any k < n/2:
M, (k) < ([a:k]((2/7r) arcsinx)) (14 2k/n).

Proof: We begin with Bernasconi’s determination of the Fourier coefficients of MAJ,

from [Ber98]:

Proposition 3.5.3 Let S C [n] satisfy |S| = k. Then

k1 (1) (izk
_ (_1)7%% if k is odd,
WAL, (S) = ()
0 if k is even.
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Thus our desired result holds for even k. For odd k, we get

o (D7)
M, (k) = %(1@)— (3.5)

n—1 2

(1)

2

By explicit expansion and simplification, we get

Mnia(k) _ (n+2)(n—k+1)

My(k) — (n+1)(n—k+2)

IN

L

and it follows that M, (k) is decreasing in n for every k, as required. It remains to compare
the limiting value of (3.5) with [2¥]((2/7) arcsin x). Again, by explicit expansion to factorials

and simplification, we get

) ((2]>47:L)(zzcsin oy = (m/2m2t (nnT_11> (nnT_kk) - (3.6)

By Stirling’s approximation, (m";2) / (2/7r)%m_%2m, in the sense that the ratio of the

right-hand side to the left-hand decreases to 1 as m — oo. Substituting this into (3.6) and

using the same notation, we have

[2F((2/m) arcsinz) ~ (n — 1)5(n — k)3 (3.7)

When k is fixed, the right-hand side of (3.7) goes to 1 as n — oo which proves that
M, (k) — [#¥]((2/7) arcsinz) for all fixed k. In general, we have

D=

n :(1_k+1+k> <1+ 2k/n,
n

where it can be checked that the inequality holds for all k < n/2. O
Theorem 3.5.2 gives us very good estimates for the Fourier spectrum of MAJ, up to
degree n/2. For higher degree — especially degree n — O(1) — we can instead use the

following;:

Proposition 3.5.4 For all0 <k <n,




Proof: This follows easily from Proposition 3.5.3, which shows that all Fourier coefficients
at degree n — k have the same value as all Fourier coefficients at degree k+ 1. The quantity
(k+1)/(n — k) is the ratio (,",)/(,%)- O

For example, since the Fourier weight of MAJ,, at degree 1 approaches 2/, the Fourier
weight at degree n approaches 2/7n. Similarly, we can see that the Fourier weight at degree
n — 2 approaches 1/7(n — 2).

To complete our picture of the Fourier spectrum of majority, we consider [#¥]((2/7) arcsin )

asymptotically in k:
Fact 3.5.5 For all odd k,
[z%]((2/7) arcsinz) > (2/7k)2,

with the ratio of the two quantities decreasing to 1 as k — oo (through the odd numbers).

This follows immediately from Stirling’s approximation.
Using Theorem 3.5.2 and Proposition 3.5.4 we can completely infer the Fourier spectrum

graph for MAJ. A representative example is shown in Figure 3-8.

>1S|=k MAJ45(S)?

0 Hmﬂnin.—.TH | A4 | L | d

| | | | 1 |
0 5 10 15 20 25 30 35 40 45
k

Figure 3-8: Fourier spectrum graph of MAJ 5

We end this section by obtaining a lower bound on the Fourier tail of majority.
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Theorem 3.5.6 For any e = ¢(n) > n=5 the following inequality holds for all sufficiently
large odd n:

where o is any odd number no bigger than (1/7)e=?

Proof: Fix ¢, n and o as described. As in Theorem 3.5.2, write My (k) = 3_ gy, mA\Jn(S)Q.

From the same theorem, we know that for all & < «,
M, (k) < ([xk]((2/7r) arcsin x)) (1+ 2a/n). (3.8)

Since the Taylor series for arcsinz converges at = 1 and 2 Zarcsinl = 1, we conclude

that >, qql%]((2/7) arcsinz) = 1. Hence

Z[wk](@/w) arcsinz) = 1-— Z [2*]((2/) arcsin x)

k<a k>a
< Z (2/nk)2 (Fact (3.5.5))
od
< / (2/7k)3 dk
= —5 S [emi o]
< 1-(2/m)Fa7E, (3.9)

ST Mu(k) < (1+2a/n)(1 - (2/7)2a72)

k<a
< 1+42a/n—(2/7)2a 2
< 14 (2/7)(2n)" — (2/7)2(1/7€2)"2  (by definition of )
< 1+ (2/T)e— (2/m)3The (asn > )
< 1l-—e

But Yp o My, (k) = 1, so the proof is complete. O
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3.6 Noise sensitivity of monotone functions

There are several reasons why it is interesting and natural to study the noise sensitivity
of monotone functions. The first is that in some sense they are the “least noise sensitive”
functions. Combinatorial shifting decreases not just average sensitivity but noise sensitivity
as well. Recall the (down-)shifting operators (first introduced by Kleitman [Kle66]; see
Frankl [Fra87] for a survey on shifting):

Definition 3.6.1 Given f: {+1,—1}" — {+1,—1} and i € [n], the operator k; is defined
by ’K&jf: {+17 _1}n - {+17 _1}7

f(x) if f(x) = f(ojm),

(ki f)(x) = ,
zj if f(x) # flogz).

It is well known that for any f, E[x;f] = E[f], the function kik2 - - -k, f is monotone, and
that I;(k;f) < I;(f) for all ¢, j (this fact is proved in, e.g., [BL90]). In [BKS99] Benjamini,

Kalai, and Schramm showed the following:
Proposition 3.6.2 For every e € [0, 3], NS¢(x; f) < NS.(f).

Thus the monotone-shifted version of any function f is less noise-sensitive than f itself.
Indeed, we will show in Chapter 6 that the “left-monotone-shifted” version of f is less
noise-sensitive than f itself; see Proposition 6.6.4.

Another reason for studying the noise sensitivity of monotone functions is that there
are some well known upper bounds on how noise sensitive monotone functions can be. In
Sections 3.7, 3.8, and 3.9 we will give families of functions which are tight or close to tight
for these bounds. These highly noise sensitive monotone functions will have very useful
application in our study of hardness amplification within NP in Chapter 4.

Finally, monotone functions play an important role in the study of the boolean hyper-
cube and the influences of variables on boolean functions; see, e.g., [KKL88, Tal94, Tal96,

FK96, Tal97, Bou99, BKS99, MO02b)].

There are several different ways to formulate the question, “How noise sensitive can a
monotone function be?” A simple folklore isoperimetric inequality (whose proof does not

require the use of combinatorial shifting; see, e.g., [FK96]) implies that among all monotone
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(indeed, unate) functions on n inputs, the majority function MAJ,, (or something like it for
even n) has maximal average sensitivity. Since its average sensitivity is easily computed to
be

I(MAJ,) = ((2/7)2 + o(1))n2,

we get that for all monotone (even unate) functions f on n inputs,

[NIES

I(f) < ((2/7)2 +o(1)n2. (3.10)

This bound can be used to get the following upper bound on the noise sensitivity of mono-

tone functions, which is considered folklore:

Proposition 3.6.3 Let f: {+1,—1}" — {+1,—1} be monotone (or unate). Then

1 1
NS.(f) < & — L(1 — 2¢)IMAL) _ % B %(1 — 2¢)(@/mEto()nz

N | —
N | —

Therefore if NS¢(f) > n, then

D=

€ > n/I(MAL,) > ((m/2)2 — o(1))n "2

Proof: The second statement follows straightforwardly from the first one, which we now
prove. By Parseval’s identity we have )¢ f(S)? = 1, and by (3.10) and Proposition 2.3.5
we have 3¢ |S|£(S)? < I(MAJ,). We want to bound NS.(f) = 2 — 2 S°4(1 — 2¢)I51 f(5)2.

Clearly a bound is the solution to the following linear programming problem:

Maximize 3 — 3 > ¢ _o(1 — 2€)Fay,

subject to: > ;1 _xp =1, Y reo kre < I(MAJ,), 0 <z <1 for all k.
(3.11)

Since the optimum of a linear program occurs at a vertex, an optimal solution is of the
form x,, =1 and x; = 0 for all i # m, for some m. The constraint Y, kxi < I(MAJ,)
implies that m < I(MAJ,). Therefore the value of 3 — 23"} (1 — 2€)*zy, is at most

11— 2¢)!(MAJn) a5 claimed. O

A natural goal which we will pursue in Sections 3.7 and 3.8 is to find a monotone function
f on n bits such that NS.(f) > (1) for the smallest possible quantity e. This problem

was implicitly posed in Benjamini et al.’s work [BKS99], in which it was noted that the
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iterated majority-of-3 function l\/IAJé@l , studied first by Ben-Or and Linial [BL90], has at
least constant noise sensitivity for € as small as O(n ™~ 1083 %) = O(n=3%). As an immediate

corollary of Proposition 3.6.3 we have the following:
Corollary 3.6.4 If f is monotone and NS.(f) > Q(1), then e > Q(n_%)

Benjamini et al. conjectured that Corollary 3.6.4 was not sharp, and that the negative
exponent % could be replaced by some 8 < % In the following sections we will see that this
is not true. In Section 3.7 we study the recursive majority of k£ function for larger values
of k: 5, 7, 9, etc. Previous techniques had suggested that these functions might be less
sensitive to small noise than iterated MAJs, but this is not the case. We will see that as k

grows, the recursive majority of k is sensitive to smaller and smaller noise rates:

Theorem For every constant a < % and § > 0, there exists an odd k > 3 such that for ¢

sufficiently large, we have (writing n = ké) the following:

NS, (MAJE") > = — 5.

N | =

(See Theorem 3.7.2 for more details.)
Thus iterated MAJy functions are nearly as sensitive to low noise as is possible for
monotone functions. In the same section we shall further give an explicit infinite family of

. : . e _1
monotone boolean functions which have constant noise sensitivity at e = n~ 2 logo(l) n:

Theorem 3.7.4 For every sufficiently small € > 0,
NS, /n(EMy) > € — O(€%),

where

M:n%/@(logtn), t =logy\/m/2 =.3257....

Here the function family (EM,,) is also a family of iterated majorities, but these majori-
ties are of varying, nonconstant arity. Finally, in Section 3.8 we will analyze a random family
of monotone functions introduced by Talagrand in [Tal96] and show (non-constructively)

1
the existence of one with constant noise sensitivity at e = O(n™2):
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Theorem 3.8.1 Talagrand’s construction shows there exists an infinite family of monotone
functions (Cy,) satisfying
(Crn) > Q(1).

This shows that Corollary 3.6.4 is tight up to constant factors.

At the other end of the spectrum we naturally have the following question: As a function
of m, how close can NS%_Q(I)(]‘) be to % if f is monotone? Kahn, Kalai, and Linial’s
theorem provides a bound as an immediate corollary: Since every monotone function f with
NS%(f) > & satisfies NS’%(f) =1I(f) > Q(@) (Theorem 2.4.4 and Proposition 2.3.7),
and since NS.(f) is an increasing concave function of e (Proposition 2.1.9), we get the

following;:

Corollary 3.6.5 If f: {+1,—-1}" — {41, —1} is monotone (or unate), then

Ben-Or and Linial introduced a family of monotone functions in [BL90] called the tribes

functions; we define this family in Section 3.9. Kahn et al. showed that the tribes functions

were tight for their theorem, Theorem 2.4.4; however, this does not prove that that tribes

functions are tight for Corollary 3.6.5. (For example, although MAJ,, has maximal NS

among monotone functions (up to a constant), it is nowhere close to being tight for Corol-

lary 3.6.4.) In Section 3.9 we exactly calculate the noise sensitivity of the tribes functions
1

and show that they are indeed close to sharp for Corollary 3.6.5; for § < —=— they are sharp

logn

up to a constant factor:
Corollary 3.9.7 If § < O(@) then NS%%(TRIBESn) > % — O(@ 9).

For 6 < %— (1), combining the tribes functions with iterated majorities lets us get a family

of monotone functions sharp for Corollary 3.6.5 up to a logarithmic factor:

Theorem 3.9.8 Let ¢ > Q(1). Then there is an infinite family of monotone functions (Ty,)

satisfying



where u' is any number exceeding u = log% 3=23.818....

3.7 Iterating majority and other functions

Suppose we have a balanced function on a constant number of bits, f: {+1, -1} —
{+1,—-1}. By using the composition operator ®, we get a natural family of functions
(f ®* )¢ defined for infinitely many input lengths k, k2, k3, etc. The noise sensitivity of this
family of functions is inherited from that of f in a simple way: Let p(e) = NS(f); then
by Proposition 2.2.7, NSg(f®l) = p®(e) = p(p(- - - p(€))). Note that p is a concave function

£ times
on [0, %] which is 0 at 0 and % at % If we begin iterating p at a very small value € then

the speed at which the result approaches Q(1) is governed by p’(0). Similarly, if we start
iterating p at % — Q(1), the speed at which the result approaches % is governed by p’ (%)

We have the following result:

Proposition 3.7.1 Let f: {+1,—1}* — {41, 1} be a balanced function, let a = NS}(f),
b= NS (f), and assume a > 1, b < 1. Then NSE(f®Z) > 1 -6 for
2

£ > (log,(1/€) +10g15(1/6) ) (1 + (e, ),

where r(€,0) — 0 as €, — 0.

Proof: (For this proof, when a function ¢ depends on € and § we will write ¢ = O(1) if ¢
is uniformly bounded and we will write ¢ = o(1) if g(¢,6) — 0 as e — 0, § — 0.)

Let p(n) = NS,,(f). By Proposition 2.1.9 p is an increasing concave polynomial which
is 0 at 0 and § at 3. Since p/(0) = a, p/(3) = b, we have p(n) > an — cn® and p(5 —n) >
%—bn—c’ n? for some constants ¢, ¢’ which depend only on f. Recall that by Proposition 2.2.7,

NSc(f ®[) = p¥(€). We shall analyze this iteration in five steps.

e Let ¢ =1/1In(1/€e). Asa > 1, we may assume without loss of generality that a—ce’ > 1.
Now whenever 7 < € we have p(n) > (a — c€')n. Thus p*)(n) > min{(a — c¢’)*n, €'}
for all k, and in particular, p¥)(e) > € so long as k is at least

In(€'/e)

In(a — ce’)

In(1/e)
(1-0(€¢))Ina

< < (14 o(e)) log,(1/e).
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o Letr = (a—1)/2c¢ > 0,s0a—cr > 1. By a similar argument to the above, we conclude

that p(®)(¢) > r so long as k is at least

In(r/€)

(e — o) = OUn(1/€)) < o(log, (1/6)).

e Let ' = (1—-0)/2¢ > 0, s0 b+ r’ < 1. Since p is a continuous concave function with

p(0) =0, p(3) = 3, and since p’(0) > 1, we have p(n) > n for all n € (0, 3); it follows

that there is a finite constant k (depending only on f) such that p® (r) > % — 7.

o Let &/ = 1/In(1/8). Whenever n < 7' we have p(3 —n) > 3 — (b + cr')n. Thus

1

p® (L —r") > 1 — (b+r')kr' for all k, and in particular, p®) (1 — ') > 1 — ¢’ so long

as k is at least
In(é"/r")

(b + ) < O(In(1/d")) < o(log, ;, 9).

e Finally, by similar arguments we conclude that p(k)(% - > % — 4 so long as k is at

least
In(6/0") < In(9)
In(b+ ) = (1 —0(4"))Inb

< (14 0(9))logy 4(1/6).
Combining the above five steps, we obtain the required result. O

Let us apply this result to the majority functions MAJg:

Theorem 3.7.2 Let k > 3 be odd, and define

k-1 k—1)\2
T TR G e
2 2

Then NSE(MAJgk) > 16 forl> (loga(l/e) + 10g1/5(1/€)) (14 7(e,0)), where r(e,6) — 0

as € — 0 and § — 0. Hence for every constant o < % and § > 0, there exists an odd k > 3

such that for ¢ sufficiently large, we have (writing n = k°) the following:

NS,—(MAJZ") > = — 5.

N =

Proof: This is an immediate corollary of Proposition 3.7.1, using the calculations from

Proposition 3.4.6. O
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In light of Corollary 3.6.4, we see that the iterated majority function is almost as sensitive
to small noise as possible among monotone functions. We now give a slightly more involved
construction that produces an explicit family of balanced monotone functions which have
constant noise sensitivity at e = n~!log®n, where ¢ < 1. The functions are again defined
by recursive majorities, but the arity is not constant; it increases with depth:

Definition 3.7.3 The expanding majority function, EM,,: {+1,—1}" — {+1,—1}, is de-
fined for all n = 32[‘%“‘1, £>1, by

EM,, = MAJg ® MAJor @ MAJoy3 ® - - - ® MAJ32z71+1,

where the successive arities k; satisfy kiy1 = kf/3 foralli=1...¢.

We remark that the expanding majority function is balanced and also polynomial-time

computable.

Theorem 3.7.4 For every sufficiently small € > 0,
NSc/a(EMp) > € — O(€?),

where

M:n%/@(logtn), t =logy\/m/2 =.3257....

Proof: Recall that EM,, = MAJ;, ® - ® MAJy,, where k1 = 3 and ki1 = k2/3. We have
n, the number of inputs, equal to 32é+€_1; hence logs logs n — 1 < ¢ < log, logs n.

Let 0o = €¢/M (where M will be explicitly defined shortly), and recursively define
di+1 = NSs5,(MAJy, ;). Since all MAJ functions are balanced, Proposition 2.2.7 and the
definition of EM,, tell us that NS,/ (EM,,) = &;. We will show that d; > ¢ — O(€?).

By Proposition 3.4.7,

dir1 > g(ko—;) exp(—0iko—;)d;,

where we define

g(t) = (2/7)2t2 exp(—1/3t).

Recursively define 7y = 7, = o, and

Nit1 = g(ke—i) exp(—nike—i)ni, N1 = g(ke—i)n;.
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Since noise sensitivity is an increasing function, we can conclude that §; > n; for every i.
But clearly n} > n; for every i. Hence for every i, n;11 > g(ke—i) exp(—nike—;)n;. It follows

immediately that

-1
ne > (Hg(kefi)exp(—néktzfi)ﬁo
=0
2 ¢ 1 1 -1
= (2/m)2 Hk]? exp(—§Zk._1) exp Z—nlkg,l} do
Now we define M:
¢ 1, 1 1 1 1
_ _ sl 5 -1\ _ = log, logany, . =
M —Tl_[lg(km) = (2/m)2n> eXp(‘gj;’“' ) = O((2/m)3 o5 25 ) exp(~0(1)),

which is n? /O(log" n) as claimed. Recalling o = ¢/M, we obtain

n¢ > M - exp {EZE —ngkg,l} -(e/M) = €-exp {Ezf —ngk‘g,l}.
i=0 i=0

Since dy > 1y, it remains to show

-1

exp [Z —nékg_i] >1—-0(e).

1=0

By the recursive definition of 1}, we immediately have n, = (H;;B g(ke—j5))no. Hence
n = M(Hi~21 g(k‘m)_l)% = e(an_:z1 9g(km)~"). Therefore

-1 l
exp {Z —ngkg,l} = exp [—e Z
=0 m=1

km
g(k1)g(k2) - g(km)d

Hence if we can show Zﬁlzl[km/g(kl)g(lﬂg)--'g(km)] = O(1), we are done. The first
term in this sum is k1/g(k1) = O(1). The ratio of the mth term to the (m — 1)th term
iS K /km—19(km). But km_1 = (3km)? by definition, so this ratio is (km/3)2/g(km) =
(m/ 6)% / exp(—1/3k,,) < 1. Hence the terms in the sum decrease geometrically, so the sum

is indeed O(1). O
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3.8 Talagrand’s random CNF

In [Tal96], Talagrand gives a probabilistic construction of a monotone boolean function
Cp: {+1,—1}" — {+1,—1} with the following property: at least an (1) fraction of points
x in {+1, —1}" satisfy both C,(z) = T and #{2': A(x,2’) = 1 and f(z) = F} > Q(n%),
where A denotes Hamming distance. It is natural to conjecture that this function is sensitive

. _1 . .
to noise as small as n~ 2, and indeed we shall now prove this.

Talagrand’s function C' = C,, is a random CNF formula on its n inputs. Specifically,
1
C is the 22 -wise AND of n2-wise ORs, where each OR’s inputs are selected independently

and uniformly at random (with replacement) from [n].

Theorem 3.8.1 Talagrand’s construction shows there exists an infinite family of monotone
functions (Cy,) satisfying
(Cn) > Q(1).

Proof: Write e =n 2. To prove the theorem, we show that if we pick C, z, and y = N¢(z)

at random, then

Ec [P[C(x) # C(y)]] = Q(1).

We shall imagine first picking and fixing the two inputs x and y, and then choosing C' at
random. Let npp denote the number of indices ¢ such that z; = F and y; = F, let npy
denote the number of indices ¢ such that x; = F and y; = T; analogously define ntg and

npr. Also define ngy to be ngpr 4+ npr, the number of F’s in x, and similarly ng, nrx, nsT-

Now consider the construction of C'; in particular, look at some particular OR, call it
V. Let prr denote the probability — over the choice of C' — that V(z) =F and V(y) =F.

Again, define pgr, pTF, PTT, PFs, €tC. analogously.

We immediately get

npp n3
PFF = (T> )
3 3
nyF\" nEr\"
pIF = (—;) —(—n ) : (3.12)
1 1
npg\"? npp\ "2
PrFT = ( ) _< ) 5
n n



and by subtracting these quantities from 1,

1 1 1

n2 n2 n2
= 1= (5F) - (5) ()
n n n

All of the ORs are independent, so we may make a similar calculation for the main
AND in f; call it A. Let gpr denote the probability — over the choice of C still — that

Nx) =F,A(y) =F, and again define gpr, etc.

Calculating as before,

on 2

qgrr = Pr1T >
1 1
271,2 n?2
4gTF = P1x —P1T)>
2"% 2"%
grT = Px1 —PTT -

Now the probability that C(x) # C(y) is simply gpr + ¢rr. Hence

Ec[P[C(z) # CW)]] = E, y=n.(@)[PclC(z) # C(y)]]
= E.ylgrT + q1¥]

= Euylerr] + Eaylgre]. (3.13)

Since z and y have the same distribution, E, yl¢grr] = Egy[¢rr] by symmetry. Hence
(3.13) = 2E; y[grr|. Thus it suffices to show

1 1
on 2 on 2

Em,y[CITF] = Ex,y[pT* —prr | > Q(1).

1 1

1
We now focus on the quantity (x) = p?l:f — p%’}z Let g(t) = 27 By the mean value

theorem, g(b) — g(a) = (b — a)g’(c) for some ¢ € [a,b]. Thus

for some ¢ € [prr, pry]-
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1 1

. n2 _1 . n2
Since ¢2*” ~! is no smaller than pQTT , we conclude

1
on2

1
(%) > 2" prephr - (3.14)

We proceed by conditioning on (ngg, npr, nTr, nrT). Since ny, ~ Bin(n, %), the proba-
bility that ng, is outside the range [n/2 —n2,n / 2—|—n%} is at most .05, for sufficiently large n
(by a standard tail bound; n? is two standard deviations). Assuming that np, is some fixed
quantity in this range, npp ~ Bin(nps, 1 — €). By a similar tail bound, the probability that
npr is larger than (1 —e+2(e/ nF*)%)nF* is again at most .05. So assuming n is sufficiently

large, we have that except with probability .1,

Ny € n/2—n%,n/2—|—n%, (3.15)

npp/nee < 1—€+3(e/n)2, (3.16)

where (3.16) uses the bound ng, > n/2.1.

Finally, just as np, € [n/2 — n%,n /2 + n%] except with probability .05, so too may we

conclude

nyp € g—n%,gvtn%, (3.17)

except with probability .05.

In conclusion, (3.15), (3.16), and (3.17) hold, except with probability at most .15. Since

(x) > 0 always,

E;y[(+)]

Y

E,,[(*) | (3.15),(3.16),(3.17)] x P[(3.15), (3.16), (3.17)]

Y

85B,,[(+) | (3.15),(3.16), (3.17)).

Since we are only trying to prove E, ,[(x)] > (1), we will henceforth assume (3.15), (3.16),
and (3.17) hold, and it suffices to prove E, ,[(x)] > Q(1) conditioned on this assumption.

That is, all future expectations are conditioned on (3.15), (3.16), and (3.17).
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Continuing from (3.14),

v

27?
n 1 1 n, n % np. n % n n %
(*) 2 pTF — nI — 'n,I + TFP

vV
[\V]
N
ol
3
=
>
N
—_
|
/
3
~
3
ol
|
—
3
o=
~— ~
3
Wl
~
3

277,

1 1 1
> 22 (1 — (A 4n2)? — (L4 n—%)"?> (by (3.15) and (3.17))

1 1.3
> 9277 prp(l — 2e/277 )2 (asymptotically)

1
> e 22" pry
1

> .004-2"% prp (for all n)

1

Hence showing E, ,/[(x)] > ©(1) amounts to showing E, ,/[2"* prr] > Q(1). By (3.12),

by = (220) (1 ()
1
> -2 b (1= (BE)) oy )

Vv
m\
no
/N
—

|
/N
3|3
* |
o |-
N———
3

N

N——

Y

e (1- (1 —er2e/mir?)  (by (316)

[N

Recalling € = nfé, the quantity (1 —e+ 2(e/n)%)” is asymptotically e~! for large n.

Hence

1

E, 2" prr] > e 2(1—e7 1) > Q(1),

as claimed. O

We conclude that Corollary 3.6.4 is tight up to a a constant.
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3.9 Tribes functions

In this section we consider read-once CNF'; that is, functions of the form f = AND, ® ORy.

By combining Propositions 3.3.1 and 3.3.2, we get

Proposition 3.9.1 Let f = AND, ® OR; and write n = ab. Then

NS.(f) = 2P[f = T] (1 _ (1 _ ;,@%3;)) .

Hence

=T]n — (1 — e\
Nsi(h) = =t a g (1- 2

20 —1 20 — 1

and in particular,

_ 2P[f=Tn

— Qn

NS} (f) = (26— 1)2

The quantities NS{(f) and NS, (f) can also be calculated easily using Proposition 2.3.7 and
2

Mansour’s calculation of the Fourier coefficients AND, ® OR}, from [Man95]:

Proposition 3.9.2 Let f = AND, ® OR;,. Then

A~

f@)=1-2P[f =T, and

f(S1,...,8,) =2(—1)¢ttabe(1 — 27bya—e,

where S = (S1,...,S,) denotes the natural partition of a set S C [n] according to the input
blocks, and ¢ > 1 is the number of S; # 0.

It is natural to select @ and b in such a way that f has P[f = T] = (1—27")% as close to %
as possible. To do this, it is best to choose a particular value for n = ab for each possible
value of b. Doing this, we get an infinite family of functions called the “tribes functions.”
These functions were first defined and studied by Ben-Or and Linial [BL90], who showed

Inn

these functions satisfy I;(f) = =-2%(1 — o(1)) for every j € [n].

n

Definition 3.9.3 Given b € N, define n = ny to be the smallest integral multiple of
b such that (1 — 2_b)”/b < % We then define the tribes function on n inputs to be
TRIBES,, = AND,, ;, ® OR;.
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We emphasize that the tribes functions are only defined for some input lengths n.

Let us quantify the relationship between b and n more carefully. For analysis purposes,
let 7’ be the real number such that (1—27°)""/0 = L. Then b = log, n’—log, Inn/+0(1); hence
n' <n <n'+logyn, and so b =logyn —logyInn + o(1) as well. Thus P[TRIBES,, = T] is
equal to (1-27)"/b = L(1—2-b)(n=n)/b = 1 (1 —9-byl+e(l) = 1(1 - O('A™)) Summarizing:

n

Fact 3.9.4 Fix b and let n be chosen as in the definition of TRIBES,,. Then

e P[TRIBES, = T] = 1 — O(len),

) n

e n=(1+0(1))(In2)b2° and hence nyr1 = (24 o(1))ns,

e b=logyn —logyInn+o(1), so 2 = (1 + o(1)).

The tribes functions are very noise-sensitive monotone functions, especially for € near %

Combining Proposition 3.9.1, Fact 3.9.4, and Proposition 2.3.7 we get the following:

Proposition 3.9.5

NS, (TRIBES,,) = I(TRIBES,) = (Inn)(1— o(1)),

, In%n
NS’ (TRIBES,,) = II(TRIBES,,) = (1 —o0(1)).
2 n

These facts were known to Ben-Or and Linial. As Kahn et al. point out, the tribes function

are tight (up to a constant) for Theorem 2.4.4; i.e., they have minimal NS, = II among
2

near-balanced monotone functions. Some noise sensitivity graphs of tribes functions are

shown in Figure 3-9.

As mentioned in Section 3.6, not only is NS, (TRIBES) very small, but NS%ﬂ; is nearly
2

as large as % — 1“2"5 for a reasonably large range of d’s:

Proposition 3.9.6

2 2
NS ,(TRIBES,) > % I ok o(1))(1 1 2600 0 <log n> |
n

n2

Proof: By Facts 2.1.8 and 3.9.4, NS%(TRIBESn) = % — 2P[TRIBES,, = TJ?, which is

- O(k’?g;"). Since NS (TRIBES,,) is an increasing concave function of € (Proposition 2.1.9),
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Figure 3-9: Noise sensitivity graphs of TRIBES

we get NS%_(;(TRIBESn) > %—O(@) —0NS_,(TRIBES,,) by the mean value theorem. Tt
2
remains to check that NS} ,(TRIBES,,) < % (240(1))(1426)'°82". By Proposition 3.9.1,
2

379 20 —1 2 —1

_ b—1
U=t (1)

b
e (;) (14 26)"

In’n

b—1 n/b—1
NS’ (TRIBES,) = MGJH;) (1_ﬂ>

IN

IA

IN

(24 o(1))(1 + 20)"82",

where we have used Fact 3.9.4. O
We remark that, as might be expected, a slightly more careful analysis lets one shave

off a factor of 2; one can show

1 In?n
NS%J(TRIBESn) > 3~

2
5- (14 o(L)) (1 + O() — O <1°g2”> ,

n

where 1 = (1 + 26)!°%2". However, we shall not bother to prove this. An alternate way
of deriving these estimates based on the Fourier spectrum of the tribes function is given

in [0’D02).
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As an immediate corollary of Proposition 3.9.6, we have the following:
1 2
Corollary 3.9.7 If§ < O(@) then NS%%(TRIBESn) > % —O(=219).

Thus in the range 6 < O(@), Corollary 3.6.5 is tight up to a constant. If we are concerned

about the range § < % — (1), we can start by iterating MAJ3 and then use tribes:

Theorem 3.9.8 Let e > Q(1). Then there is an infinite family of monotone functions (1y,)

satisfying

14-u/

log n

I

NS(T},) >

N =

n

where u' is any number exceeding u = loga 3 = 3.818.. ..
3

Proof: As stated, the idea is to first use iterated MAJ3 to boost € up to % —L_and then

" logn>

to apply a tribes function.

’

Fix a tribes function on n inputs, TRIBES,. We will construct T, on n’ = nlog" n

inputs. Let £ be the recursive depth necessary for iterated MAJ3’s to increase noise € up to

noise 3 — . By Theorem 3.7.2, £ = (1 + o(l))log%(logn) is sufficient, since € > (1).

logn*
Put f = MAJ??Z, so f is a function on 3¢ = log“/ n inputs. Let T, = TRIBES,, ® f.

L _ 1
2 logn*

NS%,l/logn(TRIBESn) > O(k’%). Since f is balanced, by Proposition 2.2.7 we get

Now by construction we have NS.(f) > By Corollary 3.9.7 we have,

NS(T) > 5 — O(lo%). The result now follows, since as a function of n/, O(lofin) is

in fact loglzi,unl (taking v’ slightly larger to kill any constant factors). O

. . 2+40(1) . . .
It seems possible to improve Theorem 3.9.8 to % — W by using recursive tribes
functions in the manner the expanding majority functions. However the fact that the tribes

functions are not perfectly balanced is a stumbling block.

Let us conclude this section with a brief estimate of the ¢ weight of the Fourier spectrum
of the tribes functions at low levels. From Proposition 3.9.2 we know that an index set

(81, -+, 8,) with ¢ > 1 nonempty parts contributes

271) 2c
4.97%e(1 — 97b)2/b=c)  — 4P[TRIBES, = T)? <1 2_b>

= (1 -0 <loin>> <m7n>20 (1+0(1))*
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in {5 weight to the Fourier spectrum. For a given level & > 1, let us lower-bound

Z| S|=k TI@”(S)Q simply by taking the contribution of indices with ¢ = 1. There

are exactly %(Z) such indices, and each contributes weight (at least) (1 — 0(1))1r52”. For

k= o(b%) = log% n we have (Z) > (1-— 0(1))%; hence we have the following conclusion:
Proposition 3.9.9 For 1 <k < o(log% n),

S TRIBES, ()7 > (1 - o(1) ™" logy n)t

S|=k

This shows that the estimate of Benjamini, Kalai, and Schramm, Theorem 2.4.8, has the
correct asymptotics, since in the case of the tribes functions II ~ %

A representative Fourier spectrum graph of the tribes function is shown in Figure 3-10.

0.6
0.4

0.2=

O
0 5 10 15 20 25 30 35 40
k

Figure 3-10: Fourier spectrum graph of TRIBES4

3.10 Threshold functions

In this section we investigate the sensitivity of weighted threshold functions to small rates
of noise. Benjamini, Kalai, and Schramm gave a somewhat difficult probabilistic argu-
ment in [BKS99] showing that the noise sensitivity at e of every threshold function is

bounded above by O(e%), where the hidden constant is independent of n. Peres gave a
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much simpler argument improving this to the expected tight upper bound O(y/€) (unpub-
lished; see [BKS99]). We now present a slightly altered version of Peres’s proof from [Per02]:

Lemma 3.10.1 Let f: {+1,—-1}" — {+1,—1} be a weighted threshold function, say
f(z) = sgn(>i wizi — 0), and assume without loss of generality that Y ;. pwiz; = 0
never holds for any x and ) # F C [n] (perturb the weights if necessary). Then for any set
0£FCnl,

P [f(x) # f(y) | the flipped bits are precisely F| = E
x7y:NE(x)

f(z)sgn (Z w2x2>] :

iEF
Proof: Fix ) # F C [n|. Let x be chosen uniformly at random, and let y be given by
flipping the F bits of . Write S = Y ; wjz; and 8" = > "' | w;y;, and note that S and S’
are identically distributed, although they are not independent.

Suppose we condition on sgn(S — 0) = sgn(S’ — ). Then S and S’ are still identically
distributed; hence we can imagine choosing S and S’ by first choosing the unordered pair
{S, S’} subject to sgn(S — 6) = sgn(S’ — ), and then flipping a fair coin to decide which is
which. The value of sgn(S — ) is the same regardless of the coin toss, and thus sgn(S —S’)
is equally likely £1, independent of sgn(S — 6). We have thus established the following:

E[sgn(S — 0)sgn(S — S’) | sgn(S — 0) = sgn(S" — 0)] = 0. (3.18)

Suppose on the other hand we condition on sgn(S — 6) = sgn(S’ — 6). Then we know that
0 is between the two numbers S and S’, and so sgn(S — 0) = sgn(S — S’). Hence

E[sgn(S — 0)sgn(S — S') | sgn(S — 0) # sgn(S’ —0)] = 1. (3.19)
Combining Equations (3.18) and (3.19), we get

Psgn(S —0) #sgn(S"' —0)] = Elsgn(S — 0)sgn(S — )]

f()sgn (2 > wﬁ%)] ;
i=1

= Plf(z) # f(y)] E

and this is conditioned on F' being the bits flipped in going from x to y, as desired. O

Theorem 3.10.2 Let f: {+1,—1}" — {+1,—1} be a weighted threshold function. Then
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NS:(f) < (v/2/7 + 0c(1) + 1/n)/€, where o.(1) represents a function which goes to 0 as

€ — 0, independent of n.

Proof: Let f be as in Lemma 3.10.1, and for F' # 0, let pp = E[f(2)sgn(>_,cp wix;)]. For
each 0 < k < n we wish to upper-bound the probability P(k) that f(z) # f(Ne(z)) given

that the noise operator flips exactly & bits. By Lemma 3.10.1 we have P(k) = avgm:k{pp}.

Write m = [n/k], and let I = (F}, ..., F},) be a random partition of [n] into m disjoint
sets of size k, where n — mk indices are left over. Since each F} is uniformly distributed

among all k-sets of [n], we have

P(k) = avg pp

Pk = —En|Y Elf@)o()]

- L[S aw)] (3:20)

Since f(z) € {+1,—1}, regardless of the manner in which f(z) is dependent on the
random variables o;(z), we have f(z)(3_7"; 0j(x)) < | >_7L, oj(z)[. Hence

P(k) < —En. |

> (@)

Jj=1

1
m

But since the sets F}; are always chosen pairwise disjoint, the random variables o;(z) are

mutually independent and uniformly +1. It is well known that for independent random
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signs o;, E| Z;n:1 gl] < V2/7 m?2 + C for some small universal constant C. Thus

P(k) < 2/am 2 +Cm™!
= V2/x n/k|72 4 C |n/k] !
V2]l + 2k [n)2)E + C (k/n+ 2(k/n)?),

IN

where we have used the fact that |z71]~! < 2 + 222 for all # € (0,1]. Note that this

statement is also true for k& = 0. We conclude,

NS(f) = E  [P(k)]
k~Bin(n,e)

< E[V2/n(k/n+2(k/n)?)2 + Clk/n) +2C(k/n)?

< 2/aVE[k/n + 2(k/n)?] + CElk/n] + 20 E[(k/n)?]  (Cauchy-Schwarz)
= V2/m\/e+2¢/n+ Ce+2Ce/n (3.21)
(V2/7 + 0c(1) + 1/n) Ve,

IN

as claimed. O
Benjamini, Kalai, and Schramm conjectured that majority is the threshold function
which is most sensitive to noise. This seems very plausible despite the small gap between

(2/7‘()% and 2/ in Corollary 3.4.4 and Theorem 3.10.2.

Corollary 3.10.3 Let f: {+1,—1}" — {+1,—1} be a weighted threshold function. Then
NS.(f) < 2V, and further NS(f) < /e if e < 5.

Proof: It is possible to check by exhaustion that the statements are true for n < 4; thus we
may assume n > 5. We now perform the estimation at the end of the proof of Theorem 3.10.2

more explicitly. The constant C' there may be taken to be .21. Starting from (3.21),

NS.(f) < 2/m\e+2/n+ Ce+2Ce/n
< V2/m\/e+ 2¢/5+ 21e + .084¢
< V2/m\/T/5\/e+ 294e. (3.22)

It is straightforward to check that (3.22) is never more than 2,/e, and is at most /e for

1
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While Peres’s bound is sharp (up to a constant) for threshold functions in general, more

can be said if we take into account the bias of the function.

Theorem 3.10.4 Let f: {+1,—1}" — {+1,—1} be a weighted threshold function, and let
p =min{P[f = T|,P[f = F|}. There is a universal constant C' (e.g., 16 suffices), such that

NS:(f) < C-(2p)v/In(1/p)Ve.

Proof: Suppose without loss of generality that p = P[f = —1] < % Proceed as in the

proof of Theorem 3.10.2 until Equation (3.20), recalling that the random variables o; are
independent and uniformly +1. Let 7' be a random variable denoting the number of o;’s
which are +1, so T ~ Bin(m, 3). For each t = 0...m, define p, = P[f(z) = -1 | T = t],
where the probability is taken over the choice of IT and z. Since the event f(z) = —1 is

negatively correlated with the events o; = +1, we conclude that

1>po>p1=2p22-+2pm=>0. (3.23)
Also, by definition, p= Z P[T = t]p:. (3.24)
t=0

Continuing from Equation (3.20), we have

PH) = B, |f0) [ Yo
j=1

_ %ZP[T:t]E f@) (o) 7=t
t=0 Jj=1

) Jr) (5 -1)n. (3.25)
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where we have used E7[2T —m] = 0.

We will obtain an upper bound for P(k) by maximizing (3.25) subject to (3.23) and (3.24).
This is a linear programming problem. Hence the maximum occurs at a vertex, which
in this case means the maximum occurs when, for an appropriate 1 < b < 7, we have
Po=p1 = =pPp1 = 1, ppe1 = Dps2 = -+ = pym = 0, and pp is such that (3.24) is
tight. (We have b < % since p < %) Henceforth we let the p;’s take on these values which

maximize (3.25) and we will reason about the value of (3.25).

Our goal is now to show the following:

=

(3.25) < (C/2) - (2p)/In(1/p)m 3. (3.26)

An easy case occurs if p < 27™. In this case ps = 0 for all £ > 0 and hence (3.25) = 2p.
But p < 27 implies (C/2) 1n(1/p)m_% > 1 (assuming C' > 2), so (3.26) is proved.
Assume then that p > 27™. We claim that it suffices to show (3.26) in the case that p, = 1;
i.e., the case that p = Z?:o (T)2_m for some b > 0. For suppose that (3.26) holds in this
case; then given any p* > 27" and associated b and p;’s, we may write p* = (1—p,)p~ +ppp ™,
where p~ = i’;é ("M)27™ and pt = Zi’zo (")27™. One can easily check that the value
of (3.25) associated to p* is (1 — pp)(3.25)" + pp(3.25)", where (3.25) denotes the value
of (3.25) for p~, and similarly for (3.25)". But by assumption (3.26) holds for p~ and p*;

since py/In(1/p) is a convex function of p, we have that (3.26) holds for p* as well.

So we may assume that p = ZLO (?)2_’”; ie., p = P[T < b|, where as before,

T ~ Bin(m, 1/2). Now we can rewrite (3.25) as

4
—pE[@—T|T§b}.
m 2

Thus showing (3.26) amounts to showing

E % _T|T< b] < (C/4)\/In(1/P[T < b)) m?, (3.27)

for every 1 < b < 5. We shall show this is indeed true for C' = 16 in the technical
Lemma 3.10.5 which follows. We thus have P(k) < (C'/2)(2p) ln(l/p)m_%. The remainder
of the proof proceeds as in the proof of Theorem 3.10.2, noting that we can upper-bound

(1+1/n)by2. O
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We now prove the technical lemma needed in Theorem 3.10.4.

Lemma 3.10.5 Let m > 1 be an integer and let T ~ Bin(n, %) Let 1 < b < %, and let
q=P[T <b|. Then
E [% ~T|T< b} < 4y/I(1/q) m?.

Proof: We will make use of the Chernoff bound P[T' < 2 — §2] < exp(—md?/4) which
holds for 0 < ¢ < 1. This immediately yields

b > % — /In(1/q) m?. (3.28)
The Chernoff bound also tells us that P[T' < & —2,/In(1/q) m%] < ¢*. Hence

3 [T < % —2y/In(1/q)vm | T < %} < 24"

We write d for 2\/ln(1/q)m% and « for 2¢*, so we have P[T' < % —d | T <

E

| <a It

follows from the log-concavity of the binomial distribution! that
PT<u—d|T<ul<a«a

holds for every u < 5. In particular this holds for v = b, u =b—d, u =b—2d, u = b— 3d,

etc., whence

Eb-T|T<b < d+a(2d)+o?3d)+a’(4d) +---

d
S T-ap
_ 2y/In(1/g) m?
(1242

2+/In(1/q) m2
< o _(2(/;;4)2 (3.29)
< 3y/In(1/q) me. (3.30)

In particular, log-concavity implies the “new-is-better-than-used” property of mathematical reliability,
which is exactly what we use here. See, e.g., [An95].
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So we conclude

E %_TyTgb] - %—bJrE[b—T\Tgb]

< 4 ln(l/q)m%,

by (3.28) and (3.30). O

As an aside, we believe the lemma is true with the improved constant 1/+/2; in particular,

we conjecture that

VIn(1/P[T < b]) m2

5% B[F 17 <)

(3.31)

increases as a function of m. If this is true than we can get the improved constant by noting

that (3.31) — 1/v/2 as m — oo, by a straightforward normal approximation.

3.11 Read-once intersections of halfspaces

In this section we consider read-once intersections of halfspaces; i.e., functions of the form

f =AND(hq,...,hy), where each function h; is a weighted threshold function.

Theorem 3.11.1 Let f = AND(hy,..., hy), where each function h; is a weighted threshold
function and k > 2. Let C be the constant from Theorem 3.10.4. Then

NS.(f) < 2C (elnk)z.

Proof: By Proposition 2.2.8 and Corollary 3.4.4, NS.(f) < k - ¢2. For k < 6 this is

| ot

smaller than 2C (eln kz)%, so we assume k > 7.

Write p; = P[h; = T] and n; = NS¢(h;). By Proposition 3.3.2, we have the following:

INS(f) = (ﬁp) (1Hl<1%>)

k k
(Hm) (Z %) , (3.32)

where we have used the fact that Hle(l —x) > 1— Zle x; for any x1,...,x5 € [0,1]

IN

(note that 5l <1 by Fact 2.1.7).

2
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We would now like to break up (3.32) into parts depending on the various values of the

pi’s. For 1 < s <t <k, let us write

) 52)

Our goal is to show Uy < C (eln k)% We begin by claiming that it suffices to assume all
of the p;’s are at least % For suppose that, say, p1 < % Then

l\’}l»—‘

k

2 1 5

Uk =p1Us ke + Hpi D) < SUs g+ M = U2 Kt g€,
i=1 2p1 3

oo

where the last step uses Corollary 3.4.4. Hence if we can show Us_ j < C (eln k)%, then
Up.x < 3C (elnk)2 +32 e2<C (elnk)2 since $C (lnk)2 > 1C’(ln?)% > 5. We can repeat
this argument for any p; < %; thus in showing Uy < C (eln k)i it suffices to assume

Di = % for all s.

Without loss of generality, we may reorder indices so that pi,...,pr < 1 — ﬁ and
Dig1y--- P > 1 — 10k for some 0 < ¢ < k. Using the fact that p; < 1 for all ¢, it is easy to

see that Uy, < Uy ¢+ Upy1.. k. We now upper-bound each of these terms individually.

¢ ¢
- (f) (£4)
i=1 i pi
‘ 1 1 \?
< <i1 ) <;C €2 ;ipl (ln T > ) (Theorem 3.10.4)
< 30 (em10k): ([T, pi) (S m0) (using 2 < p; <1— )
- 2 =117 i=1 4 = 10k
< %C’ (eln 10k)% pe(1 —p)  (where p = ¢/p1 - pe, by the AM-GM inequality)
< 2C (eln 10k)% e ! (by elementary calculus, maximizing over u € [0, 1]).
i LI 12
Urt1. < ( H pi) (Z €2 —— <ln . ) ) (as before)
i=0+1 - + i
< (k=0C €2 1 10% —(In IOk)% (since %(ln l%p)% decreases on [1 — 13z, 1])
10k
< (10—3)71C (eln 10k)% (using k — 0 <k, k>7)
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Thus Uy < (£ 4+ (10— 3)™1)C (eln 10]{:)% and this is less than C (eln k:)% for k> 7, as
desired. O

We remark that Theorem 3.11.1 is trivial unless € is significantly smaller than ﬁ

3.12 Read-once majorities of halfspaces

In this section we consider read-once unweighted thresholds of halfspaces; i.e., functions of
the form f = sgn(hi+--- hy —0), where the functions h; are weighted threshold function on
disjoint sets of variables. We mainly have in mind functions of the form MAJg(hq,..., hg).

This section shall be devoted to the proof of the following theorem:

Theorem 3.12.1 Let f(z) = sgn(hi(x) + --- + hx(z) — 0), where the functions h; are

weighted threshold functions on disjoint sets of variables. Then
NS.(f) < O ((elog £)7 ).

(Here O(n) denotes O(1) - nlog(1/n).)
Proof: Let p; = Plh;j(x) = —1] and ¢; = min{p;,1 — p;}. Let ¢; denote NS.(h;). Let C
denote the constant from Theorem 3.10.4.

We begin by reducing to the case in which each g; is not too small, and each ¢; < g;.
Let s; € {+1,—1} be the less likely value for h;(x), so s; is such that Plh;(z) = si] = ¢.
Let

a=2VC (elnk)%,

and let S = {i € [k]: ¢ < a/k}. Recalling that both  and N.(z) are both uniformly
distributed, a union bound tells us that the probability there exists an i € S, such that
h(z) = si or h(N(z)) = s; is at most } ;cq 2¢i < D ;. 2a/k < 2a. Since an additive
a=0(1)(elog k:)i does not affect the bound we are trying to prove, we may assume without
loss of generality that h;(z) = h;(Nc(z)) = —s; for all i € S,. In this case these halfspaces
are irrelevant to the noise sensitivity calculation, and we can therefore assume without loss
of generality that S, = 0; i.e., that ¢; > «/k for all 7.

Next, note that each ¢; < C(2¢;) (e In %)é by Theorem 3.10.4. We claim that we may

1

assume C'(2¢;) (e ln%) ? < ¢ and hence ¢ < ¢;. The claimed inequality holds if and
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1
only if ¢; > exp (—ﬁ); since each ¢; > a/k = 2\/66% <1“gk>, it suffices to establish

INE

2V/C eilnk E > exp (—ﬁ). It is easy to check that this holds so long as k < exp(ﬁ)
1
because % decreases for k > 2. But this holds without loss of generality, for otherwise

elnk > ﬁ = Q(1) and the theorem is trivially true.

To summarize, we may assume without loss of generality,

g = a/k, 4 = €. (3.33)

Let F; denote the random variable h;(N¢(x)) — h;(z). Since
Plhi(z) = +1, hi(Ne(z)) = —1] = P[hi(x) = =1, hi(Ne(z)) = +1] = €/2,

we have that F; = +2 with probability ¢;/2 each, and F; = 0 with probability 1 — e;.
Let H denote Ele hi(z) and let F' denote Ele F;; thus F' denotes the amount by which
hi(x)+---+hg(x) and hy(Ne(z))+- - -+ hgp(Ne(z)) differ. The proof of the present theorem
centers around the observation that if f(z) # f(N¢(z)) then we must have |F| > |H — 6|.

Hence

NSe(f) < P[lF| = [H —6]],

and we shall proceed by upper-bounding the probability that |F| > |H — 4.

While the random variables H and F' are clearly not independent, each is a sum of
independent Bernoulli random variables, and this allows us to bring to bear a number of
standard estimates. Let us write 0'%{ and U% for the variances of H and F' respectively. To
upper-bound the probability that H is close to the threshold 6 we shall use the following

result, whose proof we defer to the end of this section:

Lemma 3.12.2 Let Hy, ..., Hy be independent +1-valued random variables, let H = Zle H;,

and let 0%1 denote Var[H|. Then for every 0 € R and every A > 1 we have

PlH — 0] < X < 0(1)->,
o

To bound the size of |F| in terms of H’s deviation from 6, we will use an estimate for
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op/og. We claim
E\ 1
op/og < 0(1) (e log a) . (3.34)

To see this, let us compute,

U%:gVar[ —4261§802q1<eln—> <0(1) <elog ) qu,

where the first inequality follows from Theorem 3.10.4, and the second because ¢; > «/k

using (3.33). As for the variance of H,

k

k
of =Y Var[H;(z)] = ) (1—(1-2p;)* 24]% 1—p;) _424% 1—q) >22(b,
i=1

1=1

where the inequality uses ¢; < % The inequality claimed in (3.34) now follows.

The proof now splits into two cases, depending on whether op > 1 or op < 1.

Case 1: a% > 1. In this case, we shall use a simple tail bound to show that F’s magnitude
is unlikely to exceed a moderate quantity times op. Recall that F is the sum of the indepen-
dent random variables F;, and each one has mean zero and satisfies |F;| < 2. By Bernstein’s
inequality (a special case of Hoeffding’s inequality; see, e.g., Section 2.2 of [Pet95]), for any

7 > 0 we have

(TO'F)2 72 72
Pl|F| > <2 —_ | <2 — 1 <2 —
[F| 2 7or] < 2exp [ 2(0% +270F) | — &P 244r/op| ~ exp ’

where the last inequality uses op > 1.

As for H, we shall take 7 > 1, so Top > 1 and we can apply Lemma 3.12.2 to conclude

1
P[|H —0| <7op] <0O(1 )E<O( 7 (elogﬁ>4,
o «

where the second inequality is from (3.34). Hence

P(|F| > [H—0]] < P[F|>rop]+P[H—0|<rog]

72 k 1
2 — 1 log — .
exp[ 2—1—47]—1_0( )7’(6 oga>
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Taking 7 = Alog(1/(elog £)) with A a suitably large constant we get

NS, (f) < O(1) <elog g) " loa(1/(clog £).

Case 2: 02 < 1. In this case, let S denote the random set {i: h;(x) # hi(Ne(z))}; we refer
to S as the flip set. We now consider the random variable H conditioned on S being the
flip set. As conditional random variables, we have (H|S) = Zle(hi(:r)]S ), and the random
variables (h;(z)]S) are still independent. It is easily verified that for i € S, (h;(z)]S) takes
the values +1 with equal probability; whereas, for i € S, (h;(z)|S) = —1 with probability
pizi/2 and (hi(z)|S) = +1 with probability % Thus for ¢ € S, Var[h;(z)|S] = 1,

1—67;

and for ¢ € .9,

— 9.\ 2 9.2
Var[hz(x)|S] =1 <ﬂ> —1_ (1 2qz)2

1—6,‘ (I—Ei)

where the first inequality uses ¢; < ¢; from (3.33) and the second is elementary for ¢; € [0, %]
Recalling that Var[h;(xz)] = 4¢;(1 — q;) we see that regardless of whether ¢ € S or not,
Var[h;(z)|S] > 3Var[h;(z)]. Hence Var[H|S] > 10%. It thus follows from Lemma 3.12.2
that for every § €e Rand A > 1, P[|[H—0| <\ | 5] < O(l)\/iﬁ, independently of S. Since

|F'| < 2|S]| is immediate, we conclude,

NSe(f)

IN

P[lH — 6] <2[5]]

= Z P[flip set is S] - P[|H — 0| < 2|S] | flip set is 5]
SCIk]
151

< ) Pflip set is 5] O(1)
OH

SC[k]
= OME[S|]/on

k

= 0(1) (Zq) Jon
=1

= O()(o%/on)

< O(W)(or/on),
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where the last inequality is since o < 1 in Case 2. Hence we have NS (f) < O(1)(op/og) <
1
O(1) (elog £)* by (3.34).

In conclusion, in both Cases 1 and 2 we have

1

NS, () < 0 (clog & ) log(1/elog ).

Since a = O(1)(eln k)%, the proof is complete. O

3.12.1 Proof of Lemma 3.12.2

In this subsection we prove the technical lemma needed in the preceding proof of Theo-

rem 3.12.1:

Proposition 3.12.3 Let Xy,...,X, be independent +1-valued random wariables where

P[X; =—1] =py and let =, _, Xi. Then for every 0 € R,

. 0(1)
Plle—ol= 1= Vo1 Pe(1 — pr)

Lemma 3.12.2 as stated earlier follows easily from this via a union bound over a suitably
chosen sequence of values for . The proof given below is based on similar arguments in

Petrov’s work [Pet95].

Proof: Define

1- ’t’a ’t’ <1

0, else

Elementary integration by parts shows that p(z) is the inverse Fourier transform of h(t);
ie.,

p(z) = /00 e " h(t) dt.

—00
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By considering the Taylor expansion of cosx, we get that p(z) > % on the interval [—1,1].

Hence

Pllz—0] <1] =

§[1x6[0—1,9+1]]

< {E[]p(z—0)]

- %E[/_ e‘it(x_e)h(t)dt}
12

_ = > —itz it
= 11 7OOE[6 e h(t)]dt

12 [ .

- —‘/ eh(t)E
111/
12 [t ,

< = E —itx

< 11/_1‘ [e=" )] at,

6] dt‘

(3.35)

(3.36)

with (3.35) following because the quantity is already real and nonnegative, and (3.36)

following because |e?*?| < 1, h(t) = 0 outside [~1

Now,

E[e—itm]

8

E

exp(ithk)]
k=1

B[] exp(—itee)]
Tp—Xp i

E [exp(—itxy)]

(by independence)
k=1

prexp(it) + (1 — pi) exp(—it))

it
i

cost + i(2py — 1)sint).
k=1

By comparing Taylor expansions one can establish that

11
|cost +i(2p — 1) sint| < exp(——p(l - p)t2>

for p € [0,1],t € [-1,

24

1]. We may conclude the following;:
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Pllz— 0] <1 < / TT exp(— et — p)e?) at

1k 1
- L (gm0 ] e)a
_n 1exp : - "
11 ), 2(\/¥(Em(1—pk>)_m)2
. ' Ooexp ) t2 dt

1/ 2 (VB (S p-p) ™)

1/2

= 1—23/2(22% 1—]%) ;

since (v/2mo) "1 exp(—t2/20?) is a probability density function for every positive o. O
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Chapter 4

Hardness Amplification

In this chapter we relate noise sensitivity to the problem of hardness amplification from
computational complexity theory. In hardness amplification, the goal is to take a boolean
function f assumed to be slightly hard to compute and to produce a new function h which
is much harder to compute. Here we mean “hardness” in the sense of hardness of average;

we consider the fraction of inputs on which the function is computed correctly:

Definition 4.0.4 We say a boolean function f: {+1,—1}" — {+1,—1} is (1 — €)-hard for
circuits of size s if no circuit of size s can correctly compute f on a 1 — € fraction of the

inputs {+1, —1}".

The most straightforward way to perform hardness amplification is to use what is called a
“direct product” theorem (see, e.g., Shaltiel [Sha01] for a study of direct product theorems).
Such a theorem quantifies the hardness of a composite function g® f in terms of an assumed
hardness of f and some intrinsic property of g. Prior to this work, the only known direct
product theorem was the classical Yao XOR Lemma (originating in [Yao82]) which dealt
with the case ¢ = PARITY. Roughly speaking, the Yao XOR Lemma says that if f is
(1—e€)-hard to compute then PARITY;, ® f is (3 + 3(1 — 2¢)¥)-hard to compute. As we shall
see, it is not a coincidence that this quantity is precisely 1 — NS, (PARITY},).

In this chapter we prove a nearly sharp direct product theorem for every possible g.

That is, we answer the following question:

Question 4.0.5 Suppose f: {+1,—1}" — {41, -1} is a balanced boolean function which
is (1 — €)-hard for circuits of size s. Let g: {+1,—1}% — {+1,—1} be any function. What

is the hardness of the composite function g ® f7?
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(We consider only balanced functions f for technical reasons that will become clear later.
In fact, our final theorem will allow for slightly imbalanced functions.)

The near-sharp answer we give to the above question is in terms of an intrinsic property
of g, parameterized by €, which we call the expected bias of g. This quantity is very closely

related to the noise sensitivity of g as we shall see. Let us now define expected bias:
Definition 4.0.6 The bias of a boolean function h is bias(h) = max{P[h = T|,P[h = F]}.

Definition 4.0.7 We denote by R the set of random restrictions p on n coordinates, in
which each coordinate is mapped independently to x with probability €, to 0 with probability
(1 —¢€)/2, and to 1 with probability (1 —€)/2. Given a boolean function h: {+1,—-1}" —

{+1, -1}, we write h, for the function given by applying restriction p to function h.

Definition 4.0.8 Given a boolean function h: {+1,—1}" — {+1,—1} and 0 < e < 1, the
expected bias of h at € is

EB.(h) = pGE])%" [bias(h,)].

With this definition in place, we can now answer Question 4.0.5:
Answer 4.0.5 Roughly speaking, the hardness of g ® f is EBac(g). To state our direct

product theorem exactly,

Theorem 4.0.9 For every 6 > 0, the function g ® f is (EBa_s)(g) + n)-hard for circuits

of size s’ = Q(% s).

In Section 4.2 we explain from an intuitive, information-theoretic perspective why An-
swer 4.0.5 should be the correct answer; the proof of Theorem 4.0.9 in Section 4.3 transfers
the ideas to the computational setting of circuits. We also use the intuitive ideas and
constructions of Shaltiel to show that Theorem 4.0.9 is nearly tight; see Section 4.6.

Note that we get a form of Yao’s XOR Lemma as an immediate corollary of Theo-
rem 4.0.9; since EB.(PARITY},) is easily calculated to be 2 + (1 —€)*, we get the following
(taking 6 = 1):

Corollary 4.0.10 If f is a balanced boolean function which is (1 — €)-hard for circuits

of size s, then f& f @ - & f (k times) is (5 + (1 — €)F 4+ n)-hard for circuits of size
2/1o €
Q" / Ig(l/ ) 5).

84



As a practical matter, it is often quite difficult to calculate the expected bias of even rela-
tively simple functions. Fortunately, noise stability (i.e., 1 — NS.) is an excellent estimator
for expected bias. This allows us to put to use the calculations from Chapter 3. Qualita-
tively, we have that EBac(g) = 1 — o(1) if and only if 1 — NS.(g) =1 — o(1), and the same
holds for 1 — Q(1) and 3 + o(1) in place of 1 — o(1). Quantitatively, we have the following:

Proposition 4.0.11 Let g be a boolean function and let € € [0, 3]. Write v = 2(3—NS.(g)).

Then

11
1—NSE(9)=§+57 < EBa(g9) <

NN
2
SIS

_l’_

N —

Proof: Given a p € R, write stars(p) for the set of coordinates to which p assigns x. By
Fact 2.1.6 we have v = E, ,_n_(2)[9(7)g(y)]. An equivalent way of generating z and y is to
first pick a random restriction p € Rj. and then to pick two independent, uniformly random

strings 2’ and ¢’ for the coordinates stars(p). Therefore

T pe%n [gp(x,)gp(yl)] =E, [Er’ [gp(x/)]Ey’ [gp(y/ﬂ] =E, [E[gp]2] :

I/,yle{_,’_l’_l}stars(p)

On the other hand, using bias(g,) = % + %|E[gp]| and linearity of expectation, we get

EBa(9) = 4 + 5Ecry [[Elg]]]. Thus to complete the proof we need only show that
v < E,[|E[g,]|] < vz, where v = E, [E[g,]?]. But this follows immediately from Cauchy-
Schwarz and the fact that |[E[g,]| < 1. O

We briefly note that the bounds in Proposition 4.0.11 cannot be much improved. As we
have seen, the lower bound becomes equality for ¢ = PARITY} and every 0 < e < % As
for the upper bound, a very easy modification of the proof of Theorem 3.4.2 establishes the

following;:

Theorem 4.0.12 For any € € [0, 1],

1
lim EB.(MAJ,) = 3 + 7 arcsin(1 — 2e).

n—oo 4 T

(The error estimate is also the same as in Theorem 3.4.2.)
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Consider now NS%_(;(MAJ,L) and EBj_95(MAJ,,) for small § and very large n. Using

Theorems 3.4.2 and 4.0.12 and the approximation from Fact 3.4.3, we get

+@/m)6 EBy sy~ + (VO/m)sh 7 L+ (1Y),

N =

+

DN | =
N~

So in this case the upper bound in Proposition 4.0.11 is asymptotically tight.

4.1 Motivation: the hardness of NP

Our main motivation for studying hardness amplification is to try to quantify the hardness
on average of complexity classes — especially NP. That is, we would like to know how hard
the hardest function in NP is for polynomial-sized circuits. Of course, we do not know if
there is a function in NP which is even (1 — 27™)-hard for polynomial circuits since this is
precisely the NP vs. P/poly question. However, under the reasonable assumption that NP
is at least slightly hard on average we can use hardness amplification results to quantify

just how hard it really is.

This problem has been extensively studied for EXP in the context of derandomization,
and very strong results are known — see, e.g., [BENW93, Imp95, IW97, STVO01]. Specifi-
cally, it is known that if EXP is (1—27")-hard for polynomial circuits — i.e., if EXP Z P /poly
— then EXP contains a function which is (3 + 1/poly(n))-hard for polynomial circuits. A
crucial ingredient in some of the proofs involved is the Yao XOR Lemma. Unfortunately,
the XOR Lemma cannot be used to amplify hardness within NP. The reason is simple:
PARITY; ® f is not necessarily in NP, even when f is. Given f € NP, the only easy way
to ensure that g ® f is also in NP is to take g to be monotone (and also in NP). Thus we
are naturally led to prove hardness amplification results for monotone g, and this leads us
to look for monotone functions which are very noise-sensitive. This motivated our work in

Sections 3.6, 3.7, 3.8, 3.9.

In addition to Theorem 4.0.9, the main result we prove in this chapter is a hardness

theorem for NP:
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Theorem 4.1.1 If there is a function family in NP which is infinitely often balanced and
(1 —1/poly(n))-hard for circuits of polynomial size, then for any constant vy > O there is a
function family in NP which is infinitely often (% + n_%‘w)—hard for circuits of polynomial

size. (Here “infinitely often” simply means for infinitely many input lengths n.)

As we will see in Section 4.5, %—Fn*%*'y is nearly optimal for our techniques; getting hardness
down to, say, % + n~! would require a significant departure, if indeed this is even possible.
The technical assumption in this theorem that the initial hard function is balanced may

be removed at the expense of a small loss in final hardness:

Theorem 4.1.2 If there is a function family in NP which is infinitely often (1—1/poly(n))-
hard for circuits of polynomial size, then for any constant v > 0 there is a function family

in NP which is infinitely often (% + n7%+7)—hm‘d for circuits of polynomial size.

4.2 Intuition for the direct product theorem

In this section we explain the intuition behind the hardness bound given in Answer 4.0.5.
Suppose that f: {+1,—1}" — {41,—1} is a balanced function which is (1 — €)-hard to
compute, and let g: {+1,—1}* — {+1, 1} be the hardness amplifying function. Let us
try to understand what the hardness of computing g ® f should be, and how it relates to
the expected bias and noise sensitivity of g.

Suppose we are trying to compute g ® f using modest computational resources. Inputs
wy, ..., wg € {+1,—1}" are selected independently and uniformly at random and our task
is to compute g(f(wi),..., f(wg)). Let us write z; = f(w;) and call these the “true inputs”
to g. Since f is balanced and the w;’s are independent, the true inputs z; are simply
independent uniform random bits.

Here is the most naive strategy we could use for trying to compute (¢® f)(w1, ..., wg) =
g(x1,...,x): First we try to compute each x;; say our computation for f(w;) produces the
possibly mistaken “guess input” y;. We then simply guess ¢g(y1,...,yx). Since f is (1 — ¢)-
hard, each guess input y; will be equal to x; with probability 1 — e. Thus our probability
of success — the probability that g(y1,...,yx) = g(x1,...,xE) — is precisely 1 — NS.(g).
We conclude that it is reasonable for a small circuit to compute g ® f with probability
1 —NS.(g). Indeed, as we see from Proposition 4.0.11, 1 — NS(g) < EB2.(g), the hardness

bound we are claiming.
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However there are situations in which strategies better than the naive one are possible;
in order to definitively say that ¢ ® f has a certain hardness, we must consider the best
possible strategy. It is easy to see that 1 — NS.(g) will not be the best possible bound. For
example, given the guess inputs y;, guessing g(y1,...,yn) is not necessarily the best idea.
Suppose g = ANDj, and ¢ is quite large. Then even if we compute y; =yo =--- =y = T,
knowing € it is still more probable than not that at least one z; equals F. Thus our best
strategy would be to always guess F. In general, if all we know about the y;’s is that they
are correct with probability 1 — e, the best strategy is a maximum likelihood one, computed
by taking a weighted average of ¢’s values near (y1,...,yx)-

But even this might not be the best strategy for us, since it neglects a crucial possibility:
we might have extra information as to whether or not y; is correct. One could imagine that
for each input w;, it is easy to tell how hard computing f(w;) is, and thus how confident
we should be in our guess y;. Naturally, this extra confidence information should influence
our strategy for guessing g(z1,...,2x). Since f is (1 — €)-hard, the average confidence we
achieve cannot exceed 1 — e. But it is not hard to see that it is better for us to know most
inputs with confidence 1 rather than for us to know each input with confidence 1 — €. Let

us give a name to this more helpful scenario:

Definition 4.2.1 In the Hard-Core scenario (the name is inspired by [Imp95]), for each i,
with probability 1 — 2¢ our guess y; is the correct value of x; and furthermore we know that
our guess is correct; with probability 2¢, y; is a uniformly random bit and we know that this

guess input is completely uncorrelated to x;.

Note that in the Hard-Core scenario, each guess bit y; is still correct (equal to x;) with
probability 1 — e. To see that this scenario is more helpful than the situation in the naive
strategy, simply note that we can simulate the latter by ignoring the extra confidence
information.

The Hard-Core scenario in some sense gives us the most information — i.e., it models
f as being (1 — €)-hard in the easiest possible way. The optimal strategy for guessing g
in this scenario is clear. We look at the restricted version of the function g gotten when
the y;’s which are known to be correct are plugged in. Since the remaining inputs are
completely unknown, but also completely random, we should guess according to the bias

of the restricted function. That is, if the function is biased towards +1, guess +1; if it is
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biased towards —1, guess —1. The probability that this strategy is correct is exactly the
expected bias of g, over random restrictions p with -probability 2¢ — i.e., EBac(g).

It turns out that using this optimal strategy in the Hard-Core scenario is the best we
can ever do — we show essentially EBoc(g) hardness for ¢ ® f in Theorem 4.0.9. Further,
as we will see in Theorem 4.6.7, it is perfectly possible for f to be hard in the manner of
the Hard-Core scenario; i.e., for f to be trivial on an easily recognized 1 — 2¢ fraction of
inputs and nearly impossible to compute on a 2¢ fraction. In this case, assuming that g
is not too complicated a function, we can actually perform the best guessing strategy and

thus Theorem 4.0.9 is nearly tight.

4.3 The hardness theorem

In this section we give the computational proof of Theorem 4.0.9, modeled after the in-
tuitive discussion of the previous section. Our main tool is the hard-core set theorem of
Impagliazzo [Imp95]. Roughly speaking, this theorem says that in the computational con-
text of circuits, every (1 — €)-hard function conforms to the Hard-Core scenario described
in Section 4.2. That is, on a 2e-fraction of its inputs the function is nearly impossible for
small circuits, whereas on the remainder of its inputs it may be very easy.

We record here as a lemma the exact statement of Impagliazzo’s theorem that we need:

Lemma 4.3.1 Let f be (1 — €)-hard for size s. Then for every constant § > 0, f has a
“hard-core” S C {41, —1}" of size at least (2 — 0)e2"™ and at most 2€2™ with the following

property: on S, f is balanced and ( + n)-hard for size Q(log(l/s) s).

Proof: Combining the results of Impagliazzo [Imp95] with the improvements of Klivans
and Servedio [KS03] (see also [Ser01]), there must exist a set S” C {41, —1}" of size at least
(2 — 6)e2™ and at most (2 — §/2)€2" on which f is (5 + 1/2)-hard for size Q(;- 7= g(l/e) s). We
would like to add a small number of strings to S’ to make f balanced on this set. Suppose
without loss of generality that f is biased towards +1 on S’. Since f is (3 + 7/2)-hard on
S, it is +1 on at most (5 + n/2)|S’| strings in S’. Since || < (2 — §/2)e2" and we may
assume without loss of generality that n < §/4, the total number of +1’s f has in S’ is at
most (5 +17/2)(2 — 2n)e2" < e2".

On the other hand, since f is (1 — €)-hard on {41, —1}", f must take on the value —1
for at least €2™ strings in {41, —1}". It follows that there is a superset S’ C S C {+1,—1}"
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of S’ on which f is balanced. This set has size at most 2€2".

It remains to show that f is (3 + n)-hard on S. We know that no circuit (of size

Q(% s)) gets f right on S" with probability more than 3 4+ 1/2, and no circuit gets f

right on S\ S” with probability more than 1. We know that
|5\ 8’| = bias(f|s)|| = (1 — bias(f]s))|S'| = (2bias(f|s/) = DIS| < nlS'].

It follows that no circuit gets f right on S with probability more than

Lo\ 8] IS\S (1 )\ S| IS\ S| IS\ S
(2*2) EREEEER A ERAE

1.9 L7\ S\

B 2+2+<2 2) S|

1 7 1

< 42 - _ 1

= 2+2+(2 2)

< L.

= 5 mn,

as needed. O

With Impagliazzo’s theorem formalizing the reason for which f is hard, there is only one
more ingredient we need to complete the proof along the lines outlined in Section 4.2. We
need to show that if all of a function’s inputs look completely random then it is impossible

to guess its value with probability better than its bias:

Lemma 4.3.2 Let 'H, denote the n-dimensional Hamming cube with its graph structure,

and suppose h: Hy, — {+1,—1} and p: H,, — [0,1]. Further suppose that

Y @)+ Y (- p) (4.1)

z€h~1(41) z€h~1(-1)
is at least bias(h) +n. Then there exists an edge (x,y) in H, with |p(x) —p(y)| > Q(n/n%)

Proof: The idea here is that h is the function whose value on {+1,—1}" we are trying to
guess, and p(x) represents the probability with which we guess +1 when the input is . Our
success probability is given by (4.1), and the lemma says that if we are doing strictly better
than bias(h) then we must be doing at least some distinguishing between adjacent points

in the cube; i.e., the points in the cube cannot look completely indistinguishable to us.
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Getting the lower bound Q(n/n%) is a little tricky, so we defer the proof to Section 4.4.
For now we just prove a lower bound of n/n. Note that using this weaker lower bound in
the proof of Theorem 4.0.9 will make no qualitative difference, and will still be able to prove
the hardness theorem for NP, Theorem 4.1.1, just as well.

Without loss of generality we may assume that h is biased towards -+1; write
b = bias(h) = P[h = +1] > . By way of contradiction, assume [p(z) — p(y)| < n/n
for all edges (z,y) € Hy. Let M and m be the maximum and minimum values of p on H,,.
Since any of pair of points in the cube is at Hamming distance at most n, it follows that
M —m < 1. Now (4.1) would be maximized if p(z) = M for all x € h~(+1) and p(z) = m
for all z € h=1(—1). Hence

(41) < M+(1-b)(1—-m)
M+m-1)b+1—-—m
2M - 1)b+1—-—m+M—-M

(
(

< M -1)b+1-M+n
(1-M)—(2-2M)b+b+17
b

IN

+n,

since b > % This contradiction completes the proof. O

Now we prove our hardness amplification theorem. We will actually prove a slightly
stronger statement than the one given in Section 4 — for technical reasons we want the
theorem to hold under the assumption that the hard function f is only nearly balanced,

not necessarily exactly balanced.

Theorem 4.0.9 Let f: {+1,—1}" — {+1,—1} be a function which is (1 — €)-hard for size
s. Let g: {+1,—-1}% — {41, -1} be any function. Let n > 0 be any parameter, and assume

that bias(f) < 1 + (1 — 2€)n/4k. Then for every § >0, g® f is (EB(2—6)c(g) + m)-hard for

2
circuits of size s’ = Q(% s).

Proof: Let S be the hard-core for f given by Lemma 4.3.1, using parameters €, d, and
n = (c/8)77/<:_%, where ¢ is the constant hidden in the €(:) of Lemma 4.3.2. Then f is

(2 +n')-hard on S for circuits of size s’. Furthermore, we have bias(f|s) = 1, and because

|S| < 262" and bias(f) < & + (1 — 2¢)n/4k, we get bias(f|se) < 5 + n/4k.
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Let v = |S]27" > (2 — J)e, and let E = EB,(g). It’s easy to see that EB.(h) is a
nonincreasing function of € for any h — simply note that in the guessing game of Section 4.2,

the more information the optimal strategy has the better. Hence E' < EB(3_g)c(9)-

Suppose by way of contradiction that C' is a circuit of size s’ computing ¢ ® f on an
(EB(a—s)c(9) + 1) = E + n fraction of the inputs in ({+1,—1}")*. For a given restriction
pE R,’j, let us say that an input (z1,...,zx) € ({+1, —1}")* matches p when for all i we have
x; €S = p(i) =% and z; € S = p(i) = f(z;). Note that the probability an input matches
p is very nearly p’s natural probability under Rﬁ. In particular: the probability that x; € .S
is exactly «y, which is the correct x probability; the probability that f(z;) = +1 given that
z; € S¢ is at most 1 4 n/4k because bias(f|se) < & + n/4k; and, a similar statement holds
for f(z;) = —1. Hence P[(21,..., ) matches p] < Pp](3 + n/4k)*/($)* < P[p](1 + 2n)

for every p.

Let ¢, be the probability that C' correctly computes (¢ ® f)(z1,...,z) conditioned on

the event that (z1,..., ) matches p. We have

P[C correct] > E+n
= >, Pl(z1,...,z) matches plc, > > Plp]bias(g,) +n
= >, Plol(1+3n)c, > 3, Plplbias(g,) +n,

and it follows that there must exists a restriction p such that ¢, > bias(g,) + n/4.

By reordering the k length-n inputs to C' we may that assume p is of the form

(%y vk, bpryq, ..., bg) for some k' < k, b; € {+1,—1}. An averaging argument tells us
———

k’ times

there exist particular x}, . xp € {+1,-1}" with f(z}) = b; such that C correctly com-

+1
putes g, ® f with probability at least ¢, when the first &’ inputs are drawn independently

and uniformly from S and the last k — k" inputs are hardwired to the z*’s.

Let C' be the size s’ circuit given by hardwiring in the z*’s. So C’ is a circuit taking
k' strings in {+1, —1}", and it correctly computes g, with probability at least ¢, when its
inputs x1, ...,z are drawn independently and uniformly from S. From now on, whenever
we speak of probabilities with respect to C’ we mean over uniformly random inputs drawn
from S (not all of {+1,—1}").

For each (y1,...,yw) € {+1, —1}¥ let p(y) be the probability that C'(z1, ..., z) = +1

conditioned on the event that y; = f(x;) for all i = 1...%. Since f is balanced on S, each
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of these events is equally likely. It follows that the correctness probability of C’ is exactly

27> pw+ Y. (1-p(y)

yeg, ' (+1) yEg, (1)

Since this quantity is at least ¢, > bias(g,) + 7/4, Lemma 4.3.2 tells us that there is an
edge (z,2') in Hy such that |p(z) — p(z")| > c(n/4)(k’)_% > (c/4)77/<:_% =217.

Reorder inputs again so that we may assume z = (+1,u), 2/ = (=1, u) for some string
u € {+1, —1}k/_1. Again, an averaging argument tells us that there exist x3,...,z}, with

(f(«3),..., f(z})) = u such that
‘lee(fls)‘l(ﬂ)[c/(xlv5’3;7 @) = ] —Poe(ig-1 ([0 (21,23, . 2h) = +1]| > 217

Now let C” be the size s’ circuit given by hardwiring in the new x*’s. Then

P11 [C7 (@) = +1] = Paye(pig)1(-n[C" (@) = +1]| = 21,

and so we have a circuit of size s’ which when given one random input from S can distinguish
the cases f(z1) = +1 and f(z1) = —1 with advantage 2n’. This contradicts the fact that f

is (3 +n')-hard for size s'. O

In Section 4.6 we give unconditional constructions showing that this theorem is nearly

tight.

4.4 Proof of Lemma 4.3.2

In this section we prove the strong version of Lemma 4.3.2. The result is a simple example
of the concentration of measure phenomenon. We shall slightly generalize by allowing p’s

range to be [—1, 1] rather than [0, 1].

Lemma 4.3.2 Let H,, denote the n-dimensional Hamming cube with its graph structure,
and suppose h: H,, — {+1,—1} and p: H,, — [—1,1]. Further suppose |E[hp]| > |E[h]| + 7.
Then there exists an edge (x,y) in Hy such that |p(z) — p(y)| > Q(n/n%)

Proof: Let v be the maximum of [p(z) — p(y)| over all edges (x,y) in H,. For a subset

C C Hy, let py(C) denote the average value of p on C. Let m be the median value of p on
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H,,, and partition H,, into two sets AT and A~ of equal size such that p(z) > m > p(y) for
allz € AT andy € A™.

We are interested in the the number of points in H,, at distance at most d from A™.
When |AT| = 27, an isoperimetric inequality on the cube (see, e.g., [Bez94]) tells us that
for all d this number is maximized when A™ is a ball of radius n/2. (Strictly speaking, n
should be odd and the radius should be [n/2]. Since we only care about asymptotics in n,
we gloss over such niceties.) It follows that the average distance from A™ (over all points)

is maximized when AT is such a ball.

The average distance in H,, to a ball of radius n/2 is O(n%); this fact is fairly standard.
To see it, suppose without loss of generality the ball is A = {z € H,: MAJ(z) = +1}.
Then the distance from a point x to A is equal to 0 if MAJ(z) = +1, and is equal to
(weight(z) — n/2) otherwise. The result now follows from the fact that the distribution of
weight(z) is approximately normal, N(n/2,n/4), and that E[|N(n/2,n/4) —n/2|] = O(n%)
Hence the average distance to AT over all points in H,, is O(n%) Indeed, since half of all
points have distance 0 from AT, we can conclude that the average distance to AT, over any

set of size 32", is O(n%) (gaining a factor of 2 in the O(+)).

But if the Hamming distance between two points x and y is at most d, then certainly
Ip(z) — p(y)| < dy. Since the smallest possible value of p on AT is m, it follows that
wp(C) > m— O('yn%) for any set |C| = 12". Running the same argument with A~ in place
of AT yields that u,(C) < m + O(vn%) for any set |C| = %2”. Writing 0 = O(’yn%), we
conclude that p,(C) € [m — 6, m + 6] for all sets |C| = 12".

Now let us turn our attention to h. Write H* = h=1(+1), H~ = h~!(—1) and assume
without loss of generality that b = 27"|H*| > 1. We first upper-bound p,(H*). Let M
be the set of %2” points in H+ with largest p-value. Then p,(M) < m + 6. The remaining

points in H+ have p-value at most m. Hence

1/2

T(m+0)+b—1/2

MP(H+)

= bup(H") < bm—+46)2.

IN

m

Now we lower-bound 4,(H ™). Let N be the set of (b— 3)2" points outside of H~ with
smallest p-value. Then |N U H~| = 12" so p,(NUH ™) > m — 6. On the other hand, the
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points in N have p-value at most m. Hence

b-1/2  1-b
1/2 1/2 17

= (1-b)up(H™) > (1—bym—0/2.

(H”) > m—90

Subtracting the two inequalities, we get

bﬂp(H+) — (1 =b)up(H"™)

= E[hp] < E[hm+0

IN

(26 —1)m+6

= Ef[hp] < [E[h]| +6,

since m < 1, and we assumed E[h] > 0. Since we could replace p by —p throughout, we can
in fact conclude |E[hp]| < |E[h]| + 6. But |E[hp]| > |E| + n by assumption. Hence 6 > n
which implies v > Q(n/n%) O

4.5 Hardness amplification within NP

As we mentioned earlier, we can use the hardness amplification theorem to show that if NP
is slightly hard on average for polynomial circuits, then it is in fact very hard. In this section
we shall prove Theorems 4.1.1 and 4.1.2. Our operating assumption about the hardness of
NP will be that there is a function family (f,,) in NP which is infinitely often (1—1/poly(n))-
hard for polynomial circuits. Our methods are more straightforward if this function family
is also assumed to be balanced. However, this assumption appears restrictive; it is not clear
if there is an NP-complete language which is balanced on all input lengths. We will use a
pair of simple tricks to deal with the unbalanced case.

Let us first construct the monotone function we will use to amplify hardness:

Theorem 4.5.1 For every a > 0 there is a monotone function family (gx), computable
in P and defined for every input length k, such that NSy opa(gk) > % — %k‘1+4a for all

sufficiently large k.

Proof: Let o/ = 3. On input length k, pick ¢ as large as possible so that 3¢ < k%, and
pick &’ to be the largest possible input length less than &'~ for the functions T constructed

in Theorem 3.9.8. Define g = Ty ® MAJ?Z to be on k bits by ignoring some input bits if
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necessary. Note that 3¢ = Q(k%) and k¥’ = Q(k'~%), so we haven’t lost too much in the
input length. Furthermore, being tribes functions composed with recursive majorities of 3,
the family (gx) is computable in P.

Assume £k is sufficiently large. Then by choice of £ and o, we have 1/2k* > 1/ (35)log% ’
Thus by Theorem 3.7.2, NSl/Qka(MAJ?Z) > ¢ for some constant ¢ > €(1). Next, from
Theorem 3.9.8, NS¢ (Tjy) > 3 —1(K/)~1+ > L _Lp=1+a+a’ for  sufficiently large. Therefore

NSy jore (9x) > % - %kf”‘la by Proposition 2.2.7, as desired. O

Corollary 4.5.2 The function family (gx) from Theorem 4.5.1 satisfies

1 1
EBka(gk:) Z 5 + 5]{77%4»2&.

Proof: This follows immediately from Proposition 4.0.11. O
We can now prove Theorem 4.1.1:

Theorem 4.1.1 If there is a function family (f,) in NP which is infinitely often balanced
and (1 — 1/poly(n))-hard for circuits of polynomial size, then for any constant v > 0 there
is a function family (hy,) in NP which is infinitely often (% + m_%+7)-hard for circuits of

polynomial size.

Proof: Let v be given and assume that (f,) is in NP and is infinitely often balanced and
(1 — 1/n°)-hard for circuits of polynomial size. For each n, define k = k(n) = n**/7. Write
m = kn and define h,, = gr ® f,, where g is the function from Theorem 4.5.1. Since g;, is
monotone and in P, the family (h,,) is in NP. Now apply the hardness amplification theorem,
Theorem 4.0.9, with § = 1, ¢ = 1/n® and n = 1/m. Since all the parameters are fixed
polynomials in n, we conclude that hy, is (EBy/pc(gx) + 1/m)-hard for polynomial circuits.
By Corollary 4.5.2, EBy/pe(gx) = EBy jpsa(gr) < 5 + %k—%w/z But m = k(/4c)/(1+/4e)
so we may easily conclude that h,, is (% + %m7%+7 + 1/m)-hard for polynomial circuits, for

m sufficiently large. This completes the proof. O

Let us now remark that this bound of % +m~3+7 is close to the best we can achieve for
NP using our hardness amplification technique. By Proposition 4.0.11, if g: {+1, —1}* —
{+1, -1} is any hardness amplifying function, EB;_25(g9) > 1 — NS1_;(g). But if we want

2

to do hardness amplification within NP, g must be monotone, and so Kahn, Kalai, and
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Linial’s result Corollary 3.6.5 implies that NS%ﬂS(g) < 3- Q(%)é and hence we have
EB1_2s(9) > 5 + Q(@)é. Thus if we begin with a function f: {+1,-1}" — {+1,-1}
with hardness at least 3 + Q(logn2 ™), then Theorem 4.0.9 will only tell us that g ® f has
hardness EB

Langeta(9) = 3+ Q(leg’kyg(loglny > 14 log(n)) g ag g function
of the new input length kn, we are no harder after amplification than we were before.
Therefore, hardness % + Q(%) is a barrier for our techniques. Furthermore, it seems
possible that EBj_ss5(g) > 1 + Q(k:_%) for all monotone g: {+1, —1}¥ — {41, —1}, which

would make Theorem 4.1.1 even tighter for our techniques.

We close this section by showing how to remove the assumption that the initial hard
function in NP is balanced, at the expense of a small loss in final hardness. We begin by

employing a simple reduction using padding:

Proposition 4.5.3 If there is a family of functions (f,) in NP which is infinitely often
(1 — 1/poly(n))-hard for polynomial circuits, then for every v > 0 there is a family of

functions (gp,) in NP which is infinitely often (1 — 1/m?)-hard for polynomial circuits.

Proof: Suppose (f,) is infinitely often (1 — 1/n¢)-hard for polynomial circuits. Pick
K > ¢/v, and define m = m(n) = n®. On an input x of length m, define g,,(x) to be
fn applied to the first n bits of z. Then (g,,) is surely in NP, and we claim that when-
ever n is an input length for which f, is (1 — 1/n¢)-hard for polynomial circuits, g, is
(1 — 1/m7)-hard for polynomial circuits. The proof is simple; suppose C' were a circuit of
size m? that correctly computed g,, on a 1 — 1/m? fraction of the inputs in {+1, —1}™.
By an averaging argument, there are settings for the last m — n input bits to C such that
C correctly computes g, on a 1 — 1/m? fraction of the remaining inputs, {+1, —1}". But
now we have a circuit of size n¢ = poly(n) which computes f,, with probability at least

1—1/n"% >1—1/n° a contradiction. O

We now outline the proof of Theorem 4.1.2. We begin with a (1 — 1/n”)-hard function
f on n inputs by using Proposition 4.5.3, and we wish to apply Theorem 4.0.9 using the
function g, defined in Theorem 4.5.1. The trouble is that the initial function has an unknown
bias. To circumvent this, we map input instances of length n to various instance lengths
around L = L(n), and use the new input lengths as guesses for the bias of the initial hard

function. This allows us to “know” the bias of f to within about =L~!. At this point we

97



can easily cook up a slightly altered version of f which is still hard and is within about
+ L1 of being balanced. This lets us apply Theorem 4.0.9, so long as n/k ~ L~!. Since the
expected bias we get from Corollary 4.5.2 exceeds % by about k_%, the largest n we would
like to pick is /c_%, leading to k=3 ~ L~ = k=3 ~ [~5. This is why the exponent of %

arises in Theorem 4.1.2. We now give the rigorous proof:

Theorem 4.1.2 If there is a function family (f,) in NP which is infinitely often
(1 — 1/poly(n))-hard for circuits of polynomial size, then for any constant v > 0 there
is a function family (hy,) in NP which is infinitely often (% + m_%+7)-hard for circuits of
polynomial size.

Proof: Let v > 0 be given, and assume there is a family of functions (f,) in NP that is
infinitely often (1 — 1/poly(n))-hard for circuits of polynomial size. By Proposition 4.5.3,
there is a family of functions in NP, which we will also denote by (f,), that is infinitely
often (1 — 1/n7)-hard for polynomial circuits. We now begin to define h,,. Let C = C(n)
be a large constant divisible by 3 to be chosen later. On input x of length m, express
m = (n+ 1)1 +i for n as large as possible with i > 0. Assuming 0 < i < 8n%, we “guess”
that the fraction of inputs on which f, is 1 is about i/8n¢. (Note that i may be as large
as (n+2)9* — (n 4+ 1) > 8n%; when i > 8n%, define h, arbitrarily, say h, = +1.)
Specifically, define f/: {+1,—-1}""! — {+1,—1} as follows: on input yb, where |y| = n,
|b| =1, put

fly) ifb=+1,
fryb) = ¢ +1  if b= —1, y is in the first (i/8n°)2" strings of {+1, —1}" in lex order,

-1 otherwise.

The point of this construction is that for every n, there is a particular ¢ and hence a particular
m for which f], becomes very close to balanced; specifically, bias(f},) < % +1/8n°. Further,
note that f], is easily seen to be (1 — 1/2n7)-hard for polynomial circuits.

Now we continue the definition of h,,. Pick k = n3C

, an integer, and let g be the
function from Theorem 4.5.1 with parameter @ = 27/C. Note that with this choice,
1/2nY > 1/k* for sufficiently large n. On input z of length m (where m = (n + 1)¢+! 4
with 0 < i < 8n%), write © = y1y2 - - - yr2, where |y;| = n+ 1 and |2| = m — k(n + 1) > 0.

Now define h,,(x) = gr ® f}, where the input bits z are ignored.
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One easily checks that the family (h,,) is indeed in NP. We now show that (h,,) is
infinitely often (% +m7%+0(1)7)—hard for polynomial circuits, which is sufficient to complete
the proof.

Suppose n is an input length for which f,, is hard. Then as noted there is an m for
which f}, becomes close to balanced, bias(f),) < 3 + 1/8n°. For this m, we claim that h,
has the desired hardness. This follows in a straightforward manner from Theorem 4.0.9,
using Corollary 4.5.2. To be exact, let € = 1/2n®, n = 1/n%/3, and § = 1. Note that
bias(f;) < 1 4 1/8n° < (1 — 2€)n/4k, as needed. Theorem 4.0.9 tells us that h, is
(EBe(gx) + n)-hard for polynomial circuits. Recall that € > 1/k“. Thus by Corollary 4.5.2,
the hardness of h,, is at most % 4 k2 t/0 1/n¢/3 = % +nTCB+EEY 4 n=CB As a
function of the input length, m < (n + 2)“*!, the quantity n=C/3+E/3)y 4 n=C/3 can be

made smaller than m 3017 by taking C = O(1/v). O

4.6 A corresponding easiness theorem

In this section we demonstrate that Theorem 4.0.9 is close to being tight.

Definition 4.6.1 We say a boolean function f: {+1,—1}" — {4+1,—1} is (1 — €)-easy for
circuits of size s if there is a circuit of size s which correctly computes f on a 1 — € fraction

of the inputs {+1,—1}".

We shall show how to construct, for any € and any g, a balanced function f which is
(1 —¢€)-hard, yet such that g® f is roughly EBy.(g)-easy. The constructions of the functions

used in this section are essentially those of Shaltiel [Sha01].

Proposition 4.6.2 There is a universal constant v > .1 such that there exists a balanced

function h: {+1,—1}" — {+1, =1} which is (3 +277")-hard for size 27"
Proof: Folklore proof, by picking h to be a random balanced function. O

Definition 4.6.3 For a given rational number € € [0, 1], define a canonical constant z. and

a canonical constant-sized circuit Ze on z. inputs such that P[Z. = +1] = e.
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Definition 4.6.4 Given a boolean function f: {+1,—1}" — {+1,—1} and a rational con-
stant € € [0, 1]) define f(E): {_+_17 _1}n+z6+1 by

f(@) i Ze(a) = +1,

b else.

9z, a,b) =

The following facts are easily verified:

Proposition 4.6.5

o If f is balanced, so is f©.
o If f is a-hard for size s, then f(©) is (1 — e + ea)-hard for size s.
o £ is (1 —€)-easy for size O(1).

Definition 4.6.6 Ifg: {+1,—1}" — {+1,—1}, define SIZE(g) to be the size of the smallest
circuit computing g exactly, and define R-B-SIZE(g) (standing for “restriction-bias-size”)
to be the size of the smallest circuit that, on input a length-n restriction p, outputs the bit
value towards which g, is biased. (If g, is balanced, the circuit is allowed to output either

+1 or —1.)

Of course, we can’t expect ¢ ® f to be easy to compute if g itself is hard to compute. So
intuitively, we think of SIZE(g) as being quite small. R-B-SIZE(g) may or may not be small.
For many simple functions though, such as parity, threshold functions, or tribes functions,
it is small. The easiness theorem we now prove as a converse to Theorem 4.0.9 allows for a

tradeoff, depending on the comparative values of SIZE(g) and R-B-SIZE(g).

Theorem 4.6.7 Let e be a rational constant. Let € = €/(1—277") = e+O(277™), where 7y is
the constant from Proposition 4.6.2. Then there is a balanced function f: {+1, 71}"4‘0(1) —
{+1, =1} which is (1 — €)-hard for circuits of size 27", such that

1. g® f is EByw(g)-easy for size R-B-SIZE(g) + O(k);
2. g® f is (1 —NSu(g))-easy for size SIZE(g) + O(k); and,
3. g® f is (EBou(g) — O(m_%))-easy for size mSIZE(g) + O(mk).
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Proof: Take h to be the hard balanced function from Proposition 4.6.2, and let f = h(2<).
Then by Proposition 4.6.5, f is balanced and (1 — €)-hard for size 27". But it is also
(1 — 2€')-easy for size O(1). We are now essentially in the Hard-Core scenario described in
Section 4.2; with probability (1 — 2¢') we know the correct answer, and with probability 2¢’
we have no good idea.

Let us call our inputs w, ..., wy, where w; = (w},a;,b;). Let A be the constant-sized
circuit which on input (w!,a;,b;) € {+1,—1}""2¢*T1 outputs b; if Zo(a;) # +1, or % if
Ze(a;) = +1. Let B be the circuit of size O(k) which applies a copy of A to each input
w;. The output of B is a length-k restriction, and we have the property that the output
distribution of B is exactly that of R o

Now we apply the two guessing strategies suggested in Section 4.2, given the restriction
p output by B.

To get result 1, we use a circuit of size R-B-SIZE(g) to output the more likely value of
g, over a uniform choice of inputs.

To get result 2, our circuit picks a random bit for each coordinate on which p is *; then
a SIZE(g) circuit outputs the appropriate value of g. A standard averaging argument lets
us trade off the randomness for nonuniformity.

To get result 3, we try to guess the bit towards which g, is biased by trying many
random values. Specifically, we take m copies of the randomized circuit for result 2 (size
mSIZE(g)), and take their majority (size O(mk)). Again, the O(mk) random bits can be
traded for nonuniformity. Let a = 2(bias(g,) — 1), and assume without loss of generality
that g, is biased towards +1. The probability that the majority of m random outputs of g
is —1 is at most n = exp(—l‘i—za%), using the Chernoff bound. Consequently, the probability
the circuit is correct is at least (1—n)(3+3a)+n(3 — 3a) = 1 + 2a—an = bias(g,) —an. It

a2 m

is straightforward to show using calculus that a exp(—13; ) is maximized for a = @(m_%).

In this case, an = O(m_%). Averaging over p, we get the claimed result. O
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Chapter 5

Learning Theory

In this chapter we give new computational learning algorithms whose efficiency and cor-
rectness are based on noise sensitivity considerations. Noise sensitivity was first related to
computational learning theory by Bshouty, Jackson, and Tamon [BJT99b] in 1999. How-
ever, their results were mainly negative; they gave lower bounds for the amount of time
necessary to learn classes of functions with high noise sensitivity under attribute noise. In
contrast, our results are positive; we give new algorithms which work in the usual, noiseless

model.

We first observe that any class of functions with low noise sensitivity can be learned
under the uniform distribution in a correspondingly low amount of time. As a result, we
can immediately apply our work from Sections 3.10, 3.11, and 3.12 to get new polynomial
time and quasipolynomial time algorithms for learning various classes based on halfspaces,

under the uniform distribution.

Next we describe a variation on the usual uniform-distribution PAC learning model,
namely the Random Walk model, first studied by Bartlett, Fischer, and Hoffgen [BFH94].
Briefly, in this model the learner’s examples are not distributed independently, but rather
are produced according to a random walk on the hypercube. Under the Random Walk
model, we give a polynomial time algorithm for learning one of the most important and
notorious classes in learning theory, namely polynomial-sized DNF formulas. This is the
first known efficient algorithms for learning DNF in a natural, passive model of learning
from random examples only. Our technique involves introducing another model of learning

which we call the “Noise Sensitivity” model. We first show that learners with access to the
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Random Walk model can simulate access to the Noise Sensitivity model. We then show
how the relationship between noise sensitivity and Fourier coefficients allows the learner to
identify large Fourier coefficient of the unknown DNF. This leads to an efficient learning
algorithm in the Noise Sensitivity model by known learning theory techniques.

Finally, in our last result we work further on the problem of learning DNF under the
uniform distribution by attacking the important problem of learning juntas. Although
our techniques do not use noise sensitivity directly, we believe that breakthroughs for this
problem may involve noise sensitivity. As Hastad and Bourgain showed (see Theorem 1.2.2),
juntas and noise sensitivity are intimately related — sufficiently noise-stable functions must
be close to juntas, and vice versa. Furthermore, the recent polynomial time algorithm of
Fischer, Kindler, Ron, Safra, and Samorodnitsky [FKRT02] for testing juntas is based on

Fourier analysis of the sort relevant to noise sensitivity.

5.1 PAC learning preliminaries

The computational learning model we consider is Valiant’s popular “Probably Approxi-
mately Correct” (PAC) model of learning from random examples [Val84]; see Kearns [Kea90]
for an extensive survey. In this framework, a learning problem is identified with a concept
class C = Up>1 Cy, which is simply a collection of boolean functions, each f € C,, being a
function {+1, —1}" — {+1,—1}.

The goal of a learning algorithm A for C is to identify an unknown function f € C by
using random examples from this function only. In particular, the probabilistic algorithm
A takes as input as accuracy parameter € and a confidence parameter J; it also has access
to an example oracle EX(f,D). Here f may be any function in C, and D may be any
probability distribution over {+1,—1}". When queried, the example oracle provides the
learning algorithm with a labeled example (x, f(x)), where x is drawn from the distribution
D. The output of A is a hypothesis h, which is a boolean function h: {+1, —1}" — {+1,—1}
(in the form of a circuit, say). The hypothesis h is said to be e-close to f if Pryplh(x) =
f(z)] > 1 —e. We say that A is a learning algorithm for C if for all f € C and D, when A
is run with example oracle EX(f, D), with probability at least 1 — § it outputs a hypothesis
which is e-close to f. Here the probability is over the random examples A sees from the

oracle and also over A’s own random bits.
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The measure of A’s efficiency is its running time; A is only charged unit time for each
example it draws, but it is charged all of the time it takes to write down its hypothesis. In
general, we consider A’s running time as a function of n, ¢!, log(1/6§), and usually also a
“size” parameter s from the concept class.

Finally, since PAC learning in its full generality seems to be very difficult for many
natural concept classes, often some of its requirements are relaxed. When the algorithm
need only work when the distribution D is the uniform distribution over {+1,—1}", it is
said to be a uniform-distribution learning algorithm. Uniform-distribution PAC learning is
very frequently studied; a very small selection of results includes [Ver90, HM91, LMN93,
BFJT94, Man95, Kha95, BT96, Jac97, BJT99a, Ser01, JKS02, KS03]. We will mostly be
concerned with uniform-distribution PAC learning in this chapter. Another weakening of
the model is to allow the learning algorithm to make membership queries; in this model,
the learner is allowed to ask for the value of the target function on points of its choosing.
This model gives the learner considerably more power than usual and is thus a significant
weakening. It also departs from the traditional passive nature of learning from random
examples. The new algorithms we present will never require membership queries; however,
we shall often point out the cases in which allowing membership queries makes our learning

problems easier.

5.1.1 Uniform-distribution learning via Fourier coefficients

Many uniform-distribution learning algorithms work by estimating the Fourier coefficients
of the unknown function. This technique originated with the “Low Degree” algorithm
of Linial, Mansour, and Nisan [LMN93]. (See Mansour’s survey [Man94] for an overview
and for proofs of some of the facts below.) Linial et al. showed that a learning algorithm
with access to uniformly random examples from a function f could accurately estimate
any particular Fourier coefficient f (S) it wanted in polynomial time. The technique is
straightforward: since f(S) = E[f(z)xs(z)], drawing many uniformly random examples
(x4, f(2i))i=1..m and computing the average value of f(z;)xs(z;) gives a good estimate. To

be exact,

Theorem 5.1.1 Given access to uniform random examples from f: {+1,—1}" — {41, -1},
for any S C [n], a randomized algorithm can compute f(S) to within an additive error of A

with confidence 1 — § using O(A=21og(1/8)) examples and time.
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Linial et al. also showed that for any boolean function f, if h: {+1,—1}" — R satisfies
ngn](f(S) — h(S5))? < € then the boolean function sgn(h) is e-close to f. It follows quite
easily that if an algorithm accurately estimates most of f’s Fourier coefficients (all except
for some whose squared weight sums to at most €), then it can output a good hypothesis
for f consisting of the sign of the truncated Fourier polynomial it computes. Rigorously,

we have the following theorem (proved in [KM93]):

Theorem 5.1.2 Suppose that a learning algorithm can determine a set of parities S C 27

such that it is assured that

Zf(S)Q >1—e

Ses

Then with probability 1 — § it can output an e-close hypothesis for f in total time
poly(|S],n, et log(1/4)).

We will use Theorem 5.1.2 as a black box. Since the quantity poly(|S|,n,e~1,log(1/4))
is invariably dominated by |S|, we shall often say the running time is poly(|S]), with the

true quantity being understood.

5.2 Learning noise-stable functions

As we saw in Corollary 2.3.3 in Chapter 2, the relationship between the noise sensitivity of a
function and its Fourier coefficients tells us that if a function has low noise sensitivity, then
most of its Fourier coefficients are concentrated on low degree. Thus if we want to learn a
concept class C under the uniform distribution, and we can show that the functions in C have
bounded noise sensitivity, then we can get an efficient learning algorithm by taking S to
be all the parities of low degree in Theorem 5.1.2. In particular, combining Corollary 2.3.3

and Theorem 5.1.2 we immediately have the following main theorem:

Theorem 5.2.1 Suppose C = Up>1 Cp is a concept class such that for every f € C,,

fo{+1,—1}" — {+1, -1}, we have NS.(f) < m(e), where m: [0, 1] — [0,1] is a continuous,
strictly increasing function. Then there is a uniform-distribution learning algorithm for C

O(k)

running in time n®®polylog(§=1), where k =

1
m~1(e/2.32)
The “slogan” by which one can remember the running time is “n to the power of the recip-

rocal of the inverse [of the noise sensitivity bound].”
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Although it is derived in a simple way from facts already known, Theorem 5.2.1 is a
potentially powerful way of obtaining new uniform-distribution learning results. For exam-
ple, we shall shortly see that it can be used to give efficient algorithms for the historically

difficult problem of learning functions of halfspaces.

It is interesting to try to understand from an intuitive perspective why noise stability
should imply fast learning. A simple attempt at justification might go as follows: If a
function f is noise-stable, its value on a given point y should be well correlated with its
values on points near to y in Hamming distance. Thus a good way to learn f is to draw a
number of labeled examples from the oracle, thus producing a “net” of points on which f’s
value is known; then the hypothesis can guess the value of f on a given point y by looking
at the known values of f near y and computing an appropriate weighted threshold. The

weight given to a known example should depend only on its Hamming distance from y.

Further reflection might lead one to view the above intuition with suspicion. It might
seem that it should not be as easy as taking a net after all, since unless an exponential
number of examples are drawn for the net, almost every new point to be hypothesized
about will be at distance almost 5 from the known net points. Knowing that f has low

noise sensitivity at some small € seems unhelpful in making such long-distance correlations.

However, the original intuition is correct, albeit not sophisticated enough to be a proof.
To see this, simply open the learning black box employed in Theorem 5.2.1. The learning
algorithm draws a number of examples, (x;, f(2;))i=1..m- The final hypothesis applied to a

point y is given by

where f(S ) is an estimate for f (S). Each of these estimates is formed by a simple average,

(
]g(S’) = LS f(zi)(zi)s. Thus the hypothesis on y is

S S fasys | = sen (D (Z w)s | Fz)

si<k i1 =
. n(zwk y,xmf(:ci)),
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where Wi (d) = Zﬁ:o K,(d) and Ky = K™ is the sth Kravchuk polynomial, K(d) =
ijo(—l)j (;l) (Z:]d) (For a brief reference on Kravchuk polynomials and sums of Fourier
characters, see Linial and Samorodnitsky [LS03].) So the hypothesis we use for noise-stable
f’s is indeed a weighted threshold over the labels of the points in a net, with the weight
given to a known example depending only on its Hamming distance from the point whose
label we are guessing.

Still, the weighting scheme used is fairly strange; further, there does not seem to be
an easy, direct way to show that it leads to a good hypothesis for noise-stable functions.
Rather, it appears that any justification must pass to the Fourier representation. Note

that a more natural-seeming weighting scheme for functions with low noise sensitivity at e,

namely W (d) = e?(1 — ¢)"~%, appears to require far too many points in the net to work.

5.3 Learning intersections and other functions of halfspaces

In the context of learning theory, a linear threshold function f: R™ — {+1, —1} given by
f(x) = sgn(d>_;, wix; — 0) is usually referred to as a halfspace. The problem of learning
an unknown halfspace from labeled data is one of the oldest problems in machine learning,
dating back to the late 1950s [Ros58, Blo62]. This problem has been intensively studied over
the years and efficient algorithms are now known for several different learning models. In
particular, the concept class of halfspaces over R is PAC-learnable in polynomial time un-
der any probability distribution: Blumer, Ehrenfeucht, Haussler, and Warmuth [BEHW89]
showed that linear programming can be used to give a poly(n)e~!log(1/4) algorithm.

While the problem of learning a single halfspace is fairly well understood, learning more
complicated functions which depend on several halfspaces seems to be quite difficult; in
particular, learning an intersection of several unknown halfspaces stands as a major open
problem in computational learning theory. Intersections of halfspaces form an important
concept class for many reasons: any convex body can be expressed as an intersection of
halfspaces, and several well-studied classes of boolean functions such as DNF formulas can
be naturally viewed as special cases of intersections of halfspaces over {+1, —1}".

Given the apparent difficulty of learning intersections of halfspaces, several algorithms
in weaker models have been proposed. Building on work of Blum, Chalasani, Goldman, and

Slonim [BCGS98] and Baum [Bau9la], Kwek and Pitt [KP98] gave a membership query
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algorithm for learning the intersection of k halfspaces in R™ with respect to any probability
distribution in time polynomial in n and k. Progress has been much more limited for
learning intersections of halfspaces from random examples only; all such results to date
require that the examples be drawn from some restricted class of probability distributions.
Baum [Bau91b] gave a polynomial time algorithm for learning an intersection of exactly
two zero-threshold halfspaces under any origin-symmetric distribution (i.e., one satisfying
D(x) = D(—x) for all x € R™). His algorithm is essentially a reduction to the problem of
learning a single halfspace, and does not seem to generalize to more than two halfspaces.
Building on work of Blum and Kannan [BK97a], Vempala [Vem97] gave a polynomial time
algorithm which can learn an intersection of log n/ loglog n halfspaces under “near-uniform”
distributions on the Euclidean ball in R™.

Computational learning theory is frequently concerned with boolean halfspaces — i.e.,
restrictions of halfspaces to {+1,—1}" — and neither of the two algorithms mentioned
previously can learn even the intersection of two arbitrary boolean halfspaces under the
uniform distribution on {+1, —1}" in subexponential time. (Baum’s algorithm comes close,
but requires the halfspaces to have a threshold of zero; also, it does not work at all for the
intersection of three boolean halfspaces.) We now give new polynomial and quasipolynomial
time algorithms for this important problem of learning functions of boolean halfspaces under
the uniform distribution. These are immediately derived from Theorem 5.2.1 and our noise
sensitivity calculations in Sections 3.10, 3.11, and 3.12.

From Corollary 3.10.3 and Proposition 2.2.8 we get that any function of k boolean
halfspaces has noise sensitivity at most %k\/g at e. Thus by Theorem 5.2.1 we get the

following;:

Theorem 5.3.1 Let C,, be the concept class of all boolean functions on {+1, —1}" express-
ible as some function of k boolean halfspaces. Then C,, can be learned under the uniform
O(k2/e2)

distribution to accuracy € in time n , assuming € < 1/k2.

Let us emphasize that for constant € and k, this gives a polynomial time algorithm for
learning any function of k halfspaces under the uniform distribution.
From Theorem 3.11.1 we derive a quasipolynomial time algorithm for learning the read-

once intersection of halfspaces:
Theorem 5.3.2 Let C,, be the concept class of all functions of the form AND(hq, ..., h),
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where the h;’s are boolean halfspaces on disjoint subsets of n variables. Then C, can be
learned under the uniform distribution to accuracy € in time nO((logk)/ez)) assuming € <

1/logk.

In passing we note that Golea, Hancock, and Marchand [GHM94| gave a polynomial time
algorithm for learning the read-once intersection of majorities under the uniform distribu-
tion. But the concept class mentioned in Theorem 3.11.1 is much richer as it allows for the
intersection of arbitrary halfspaces.

Finally, from Theorem 3.12.1 we get a quasipolynomial time algorithm for learning the

read-once majority (or unweighted threshold) of halfspaces:

Theorem 5.3.3 Let C,, be the concept class of all functions of the form sgn(hy+---+hp—0),
where the h;’s are boolean halfspaces on disjoint subsets of n variables. Then Cy, can be

learned under the uniform distribution to accuracy € in time nOlog(k/e)/ 64), assuming € <

1/logk.

We close by noting that Bourgain’s Theorem 1.2.2 shows that Theorem 5.2.1 cannot be
used to produce uniform-distribution learning algorithms which run faster than n©(1/ 62),
except when they are for uninteresting concept classes — ones consisting of functions that

are close to O(1)-juntas. Thus Theorem 5.3.1, with k constant, is an example of the fastest

nontrivial learning algorithm derivable from Theorem 5.2.1.

5.4 Learning DNF from random walks

Disjunctive normal form (DNF) formulas of polynomial size form what is probably the
most notorious concept class studied in computational learning theory. DNF formulas
seem to be a natural form of knowledge representation for humans; furthermore, they
are a universally expressive concept class in the sense that every boolean function can
be represented as a DNF formula of some size. In his original paper on PAC learning,
Valiant [Val84] asked whether there is a polynomial time learning algorithm for the class
of DNF formulas of polynomial size. Such algorithms have proved extremely difficult to
come by; to date, the fastest known algorithm runs in time 20(n'/?) [KS01]. Even under the
uniform distribution the fastest known learning algorithm [Ver90] requires superpolynomial

time n@108(/€)) = A breakthrough on this problem was made by Jackson [Jac97], who gave a
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polynomial time membership query algorithm for learning polynomial-sized DNF under the
uniform distribution. His algorithm combined a membership query algorithm of Kushilevitz
and Mansour [KM93] for finding Fourier coefficients with the learning-theoretic concept of
boosting.

Unfortunately, granting the learner membership queries departs significantly from the
traditional passive model of learning from random examples only. Building on Jackson’s and
Kushilevitz’s and Mansour’s work, Bshouty and Feldman [BF02] gave a polynomial time
learning algorithm polynomial-sized DNF under a model of intermediate power between
uniform-distribution learning and uniform-distribution learning with membership queries.
In their model, called SQ-D,, the learner is allowed to make statistical queries about the
target function under product distributions of the learner’s choosing. Although this gives
the learner strictly less power than a learner with membership queries, it still represents a
non-passive (and somewhat artificial) model of learning.

In this section we will consider a natural, passive model of learning under the uniform
distribution, the Random Walk model. This model is also of intermediate power compared
to uniform-distribution learning and uniform-distribution learning with membership queries.
We will give a polynomial time algorithm for learning polynomial-sized DNF in the Random
Walk model. We emphasize that this is the first known polynomial time algorithm for
learning a universally expressive concept class in a passive model of learning from random

examples only.

5.4.1 The Random Walk learning model

Variants of PAC learning in which the examples are not i.i.d., but rather are generated
according to a stochastic process, were first considered by Aldous and Vazirani [AV90].
Despite being quite natural, these models have not been studied nearly as intensively as
other variants on PAC learning. Bartlett, Fischer, and Hoffgen [BFH94| introduced what
is perhaps the simplest and most natural such model, namely the Random Walk model,
which we define shortly. The authors gave learning algorithms for some very simple concept
classes under the Random Walk model, namely boolean threshold functions in which each
weight is 0 or 1, parities of two monotone ANDs, and DNF formulas with two terms.
Gamarnik [Gam99] further studied learning under stochastic processes but did not give any

algorithms for specific concept classes.
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Let us begin by defining the Random Walk model of learning. As the Random Walk
model is a variation on the standard PAC model, we shall only describe the differences.
In the Random Walk model our concept classes C,, will consist of collections of real-valued
boolean functions f: {+1,—1}" — R. A learning algorithm’s hypothesis is also required
to be a real-valued boolean function &, and the measure of its error with respect to the
target function f is E[(f — h)?]. This extension to real-valued boolean functions is very
common in PAC learning. The major difference between the two models is the way in which
the learner gets its examples. The first labeled example the learner gets is a random point
from {+1,—1}". Following this, the examples the learner sees are generated by a standard
random walk on the hypercube. That is, if the tth example given to the learner is x, then
the (¢t 4+ 1)st example will be chosen by selecting a bit position i € [n] uniformly at random
and then flipping the ith bit of x.

Let us compare the Random Walk model with other common PAC learning models.
First, we note that learning real-valued boolean functions under the Lo error measure is a
strict generalization of learning boolean-valued boolean functions under the usual uniform-
distribution error metric. This is because, as noted in Subsection 5.1.1, taking the sign
of a real-valued function which has Lo distance e from a boolean-valued function yields a
boolean-valued function with € error under the uniform distribution.

Second, we note that learning boolean-valued functions under the Random Walk model
is no stronger than learning under the usual uniform distribution model. The reason is
that a learner with access to examples generated by a Random Walk can easily simulate
examples generated from the uniform distribution with only polynomial slowdown. This
is because the random walk on the hypercube mixes rapidly; if a learner getting examples
from the Random Walk lets O(nlogn) steps pass then the next example it gets will be
uniformly random.!

Next, it is immediate that having access to membership queries is at least as powerful
as getting examples generated from a random walk. In fact, we now give a proof that
uniform-distribution learning with membership queries is strictly easier than learning in

the Random Walk model, under a standard cryptographic assumption.

Proposition 5.4.1 If one-way functions exist then there is a concept class C which is

Strictly speaking, the example will only be very nearly uniformly random; we should factor the confidence
error ¢ into this statement. However, in this section all considerations involving ¢ are completely standard
and we will frequently gloss over them for clarity.
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learnable in polynomial time under the uniform distribution with membership queries, but

is not learnable in polynomial time in the Random Walk model.

Proof: Assume one-way functions exist; then pseudorandom function families also exist by
a well known result in cryptography [HILL99]. Let {fs: {+1,—1}" — {+1, =1} }seqq1,—1}n
be a pseudorandom function family. For s € {+1,—-1}" let gs: {+1,—-1}" — {+1,—1} be
defined by

Si if x = e; for some i € [n],
cs(z) =
fs(z) otherwise.
(Here e; denotes the string (—1,...,—1,+1,—1,...,—1), with the +1 in the ith position.)

We claim the concept class C = {gs}sef41,—1» has the desired property.

It is easy to see that any g5 € C can be learned exactly in polynomial time if membership
queries are allowed. The algorithm simply queries eq, ..., e, to learn all bits s1,...,s, of s
and outputs a representation of gs. On the other hand, a random walk which proceeds for
only poly(n) steps will with probability 1 —2~%(") miss all the points e;. A straightforward
argument shows that conditioned on missing all these points, it is impossible to learn g,
in polynomial time. (To see this, note that an algorithm which has oracle access to a
pseudorandom function fs can easily simulate a random walk which misses all e;. Thus if it
were possible to learn g5 in polynomial time from a random walk conditioned on missing all
ei, it would be possible to learn the class {fs} given oracle access to fs. But this is easily
seen to contradict the definition of a pseudorandom function family.) O

We end this subsection by describing an equivalent model to the Random Walk model
which is easier to work with for our purposes. We call this model the Random Walk model
with wupdating oracle. The updating oracles gives examples to the learner in a slightly
different fashion than does the usual Random Walk oracle. In the updating oracle, again
the first example given is chosen uniformly random. Further, the example given at time
t + 1 depends on the example from time ¢. Suppose this previous example was x. Then
for the (¢ 4 1)st example, the updating oracle picks an index 4 uniformly at random. The
oracle then updates the ith bit of x, producing y. That is, y is equally likely to be x or g;x.
Finally, the updating oracle tells the learner (i,y, f(y)).

It is easy to simulate the updating oracle using the original Random Walk oracle. Each

time the learner wants a new example, it tosses a fair coin. On heads, it draws a new
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example from the standard Random Walk oracle, noting which input bit got flipped. On
tails, it chooses a random bit position ¢ and pretends that the updating oracle announced

that the ith bit was updated but did not change.

5.4.2 A Noise Sensitivity learning model

As we have seen, learning under the Random Walk model is easier than learning under
the uniform distribution. In this section we introduce a new family of learning models of
strength intermediate to these two. We call these models the “Noise Sensitivity models” of
learning. Although the models are somewhat artificial, they are easy to define and are the
least powerful passive models we know of in which polynomial-sized DNF can be learned
efficiently. Since we will see that the Random Walk model can simulate the Noise Sensitivity
models, we conclude that DNF can also be learned efficiently in the Random Walk model.

For each value of y € [0, %], we define the y-Noise Sensitivity model of learning as follows:
The model is again a model for learning real-valued boolean functions under the uniform dis-
tribution. The distinguishing feature is the nature of the example oracle. Given an unknown
target function f: {+1,—1}" — R, the learner has access to the “Noise Sensitivity oracle,”
NS-EX,(f). Every time the learner asks for an example, NS-EX,(f) independently chooses a
random input x € {+1,—1}", forms y = N, (z), and then tells the learner (z, f(x),y, f(y)).
Note that this oracle is of equivalent power to an “updating” Noise Sensitivity oracle, in
which each bit of = is updated with probability 2, and the learner is told which bits were
updated in going from x to y. To see this, simply note that the extra information can be
simulated by the learner with access to the usual NS-EX,(f) oracle: upon seeing a pair
of examples (x,y), the learner decides that each bit position in which z and y differ was
updated; furthermore, for each bit position on which = and y are the same, the learner
pretends that an update occurred independently with probability v/(1 — 7).

Let us consider the different models of learning we get as we vary . The cases v = 0
and v = % are trivially equivalent to the usual PAC model of learning under the uniform
distribution. For values v € (0, 1), learning with NS-EX,(f) is clearly at least as easy as
learning under the uniform distribution. Since we shall show that polynomial-sized DNF
are efficiently learnable in in the v-Noise Sensitivity model for every constant v € (0, %), it
appears as though learning in these models is strictly easier than learning under the uniform

distribution. It also seems to us that for differing constants v,~" € (0, %) the - and 7/-Noise
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Sensitivity models are of incomparable strength.
One thing we can show explicitly is that having access to the Random Walk oracle is at

least as powerful as having access to NS-EX, for any ~:

Proposition 5.4.2 For any v € [0, %], any y-Noise Sensitivity learning algorithm can be
simulated in the Random Walk model with only a multiplicative O(nlogn) slowdown in

running time.

Proof: Fix v € [0,3]. We show how to simulate the oracle NS-EX, using the Random
Walk model’s updating oracle. To get an example (z, f(x),y, f(y)), we first draw O(nlogn)
examples from the updating oracle to get to a uniformly random point z; this point and
its label f(x) will be the first part of our NS-EX, example. We then want to generate a
point y which is formed from x by updating each bit with probability 2. This is equivalent
to picking a quantity u ~ Bin(n,2v), and then updating a random subset of u of z’s bits.
Accordingly, in our simulation we shall randomly choose an integer 0 < u < n according
to Bin(n, 2v). We then repeatedly draw examples from the Random Walk updating oracle
until u distinct input positions have been updated. Having done this, it as if a random
subset of u bits had been updated, since updating an input position more than once has no
extra effect. Therefore, if we call the resulting point y and output (z, f(x),y, f(y)), then
this example is distributed exactly as it should be for the oracle NS-EX,. Note that even if

u is as large as n, it only takes O(nlogn) samples to get a string in which all u = n distinct

bit positions of  have been updated. O

Our main theorem in this section is the following:

Theorem 5.4.3 The class of DNF formulas on n variables with s terms can be learned in

the Random Walk model in time poly(n,s,e !, log(1/4)).

5.4.3 Performing the Bounded Sieve in the Noise Sensitivity model

As stated earlier, we prove Theorem 5.4.3 by showing that polynomial-sized DNF can
be learned under any ~-Noise Sensitivity learning model. Then Theorem 5.4.3 follows

immediately from Proposition 5.4.2. We therefore prove the following:

Theorem 5.4.4 Let v € (0, %), and let ¢y = —log(v(% — 7)), a constant if v is constant.
Then the class of polynomial-sized DNF formulas on n wvariables can be learned in the

v-Noise Sensitivity model in time poly(n®, e~ log(1/9)).
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To prove Theorem 5.4.4, we give an algorithm that, given access to the oracle NS-EX,,(f),
finds all of the “large” Fourier coefficients f(S) of f which satisfy |S| < O(logn). More

precisely, we prove the following:

Theorem 5.4.5 Let f: {+1,—1}" — {+1,—1} be an unknown function, and let v €

(0,3). Fiz parameters ¢ € [n] and 6 > 0. Then there is an algorithm running in time

poly(n, [Y(3 — )] 75,071, || fl|ec, log(1/8)) which, given access to examples from the oracle

NS-EX,(f), with probability 1 — & returns a list of subsets of [n] such that
e for each S C [n], if |S| < b and f(S)2 >0, then S is in the list; and,

e for each set S in the list, | S| < b and f(S)2 > 0/2.

(Here || f||oc denotes max,eqy1 13 |f(2)].)

Bshouty and Feldman call the task performed by this algorithm the Bounded Sieve. It
is a weakened version of the algorithm of Kushilevitz and Mansour which finds all large
Fourier coefficients f (S), regardless of |S|. As noted in Bshouty and Feldman’s paper [BF02],
Jackson’s Harmonic Sieve algorithm for learning DNF does not need the full power of
Kushilevitz and Mansour’s routine; it only requires that it work for sets S whose size is
bounded by O(logn) (and that it works in time polynomial in || f||s). Our Theorem 5.4.5 is
the analogue of Bshouty and Feldman’s Theorem 13, and the fact that Theorem 5.4.4 follows
from Theorem 5.4.5 follows by repeating the arguments following Theorem 13 in [BF02].

Thus to complete the proof of Theorem 5.4.3, we now prove Theorem 5.4.5.

5.4.4 Proof of Theorem 5.4.5

The idea for proving Theorem 5.4.5 is to get at the Fourier coefficients of the unknown

function indirectly via a noise sensitivity-like quantity:

Definition 5.4.6 Given f: {+1,-1}" >R, v € (0,1), and I C [n], define

TO(f) = Y (1= 29) f(5)%.

SDI

When f and ~ are clear from context, we write simply T (I).
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(Notice that T2 (f) = 1 — 2NS,(f).)

We can use the Noise Sensitivity oracle to estimate the quantities ’T,Y(I)( f):

Lemma 5.4.7 For fized constant vy € (0, %) and unknown f: {+1,—-1}" — R, an algorithm
with access to NS-EX,(f) can, with probability 1 — 0, estimate T (1) to within £+n in time

poly(n, v ML || flloc, 77, log(1/6)).

Proof: Given v and I, consider the joint probability distribution Dgl) defined over pairs

of strings (z,y) € ({+1,—1}")? as follows: First z is picked uniformly at random; then y
is formed by updating each bit of x in I with probability 1 and updating each bit of x not
in I with probability 2y. We claim that access to pairs from this distribution and their
values under f can be simulated by access to NS-EX(f), with slowdown poly(y~1l). To
see this, simply use the “updating” version of the NS-EX,(f) oracle and reject all samples
in which not every bit in I is updated. Conditioning on not rejecting we indeed get pairs
precisely from the distribution Dgl); furthermore, the time it takes to get a good sample is
poly(y~ M) with high probability.

Let us define 7'(I) to be E

from ’Dg) and their values under f, we can estimate 7'(I) simply by taking many samples

(2.5)—DD [f(z)f(y)]. Since we can simulate access to pairs
and averaging. By standard arguments we can compute a +7 approximation with prob-
ability 1 — § in time poly(n, || f||eo, 7', log(1/6)). But the quantity 7’(I) is very closely
related to 7 (/). In particular, an easy argument akin to the proof of Proposition 2.3.1
shows that T'(I) = Y g. gn—p(l — 29)151£($)2. Let us now define 7”(I) = T'(0) — T'(I),
again a quantity we can estimate in time poly(n,y M, ||f||ec,n~ ", log(1/6)). We have
T'(I) =35 snrzo(1— 29)151 £(S)2. Thus if we compute 7”(.J) for all .J C I, it is straight-
forward to calculate 7(I) = > g-7(1 — 29)151£($)? using inclusion-exclusion. Since there

are only 21/l < ~~l/l such subsets J, the claimed running time follows. O

Next, we note that the sum of the 7 (/) values across all |I| = j is not too large:

Lemma 5.4.8 For any f: {+1,—1}" — R and v € (0, 3), we have

T < |IfIE@n ™.

[T]=3
Proof: We have
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as claimed. O

Using these lemmas we can now complete the proof of Theorem 5.4.5. Consider the
directed graph on all subsets of [n], in which there is an edge from I to J if I C J and
|J\ I| = 1. Imagine the nodes I being divided into n layers, according to the value of
|I]. Our algorithm for finding the large Fourier coefficients of f will perform a breadth-first
search on this graph, starting at the node I = (). For each active node in the search, the
algorithm estimates both 7(I) and f(I)2. Naturally, if the estimate of f(I)? is at least
/2 then the algorithm adds I to the list of f’s large Fourier coefficients. The breadth-first
search proceeds to the neighbors of I only if |I| < ¢ and the estimate of 7 (I) is at least
(1 — 27)%0/2. We make two claims: first, the algorithm finds (with high probability) all
Fourier coefficients f(S) with f(S)2 > 6 and |S| < ¢; and second, the algorithm ends its
search within time poly(n, [y(2 — )] 7%, 071, || f]|oc, log(1/6)).

To see the first claim, simply note that if |[S| < ¢ and f(5)2 > 0, then this Fourier
coefficient contributes at least (1 — 27)%@ to the value of 7(I) for all I C S. Thus by
the monotonicity of 7, the search will certainly proceed all the way to S, so long as all
estimations are taken to be sufficiently precise (compared to the quantity (1 —2v)0/2).

For the second claim, note that by Lemma 5.4.8, the number of “active nodes” at layer
7 in the breadth-first search can be at most

1/ 115(29) 77

(1—27)76/2 2 £II20" (24(1 — 24)) 7.

Since j is never more than ¢, the total number of nodes the breadth-first search ever en-
counters is at most 2||f||2,071(27(1 — 27)) =D = poly (|| f||ec, 07, [v(3 —7)]7%). Thus

our estimations need only have additive error inverse-polynomial in this quantity, and we
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conclude that the final running time is indeed poly(n, [v(3 —7)] 7%, 071, || f||c, log(1/6)), as

claimed.

5.5 Learning juntas

In this final section of the chapter, we study the problem of learning juntas under the
uniform distribution. We believe this is the most important open question in uniform-
distribution PAC learning. As discussed in the previous section, polynomial-sized DNF
formulas, along with polynomial-sized decision trees, are two very natural, important, and
notorious classes that we would like to efficiently learn under the uniform distribution.
However a basic bottleneck for learning these classes is that any O(logn)-junta on n bits
can be represented by a DNF formula or decision tree of polynomial size. Thus in order to
make progress on learning DNF and decision trees, it is necessary to find algorithms that
can learn juntas of size O(logn) or smaller. But furthermore, the reverse relation holds:
any size-k decision tree is also a k-junta, and any k-term DNF is e-indistinguishable (under
the uniform distribution) from a klog(k/e)-junta. Thus we conclude that the essential
open problems of learning w(1)-sized decision trees and w(1)-term DNF in polynomial time
are equivalent to the problem of learning w(1)-juntas in polynomial time. Along with the
natural elegance of the problem, this justifies our assertion regarding the importance of the
problem of learning juntas under the uniform distribution.

Let us now formally define the problem. We wish to learn the concept class of k-juntas
over n variables. We shall think of the parameter k as being very small compared to n; in
particular, we view it as O(logn) and possibly even as small as a large constant. We learn
in the uniform-distribution PAC framework with the following simplification: the accuracy
parameter € will always taken to be 0; i.e., our hypotheses will be required to be exactly
correct. This assumption does not lose much generality since any hypothesis which is e-close
to a k-junta for ¢ < 2% must have zero error. Since running time dependence should be

27%=1 incurs a running time blowup of only poly(2*).

polynomial in e, fixing € to be, say,
When measuring running time dependencies we view factors of poly(2¥) as negligible, since
for k = O(logn) they are polynomial. We shall therefore typically express running times in
the form poly(n, 2¥,10og(1/6)) - n® and view n® as the essential measure of complexity.

The naive algorithm for learning k-juntas does a brute-force search over all possible (2)
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sets of relevant variables. For k = O(logn) there are at least n*~Po¥lo&(k) quch sets, and thus
the naive algorithm takes time at least n(=°(1)*_ In this section we make the first known
significant improvement to this running time, giving an algorithm which learns k-juntas
under the uniform distribution in time poly(n, 2¥,log(1/6) - n2+1¥, where w is the matrix
multiplication constant. Since Coppersmith and Winograd [CW90] showed w < 2.376, our

running time is about n 704,

5.5.1 History of the problem

The problem of learning juntas is a natural one in the context of machine learning. One
of the most important and challenging issues in machine learning is how to learn efficiently
and effectively in the presence of irrelevant information. In real-world learning scenarios,
a frequently encountered situation is one in which the data points one sees contain a large
amount of information, but the labeling on them one is trying to learn depends only on
a small unknown portion of this information. For example, in a computational biology
scenario each data point may correspond to a long DNA sequence and the label may be
some property which depends only on a small unknown active part of this sequence. To
model this phenomenon, Blum [Blu94] and Blum and Langley [BL97] proposed the junta-
learning problem as a clean formulation of learning in the presence of irrelevant information.

Since the problem was proposed, there has been almost no progress over the naive n*
time algorithm for learning k-juntas under the uniform distribution. The first improvement
over the trivial time bound of which we are aware is an unpublished algorithm of A. Kalai

E—Q(k/4)

and Mansour [KMO02] which runs in time roughly n . Mansour [Man01] later im-

E—Q(k1/2)

proved this to n . As stated, our algorithm is the first known superlinear speedup,

running in time n 104k,

Finally, we note that learning from uniform random examples seems to be the model in
which this problem has the right amount of difficulty. Blum and Langley observed [BL97]
that if the learning algorithm is allowed to make membership queries then the class of
k-juntas can be learned in time poly(2¥,n,log(1/6). Indeed, this holds true even in the
weaker Random Walk model. To see this, we need only show that in the Random Walk
model we can check if a particular variable is relevant in time poly(n,2¥,1log(1/§)). (We

explicitly show that finding the relevant variables is enough in Proposition 5.5.6.) If the

ith variable is relevant to the target function f, then by definition there exists a particular
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setting y to the k bits of the junta such that f(y) # f(o;y). To check for this, suppose we
repeatedly draw O(nlogn) examples to get a to a uniformly random string, and then draw
one more example, hoping that the ith bit flips. If it does, and if the value of the function
also flips, then we conclude that the ith variable is relevant. But also, if the ith variable is
indeed relevant then the expected number of times we must repeat the procedure in order
to get y to show up and to get the ith bit of y to flip is only n2*. Thus if we repeat the
procedure poly(n,2¥,log(1/§)) times we can test whether the ith variable is relevant with
confidence 1 — 6.

While membership queries or even the Random Walk model make the problem of learn-
ing juntas easy, casting the problem in the more restrictive statistical query learning model
of Kearns (see [Kea98] for background on this model) makes the problem provably hard.
The class of k-juntas over n variables contains at least (Z) distinct parity functions, and
for any two distinct parity functions xg # xp we have that E[zgzr] = 0. Consequently,
an information-theoretic lower bound of Bshouty and Feldman [BF02] implies that any
statistical query algorithm for learning k-juntas under the uniform distribution must have
g/ > (}), where ¢ is the number of statistical queries the algorithm makes and 7 € (0,1)
is the additive error tolerance required for each query. Thus improving on the naive running
time for learning k-juntas under the uniform distribution in the statistical query model is
essentially not possible.

We close this subsection by noting that if we replace the uniform distribution by a prod-
uct measure in which Plz; = T] = p;, then for almost every choice of (p1,...,pn) € [0,1]",
the class of k-juntas is learnable in time poly(2¥, n,log(1/6)). In particular, we claim that
for every product distribution outside a set of measure zero in [0, 1]", every k-junta f has
nonzero correlation with every variable on which it depends. This easily implies an efficient
Fourier-based learning algorithm for identifying all relevant variables, simply by sampling.

Our claim is a consequence of the following straightforward fact:

Fact 5.5.1 If a boolean function f is not a dictator function and f depends on x;, then
E, . p.lf(x)zi], when viewed formally as a multivariable polynomial in p1,...,py, is not

identically zero.

As a consequence, the set of points (p1,...,pn) € [0,1]™ on which this polynomial takes

value 0 has measure 0. The union of all such sets for all (finitely many) choices of ¢ and f
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still has measure 0, and the claim is proved.

5.5.2 Representing boolean functions as polynomials

Our learning algorithm for k-juntas will exploit different ways of representing boolean func-
tions as multilinear polynomials. For the remainder of this chapter, instead of always
viewing boolean functions as maps {+1,—1}" — {+1,—1}, we will take a more abstract
view. In general, we will denote an abstract boolean function by g: {F,T}" — {F,T}. We

now consider different ways of representing such a g as a multilinear polynomial:

Definition 5.5.2 Let F be a field and let f,t € {—1,0,1} be distinct elements of F. We
say that a multilinear polynomial p (F, f,t)-represents g if p: F* — F has the following

properties:
o for all inputs in {f,t}", p outputs a value in {f,t}; and,

e p and g induce the same mapping when F and T are identified with f and t in the

mput and output.

Note that since f2,#*> € {0,1}, the assumption that p is multilinear is without loss of
generality. It is well known that the (F, f,¢)-representation of g always exists and is unique.

The fields we will consider in this section are the two-element field Fo and the field R
of real numbers. In Fg we will represent bits by f =0 and ¢t = 1, and in R we will usually

represent bits by f =41, ¢t = —1.
Definition 5.5.3 Given a boolean function g on n bits,

e we write gg, for the multilinear polynomial which (F2,0,1)-represents g, and we say

that gy, Fa-represents g;

e we write gr for the multilinear polynomial which (R, +1, —1)-represents g, and we say

that gr R-represents g. Note that this is precisely the Fourier polynomial expansion

of g.

As an example, if g = PARITY,, then we have gp, = 21 +22+-- -+ 2, and gr = 122 - - - Tp.
Note that there is a huge difference in the degrees of these two polynomial representations;
we will be very interested in the degree of boolean functions under various representations.

We observe that for a given field this degree is independent of the exact choice of f,¢. This
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is because we can pass back and forth between any two such choices by nonconstant linear
transformations on the inputs and outputs, and under such transformations the monomials

of highest degree can never vanish. Thus we can make the following definition:

Definition 5.5.4 degg(g) is defined to be deg(p) where p is any (F, f,t)-representation
of g.

Hence we have degg,(PARITY,) = 1 and degg (PARITY,,) = n. In general degg,(g) <

deggr(9):

Fact 5.5.5 For any boolean function g, degp,(g) < degr(g).

Proof: Let p be the (R, 0, 1)-representation of g, so degg(g) = deg(p). By uniqueness, p

must be precisely

o= 3 [p<z>(n )(H <1—xi>)].

ze{0,1}" i1 z;=1 i: z;=0

But this polynomial plainly has integer coefficients; hence if we reduce the coefficients mod

2 then what we get must be gg,. This operation can only decrease degree. O

5.5.3 Learning tools for the junta problem

In this subsection we give the learning algorithms we will use for the junta problem. We
first show that it suffices to give a learning algorithm which can identify a single relevant
variable of an unknown junta. We then give two learning algorithms that look for relevant
variables. Our algorithm for learning k-juntas will end up trying both algorithms and we
shall prove in Subsection 5.5.4 that at least one of them always works.

Throughout this subsection, f will denote a k-junta on n bits, R will denote the set
of variables on which f depends, k' will denote |R| (so 0 < k' < k), and f’ will denote
the function {+1,—1}* — {41, —1} given by restricting f to R. Recall the definition of

restrictions of boolean functions, Definition 4.0.7.

Proposition 5.5.6 Suppose that A is an algorithm running in time n®-poly(2¥,n,log(1/4))
which can identify at least one variable relevant to f with confidence 1 — § (assuming f

is nonconstant). Then there is an algorithm for exactly learning f which runs in time

n - poly(2*,n,log(1/)).

123



Proof: First note that if f is nonconstant then for uniform random inputs each output
value occurs with frequency at least 27%. Hence we can decide whether or not f is a constant
function with confidence 1 — § in time poly(2¥, n,log(1/6)).

Next, suppose p is any restriction fixing at most £ bits. We claim that we can run any
learning algorithm on f, with a slowdown of at most poly(2¥). To do so, we only need to
transform the example oracle for f into one for f,; this is easily done by rejecting all samples
(x, f(x)) for which x does not agree with p. Since p fixes at most k bits, the probability
that a random z agrees with p is at least 27%. Hence with probability 1 — ¢ we can get M
samples for f, by taking M - poly(2¥) log(M/§) samples from the oracle for f.

We now show how to identify all the variables R on which f depends in the requisite
amount of time. By induction, suppose we have identified some relevant variables R’ C R.
For each of the 217l possible restrictions p which fix the bits in R, consider the function
f,- Since f, is also a k-junta, A can identify some variables relevant to f, (or else we can
check that f, is constant). By running A (with the slowdown described above) for each
possible p, we will identify new variables to add into R’. We repeatedly add new variables
to R/, testing all restrictions on these variables, until all of the restricted subfunctions are
constant. It is clear that at this point we will have identified all variables relevant to f.

Note that R’ grows by at least one variable at each stage, and so we will never run A
more than k2" times. Further, we can get confidence 1 —k~127%§ for each run — even after
the rejection-sampling slowdown — in time n® - poly(2¥, n,1log(1/4)). Hence we can identify
R in time n® - poly(2¥,n,log(1/§)) with confidence 1 — 4.

Finally, once R is identified it is easy to learn f exactly. Simply draw poly(2*,log(1/8))
samples; with probability 1 — § we will see every possible bit setting for R so we can build

f’s truth table and output this as our hypothesis. O

We now focus on finding algorithms that can identify a random variable given examples
from an unknown junta. One technique we have already seen is Fourier coefficient estima-
tion. Note that the Fourier coefficients of f are the same as those of f’, and thus each one
has a rational value of the form a/2¥ for a an integer. Thus using Theorem 5.1.1 we can cal-
culate any Fourier coefficient f (S) ezactly with confidence 1—§ in time poly(n, 2%, log(1/6)),
just by taking A = 27%~1 and rounding the estimate to the nearest multiple of 27%. Now

note that if we ever determine a Fourier coefficient f (S) # 0 with S # (), then all variables
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in S must be relevant to S. This is simply because if f does not depend on ¢ € S then
f(S) = E[f(x)zs] = E[z;|E[f(z)z s\ (s], and E[z;] = 0. Thus one technique for trying
to identifying variables relevant to f is to estimate all of its Fourier coefficients f(S) for

1 < |S| < a for some «, looking for one which is nonzero. We immediately get the following;:

Proposition 5.5.7 If f'(S) # 0 for some S with 1 < |S| < «, then we can identify at least

one relevant variable for f with confidence 1 — § in time n® - poly(2¥,n,log(1/4)).

Our second technique for trying to identify variables relevant to f is to see if f can be
represented as a low degree polynomial over the two-element field Fo. A well-known result
from computational learning theory [HSW92] says that degree-1 polynomials over Fo —

i.e., parities — can be learned in polynomial time under any distribution:

Theorem 5.5.8 Let g: Fol¥' — Fy be a parity function (i.e., a linear polynomial) on an
unknown subset of the N boolean variables x1,...,xn. There is a learning algorithm B
that, given access to labeled examples (x,g(x)) drawn from any probability distribution D
on FolV, outputs a hypothesis h (which is itself a parity of some subset of x1,...,zN) such
that with probability 1 — 6 we have Pgeplh(x) # g(z)] < e. Algorithm B runs in time
O((X¥ + M)“’) where w < 2.376 is the exponent for matriz multiplication.

€ €

The idea behind Theorem 5.5.8 is simple: since ¢ is a parity function, each labeled exam-
ple (z,g(z)) corresponds to a linear equation over Fo where the ith unknown corresponds
to whether z; is present in g. Algorithm B draws O(% + M) examples and solves the
resulting system of linear equations to find some parity over x1,...,xy which is consistent
with all of the examples. Well-known results in PAC learning theory [BEHWS87] imply that
such a consistent parity will satisfy the €, PAC criterion.

Now suppose degg, (f') = a < k. Then f’ is a Fy-linear combination (i.e., a parity)

over the set of monomials (conjunctions) in x1,...,z, of degree up to . This lets us learn

f! in time roughly n“®:

Proposition 5.5.9 If degg,(f') = «, then there is a learning algorithm that identifies f
exactly in time n®® -poly(2¥,n,log(1/6)) with confidence 1—6. (Hence it certainly identifies

a variable on which f depends.)

Proof: Consider the expanded variable space consisting of all monomials over z1,...,x,

of degree at most a. There are at most N = n® variables in this space. Run algorithm B
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from Theorem 5.5.8 on this variable space, with € set to 2~ (k+1)

. That is, given an example
(z, f(x)), translate it to the example ((z5)|s|<a, f(7)), and run B using this new example
oracle. Simulating a draw from this new oracle takes time N -poly(n), so constructing all the
necessary examples for B takes time N2 - poly(2¥, n,log(1/6)). Solving the resulting system
of equations takes time N“ - poly(2¥,n,log(1/d)). Hence the total time for the algorithm is
n¥? - poly(2¥,n,log(1/6)) as claimed.

We now argue that B’s output hypothesis is precisely the Fs-representation of f. Let D
be the distribution over the expanded variable space induced by the uniform distribution
on y,...,%,. Since f’ (equivalently f) is a parity over the expanded variable space, the
output of B will be a parity hypothesis h over the expanded variable space which satisfies
Pcplh(z) £ f(2)] < 2~ ¢+,

View both f and h as Fa-polynomials of degree o over the original variables x1, ..., zy,.
If f and h are not identical, then f+h # 0 and we have P[f(z) # h(x)] = P[f(z)+h(x) # 0].
Now since degp, (f + h) < o and f + h is not identically 0, the polynomial f + h must be
nonzero on at least a 27 > 27F fraction of the points in Fy", by the Schwartz-Zippel

Lemma. But this contradicts the fact that P,ep[h(z) # f(z)] < 2-*+D. O

5.5.4 Learning using new structural properties of boolean functions

With our learning tools in hand we are ready to give the algorithm for learning k-juntas.
The basic idea is to show that every boolean function f’ must either have a nonzero Fourier
coefficient of “not too large” positive degree, or must be a polynomial over Fy of “not too
large” degree. Then by Propositions 5.5.7 and 5.5.9, in either case we can find a relevant
variable for f’ without performing a full-fledged exhaustive search.

The Fourier learning algorithm described earlier fails only on functions whose low-degree
Fourier coefficients are all zero (except for possibly the constant coefficient; if this is nonzero

the Fourier algorithm can still fail). Let us make a definition for such functions:

Definition 5.5.10 Suppose that g satisfies G(S) = 0 for all 1 < |S| < t. If (D) is also 0
then we say that g is strongly balanced up to size t. If §(0) is nonzero we say that g is

strongly biased up to size t.

These definitions were essentially first made by Bernasconi in [BerO1]. The justification

of the terminology is this: if g is strongly balanced up to size t, then it is easy to show that
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every subfunction of g obtained by fixing 0 < ¢ <t — 1 bits is balanced. Similarly, if g is
strongly biased up to size ¢ then it is easy to show that every such subfunction has the same
bias as ¢ itself.

We now show that strongly balanced functions have low Fa-degree:

Theorem 5.5.11 Let g ¢ {PARITY,,,—PARITY,} be a boolean function on n bits which is

strongly balanced up to size t. Then degp,(g) < n —t.

Proof: Given such a g, let h = g®PARITY,,. Then hg = gr-z122 - - - . By assumption, gr
has zero coefficient on all monomials g with |S| < ¢. By multilinear reduction (z? = 1) we
see that hr has zero coefficient on all monomials xg with |S| > n—t. Hence degg (h) < n—t,
so by Fact 5.5.5, degg,(h) < n —t. But since g = h @ PARITY,,, the Fy-representation of g
is simply gr,(z) = hp,(x) + 21 + - - - + z,. Adding a degree-1 polynomial to hg, does not
increase degree (since g is neither PARITY, nor its negation, h is not a constant function

and hence degp, (h) > 1), and consequently degp,(9) <n —t. O

The bound n — ¢ in Theorem 5.5.11 is best possible. To see this, consider the function
gx)= (1 A NTpt) DTp—t41D - B xp.

This function has Fa-representation gp,(x) = 21+ Zp_t + Tn_t41 + - + 2, s0 degp, (g) =
n —t. Moreover, ¢ is balanced and every subfunction of ¢ fixing fewer than ¢ bits is also

balanced, since to make g unbalanced one must restrict all of x,,_gy1,...,2p.

It remains to deal with strongly biased functions. Our next theorem shows that no

boolean function can be strongly biased up to too large a size:

Theorem 5.5.12 If g is a nonconstant boolean function on n bits which is strongly biased

up to size t, then t < %n

Proof: Let gr(z) = > gcsxs be the R-representation of g. Since g is nonconstant and
strongly biased up to size t we have 0 < |¢p] < 1 and ¢g = 0 for all 0 < |S| < ¢. As in
Theorem 5.5.11, we let h = g © PARITY,, so hr(2) = cpz122 -+ Tp + 3 gj<p—s CsTs, Where
s = Clu)\s-

Let h': {4+1,-1}" — {1+4c¢y, 1 —cp, —14cy, —1—cy} be the real-valued function given by

/ /
= R - 142 " Ln, > =0 ) ’y "
W (xz) = hr(x) —cyr1m2 - - - T3 nOte that deg(h’) < n—t. Furthermore, for z € {+1, —1}" we
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have h/(z) € {14¢y,1—cy} if and only if hg(z) = +1, and h/(z) € {—1+¢p, —1—¢y} if and
only if hg(x) = —1. Since 0 < |¢y| < 1 we have that {1+ ¢y, 1 —c¢y} and {—1+ ¢y, —1 — ¢y}
are disjoint two-element sets.

Let p: R — R be the degree 3 polynomial which maps 1 4+ cyp and 1 — ¢y to +1 and
—1 — ¢y and —1 + ¢y to —1. Now consider the polynomial p o h’. By construction p o b’
maps {+1,—1}" — {+1,—1}, and p o i/ R-represents h. But the R-representation of h is
unique, so after multilinear reduction p o h’ must be identical to hr. Since ¢y # 0, we know
that degg (h) is exactly n. Since p has degree exactly 3 and deg(h’) < n — t, we conclude

that 3(n —t) > n, whence t < Zn. O

Following publication of the previous result, Regev [Reg03] gave a quicker proof of

Theorem 5.5.12 which we now present:

Proof: (Regev) Let gr(x) be as in the previous proof. Let U be any set of maximal size
such that ¢y # 0; since g is nonconstant and strongly biased up to size ¢ we have |U| > t.
Consider expanding gr(z)* = (3 g cszs)(>_p crar); there will be a nonzero coefficient on
the cross-term xgzy. But gr(r)? must be identically 1 after multilinear reduction, since
gr takes on only the values £1. Thus the nonzero coefficient on xy must be cancelled in
the expansion. But if ¢ > %n then ¢p = 0 for all 1 < |T| < %n, and by the pigeonhole
principle all nonzero cross-terms not involving the constant term cy will be on terms zy

with V < %n This contradicts the fact that the zy term must be cancelled. O

The bound %n in Theorem 5.5.12 is best possible. To see this, let n = 3m and consider the

function

flx1,. . xn) = (é’%ﬁ /\( é x)

i=m-+1
It is easy to see that this function is unbalanced, and also that its bias cannot change under
any restriction of fewer than 2m bits (to change the bias, one must set bits 1...2m or

m+1...3morl...m,2m+1...3m).

We can now prove our main theorem:
Theorem 5.5.13 The class of k-juntas over n bits can be exactly learned under the uniform
distribution with confidence 1 — & in time n=1" - poly(2¥,n,log(1/6)).

128



Proof: Let f be a k-junta on n bits and f’ be the function on at most k bits given by
restricting f to its relevant variables. Let ¢t = w%_lk > %k If f’ is strongly balanced up to
size t then by Theorem 5.5.11 f’ is an Fa-polynomial of degree at most k — ¢t = k/(w + 1).
By Proposition 5.5.9 f’ can be learned in time (n*/@+1) . poly(2*, n,log(1/5)). On the
other hand, suppose f’ is not strongly balanced up to size t. By Theorem 5.5.12, f’ cannot
be strongly biased up to size ¢, since t > %k Hence f’ has a nonzero Fourier coefficient of
degree less than t and greater than 0. So by Proposition 5.5.7, some relevant variable for f
can be identified in time nt - poly(2¥,n,log(1/6)).

In either case, we can identify some relevant variable for f in the claimed time,

noiik. poly(2¥,n,log(1/6)). Proposition 5.5.6 completes the proof. O

5.5.5 Variants of the junta learning problem

We can use the ideas developed thus far to analyze some variants and special cases of the
juntas learning problem. We begin by describing various subclasses of k-juntas for which

the learning problem is more easily solved:

Monotone juntas: Every variable x; relevant to f’ has strictly positive influence, in
the sense of Definition 2.3.4: ie., I;(f) > 0. But when f’ is monotone, I;(f) = f/({i}).
Thus the class of monotone k-juntas can be learned in time poly(2*,n,log(1/6)) using the

Fourier learning algorithm of Proposition 5.5.7.

Random juntas: As observed in [BL97], almost every k-junta on n variables can be
learned in time poly(2*,n,log(1/6)). To see this, observe that if a function f’ on k bits is
chosen uniformly at random, then for every S we have f’ (S) = 0 only if exactly half of all
inputs have f’(z) = zg. This occurs with probability (2251)/2% = O(1)/2*/2. Consequently,
with overwhelming probability in terms of k — at least 1 — O(k)/2%/2 — a random function

on k variables will have every Fourier coefficient of degree 1 nonzero, and hence we can

learn using Proposition 5.5.7.

Symmetric juntas: A symmetric k-junta is a junta whose value depends only on how
many of its k relevant variables are set to true. We can learn the class of symmetric k-
juntas in time nsk . poly(2¥,n,log(1/§)), which is a slight improvement on our bound for
arbitrary k-juntas. To prove this, we show that every symmetric function f’ on k variables

other than parity and its negation has a nonzero Fourier coefficient f/(S) for 1 < |S| < 2k.
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Hence we can identify at least one relevant variable in time nsk -poly(2¥, n,log(1/5)) using
Proposition 5.5.7, and we can use the algorithm of Proposition 5.5.6 since the class of
symmetric functions is closed under subfunctions.

To prove this claim about the Fourier coefficients of symmetric functions, first note that
if f’ is not balanced then by Theorem 5.5.12 it must have a nonzero Fourier coefficient
of positive degree less than %k Otherwise, if f’ is balanced and is neither parity nor its
negation, then the function g = f’ @ PARITY}, is a symmetric nonconstant function and
degr(g) < k; this last fact follows because the xjzy - - -z coefficient of ¢ is the constant
coefficient of f’, and f’ is balanced. By a result of von zur Gathen and Roche [vzGR97],
every nonconstant symmetric function g on k variables has degg (9) > k — O(k-5*®). Hence
§(8) # 0 for some k—O(k5*8) < |S| < k,so f'([k]\S) # 0 and 1 < |[k]\S] < O(k-*4) < 2k.

By considering the work of von zur Gathen and Roche it seems probable that every
symmetric boolean function on k bits has a nonzero Fourier coefficient on a much smaller
nonzero degree; perhaps O(log k) or even O(1). But a proof would be at least as difficult
as improving von zur Gathen and Roche’s conjecture that every symmetric nonconstant

function has degree at least k — O(1).
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Chapter 6

Coin Flipping From A Cosmic

Source

As we saw in Section 2.4, the study of the noise sensitivity of boolean functions is equivalent
to the study of the 2-norm of the Bonami-Beckner operator T),. In this chapter we introduce
a new problem in theoretical computer science which essentially amounts to studying the

higher norms of this operator.

6.1 Coin flipping from a cosmic source

Consider a “cosmic” source of truly random bits x € {41, —1}" which is accessible to
k distributed parties. If the k parties want to use the source to obtain a common single
random bit, they can easily do so by deciding beforehand to let the common bit be x;1. More
generally, they can decide beforehand on any balanced function f: {+1,—-1}" — {+1,—1}
and let the common bit be f(z).

In this setting, there is no real advantage in taking the function f to be anything other
than the dictator function f = 7.. The problem becomes more interesting when the parties
independently receive noisy versions of the cosmic random bits. That is, party ¢ receives the
string y* and the strings 3’ are independently distributed as N (z). Assume the parties are
separated and cannot communicate; however they still want to toss the same fair coin given
their noisy versions of the source. We will now allow each party 7 to use a different balanced
function f;: {+1,—1}" — {41, —1} as a coin tossing procedure. We want to maximize the

probability that all of the parties agree on their coin flips; i.e., P[f1(y') = --- = fr(y*)].
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This problem has natural motivations in cryptography. One setting in which it very
relevant is that of the “everlasting security” protocol of Ding and Rabin [DR02]. This
protocol gives a very secure encryption algorithm in the bounded storage model. However,
the authors presuppose the existence of a satellite or other cosmic source which broadcasts
a continuous stream of a huge number of random bits — on the order of a trillion per
second. It is natural to expect that the distributed parties using this source will have some
reception errors. Further, it is not clear that putting an error-correcting code on the bits
is feasible or even desirable — the parties may not trust the performer of the encoding,
and may prefer instead to agree on a measurable random source from nature. Another
cryptographic problem somewhat related to our cosmic coin flipping problem was studied

by Maurer [Mau97].

This cosmic coin flipping problem is also of interest as a noncryptographic collective
coin flipping problem. Another example of such a problem is the full information model,
introduced by Ben-Or and Linial [BL90] and studied extensively (see, e.g., the brief survey
in [Dod00] and the references therein). In this problem, many parties try to agree on a single
random bit; each generates a random coin toss, and there is a single protocol (function)
taking all the coin tosses and producing a bit. The difficulty arises from the assumption
that some parties are corrupt and can choose their coins adversarially. In our problem,
the major difference is that the parties do not communicate any random bits, so they each
must apply a protocol to a shared random string. And, instead of arbitrary corruptions, we

assume random ones.

The problem we study in this chapter is also a natural question regarding error correction
for the broadcast channel (see, e.g., [CT68]) with a truly random source. Naturally, when
the source is truly random, error correction is impossible. However, here instead of requiring
that every party obtains all of the information transmitted with high probability, we only
require that all parties attain some mutual information with high probability, and that this

mutual information has high entropy.

Finally, this problem is a strict generalization of the study of the noise sensitivity of
balanced functions. To see this, suppose & = 2 and both parties use the same balanced
function f. Then the first party’s bits y' are uniformly random, and the second party’s bits
y? can be viewed as being distributed as N (y'), where € = 2¢(1 — ¢). Thus the success

probability of the parties is precisely 1 — NS/ (f).
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As mentioned previously, for £k > 2 the problem can be viewed as the study of the
higher norms of the Bonami-Beckner operator. Suppose again that all parties use the same
function f for their coin-tossing protocols, and that f has the property that, when using it,
the parties are equally likely to agree on +1 and —1. (See Theorem 6.5.1 and the discussion
of antisymmetry in the next section for more on these assumptions.) Then by symmetry
we may as well compute twice the probability that the parties agree on —1. By Fact 2.4.2,
for every source string x and for each ¢ independently, the probability that party ¢ outputs
—1 is precisely 3 — 1Ti_oc(f)(2) = T1—2¢(3 — 3 f)(2). Write f': {+1,—1}" — {0, 1} for the
boolean function 3 — 3 f. Then the overall probability of success is 2E,[(Ti—2(f")(2))¥] =
2||Ti—2:(f)||F. This justifies our statement that the problem studied in this chapter is
equivalent to the problem of studying the higher norms of the Bonami-Beckner operator

T,.

6.2 Definitions and notation

Let us define the problem precisely:

The model: Let k > 1 be the number of parties, let n > 1 be the block length and let
e € (0, %) be the corruption probability. Qur probability space is the space all sequences
(z,yt,. .. ,yk) € {+1, —1}”(k+1). Here x represents the source and is chosen uniformly at
random from {+1,—1}"; y* represents the bits that party i holds and is distributed as N(z),
independently for each i. When we write P and E we mean probability and expected value
in this space.

Balanced and antisymmetric functions: Let B, denote the set of balanced boolean
functions f: {4+1,—1}" — {+1,—1}; i.e., those satisfying E[f] = 0. Let A, denote the
set of antisymmetric boolean functions f: {+1,—1}" — {+1,—1}; i.e., those satisfying
f(=z) = —z. Note that A,, C B,

Protocols: A protocol consists of k functions f; € B,,. An antisymmetric protocol consists
of k functions f; € A,. For a protocol (f1,..., fr) we write P(f1,..., fx;€) for the probability

that all parties agree when using fi1,..., fr, so
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We write Py(f;€) in place of P(f1,..., fr;€) in case f =---= f,=f.

It turns out that restricting all f; to be balanced is neither necessary nor sufficient for
ensuring that the output bit, when agreed upon, is uniformly random. Non-necessity is
not particularly interesting; e.g., we may have k = n = 2, f; = AND3, fo = OR,. More
interesting is non-sufficiency; see Proposition 6.10.4 for a counterexample, requiring k > 3,

n > 5. A sufficient condition is that every function be antisymmetric, since in this case,

Plfi(y") = = fid®) =+1] = Plfi(—y") = fu(—y") = 1]

= Plfy") =-=r0" =1

where the first equality is by antisymmetry and the second since P assigns the same prob-
ability to (z,y',...,9") as it does to (—z,—y',...,—y¥). We are not aware of a weaker
condition than antisymmetry that ensures that the output bit, when agreed upon, is uni-
formly random. In any case, we shall consider both antisymmetric and merely balanced
protocols.

We end this section with a few more definitions. For S C [n] and 7 a permutation of [n],
let mg: {+1,—1}" — {+1,—1}" be defined by ms(x); = 2.4 if i € S and 75(x); = —2(;)
if ¢ ¢ S. Any mg merely permutes coordinates and switches the roles of +1 on some
coordinates. It is therefore easy to see that P(fi o 7g,..., froms;e) = P(f1,..., fr;¢€) for
any 7g.

In order to express uniqueness results cleanly, we abuse language in the following way:
For particular k, n, and €, we say that (f1,..., fx) is the unique best protocol “up to mg” if
the set of best protocols is exactly {(fio7s,..., froms): S C [n],m € S,}. This notation

should not be confused with the notation for a dictator function 7¢.

6.3 Outline of results

In this section we outline our main results, which we prove in the succeeding sections.
One reason we study the probability that all parties agree on a random bit — rather

than an alternative metric such as the expected number of pairs of parties who agree or the

expected number of parties in the majority — is that these alternative metrics are subsumed

by the case k = 2. In this case, and also in case k = 3, Fourier analysis gives an exact

134



solution to our problem, and the best protocol up to 7g is for all parties to use the first-bit

dictator function, f = m}. We attribute the case k = 2 in the following theorem to folklore:

Theorem 6.4.1 For all k, n, €, if we wish to maximize the expression

E[#(i,5): fily') = f;()], (6.1)
the unique best protocol up to g is given by fi = -+ = fi. = L. In particular, if k = 2 or
k =3, then for all n and € the unique best protocol, up to wg, for maximizing P(f1,..., fi;€)

is given by fi =--- = fr = L.

In general we do not know how to find the optimal protocol for every n, k, and €. How-
ever, we can prove some general properties of the protocols which maximize P(f1, ..., fx;€).
First we show that, as might be expected, in any optimal protocol all parties use the same

function:

Theorem 6.5.1 Fiz k, n, and €. Let C be any class of boolean functions on n bits. Subject

to the restriction that f1,...,fr € C, every protocol which mazximizes P(f1,..., fx;€) has

fi=-=fi.
The proof of this uses convexity.

Knowing that all parties should use the same function, we can derive further information
about what this function must look like. Recall from Section 3.6 that Benjamini et al.
showed that shifting a function to make it monotone causes its noise sensitivity to go down.
The same phenomenon occurs in the present problem. Via such shiftings we can show that
the best protocol is a monotone function. Indeed, we can say more. For x,y € {+1, —1}",
let us write @ <p y if > a < >ty for every m = 1...n. We call a function f
left-monotone if f(x) < f(y) whenever x <p y. (This partial ordering has been studied
in other contexts; for example, left-monotone functions are equivalent to shifted simplicial
complexes [Kl1i03].) Note that the partial order induced by <, is a refinement of the usual

partial order on the hypercube, and in particular, every left-monotone function is monotone.

By shifting again, we have the following:

Theorem 6.6.1 For all k, n, and ¢, if f mazimizes Pr(f;€) among all protocols then
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f is left-monotone (up to mg). This theorem remains true if “protocol” is replaced by

“antisymmetric protocol”.

So far we have not ruled out the possibility that the optimal protocol always consists
of taking just one bit. However when n and € are fixed and k — oo, it becomes better to
use the majority of all the bits (rather than just the first). Using a coupling argument, we

prove the following result:

Theorem 6.7.2 For all n odd and all €, there exists a K = K(n,€) such that for k > K,

the unique best protocol up to wg is given by f = MAJ,,. Moreover, as k — 00,
Pe(MAJ,;€) = © ((1 — P[Bin(n,¢) > n/2])k) :

where Bin(n, €) is a binomial variable with parameters n and €. (This should be compared
to O((1 —€)¥) for the protocol f = tl.) When n is even, a similar result is true; in place of
MAJ,,, one should take any balanced function f which has f(x) = +1 whenever Y ;" | z; >0

and f(x) = —1 whenever Y i x; < 0.

A dual result is obtained by fixing n and k, and letting € go to either 0 or % The proof

uses isoperimetry and Fourier analysis.

Theorem 6.8.1 For all k and n, there ezist 0 < ¢ = € (n, k) < ¢’ = €’(n, k) < 1 such that
forall0 <e<ée ore <e< %, the unique best protocol up to wg is given by the dictator

function f =} = MAJ;.

It may now seem like the optimal protocol consists of either taking all functions to be
MAJ; or all functions to be MAJ,,. This is not the case however, as a computer-assisted
proof shows that sometimes MAJ, is better than MAJ; and MAJ,, for 1 < r < n. See

Proposition 6.10.2.

Finally we come to what is perhaps the most interesting asymptotic setting for n, k,
and €; namely, € a fixed constant in (0, %), k — oo, and n an unbounded function of k£ and e.
In this case we are unable to determine the best protocol function. However, we are able to
show an asymptotically tight result. Despite Theorem 6.7.2, it is not true that as k — oo,

the success probability of the best protocol goes to 0 exponentially fast in k. If the parties
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use the majority protocol on a large number of bits, their success probability goes to 0 only
as a slowly diminishing polynomial in k; furthermore, this protocol is essentially the best
possible.

4e(1—e)
(1-20)2"

Theorem 6.9.1 Fize € (0,1) and let v = v(e) = Then as k — oo,

sup Py (f;6) = 0O (k7).
feB

where the supremum s taken over all balanced boolean functions f on finite numbers of bits,
and O(-) denotes asymptotics to within a subpolynomial (k°D)) factor. The upper bound is
achieved asymptotically by the majority function MAJ,, with n sufficiently large (in terms
of k and €).

The proof of the upper bound uses the reverse Bonami-Beckner inequality.

Finally, it is natural to ask if the optimal function is always MAJ, for some 1 <r <n
(assuming, say, n is odd). We conjecture that this is the case, at least for antisymmetric

protocols:

Conjecture 6.3.1 For any k, €, and odd n, there is an odd 1 < r < n such that Pr(f;e€)

is maximized among antisymmetric functions by f = MAJ,.

In fact, we know of no counterexample to Conjecture 6.3.1 even if we allow the parties
to use any balanced function (which could allow for a biased output). Some evidence
that resolving this conjecture could possibly be hard: One, it is not true that for any
non-majority function f, and any fixed k, there is a majority function which dominates
f over all ¢ — see Proposition 6.10.3 for a computer-assisted counterexample. Two, for
certain k and €, Pr(MAJ,, €) is not even unimodal as a function of r. For example, one can
show by explicit calculation (as described in Section 6.10) that for k = 12 and € = .1, we
have Pr(MAJy;€) > Pr(MAJs;¢€), Pr(MAJs;e) < Pr(MAJs;e) < --- < Pp(MAJi1;¢€), and
P(MAJi1;€) > P(MAJi3;5€), and it appears as though the sequence is decreasing from this
point on.

In the following sections we prove the theorems given above, and close with a section

describing some computer-assisted analysis of the problem.
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6.4 k=23

In this section we show that for & = 2,3, all parties should use the same function. The
reason, roughly speaking, is that when & = 2 and the parties use the same function, the
problem reduces to finding the least noise-sensitive balanced functions; as we know from
Proposition 3.2.1, these functions are precisely the dictator functions. Only a few more
ideas are needed to deal with the possibility the parties use different function, and with the

case k = 3.

Recall Theorem 6.4.1:

Theorem 6.4.1 For all k, n, €, if we wish to maximize the expression

E[#(i,j): fily") = f;()]; (6.2)
the unique best protocol up to wg is given by fi = -+ = fi. = L. In particular, if k =2 or
k = 3, then for all n and € the unique best protocol, up to wg, for maximizing P(f1,..., fi;€)

is given by fi = - = fr = T}.

Proof: Let us analyze the quantity (6.2):

E[#(i,5): £i() = £ = > Bllygo—r el

1<i<j<k

= YE[}+ 5050

1<j

_ %(’;) + 5 SRl )

1<j

Using the same argument as in the proof of Proposition 2.3.1, it is easy to show that

E[fi(y) ;) = D (1 =208 fi(9) f;(S).

SC[n]
Note that this sum may be taken over S # (), since f; and f; are assumed balanced. Now
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by Cauchy-Schwarz,

N
D=

S 1202870909 < [S(1-20250F5)2 |31 2028 f(5)?

S#0 S#0 S#D
1 1
= (1 - 2NS26(176) (fz)) 2 (1 - 2N526(176)(-fj)) 2
< (1 - 26)27

where the second inequality is by Proposition 3.2.1. This inequality is tight if and only if
fi and f; are both dictator functions. In this case, the first inequality is tight if and only if
fi and f; are the same dictator function. Since any dictator function is the function 7L up
to g, the proof of the first part of the theorem is complete.

For the second part, first note that in the case k = 2, the quantity P(f1, fo;€) is
precisely E[#(i,j): fi(y") = f;(y’)], since only ¢ = 1, j = 2 is possible. In the case
k = 3, whenever all parties agree there are three pairs who agree, and otherwise there is
exactly one pair who agrees. Hence P(f1, fo, fs;e) = LE[#(i,4): fi(y') = f;(¥/)] — 1, so

maximizing P(f1, fa2, f3; €) is equivalent to maximizing (6.2). O

6.5 All parties should use the same function

In this section we show that, as might be expected, in any optimal protocol all parties use

the same function:

Theorem 6.5.1 Fix k, n, and €. Let C be any class of boolean functions on n bits. Subject

to the restriction that f1,..., fr € C, every protocol which mazimizes P(fi,..., fx;€) has

==l

Proof: Let C = {f1, fo,..., fum}, and assume M > 1, else the theorem is trivial. Assume C
doesn’t contain one of the constant functions, else again the theorem is trivial. Now suppose

that among the k parties, exactly t; use the function f;. Then clearly,
M
ti>0, Y ti=k, L E€Z (6.3)
i=1

For each i, write ¢;(x) for the probability that a party outputs +1 given that the source
string is x. By Fact 2.4.2, ¢;(z) = % + %Tl_QE(f)(l'). Writing P = P(f1,..., fx; €) for short,
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we have exactly

M M
P= > 2 (H (cilx)" + ] (1 - ci(x))ti> .
ze{+1,—-1}n i=1 =1
Since no f; is constant we have ¢;(z) € (0,1) for all i. Note that for any ¢ € (0,1), the
function g(t) = ¢!, is log-convex (since logc! = tlogc is linear). Therefore the function
gr---gu: RM — R given by (t1,...,ta) — Hf\il gi(t;) is a log-convex function, and
therefore a convex function. Since the sum of convex functions is also convex, we conclude
that P is a convex function of the ¢;’s. We wish to maximize P subject to the restrictions

(6.3).

If we relax the assumption ¢; € Z to t; € R, we are simply maximizing a convex function
over a convex bounded polytope. The vertices of the polytope are simply the points of the
form (0,...,0,k,0,...,0). The maximum must occur at a vertex, and so it follows that

there is at least one maximizing protocol in which all parties use the same function.

It remains to show that P does not obtain a maximum at any point which is not a
vertex of the polytope. Note that by convexity, if P has a maximum which is not a vertex
of the polytope, then there exists an interval I = {Av; + (1 — X)va: A € [0, 1]}, where vy
and vy are vertices of the polytope, such that f is a constant function on I. Therefore if we
could show that f is strictly convex on I (as a function of A), then it will follow that the

maximum is obtained only at vertices of the polytope.

Note that when restricted to the edge I joining, for example, v; = (k,0,...,0) and
vy = (0,k,0,...,0), P is given by

> 27 (@@ (@) + (1= e) @)™ (1= ea(@)) V).
ze{+1,-1}n

Since Tj_9 is a 1-1 operator on the space of functions {+1,—1}" — R by Fact 2.4.2,
there must be some zyp € {41, —1}" such that T1_9.(f1)(z0) # Ti1—2¢(f2)(zo) and hence

c1(zo) # ca(zo). Using c1(xg) # ca(xp) it is easy to show that

Ak
(o)™ (ealao) T = (oot (20

C2 (xo)
is a strictly convex function of A. Thus P is strictly convex on I, as needed. O

140



6.6 The protocol should be left-monotone

Because of the results in the previous section, we will assume from now on that the parties
all use the same function. In this section we shall show that the success probability is

maximized when the parties’ function is left-monotone (up to mg):

Theorem 6.6.1 For all k, n, and €, if f mazximizes Px(f;€) among all protocols, then f
is left-monotone (up to wg). This theorem remains true if the phrase “protocol” is replaced

by “antisymmetric protocol”.

We will prove this in two parts; first we shall show in Proposition 6.6.2 that the shifting
operators x; increase the probability of success; this suffices to show that f must be mono-
tone up to mg (i.e., f must be unate). We then define a left-shifting operator and show
in Proposition 6.6.4 that it increases the success probability of monotone functions. Since
repeated left-shifting will produce a left-monotone function, this will show that f must be

left-monotone up to mg. The two propositions taken together prove Theorem 6.6.1.

Proposition 6.6.2 Let C stand for either B, or A,. For any k, n, €, if f is restricted to

be in C, then Py(f;€) is mazimized only if f is monotone up to mg; i.e., f is unate.

Proof: Let f € C be any function which maximizes Pi(f;€) among functions in C. Recall
the shifting operators r; from Definition 3.6.1. We shall show that P(k;f;€) > Pr(f;e€),
with equality only if f is either monotone or anti-monotone in the ith coordinate. Since
shifting on all coordinates produces a monotone function, this will complete the proof.

Without loss of generality assume i = 1, and write f’ = sy f, so for each z € {+1, -1},
o if f(—1,2) = f(+1,z) then f'(—1,2) = f'(+1,2) = f(—1,2) = f(+1,2);
o if f(—l,fl)) 7& f(—|—1,l‘) then f/(—l,l') = _17 f/(+1,l‘) =+1.

It is easy to see that in the case C = B,,, f’ remains in C; a little thought reveals that this
is again true in the case C = A,,.

For y € {+1,—1}", let § € {+1,—1}""! denote the last n — 1 bits of y. To show
Pr(f';€) > P(f;¢€), we will show that for all zt,..., 2% € {4+1,-1}""1



So suppose each y'’s last n — 1 bits are fixed to be z. Given 2%, f(3') is a function from
{+1,—1} to {+1, —1}, and is therefore either a constant function £1 or a dictator function
+rl,

If f(y') is already determined by z%, then so is f'(y’) and the determined value is the

same. Otherwise, f(y') is a nonconstant function of the one remaining unknown bit, 3,

and is thus either 7! or —7l. In either case, f'(y") is the identity function 7! on !

Assume that given (z',...,2"), there are a + b undetermined functions f (y}), with a of

them 7!, and b of them —7'. The probability that all of these functions agree on 41 (or
—1)is

0= (01—t +eri—e),

and the probability that all of the undetermined f”’s agree on +1 (or —1) is

/

q = <(1 _E)a+b+€a+b)‘

N —

There are three cases to consider:

e If some of the determined functions are determined to be 41 and some to be —1, then

both terms in (6.4) are zero.

e If all of the determined functions are determined to be +1 (—1), then the left side
of (6.4) is ¢’ and the right side of (6.4) is q.

e If there are no determined functions, then the left side of (6.4) is 2¢’ and the right
side of (6.4) is 2q.

Therefore our claim that Pg(f’;€) > Pr(f;€) will follow once we show that ¢’ > ¢. But

this is

1 1
5(1 —e)atb ot > 5(1 — €)% 4 (1 — )

@1+<1i6>a+b > <1i€>b+<1i6)a, (6.5)

t
which follows by the convexity of the function t — <ﬁ) .

Thus we've established Py (f’;€) > P(f;€). It remains to prove that this inequality

is strict unless f was already monotone or anti-monotone on the first coordinate. If f is
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neither monotone nor anti-monotone on the first coordinate, then there exist z! and 22 such
that f, when the last n — 1 coordinates are restricted to z!, becomes 7!, and when the last
n —1 coordinates are restricted to 22, becomes —n'. Picking 23, ..., 2" so that all the other
restricted functions are £m!, we obtain a,b > 1, so (6.5) is strict inequality and therefore

¢ >q O

To show that it is best for the protocol to be left-monotone, we introduce a left-shift

operator for monotone functions:

Definition 6.6.3 Given a monotone f: {+1,—1}" — {+1,—1} and i # j € [n|, we define
the operator \;j which maps f to another monotone function \;;f as follows: For each
x, consider the function on two bits gotten by restricting f to have input x except on
coordinates i and j. Since f is monotone, there are only 6 possibilities for what the restricted
function is; its support may be 0, {(—1,-1)}, {(-1,-1),(=1,+1)}, {(-1,-1),(+1,-1)},
{(-1,-1),(=1,41), (+1,=1)} or {(-1,-1),(=1,41),(+1,-1),(+1,41)}. Define \;;f to
be the same function in all cases except when the support is {(—1,—1),(+1,—1)}; in this
case, switch it to {(—1,—1),(=1,+1)}.

It is straightforward to check that A;; preserves balance and antisymmetry and that applying

all possible left-shifts to a monotone function produces a left-monotone function.

Proposition 6.6.4 Let C stand for either B, or A,. For any k, n, and €, if f is restricted

to be in C, then any function which mazimizes Pk (f;€) must be left-monotone, up to 7g.

Proof: The proof is similar to the proof of Proposition 6.6.2, so we proceed briefly. By
Proposition 6.6.2, we may assume that any maximizing f is monotone. We again show
that for all i < j, Pr(Nijfi;€) > Pi(f;e€), with equality only if f is already left-shifted on
coordinates 1, j.

Write f' = A\ijf. As before, we condition on all but the ¢ and j bits of each y1,. .., yg,
and show that f’ is better in every case. Say that under this conditioning, a of the f(y%)’s
restrict to the function with support {(—1,—1),(—1,+1)}, and b of the f(y?)’s restrict to
the function with support {(—1,—1), (+1, —1)}. Since all other possible restricted functions
have the same value for (+1,—1) as they do for (—1,+1), it suffices again to compare

the probability with which the a 4+ b functions agree on —1 with the probability that the
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corresponding shifted functions agree on —1. Further, by symmetry, we need only consider
the cases when the two source bits from x are different (otherwise f and f’ do equally well).
So considering the two cases — the source bits are (—1,+1) or the source bits are
(+1,—1) — we get that the contribution from the f-restricted functions will be
$((1 — €)%") 4+ €*(1 — €)*), and the contribution from their shifted versions will be
(1 — €)™ + 2*9). As we saw in Proposition 6.6.2, this latter quantity is always at
least the former quantity. Hence the shift can only improve the probability of agreement.
Thus we indeed have Py (f’;€) > Pr(f;€). Now note that if none of the shifting opera-
tions strictly increased the probability of agreement for f, then for every pair of coordinates
(4, 7) which were shifted, either all the balanced restrictions of f to coordinates (4, j) had sup-
port {(—=1,—1),(—=1,+1)}, or all the balanced restrictions had support {(—1, 1), (+1,—1)}.
In either case, all the shifting did was replace the function f by a function f o my, where
7y is the transposition of coordinates (i,7). It thus follows that the original function was

already left-monotone up to some 7y, as needed. O

6.7 Fixed ¢, n; k — o

In this section we consider the case that € and n are fixed and k¥ — oo. In this case, for
sufficiently large k the best protocol is the majority of all the bits, MAJ,. The intuitive
reason is as follows: When the number of parties is extremely large — equivalently, when
considering ||T),||r for extremely large k& — one would rather have a protocol f which is
extremely stable at a few inputs, rather than one which is moderately stable on all inputs.
Thus the majority function MAJ,,, which is extremely stable to noise when the source input
is +1 = (+1,...,4+1) or —1= (—1,...,—1), is preferable to the dictator function 7', which

is 1 — € stable at all inputs. We proceed to make this intuition rigorous.

Given a boolean function f, let us write p4(f,z,€) for the probability that f(N(z)) =
+1 and p_(f,x,¢€) for the probability that f(Nc(z)) = —1.

Lemma 6.7.1 Fiz ¢ and let f be monotone. Then as a function of x, p4(f,z,€) is mazi-

mized at x = +T, and p_(f,x,€) is mazimized at x = ~1.

Proof: We prove the lemma for pj, the proof for py being the same. Recalling Defini-

tion 2.1.1, we think of the noise operator as acting by updating each bit with probability
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2. Let z € {+1,—1}" be any string. Let 2/ = N.(z) and +1’ = N (+1). We claim that
we can couple the random variables ' and +1’ in such a way that 2/ < +1’ (in the sense
of the monotone partial order). The coupling is achieved in the easiest possible way: we
update the same bits of z and +1 with the same values. Clearly, we have 2/ < +1’. Hence

by monotonicity, if f(z') = +1 then f(4+1') = +1. Thus

p+(f,2,€) = Plf(a)) = +1] < P[f(+1") = +1] = p+(f, +1,¢),

as needed. O

Theorem 6.7.2 For all constant odd n and all €, there exists a K = K(n,€) such that for

k > K, the unique best protocol up to wg is given by f = MAJ,,. Moreover, as k — oo,
Pe(MAJ,;€) = © ((1 — P[Bin(n, ) > n/2])k) :

where Bin(n, €) is a binomial variable with parameters n and €. (This should be compared
to ©((1 — €)*) for the protocol f = 7\.) When n is even, a similar result is true; in place of
MAJ,,, one should take any balanced function f which has f(x) = +1 whenever Y ;" | x; > 0

and f(x) = —1 whenever Y ;" z; < 0.

Proof: For simplicity we will prove the theorem only for odd n; the case of even n is simply
wordier. By Theorems 6.5.1 and 6.6.1, we may assume without loss of generality that all

parties use the same monotone function f € BB,,. Now on one hand,

PelMAlyie) = 27" > (pr(MAJy,z,6)" + p_(MAL,, 2, €)")
ze{+1,-1}"
> 27(pr(MAJ,, +1,6)% + p_(MAJ,,, -1, ¢)F). (6.6)

On the other hand, using Lemma 6.7.1,

Pu(fie) = 27" Y (p+(f.2,0" + (0-(f.2,€)")

ze{+1,—1}"
< 27" > (pp(f 4L +p(f.-T.0N)
ze{+1,—1}"
= p+(f7+f7 6>k+p—<f7_fa e)k' (67>
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We claim that if f # MAJ,, then both po(f, +1,¢) < pr(MAJ,, +1,¢) and p_(f, —1,€) <
p_(MAJ,, —1,¢). By comparing (6.6) and (6.7) one can see that if this is true, we will indeed
have Pr(f;€) < Pr(MAJ,;e€) for sufficiently large k.

To show the claim, simply note that

Pl = Y (L—grantDeat ), (6.8)
zef~1(+1)
where A denotes Hamming distance. The quantity being summed is a strictly decreas-
ing function of A(z,+1). Thus if f € B, differs from MAJ, then we will indeed have
p+(f, +1, €) < p+(MAJ,, +1, €). The proof for p_ is similar.

The proof is now complete except for the asymptotic bound given in the statement of
the theorem. This bound follows immediately from (6.6), (6.7), and (6.8) once we note that
p+(MAJ,, +1,€) =p_(MAJ,,—1,¢) =1 — P[Bin(n,€) > n/2]. O
6.8 Fixed £k, n; €—>OOI‘6—>%

We now consider different asymptotics for the parameters; k and n are fixed arbitrarily and
e—0ore— % In both cases, the best protocol is the dictator function, but separate proofs
are required. When ¢ — 0, the intuition is that the probability of failure is dominated by
the case when there is only a single error among all the parties; hence we want the function
which is most stable to a single error. Isoperimetry shows this is the dictator function.
When ¢ — %, the intuition is just the opposite; we imagine that among all the bits the
parties hold, there are two parties with correlated bits on some coordinate, and otherwise
everything is uniformly random. In this case, Fourier analysis shows that the dictator

function is again the best.

Theorem 6.8.1 For all k and n, there ezist 0 < € = ¢/(n,k) < ' = €"(n, k) < & such that

forall0 <e<ée ore <e< %, the unique best protocol up to wg is given by the dictator
1

function f =m,.
We prove the two halves of the theorem separately.

Proposition 6.8.2 For all k and n, there exists €'(k,n) > 0 such that for all 0 < € <

¢ (k,n), the unique best protocol up to s is given by the dictator function f = w}.
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Proof: As ¢ — 0, the probability that there is more than one corrupted bit among the
players is O(e?) (here the constant in the O(-) does depend on k and n). Suppose that there
is exactly one flipped bit, and it is bit ¢ for some party j. Then all the parties will agree if
and only if f(x) = f(o;z). We therefore obtain the following:

Pr(fie) = (1 =& + ke(1 — €)1 Y " Py[f(z) = f(oww)] + O(?).
1=1

Thus for e sufficiently small (compared to k and n), maximizing P (f;€) is equivalent to
maximizing 0, Pulf(x) = f(oi2).

Write A for the subset of the hypercube {x: f(z) = —1}, and Jg(A) for the edge-
boundary of the set A,

Op(A) =U {(z,0x): v € A o;x ¢ A}.

It’s easily seen that

n
> Pulf() = f(a))] = n— 27" |op(A)].
i=1
Thus the maximizing balanced protocol f is the one which minimizes |0 (A)| over sets A
such that |A| = 2"~!. By the edge-isoperimetric inequality for the cube, the minimizing sets
A are precisely those of the form {z: z; = —1}, or {z: x; = +1}. Thus the best protocol f

is 1 up to 7g, as claimed. O

Proposition 6.8.3 For all k and n, there exists € (k,n) < % such that for all € (k,n) <
1

€< %, the unique best protocol up to mg is given by the dictator function f = m,.

Proof: The proof is somewhat similar to the previous one. Let us think of the noise
operator N, as updating bits with probability 2e. We will imagine the tableau of bits the
parties receive as being generated in the following manner. For 1 <i < k and 1 < j < n,
define Xj; to be i.i.d. random variables taking 1 with probability § = 1 — 2¢ and 0 with
probability §. We then let x be a uniformly random string, and we define y* as follows:

i.:

y; = x; if Xj; =1, and otherwise yj- is chosen uniformly at random.
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When € — %, d — 0, so almost all of the X;;’s will be 0. If all of the X (7, j)’s are 0 then

the parties’ strings are uniform and independent. Thus since f is balanced,

P[f(yl) == f(yk) | ZXU =0] = 9 k+L,

i?j

Indeed, this can be true even if not all X;;’s are 0. Suppose that > X;; = 1. Then the
parties’ bits are still uniform and independent. (The single correlation with z is irrelevant,

since z is uniform.) Hence
Plf(y") == f(") | ZXU =1] =27+,
2%
Even more, if > X;; = 2 but it is because X;; = X;/;y = 1 where j # j, then the parties’
bits are uniform and independent for the same reason:

Plf(y') == (") | Xij = Xy =1, Xy =2 =275 for j # .

s,t

For ) X;; = 2, there is only effective correlation among the parties’ strings if we have

Xij = Xy; = 1 for some ¢ # i’. Now note that
P> X;>2| =0
2

(where the constant in the O(-) does depend on k and n).

We therefore conclude

Pr(f;€) = Crno + 02 (1= "2 N "Pf(y") =+ = f(y) | Xiy = Xirj = 1]+ O(5°),
1<’ j=1

(6.9)

where C}, ,, 5 is independent of f. Thus for € — % — i.e., § — 0 — we see that maximizing

Pr(f;€) over balanced functions is equivalent to maximizing

SN PIFWY) == FY) | Xij = Xuj = 1. (6.10)

1<’ j=1
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Write z for a uniformly random string from {+1, —1}", and 2’ for a string which is chosen by
first picking 1 < j < n uniformly at random, and then choosing 2z’ € {+1, —1}" uniformly

among all 2’ such that z§ = z;. Then it is easy to see that (6.10) is equal to

k
n2P z) = f(2H)]27""",
() () = f(=))2 4+

since f is balanced and the values of ¢ and i’ are irrelevant. Thus the maximizing protocols
are those f maximizing P[f(z) = f(2/)] = 3 + 3E[f(2)f(z/)]. We pass to the Fourier

representation of f. It is very easy to check that

0 ifS#T,
Bloe 0 ifS=1,|5>1,
[zs27] = % S =T, || =1,
1 ifS=T=0.

It follows that E[f(2) f(2')] = f((b)%—% >1s|=1 £(9)2. But f(0)2 = 0since f is balanced, and
% Z|S|:1 f(S)2 < %, with equality if and only if f has Fourier degree 1. By Proposition 3.2.1

this happens if and only if f is a dictator function. The proof is complete. O

6.9 Fixed ¢; £ — oo with n unbounded

Finally, we come to the most natural asymptotic question, and the most difficult: if we treat
e as fixed and allow n to be unbounded (in terms of k and €), what is the best protocol as
k — oo, and what success rate does it achieve?

Unlike in the previous two sections, we do not know the best protocol in this case.
However we are able to give an asymptotically good answer. In this section we show that
the optimal success probability decreases as a slowly diminishing polynomial, and that the

majority protocol on many bits is asymptotically near-best:

Theorem 6.9.1 Fiz e € (0,3) and let v = v(e) = 119 Then as k — oo,

sup Pr(fi€) = © (k7),
fenB

where the supremum is taken over all balanced boolean functions f on finite numbers of bits,
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and ©(-) denotes asymptotics to within a subpolynomial (k°Y)) factor. The upper bound is
achieved asymptotically by the majority function MAJ,, with n sufficiently large (in terms
of k and €).

We shall prove Theorem 6.9.1 in two parts; first we estimate the success probability of
the majority protocol lim, .~ Px(MAJ,;€) and show it is Q(k™"). We then show this is

asymptotically best possible.

Theorem 6.9.2 Fiz e € (0,3). Then

lim Pr(MAJ,;e) > Q7).

In particular, there is a sequence (ny,) with ny, = O(k*) for which the above bound holds.

Proof: We begin by establishing

: % 'k -1
lim Pr(MAJy;e) = 17/ tPI(t)" " dt, (6.11)
n odd (2m)z¢= Jo

where I = ¢po®~! is the so-called Gaussian isoperimetric function, with ¢ and ® the density
and distribution functions of a standard normal random variable.

Apply Lemma 3.4.1, with X ~ N(0, 1) representing n~% times the sum of the bits in
the cosmic source, and Y|X ~ N((1 — 2¢)X,4¢(1 — €)) representing n~% times the sum of
the bits in any given party’s string. Thus as n — oo, the probability that all parties agree

on +1 when using MAJ,, is precisely

k
° 1-2
/ o (76)1,1 o(x) de.
—o0 [4e(1 —¢€)]2
By symmetry we can multiply this by 2 to get the probability that all k parties agree.
Making the change of variables ¢t = (I)(l/_%l’), x = I/%Cb_l(t), dx = Z/%I(t)_l dt, we get

1
lim Pu(MAJyie) = 2vb / oA () I() " dt
0

1
B =T
(2m) 21 Jo

N|=

as claimed.
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We now estimate the integral in (6.11). It is known (see, e.g., [BG99]) that I(t) >
J(t(1 —t)), where J(t) = t\/In(1/t). We will forego the marginal improvements given by
taking the logarithmic term and simply use the estimate I(t) > t(1 —t). We then get

1 1
[ rro=ta = [eua-op-
0 0
L@)(k+v)
T3 ([AS72, 6.2.1, 6.2.2])
> T(v)(k+2v)™" (Stirling approximation).

Substituting this estimate into (6.11) we get lim, oo Px(MAJy;€) > c(v)k™" for some
¢(v) > 0 depending only on €, as desired. By the error bound from Proposition 3.4.1, the

lower bound holds with a smaller constant as long as n is at least as large as O(k%). O

The formula (6.11) can be used to get very accurate estimates of the majority protocol’s

probability of success. For example, if we take € = % — @ so that v = 1 then we get
limy, o0 Pr(MAJ,;€) = ki“ A combinatorial explanation of this fact would be interesting.

We now complete the proof of Theorem 6.9.1 by showing an upper bound of &~*+o(1)

for the success probability of k parties.

Lemma 6.9.3 Let f,g: {+1,—1}" — R=2% be nonnegative, let x € {+1,—1}" be chosen

uniformly at random, and let y = Ne(z), where € € [0, 3]. Then for p,q <1,

E[f(@)g)] = |Ifllpllglly  whenever (1—p)(1—q) > (1 - 20)*.

Proof: Write p = 1 — 2e. By Definition 2.4.1, E[f(z)g(y)] = E[f - T,(g)]. Since f and

T,(g) are nonnegative and % + % = 1, we can apply the reverse Hélder inequality to

conclude E[f-T,(g)] > || f|p||Tp(9)]| _»_. Now apply the reverse Bonami-Beckner inequality,
=

Theorem 2.4.9, to conclude ||T,(g)|| = > |lgl|, ,2. But1l—p> 2 501— £ >gand
p pra 1—-£ 1—q 1-p

1-p

hence ||g||,_ 2 > 1lgllq, as desired. O
1-p

Theorem 6.9.4 Let f: {+1,—1}" — {0,1} and suppose E[f] < % Then for any fized

€€ (0,3), as k — oo, [[T1_acfI[f; < kvt
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Proof: Write p = 1 — 2e. Suppose we have E[(T,f)*] > 2§ for some §. Define
G = {z € {+1,-1}" | (T,f)(z)* > 6}. Then since 0 < (T,f)* < 1, we conclude that
|G| > 027 "™. Let g be the 0-1 indicator function for G. Now on one hand,

(T,(1=f)g) = (1,9 —(Tpf.9)
5_<Tpfag>
< §—6-0F,

IN

the last inequality following because (T,f)(x) > 5% for all z with g(z) = 1. On the other
hand, if we apply Lemma 6.9.3 with p = log_% kandg=1-— %pr =1—(1+0(1))p?, we
get the following:

<TP(1 - f)ag>

\Y]

11— f”p”ng—(H—o(l))pz

1
L\ ? e
2

o) s(+o(D) 1 !

v

—p2.

Thus :
560t > komgtteiz
= | goy OGRS g
2
-~ In (1—k—o(1>5(1+"(1))(ﬁ)> > In(d)
2
N _—o(1) g1 (+2) > Lin(o)
2
(I+o(1)) (L)
P 1=
N n(1/3) - < k1710(1>2
= 5 o< kAW
N 2(5 S k—V+O(1)’

which completes the proof. O

Corollary 6.9.5 Fize € (0,5). Then for all balanced functions f: {+1,—1}" — {+1, -1},

1
'3
the success probability Py(f;¢€) is at most k=v+o(L),

Proof: As argued at the end of Section 6.1, the probability that all k£ parties agree on —1
when using f is precisely HTl_ge(% — % f )H’,Z By symmetry, the probability that all k parties

agree on +1 is ||T1_2c(3 + 3 f)||f. Since 3 + 1 f are 0-1 functions with expectation exactly
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L | Pu(fse)

MAJl F 41— ek

T 1/16 (=63 +5e* =2 +4€2)F +1/16 (146> =54 +26® —4¢2)F 41/16 (4e— 102 +103 —5e* +265)% +1/16 (1 —
4e4+102—103 45t —2P)F 41/4(e—e? 443 —5e* 425 f1/a(1—ete?—aeB 456t —28)F 4174 (1264462 —
63 +5e*—2eP)F41/4(2e—4e2466%—5e24+2e5)°+3/8(e+e?—4e3+5e*—2e%)F13/8(1—e—e?2 443 —5e*4265)F

15 1/8(—2€% +3e2)F +1/8(1+2e% —3e2)F +1/8(83e—6c2+4¢3)F +1/8(1 —3c+6¢2 —aed)F +3/8¢F +3/8(1 —
* +3/8(1 —2c¢+3c2 —26%)F +3/8(2¢ —3e2 +263)F

MAJ3 1/4 (=263 +3e2)F 41 1/4(1 4263 —3e2)F £ 3/4(2e—3e2+2e3)F +3/4(1—2e+3€e2 —2€3)F

T3 1/8(—6€34+5e*—2€°+4e2)F4+1/8 (14663 —5e*+2e®—4e2) +1/16 (c—e? 443 —5e*+25) P +1/16 (1—e+e?—4 3 +
5e¢t—2e5)F41/4(1—-2e+4€e2—63+5e*—2e°)F4+1/4(2e—4e2 4635?4265 +1/8(1—e—e?+4e3—5e*+25)F 4
1/8 (e+e2—4e3+5e*—2e%)k413/16 (8 ® —5 e +2e®+3e—7e2)F4+3/16 (1-8e3+5e* 2> —3e+7€2)F+3/16 (23 —5 €%+
2654262 41-26)F+3/16 (=263 +5e2—2°—2e2426)P+1/16 (2 —5e4 4265 42e2)F+1/16 (1—23 454 —265—22)F

Ty 1/16 (2 +6e3 —10e* +4e®)F +1/16 (1 — 2 =62 +10e* —4€e5)F +1/8(e+2e> —8e3 +10e* —ae®)F +1/8(1 — e —
2624863 —10e* +4e5)F +1/16(1—2e+e2+6€3 —10e* +4e%)F +1/16(2e —e? — 6% +10e* —4e®)F +3/16 (52 —
1063 +10e* —4€®)F +3/16(1 — 562 + 10 —10e* +4€6%)F +3/8(3e —8e? +12¢% —10e* +465)% +3/8(1 — 3¢+
8e2 —12¢% +10e* —4e®)P 1 3/16(1 —2e+562 — 103 +10e* —4%)F 43/16(2¢ =562 + 106 — 10 4 465)F

MAJs5 | 17161063 — 15¢% +65)% +1/16 (1 — 1063 +15¢? — 6¢5)F +5/16 (62 — 1463 + 15¢% — 6¢5)F +5/16 (1 — 62 +
14e¢® —15¢* +6€°)F +5/8(3e—9€? +16¢° —15¢* +6€°)F +5/8(1 —3e+9€2 — 166> +15¢* — 6¢2)F

%, Theorem 6.9.4 upper-bounds both quantities by kvt O

6.10 Computer-assisted analysis; n =5

Our problem well avails itself to analysis by computer. In particular, given any explicit
function f: {+1,—1}" — {+1,—1}, a computer mathematics package can easily calculate
Pr(f;€) exactly as a function of k and e. Furthermore, if n is very small, a computer program
can enumerate all antisymmetric left-monotone functions on n bits. We determined there
are “only” 135 such functions for n = 7 and 2470 such functions for n = 8. (The number
jumps to 319124 for n = 9.) Thus for particular small values of n and k, we can completely
solve the problem by comparing an explicit set of polynomials in € on the range (0, %) As
an example, we now analyze the case n = 5.

There are exactly 7 antisymmetric left-monotone functions on 5 bits; they are MAJq,
MAJs, MAJs;, and four functions expressible as thresholds: 77 = Th(3,1,1,1,1),
Ty = Th(2,1,1,1,0), T3 = Th(3,2,2,1,1), and Ty = Th(4,3,2,2,2), where Th(ay,...,as)
denotes the function sgn(Z?zl a;z;). The table shows Pi(f;¢€) for each of the functions.

For small values of k, we plotted these polynomials for e € (0,3). This led to the

following facts, which in principle could be proved by elementary analysis:

Fact 6.10.1
o Forn=5,2<k<9, and any €, the best antisymmetric protocol is MAJ;.

e Forn =5, k = 10,11, there exist 0 < €, < €] < % such that MAJs is the best
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antisymmetric protocol for € € e}, €], and MAJ; is the best antisymmetric protocol

for all other e.

o Forn =5, k =12, there exist 0 < ¢, < €] < ¢/ < % such that MAJs is the best
antisymmetric protocol for € € [€), €], MAJ3 is the best antisymmetric protocol for

€ € (€], €], and MAJ; is the best antisymmetric protocol for all other e.

The pattern for £ = 12 appears to hold for all higher k£, with MAJs dominating more

and more of the interval, as expected from Theorem 6.7.2.

We will end this section by proving some facts mentioned earlier in this chapter:

Proposition 6.10.2 There exist k, €, odd n, and odd 1 < r < n such that MAJ, is a

superior protocol to both MAJ; and MAJ,.

Proof: Substitute £ = 10, e = .26 into the table. By explicit calculation, P1o(MAJy;.26) <
.0493, Plo(MAJ5; .26) < .0488, and Plo(MAJS; .26) > .0496. O

Proposition 6.10.3 There exist k, n, and a non-majority function f € A, such that for
each odd 1 < r < mn, there is an € for which Pi(f;€) > Pr(MAJ,;€).

Proof: Take k = 20, n = 5, and f = Th(3,1,1,1,1). Then by substitution into the
table we have Py (f;.01) > .76 > Pr(MAJ3;.01) > Pr(MAJ5;.01) and Pr(f;.25) > .0034 >
Pr(MAJy;.25). O

Proposition 6.10.4 There exist n, k, and f € By, such that the probability all parties agree
on —1 differs from the probability all parties agree on +1.

Proof: Taking n = 5, £k = 3, and f the left-monotone function whose minterms are

(=1,4+1,+1,-1,41) and (+1,—1,—1,+1,—1), explicit calculation gives 1 — 32 c 192 _ 459 3,

00

297 _4_ 2331 _5_ 3465 _6 7 8 9 10 1 39 69 2_ 3
L et -0 49782 °—234€ 171" —T5¢” +15¢ a.nd s—igetRe—9

1 E3_,'_9_23 €4_5;1865 €5_‘_51169 6467248415693 10

o)

for the probabilities of agreement on —1 and +1, respectively. O
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Chapter 7

Discussion And Open Problems

We conclude this thesis with a discussion of some results and open problems suggested by

our study of noise sensitivity.

7.1 Isoperimetry via the reverse Bonami-Beckner inequality

As mentioned, the reverse Bonami-Beckner inequality does not seem to have been previ-
ously used in the study of boolean functions. We believe it should have further interesting
applications beyond those in Section 6.9. As an example, we will use it to prove a new
isoperimetry or concentration of measure result on the hypercube (c.f. Talagrand [Tal95],

Bobkov and Goétze [BG99]).

1

In this section, let us fix € € [0, 5], write p = 1 — 2¢, and write ¢5,) for the density

function of p-correlated bivariate normals, as in Proposition 3.4.1. Explicitly,

_ _1 1x2_2 Ty + 2
s (z,y) = (2m) 11— p?) Texp (“M>

2 1— p?
_ _ 23 x Yy — pr

where ¢ denotes the standard normal density function.

Theorem 7.1.1 Let S, T C {+1,—1}" with |S| = exp(—§)2” and |T| = exp(—%)?‘.
Then Pz € S, N(x) € T| > 27(1 — pz)%(ﬁg(,p)(s,t).

Proof: Take f and g to be the 0-1 characteristic functions of S and T, respectively. Then
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by Lemma 6.9.3, for any choice of 0 < p, ¢ < 1 with (1 — p)(1 — q) = p?, we get,
Plz € S, N.(z) € T] > exp(—s2/2p) exp(—t2/2q). (7.1)

Write p = 1—pr, g =1 — p/r in (7.1), with » > 0. Maximizing the right-hand side as

t
a function of r using calculus, the best choice turns out to be r = 13:;@. (Note that this

depends only on the ratio of ¢ to s.) Substituting this choice of r (and hence p and q)

1 s242pst4-t2

into (7.1) yields exp(—3 1,7

), and the proof is complete by definition of ¢x_,). O

On the other hand, we have the following:

Proposition 7.1.2 Fiz s,t > 1, and let S,T C {+1,—1}" be diametrically opposed Ham-
ming balls, with S = {z: > x; < —sn%} and T = {x: > x; > tn%} Then we have
limy, oo P[z € S, Ne(2) € T] < 21(1 — p2) 2y (5, 1)

Proof: By Proposition 3.4.1, the limit is precisely

/ / ¢2(p)(fc,y)dydfc=/ / bs(—py(z,y) dy dz.
—o0 Jt S t

Let h(z,y) = (m+py)(ffj§2))_2p(l_p2). Note that for xz,y > 1, h(z,y) > (1+p()12_——pp2()12—p2) =

(Indeed, this inequality holds for a greater range of values for x and

14-p?
(e

y, but we will not try to improve the parameters.) Thus on the range of integration,

Oz, y) < h(x,y)ods—,n(x,y). But it may be checked by elementary means that
(=p) (=p)
ffh(a:,y)qﬁg(_p) (z,y)dydy = 2m(1 — p2)%¢>z(_p) (z,y). The result follows. O

The set S in Proposition 7.1.2 satisfies lim, o [S[27" = ®(—s) > ¢(s)(s71 — s73)
(see [AST2, 26.2.12]), which is quite close to exp(—%) for large s. A similar statement
holds for T'. Thus Theorem 7.1.1 is very close to being tight.

As an immediate corollary of Theorem 7.1.1, we have the following:

Corollary 7.1.3 Let S C {+1,—1}" have fractional size o € [0,1], and let T C {+1,—1}"

have fractional size 0%, for a« > 0. Then if x is chosen uniformly at random from S,
(Va+p)?

then the probability that Ne(x) is in T is at least o =¢* . In particular, if |S| = |T|,

P[N.(z) €T |z€S] >0 .
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So, for example, given any two sets with fractional size %, the probability that applying
.3-noise takes a random point chosen from the first set into the second set is at least
(%)'7/ 3 ~ 7.7%; this probability is nearly achieved by diametrically opposed Hamming
balls.

7.2 Open problems

7.2.1 Fourier analysis

Kindler showed that the constant in Theorem 2.4.8 can be taken to be O(1)/k; however,
this is not known to be tight. If the tribes function is tight for this inequality, then by the

calculations at the end of Section 3.9, the correct constant is of a much smaller order: 1/k!.

Open Question 7.2.1 Can Theorem 2.4.8 of Talagrand and Benjamini, Kalai, and Schramm

be improved to

S fes < 2 () ogy 1/ ()

IS|=k

forall1 <k < log(1/1I(f))?

7.2.2 The reverse Bonami-Beckner inequality

We believe the reverse Bonami-Beckner inequality should have further applications in the
study of boolean functions. These applications may be of a somewhat different nature than
those of the usual Bonami-Beckner inequality. The reason is that most of the powerful
theorems using the usual Bonami-Beckner apply it not to the 0-1 boolean function under
study, but to some related function taking on both positive and negative values. In contrast,
the reverse Bonami-Beckner inequality only applies to nonnegative functions. As such, it
is more likely that it will be useful in direct application to 0-1 boolean functions, as in
Theorem 7.1.1.

One area which is a promising candidate for applications of the reverse inequality is that
of limitations of distance vs. rate tradeoffs for error correcting codes. The isoperimetric
Theorem 7.1.1 already points towards such results; we believe that the reverse inequality
may have applications in the Fourier-theoretic study of lower bounds, as in McEliece et
al. [MRJW77], Kalai and Linial [KL95] (which describes a failure of the usual Bonami-

Beckner inequality in this context), and Linial and Samorodnitsky [LS03].
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7.2.3 Noise sensitivity of halfspaces

Perhaps the most interesting tractable problem in analyzing the noise sensitivity of halfs-
paces is whether our bound for the read-once intersection of halfspaces holds true for general

intersections. We conjecture that it does:

Conjecture 7.2.2 Let f be a function given by the intersection (AND) of k boolean halfs-
paces over the same set of variables. Then NS¢(f) < O(1)(eln k)%

Naturally, such a result would be very interesting from a computational learning theory
perspective, due to Theorem 5.2.1. Conjecture 7.2.2 may be difficult if it requires intricate
analysis of vector-valued random variables of the form > o;W;, where o; are i.i.d. £1 signs

and the W;’s are in R".

7.2.4 Hardness amplification

An interesting problem in this area would be to see if the direct product theorem, Theo-
rem 4.0.9, can be “derandomized.” That is, if we wish to get hardness for the composite
function g ® f, is it necessary for the inputs to copies of f to be independently randomly
chosen? Or can they be chosen using fewer input bits — pairwise independently, say, or
from a walk on an expander graph? Impagliazzo and Wigderson [IW97], building on the
work of Impagliazzo [Imp95], showed that Yao’s XOR Lemma holds in such a setting, using
many fewer than kn input bits. Their techniques may well extend to Theorem 4.0.9. Such
a “derandomization” might be useful in improving Theorem 4.1.2 down to the expected

1
%+n_5+7.

7.2.5 Learning juntas

The major open goal for this problem, and indeed a central problem for uniform-distribution
learning theory, is to give a polynomial time agorithm for learning O(logn)-juntas or even
w(1)-juntas. While the problem seems very difficult, perhaps our improving understanding
of noise sensitivity and juntas will allows us to make progress. Right now the most serious
difficulty is learning k-juntas of the form PARITY} o & g, where g is any function on the
k/2 bits not in the parity. Getting an algorithm running in time n®* for o < % would be a

major breakthrough.
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2
04k 2

The current bottleneck between n and n3" is due to the problem of strongly balanced

juntas. A. Kalai has asked the following question:

Open Question 7.2.3 Is it true that for any boolean function f on k bits which is strongly
balanced up to size %k‘, there is a restriction fizing at most %k‘ bits under which f becomes

a parity function?

If the answer were yes, then it would be straightforward to give a learning algorithm for
k-juntas running in time n3k,

Finally, our junta learning algorithm does not seem to generalize easily to extended
versions of the problem. Is it possible to learn juntas under any fixed product distribution

besides the uniform one in time n(1—%1)

k? Is it possible to learn ternary juntas (i.e.
functions on {0, 1,2}"™ with k relevant variables) under the uniform distribution with non-

trivial efficiency?

7.2.6 The cosmic coin problem

In the cosmic coin problem, the problem of determining the best protocol for each k, n,
and e seems quite delicate; it might not have a simple explicit answer. The main open

conjecture regarding this problem was mentioned already in Section 6.1:

Conjecture 6.3.1 For any k, €, and odd n, there is an odd 1 < r < n such that Py (k;e€)

is maximized among antisymmetric functions by f = MAJ,.

Another very interesting and perhaps easier conjecture is that the majority on a very

large number of bits is not worse than the optimal majority by more than a constant factor:

Conjecture 7.2.4 There is a universal constant C' < oo such that for every k, €,

Pe(MALy-1€) < C lim P(MAJ,,, k,¢),
n odd

where n* is any odd number (presumably maximizing Pr(MAJ,«;€)). That is, the limiting
value of Pr(MAJ,;€) is no worse than the success probability of the best majority, up to a

constant factor.
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The worst constant C' we know to be necessary in Conjecture 7.2.4 is 7, from the case k = 2,
€ — % Resolving both of the above conjectures would give an essentially complete (up to

constant factors) solution to the cosmic coins problem for all n, k, and e.

We end with a conjecture strictly weaker than Conjecture 6.3.1 which might be sub-

stantially easier to prove:

Conjecture 7.2.5 For any k, €, and n, the best protocol among all antisymmetric threshold

functions is an unweighted antisymmetric threshold function; i.e., a majority.
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