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Abstract

Let G be an undirected graph for which the standard Max-Cut SDP rel axation achieves at least ac
1

fraction of the total edge weight, 5 ¢ 1. If the actual optimal cut for G is at most an s fraction of the
total edge weight, we say that ( c; s) is an SDP gap. We de ne the SDP gap curve Gapgpp : [%; 1! [%; 1]
by
Gapgpp (€) =inf fs: (c;s) is an SDP gapg:

In this paper we complete a long line of work [DP93b, DP93a, GW 95, Zwi99, FS02, FL06, CW04, KOO06]
by determining the entire SDP gap curve; we show Gapgpp (€) = S(c) for a certain explicit (but compli-
cated to state) function S. In particular, our lower bound Gap ¢pp (€)  S(c) is proved via a polynomial-
time "RPR 2" algorithm. Thus we have given an e cient, optimal SDP-roun ding algorithm for Max-Cut.

The fact that it is RPR 2 con rms a conjecture of Feige and Langberg [FLO6].

We also describe and analyze the tight connection between SCP gaps and Long Code tests (and the
constructions of [Kar99, AS00, ASZ02]). Using this connection, we give optimal Long Code tests for
Max-Cut. Combining these with results implicit in [KKMOO07,  KVO05] and ideas from [FS02], we derive
the following conclusions:

The Max-Cut SDP gap curve subject to triangle inequalities i s also given by S(c).

No RPR? algorithm can be guaranteed to nd cuts of value larger than S(c) in graphs where the
optimal cut is c. (Contrast this with the fact that in the graphs exhibitingt he c vs. S(c) SDP gap,
our RPR? algorithm actually nds the optimal cut.)

Further, no polynomial-time algorithm of any kind can have such a guarantee, assuming P& NP
and the Unique Games Conjecture.



1 Introduction

Given an undirected graph G = (V;E), the Max-Cut problem asks for a partition of the vertices into two

sets so as to maximize the number of edges connecting the twets. It is one of the classic NP-complete
problems from Karp's list of 21 [Kar72] and is arguably the simplest NP-hard problem, being the binary

constraint satisfaction problem with only “6' constraints. The Max-Cut problem has applications from V LSI

to statistical physics [BGJR88] and has attracted a tremendus amount of interest both in theory and in

practice. For a survey, see Poljak and Tuza [PT95] and to citejust one contemporary paper on practical
heuristics, see Rendl, Rinaldi, and Wiegele [RRWO07].

To cope with NP-hardness and to understand hard instances, @searchers have to turned to approxima-
tion algorithms. The greedy algorithm (or the random-assighment algorithm) is easily shown to have an
approximation ratio of % (see [SG76]). In a breakthrough a ecting both theory and practice, Goemans and
Williamson [GW95] gave a semide nite programming (SDP) rounding algorithm achieving a :878 approxi-
mation ratio.® Since the early '90s, there has been a tremendous amount of ¢oretical interest in the SDP
relaxation, in approximation algorithms, and in hardness d approximation for Max-Cut [DP93b, DP93a,
GW95, Kar99, Zwi99, AS00, FL06, FKLO2, FS02, ASZ02, HLZ04, KMOO07, CW04, AZ05, KV05, KO06].
In this work, we build on the results in many of these papers ad determine an essentially complete picture
of the algorithms, SDP gaps, Long Code tests, and UGC-hardnes for Max-Cut.

1.1 De nitions

We begin with the basic de nitions. We generally work with edge-weighted, undirected graphsz = (V; E; w),
wherew : E! R © gives the nonnegative edge weights. The issue of self-loopgns out to be a nuisance;
our policy will be to disallow them unles§ otherwise speci @. Without loss of generality, we will always
assume the edge weights sum to 1; i.e., ., w(e) = 1. Thus we can think of the weights as giving a
probability distribution on edges; we will therefore omit w and think of E as a (symmetric) probability
distribution on edges, writing (u;v) E to denote a draw from this distribution. ?

Denition 1.1 A (proper) cut in G is a partition of the vertices into two parts, h : V I'f  1;1g. The
value of the cut is
— — 1 1 .
valg (h) wr [N(u) & h(v)] wE 5 gh(hM)l:

The Max-Cut problem is the following: GivenG, nd a proper cut h with as large a value as possible.

In general, we prefer the second de nition of value given abee, since it generalizes tdractional cuts:

Denition 1.2 A fractional cut in G is a function h:V ! [ 1;1]. The value of the fractional cut is

vals(= B [ 3hhv):

Given a fractional cut h, we can randomly produce a proper cuth® by setting each valuehv) to be 1
with probability 3 + fh(v) and 1 with probability 2  1h(v), independently acrossv's. In this way,
E[h%Vv)] = h(v). It follows that E[valg(h9)] = val g (h) (although this uses the fact that G has no self-loops).
Hence there always exists a proper cuh®with value at least val, (G), and furthermore such a cut can easily
be found deterministically from h using the method of conditional expectations. For these regsons, we will
henceforth treat the Max-Cut problem as being about nding a fractional cut with as large a value as

possible, and we will refer to fractional cuts simply as “cus'.

De nition 1.3  The optimum cut value, or Max-Cut, for G is denoted

Opt(G)= sup valg(h):
hovi [ 1]

Note that the optimum is always at most 1 and at Ieast% (since the fractional cuth 0 is always available).

1The SDP relaxation itself was given earlier by Delorme and Po ljak [DP93b], who noted it was polynomial-time computable.
2Throughout this paper we use boldface to indicate random var iables.



1.2 On approximation algorithms

Let A be a polynomial-time (fractional) cut- nding algorithm, a nd let Alg 5 (G) denote the value of the cut
output by A on G. We allow A to be randomized, in which case we let Alg (G) denote the expected value
of the cut output by A. (The deterministic/randomized distinction is well known to be of little importance;
see Appendix C for details.)

The traditional way to measure the quality of an approximati on algorithm is to look at the worst-case
ratio Alg, (G)=Opt(G), over G. For example, the Goemans-Williamson (GW) algorithm has a giarantee
that this ratio is always at least :878. However this guarantee is not very good for graph& with only
moderately large maximum cuts. For example, if Opt(G) = :55 then the GW algorithm may [ASZ02] only
nd a cut with value :878 :55 < :49, which is worse than the trivial fractional cut. On the other hand,
Goemans and Williamson showed [GW95] that when OptG) = :95, their algorithm nds a cut with value
at least :90, which is signi cantly better than :878 :95.

We believe it is essential to measure the quality of an approxnation algorithm not with a single ratio
but with a curve.

De nition 1.4  We say that algorithm A achievesapproximation curve Apx, : [%; 1! [%; 1] if
Alga(G) Apx, (Opt(G)) for all G:

For example, the GW guarantee is usually described as achiégwy approximation curve ¢ 7! :878c, but in
fact Goemans and Williamson achieve the guarantee

Larccos(1 2c) if ¢ :844,

: - . (1)
878 if ¢ :844.

ApXgw (€)

1.3 Semide nite programming relaxations and gaps

All of the best approximation guarantees for Max-Cut currently known are achieved by algorithms using the
semide nite programming (SDP) relaxation [FL92, DP93b, PR95, GW95]:

Denition 1.5  The (Max-Cut) SDP value of a graphG is

— 11 .
Sap@) = max - B [ 20(U) oI (2)
wheren = jVj and B, denotesfx 2 R" : kxk 1g. Note that Sdp(G) Opt(G), as g can always be taken
to map into [ 1;1].

The utility of this relaxation is that we can actually nd an e ssentially optimal embedding g in polynomial
time (more precisely, we can nd ag achieving at least SdpG) in time poly(n) log(1=); see [GW95]).
We should note that for graphs without self-loops, it is easyto see that the optimal embedding maps all
vertices to the boundary of the ball, S" 1= fx 2 R" : kxk =1g.

Triangle inequalities. One can also consider strengthening the SDP by adding the “iangle inequalities':
i.e., enforcing
g(va) 9(v2) 9(v2) 9(va) 9(vi) 9(vs) L

g(v1) 9(v2) + g(v2) 9(vs)+ g(vi) 9(vs) 1

for all vq;vso;vs 2 V. All of our positive results (rounding algorithms) will hol d without the triangle inequali-
ties, and we focus attention in this work almost exclusivelyon the basic SDP (2). However, we will also show
that all of our negative results (SDP gaps, algorithmic limitations) hold even with the triangle inequalities.

SHere and throughout, :844 and :878 are shorthand for % % and 2csc , where s the positive solution of = tan( )



In evaluating approximation algorithms, we would like to compare the cut-values found by an algorithm
A to the maximum cut values. However doing this directly is di cult | roughly because Max-Cut is hard,
and therefore we don't analytically have access to OptG). The approximation guarantees of SDP-based
algorithms are actually based on comparing the value of the @ts found to the SDP value

De nition 1.6  We say that algorithm A achieves SDP-approximation curve SAdpApX, : [%; 1! %; 1]if
Alg, (G) SdpApx, (Sdp(G)) for all G:
For example, the GW algorithm actually has SDP-approximation curve given by the curve in (1).

There is an obvious barrier to how good SDP-approximation garantees can be: If there exists a graph
G with Sdp(G) c and Opt(G) s then of course no algorithm could have an SDP-approximationcurve
SdpApx with SdpApx(c) > s. This leads us to the notion of the "SDP gap curve', generaling the usual
SDP gap ratio:

De nition 1.7  For % s ¢ 1, we call the pair (c;s) an SDP gap if there exists a graphG with
Sdp(G) candOpt(G) s. We de ne the SDP gap curveby

Gapgpp (€) =inf fs: (c;9) is an SDP gamw:

We analogously de ne the curveGap, spp for the SDP with the triangle inequalities. Of course, we hag
Gap, gpp(€)  Gapgpp (€) for all c.

In Appendix A we show that Gapgpp Must be a continuous, strictly increasing function.

1.4 RPR ? algorithms

Generalizing the GW algorithm, Feige and Langberg [FLO6] inroduced the "RPR?' (Randomized Projection,
Randomized Rounding) framework for rounding the solutionsof semide nite programming relaxations:

De nition 1.8  An RPR? algorithm for Max-Cut is de ned by a rounding function, r : R! [ 1;1]. Given
a graph G, the steps of the algorithm are as follows:

1. Use semide nite programming to nd an optimal embeddingg:V ! S" ! for the SDP (2).
2. Choose a random vectoiZ 2 R" according to the n-dimensional Gaussian distribution.
3. Output the (fractional) cut h : V! [ 1;1]dened by h(v) = r(g(v) Z).

(Certain implementation details of the RPR? method are discussed in Appendix C.)

All of the known lower bounds for Gapgpp (€) fall into the RPR 2 framework. For example, the GW
algorithm is RPR? with rounding function r(x) = sgn(x); the random-assignment algorithm is RPR® with
rounding function r(x) 0. Zwick's algorithm [Zwi99] is not obviously RPR?, but it is shown to be so
by Feige and Langberg [FLO6]. In that paper, the authors suggst using 5-linear' rounding functions: i.e.,
functions of the formr(t) = t=sif s t s r(t)=1if t s, r(t)= 1ift s. Charikar and Wirth's
analysis [CWO04] of Gapypp (C) near c = % indeed uses RPR with s-linear rounding functions.

We conclude the discussion of RPR algorithms by mentioning that, given an input graph G, it can be
advantageous to try several di erent rounding functions r. It is well known (as discussed in Appendix C)
that given a collection R of rounding functions, one can achieve the performance of # best of them with
running time slowdown only O(jRj logjRj). Indeed, Feige and Langberg even suggested the idea of tng
“all' possible rounding functions, up to some -discretization. Whether or not this achieves the performace
of the “optimal' rounding function up to an additive is a tricky issue which we discuss further in Section 3.2.



1.5 Long Code tests

"Long Code tests' are certain kinds of Property Testing algoithms, operating on boolean functions f

f 1;1g" 'f  1;1g. Specically, they test for the property of being a "Dictator' function; i.e., one of the

n functions de ned by f (x) = x;, for i 2 [n]. Long Code tests were rst studied by Bellare, Goldreich,
and Sudan [BGS98] for the purposes of proving inapproximality results; the connection was signi cantly
extended by ldstad [lds01]. The general idea is that to show an inapproximability result for the constraint
satisfaction problem with constraints of type , one tries t o construct a Long Code test whose acceptance
predicate is of type . In particular, for Max-Cut one needs a test making only 2 queries and testing
f(x) 6 f(y). The rule of thumb is that giving a such a test with ‘completeness'c and “soundness's may
allow one to derive ac vs. s inapproximability result. (We give concrete theorems alorg these lines later in
this section.) Thus it is natural to investigate, for each c, what the minimum achievable value ofs is.

Let us brie y introduce some of the relevant de nitions:

Denition 1.9 A 2-query, 6-based Long Code testfor functions f : f 1;1g" !'f 1;1gis a randomized
procedure for choosing two stringsx;y 2 f 1;1g". We think of the test as queryingf (x) and f (y), and
then acceptingwhenf (x) 6 f (y), and rejecting otherwise.

De nition 1.10  The completenessof a Long Caode testT for n-bit functions is

CompletenessT) = r_‘gi[n]f Pr [T accepts i]g;
I n

where ;:f 1;1g"!'f  1;1gis theith "Dictator' function, (x)= x;.

As for “soundness', Property Testing de nitions would normally require a Long Code test to reject with
large probability any function -far from being a Dictator. However since our Long Code testsT only
make 2 queries, we could never achieve soundness smaller thBompleteness{) 2 under this de nition.
Fortunately, key applications of Long Code tests only requrie certain relaxed soundness conditions. A useful
such relaxation was introduced by Khot, Kindler, Mossel, ard O'Donnell [KKMOOQ7]. It only requires the
test to reject functions that have su ciently small ‘low-de gree inuences' | or, essentially equivalently,
functions that are su ciently “Gaussianic'. We defer the formal explanation to Section 8; for now, su ce it
to say we make a de nition along the following lines:

Denition 1.11  (informal)  The soundnessof a Long Code testT for functions f : f 1;1g"! [ 1;1]is
Soundness() = max f Pr [T acceptsf]:f is ‘Gaussianic'g:

In addition to the unspeci ed notion “Gaussianic', the reader will notice that we have generalized to testing
functions whose range is [ 1; 1] rather than f 1; 1g. The reason for doing this is that all the applications we
present require this generalized setting. The distinctionis similar to the one between proper and fractional
cuts. Again, formal de nitions appear in Section 8.

To emphasize the de nitions of completeness and soundnesse will henceforth refer to our Long Code
tests as Dictator-vs.-Gaussianic tests It is a natural question in Property Testing to ask how far apart
completeness and soundness can be for Dictator-vs.-Gauanic tests. To formalize the question, we can
introduce the notion of the Dictator-vs.-Gaussianic gap cuve:

De nition 1.12  (informal) We call the pair (c;s) a Dictator-vs.-Gaussianic gapif for all > 0, for
su ciently large n there is a Dictator-vs.-Gaussianic test T(") for functions f : f 1;1g" ! [ 1;1] with
CompletenessT (") ¢ and SoundnessT(™) s+ . We de ne the Dictator-vs.-Gaussianic gap curveby

Gaprg (€) =inf fs: (c;9) is a Dictator-vs.-Gaussianic gap:

As mentioned, our interest in Dictator-vs.-Gaussianic tegs comes from their application to algorithmic
hardness results. We give three such applications here. Thest is the original application, implicitly proved
in [KKMOOQ7]:



Theorem 1.13 ([KKMOO7]) Suppose(c; S) is a Dictator-vs.-Gaussianic gap, and > 0. Then the Unique
Games Conjecture (UGC) implies that it is NP-hard to distinguish Max-Cut instances with value at least
c from instances with value at mosts+ . l.e., assuming the UGC andP 6 NP we essentially have
Apx,(C) Gapreg (€) for all e cient algorithms A and all c.

(The “essentially' here refers to the fact that we really ony have Apx,(c )  Gapre (c) for all > 0.
Ultimately we will show that Gap r.¢; iS continuous, so this distinction is irrelevant.)

Combining the reduction used to prove Theorem 1.13 with an SIP integrality gap instance for the Unique
Games problem with several special properties, Khot and Viknoi implicitly showed the following application:

Theorem 1.14 ([KVO05]) If (c;s) is a Dictator-vs.-Gaussianic gap, then(c ;s) is also an SDP gap for
all > 0] even for the SDP with triangle inequalities. l.e., essenti ally Gap, spp(C) Gapr. (€) for all c.

Finally, in Section 11 of this paper we show how to extend a ragt of Feige and Schechtman [FS02],
itself based on work of Karlo [Kar99], Alon and Sudakov [AS00], and Alon, Sudakov, and Zwick [ASZ02],
as follows:

Theorem 1.15 Suppose(c;s) is a Dictator-vs.-Gaussianic gap. Fix any rounding function r, and let A
be the RPR algorithm which solves the SDPwith triangle inequalities and randomly rounds usingh(v) =

r(g(v) Z). Then Apx,(c) s. Further, this holds even if A is not required to chooseZ to be a random
n-dimensional Gaussian, but rather is allowed to determinitically select the besZ satisfyingkZk, = (= n).

2 Our results, and prior work

2.1 Statement of main results

Our rst result, from which the remaining results derive, is a complete determination of the SDP gap curve.
We introduce an explicit function S : [%; 1]! [%; 1], and show that Gapspp (c) = S(c) for all c. In par-
ticular, the proof of the lower bound, Gapgpp ()  S(C), is achieved via a polyf)-time RPR?2 algorithm.
Thus we have an e cient algorithm for Max-Cut which has optim al SDP-approximation curve. The fact
that an RPR 2 algorithm achieves the SDP gap con rms a conjecture suggest by Feige and Langberg [FLO6].

Next, we show how to transform the SDP results into Dictator-vs.-Gaussianic testing results. Speci cally,
we are able to show that the Dictator-vs.-Gaussianic gap cwe is identical to the SDP gap curve; i.e,
Gapreg (€) = S(c) for all c2 [%; 1]. This result gives us optimal Dictator-vs.-Gaussianic ests. Substituting
these into Theorems 1.14, 1.15, and 1.13 yields the follominconclusions:

The SDP gap curve with triangle inequalities, Gap, spp , IS also identical to the curve S.

If A is any RPR? algorithm then Apx 4 (C) S(c) for all ¢, even assuming both of the following:
(i) A uses the SDP with triangle inequalities; (ii) A is not required to chooseZ to be a random n-
din&ensional Gaussian, but rather is allowed to determinisically select the bestZ satisfying kZk =

( " n). (Contrast this with the fact that in graphs exhibiting the ¢ vs. S(c) SDP gap, our RPR?

algorithm actually nds an essentially optimal cut.)

If A is any polynomial-time algorithm then Apx 5 (c)  S(c) for all ¢, assuming P& NP and the UGC.

2.2 The critical curve, S

At this point the reader might wish to know the identity of thi s critical curve S(c). Unfortunately, there is
no “nice' formula for it. Rather, it is de ned as follows:

S(o) = inf su valg, (r): 3
( ) (1; o)-distributions P r:R! [pl;l] P( ) ( )
with mean 1 2c increasing, odd



Not all of the expressions above have even been de ned yet | inparticular “(1; o)-distribution' (a certain
simple kind of probability distribution on [ 1;1]) and 'G-' (a certain in nite graph). Further, on the face
of it this de nition does not look very “explicit', especial ly since the inf and sup are both over in nite sets.
Nevertheless, in Section 6 we prove the following:

Theorem 2.1 There is an algorithm that, on input c 2 [%; 1]and > 0, runsin time poly(1=) and computes
S(¢) to within

We believe this justi es our claim that S is “explicitly given'. A brief discussion of this point appears in
Section 7.1.

In fact, as we will describe in the next section, signi cant portions of S(c) can be described or estimated
more simply. Forc  :844,S(c) agrees with the Goemans-Williamson SDP-approximation cuve, 1 arccos(1
2c). Forc= 1+ ,S(c) %+ 3 =In(1=) up to lower-order terms (this is proved in Appendix D, tight ening
the asymptotics of [CWO04, KOO06]). A plot of S(c) versusc appears in Appendix ??.

2.3 Prior work

Surveying the entirety of the previous work on approximation algorithms, SDP gaps, and hardness results
for Max-Cut would take several pages, so we restrict ourseks to brie y summarizing the best results known
prior to this work.

SDP and Long Code testing gaps. Combining prior work of many authors yields the following:
1. Forc :844: Gapypp (C) = Gap, spp (C) = Gap o (€) = Larccos(l 2c).
2. Forc= % + : Gapgpp (€), Gap, spp (€), and Gapr., (€) all have asymptotics % + ( =In(1=)).

As can be seen, this already pins down substantial portions fothese curves fairly well. In the next section
we will argue the merits of pinning them down precisely.

The lower bound Gapspp (C) Larccos(1 2c) for ¢ :844 is, as mentioned, due to Goemans and
Williamson [GW95], using RPR? with the rounding function sgn. The matching upper bound is due to
Feige and Schechtman [FS02], using in nite graphs with verex setS" ! and edge set connecting all vectors
with inner product at most 1 2c. The lower bound Gapspp (€) % + ( =In(1=)) is due to Charikar and
Wirth [CWO04], using RPR ? with s-linear rounding functions, as suggested by Feige and Langiyg [FLO6].
The upper bound Gapspp (C) %+ O(=In(1=)) is due to Khot and O'Donnell [KO06], using mixtures
of correlated Gaussian graphs (described in Section 3.2). Amentioned, we tighten the asymptotics of the
previous two results in Appendix D. Finally, Feige and Langberg showed some additional numerical lower
bounds for Gapspp (C), via RPR? with s-linear rounding functions; e.g., Gappp (:6) :5477.

The upper bound Gaprg () L arccos(1 2c) actually holds for all ¢ 2 [%; 1]; this was conjectured by
Khot, Kindler, Mossel, and O'Donnell [KKMOQ7] and proved by Mossel, O'Donnell, and Oleszkiewicz [MOOO05].
The “noise sensitivity' test from [KKMOO7] involves choosng x 2 f 1;1g" uniformly at random and choos-
ing y by ipping each coordinate of x with probability c. (As we will discuss in Section 11, this construction
is quite similar to one introduced by Karlo [Kar99] and anal yzed further in [AS00, ASZ02].) The upper
bound Gapyeg; (%+ ) %+ O( =In(1=)) was proved by Khot and O'Donnell [KO06], by mixing together two
tests of the type in [KKMOOQ7]. The remaining parts of the above statements implicitly follow from Khot and
Vishnoi [KV05], speci cally, from Theorem 1.14's statemert that Gap .5 (€) Gap, spp ()  Gapgpp ().
Interestingly, although proving lower bounds for Gapy.; (C) is a very natural problem from the point of view
of Property Testing, it doesn't seem to have been explicitlybeen considered in the literature. Indeed, using
the Khot-Vishnoi result is a very circuitous way to prove Long Code testing lower bounds. We discuss this
point further in Section 10.



Algorithmic hardness. Early results on algorithmic hardness involved showing upgr bounds on the
approximation curve of speci ¢ algorithms. In particular, work of Karlo [Kar99], Alon and Sudakov [AS00],
and Alon, Sudakov, and Zwick [ASZ02] showed that for the GW agjorithm, Apx ¢,y () L arccos(l 2c),

where Apxgy (€) denotes the expected performance, overZ, of the GW algorithm. Further, this result
holds even if one adds all “valid' constraints to the SDP. As w describe in Section 11, these results can
be seen as very weak forms of Dictator-vs.-Gaussianic testdeige and Schechtman [FS02] extended these
results in the manner of Theorem 1.15, to the case where the gbrithm can pick any halfspace cut (although
only under the triangle inequalities, not any valid constraints). Assuming the Unique Games Conjecture,
[KKMOO7]'s Theorem 1.13 implies NP-hardness of achieving pproximation curve exceeding Gapeg; (C).
The best unconditional NP-hardness result is much weaker:adtad [lds01] together with Trevisan, Sorkin,
Sudan, and Williamson [TSSWO0O0] showed that achieving Apx%) > % is NP-hard; it is easy to tr4anslate

this into hardness of Apx(3 + ) > 5+ & for 2 and hardness of Apx(1  )>1 2 for 2.

2.4 Motivation and discussion

In this section we discuss the motivation and merits of pinnhg down the approximability of Max-Cut pre-
cisely for all values ofc.

First, Max-Cut is a fundamental algorithmic problem; indeed, it is arguably the simplest NP optimiza-
tion problem. For the reasons discussed in Section 1.2, wedethat understanding its approximability for
the entire range of c is important. We are hardly alone in this regard; for example in 2001 Feige and
Langberg [FLO6] wrote that they were \trying to extend the te chniques of [FS02] in order to prove [that
RPR? algorithms can match the SDP gap curve for values ot < :844]". Besides the algorithmic work on
the Max-Cut curve we've already described [GW95, Zwi99, FL®, CWO04], there has also been a great deal of
work recently on the very related problem of the Max-2Lin [BBC04, HV04, AN06, AMMNO6, ABH * 05]. For
example the Grothendieck/Quadratic Programming results d [ANO6, AMMNO6, CWO04] are nothing more
than analysis of the Max-2Lin approximability curve at %+ | with the underlying graph structure xed to
be bipartite, in the Grothendieck case. Further, analyzing the Max-Cut/Max-2Lin approximability curves
atl for subconstant is very strongly related to analyzing Sparsest-Cut approxmability.

Further, the fundamental nature of the Max-Cut problem makes our inability to understand its compu-
tational complexity all the more galling. Recall that every value of ¢ for which we don't know the largest
e ciently achievable value of Apx 4 (C) yields a basic, natural problem not known to be in P and not known
to be NP-hard: e.g., \Given a graph with a cut of size 60%, nd a cut of size 55%". Without the Unique
Games Conjecture, it seems we have no idea how to prove sharpapproximability results, although in this
paper we did the best we could by ruling out RPR algorithms from achieving Apx(c) > S(c). Assuming
the Unique Games Conjecture, though, the present work comgtely closes the Max-Cut problem. Even if
one does not believe the UGC, there are several takeaways: 1Bt, we've shown that the UGC cannot be
disproved by giving good Max-Cut SDP rounding algorithms, for any value of c. Second, our work gives an
improved approximation algorithm inspired by UGC/Dictator-vs.-Gaussianic test considerations.

Next, the present work develops a framework for studying SDPgaps, algorithms, and Dictator-vs.-
Gaussianic tests, which we believe explains away some of theeeming coincidences in previous work. For
example, in the next section we explain why the worst SDP gapdor Max-Cut can always be based on
symmetric in nite graphs on the surface of the sphere, as thg are in [FS02]; we further explain how one nat-
urally derives the mixtures of correlated Gaussian graphs sed for SDP gaps in [KO06]. Next, we essentially
explain why the SDP gap curve and the Dictator-vs.-Gaussiaic curve are identical: why SDP gaps trans-
late into Dictator-vs.-Gaussianic tests and why RPR? algorithms can be viewed as Dictator-vs.-Gaussianic
testing lower bounds. Finally, we explain the connection béween Dictator-vs.-Gaussianic tests and the con-
structions of Karlo, Alon-Sudakov, and Alon-Sudakov-Zwi ck [Kar99, AS00, ASZ02], showing that these
constructions can be viewed as Dictator-vs.-Gaussianic &s with extremely weak soundness guarantees.

Finally, we hope that the methods developed in this paper | sp eci cally, the use of Hermite analysis,
von Neumann's Minimax Theorem, Borell's rearrangement ingjuality [Bor85], and the Karush-Kuhn-Tucker



conditions | can be used to make progress on understanding SO® gaps and approximability of other
fundamental problems. Speci cally, we believe our methodsshould be useful for attacking Max-2Sat and
other 2-CSPs (some indication of this is given already in therecent work of Austrin [Aus07a, Aus07h]),
3-CSPs, and perhaps even for determining the Grothendieckanstant [Gro53].

3 Proof ideas

In this section we describe the ideas and intuition underlyng the determination of Gapgpp . By the end of
the section we will also have de ned all the terms necessaryof the de nition (3) of the curve S(c).

3.1 Embedded graphs

The rst idea is to slightly shift the way one looks at SDP gaps for Max-Cut. Usually one thinks of rst
nding a graph G, then showing Sdp@G) is large and Opt(G) is small. But suppose one determines that
Sdp(G) is large for some graphG; then one may as well identify G with its optimal SDP embedding on the
sphere

De nition 3.1  An (n-dimensional) embedded graphG is one whose vertex se¥ is a subset ofS" 1.
For embedded graphs, we explicitiyallow self-loops* The -distribution of the embedded graph, denoted
P = P(G), is the discrete probability distribution on[ 1; 1] given by the distribution ofu v when(u;v) E.
We de ne the spreadof G (which we also call the spread oP) to be

SpreadG) = Spread(P) = EP[% 2 12[0;1F:

Thinking about embedded graphs leads to some important obgeations. The rst is that we can
symmetrize any SDP gap instance. Specically, let G be an embedded graph with Spreadg) = ¢ and
Opt(G) s. SupposeO is any rotation of space; then it is clear that the rotated embedded graphOG also
satis es Spread(©G) = cand Opt(OG) s, and is thus an equally good gap instance. Further, if one taks
amixture H = G +(1  )GP of any two embedded graphsG and G° with Spread(G) = Spread(G% = ¢
and Opt(G); Opt(GY s, then SpreadH ) is againc, and also Opt(H) s by a simple averaging argument.
Hence we can average an SDP gap instand@ over all rotations of space, and preserve the gap. When we
do this we get an ‘in nite embedded graph' whose vertex set isall of S" ! and whose edge distribution is
‘symmetric', in the sense that the density on the pair ; v) depends only on the inner productu v. In fact,
the * -distribution' of the symmetrized graph is precisely the original -distribution P(G).

De nition 3.2  Let P denote any discrete probability distribution on[ 1;1]. We de ne the d-dimensional

symmetric embedded graphSé,d) to be the embedded graph with vertex s&® ! and edge distribution over
sd 1 sd 1 given by drawing a random pair of unit vectors with inner prodict , where itself is drawn
from P.

Thus we have reduced the search for graphs with large SDP gaptthe search for -distributions P such
that Spread(P) = c (i.e., the mean of P is 1  2c¢) but Opt( S,(,d)) is small. Indeed, Feige and Schechtman's
SDP gap instance [FS02] is precisely of this form; roughly spaking, they take P to be the distribution with
all of its mass concentrated on 1 2c.

Unfortunately, analyzing Opt( S,(,d)) is not so easy; we will come back to the problem later. For nowet us
move to the algorithmic side of things. We have seen that we aareduce the problem of nding large SDP
gaps to studying symmetric embedded graphs. Can we similaylreduce the problem of nding large cuts in
arbitrary graphs to studying symmetric embedded graphs? The observation here is that, in some sense, this
is just what the RPR? algorithm is doing. Consider the steps of the algorithm fromDe nition 1.8. RPR ?
algorithms do not use the fact that the SDP solution they operate on is optimal; hence we can mentally
dispense with Step 1 (semide nite programming) and view RPR algorithms as simply taking an embedded

4Although we disallow self-loops in Max-Cut inputs, we allow  them in embedded graphs. One reason for this is that there
is no guarantee that every optimal SDP embedding g:V ! S" 1 is injective.



graph G as input and trying to nd a large cut in it. Next, recalling th at the d-dimensional Gaussian
distribution is spherically symmetric, we see that the RPR? algorithm can, at a rough level, be thought of
as: (i) implicitly constructing the symmetrized version of G; and then, (ii) outputting the “one-dimensional'

fractional cut r. We will make this idea more precise in the next section. For ow, we note that if RPR?

algorithms are to achieve the SDP gap, it must in some sense bthe case that optimal cuts in symmetric
embedded graphsS,(:d) are “one-dimensional'. The key to our determination of Gagpp (C) is showing that

this statement is su ciently true.

3.2 Gaussian mixture graphs

By now our analysis is heavily dependent on understanding Off S,(,d)), where P is a distribution with mean
1 2c. l.e., we want to determine

su E E 1 Llh) h):
h:sd 1!? 1;1] P (uyv) s9 1 gd1 [2 2 (u) hv)]
with hu;vi =

This is somewhat complicated by the fact the distribution on vertices | i.e., the uniform distribution on the
surface of the sphere | is not a product distribution, and dep ends in a nontrivial way on the dimensiond.
It is possible to at once avoid this di culty and hew much more closely to the RPR framework by replacing
the uniform distribution on S¢ 1 by the d-dimensional Gaussian distribution.

De nition 3.3  Let P denote any discrete probability distribution on[ 1;1]. We de ne the d-dimensional
Gaussian mixture graph G‘(Dd) to be the probability measure orR? RY given by drawing a pair of * -correlated
d-dimensional Gaussians', where itself is drawn from P. In the cased = 1, we simply write G-. By -
correlated d—dirﬂensional Gaussianswve mean a pair (x;y), where x is a standard d-dimensional Gaussian

and y x+ 1 2Z, with Z being anotherd-dimensional Gaussian independent of¢. Note that this
distribution is symmetric in x and y.

Gaussian mixture graphs, with P concentrated on 1 and % were introduced in [KOO06] to show SDP gaps
for c near 3.
2

Regarding the e ect of switching from S,(,d) to G,(,d), recall that the Gaussian distribution in a high
dimensiond is very similar to the uniform distribution on the sphere of radius  d. Using this fact, it is not
too hard to show that when Spreadf) = ¢ we have SdpG(Pd)) ¢ 04(1), via the embedding x 7! x=kxk.
Thus we can equally well search for SDP gaps based on Gaussianixture graphs. As for algorithms, the
RPR? framework now has a very simple interpretation: Given an emiedded graphG with -distribution P,
the RPR? algorithm implicitly converts it to G- and cuts it with the rounding function r. More speci cally,
the expected value of the cut produced by RPR on graph G is:

- 11
Algrpr2(G) = E (U;F) E[Z sr(u Z)r(v Z)]

- 1 1 = .

= B o En B HOMON = el (0 @

1-dim Gaussians

The reader can now see that giverG, an RPR? algorithm should strive to take r to be the optimal cut
r:R! [ 1;1] forG (i.e., G‘(Dl)). This leads us to two questions:

1. Can wealgorithmically determine anr which gives a near-optimal cut forG ?

2. Whether or not we can, would this be enough to match the SDP gp? In other words, is it true that
for all -distributions P with spread c 2 [%; 1],
Opt(Gp) inf  Opt(GY)? (5)
Cc

P 0 with mean 1

Here the left-hand side represents what we hope to achieve gdrithmically with RPR 2, and the right-hand
side represents the upper-bound on Gagyp (€) we can achieve using Gaussian mixture graphs.



Question 2 above is the heart of the matter; we describe its armative answer in the next section. For
now, let us discuss Question 1. Although analytically we doft know the optimal cut for G, there is a
feeling that one could algorithmically nd an r coming within  of the optimum by using the Feige-Langberg
idea of trying "all' possible r, suitably discretized. Indeed, Feige and Langberg wrote tht if one only
considers “well-behaved' rounding functionsr (suggesting piecewise di erentiable functions with bounded
derivatives) then one can construct a collection of 2°Y® =) many discretized rounding functions such that
one of them achieves a cut inG that is within  of that achieved by the bestwell-behavedrounding function.

Unfortunately, there is no guarantee that the optimal cut for G is is “well-behaved'. Even if it were
guaranteed to be piecewise di erentiable, we have no way ofrving that its derivatives don't depend on "n’;
i.e., the number of points in P's support. Thus we do not know of any way of e ciently (in n) discretizing
the search space for the optimal rounding function of a givenG . But luckily, in the next section we will
see that for the “worst' P, there is a relatively well-behaved optimal cutr; speci cally, there is an increasing
optimal cut. The fact that increasing functions are O(1=)-Lipschitz except on a set of measure means it
will be su cient to discretize the set of rounding functions r in a way depending only on and not on n.
Indeed, our actual algorithm for nding cuts of size at least S(c) in graphs G with Sdp(G) cis:

Algorithm 3.4  Perform the RPR2 algorithm, trying out all 2°@=") possible “-discretized' rounding func-
tions r.

The de nition of * -discretized' is given in Section 5. A discussion of the runimg time, poly(jVj) 2°@= ),
appears in Section 7.2.

3.3 Hermite analysis, Minimax, and Borell's Gaussian rearr angement

We now come to the main conceptual part of the determination ¢ Gapgpp , Namely proving (5). Suppose
we could show that for everyP? there was an optimal cut f for (Y that was “one-dimensional | i.e., of
the form f (%) = r(¢ %), wherer : R! [ 1;1] and d is any unit vector. It's easy to see that the value off
in G is just valg, o(r); hence we would show OptG‘(:do)) = Opt( Gpo), proving (5). Unfortunately, we do not
know whether this is the case. What wewill show, though, is that when P is the “worst' distribution, ()

has an optimal one-dimensional (and increasing, as promisg cut.

To start, we take advantage of our switch to Gaussian graphsthis allows us to express the value of cuts
f :RY! [ 1;1] using "Hermite analysis' (akin to Fourier analysis overf 1;1g"). Speci cally, given a cut
f one has 2 3

X .
valgo ()= 3 3 EP4 fys)? i8i5; (6)
S2Nd

P
where eachfb(S) 2 R is a "Hermite coe cient', and jSj denotes id:l Si. Using this formula one can easily
show that any optimal cut f may as well be odd; i.e., satisfyf ( %) = f (%). Further, when f is odd, the
sum in (6) can be restricted to only be overS's such that jSj is odd.

We now make the following observation: For xed oddf , the expressionS ( ) := P isj odd l‘b(S)2 ISl s a
polynomial in  (power series, actually) with nonnegative coe cients and only odd powers. This means that
it is convex for 0 and concave for 0. Now suppose we keefp xed but vary the -distribution P,
subject only to it having mean 1 2c. Using formula (6), one sees that we can make vgid) (f) as low as the

value of the convex lower envelope 0% %S ()at1 2c. Further, by the convexity/concavity described,
one achieves this by concentrating all ofP's probability mass on at most two points: some negative nhumier
0, and possibly also 1.

De nition 3.5  We call a discrete probability distribution P on[ 1;1]a (1; o)-distribution if P puts positive
probability on some 1 o 0, nonnegative probability onl1, and zero probability on all other values in
[ 1;1]5

5At this point we have de ned all of the terms necessary for the  de nition (3) of S(c).
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These considerations suggest that the Gaussian mixture gghs with lowest Max-Cut are those based on
(1; o)-distributions. This doesn't constitute a proof, though, because we xed the cut and the graph in the
wrong order: we are supposed to x the distribution P rst and then choose the optimal cut. Ultimately,
though, we prove that (1; o)-distributions are the worst case for Gaussian mixture graphs by using the von
Neumann Minimax Theorem: we can reverse the order of xing the distribution and the cut if we allow the
“cut Player' to choose a distribution on cuts. Fortunately, the convex combination of S ( ) polynomials has
the same convexity/concavity properties as a single one, sthe previous argument goes through. Unfortu-
nately, one also has to overcome some rather severe discedtion/compactness complications to use the von
Neumann Theorem in this in nitary setting.

At this point we essentially have that the Gaussian mixture graphs with smallest Max-Cut are those
based on (3 o)-distributions. Finally, we are able to deduce that in such graphs there are optimal, one-
dimensional, increasing cuts through the use of Borell's rerrangement inequality for Gaussian space [Bor85].
Borell's theorem implies that for 2 [0; 1], the quantity S ( ) can only increase if one ‘rearranged''s values

into an increasing, one-dimensional function. IfG = G‘(,d) is a Gaussian mixture graph with P a (1; o)-
distribution, then formula (6) tells us that val ¢ (f) is (up to an additive %) a negative linear combination
of & (1) and S ( o). It turns out that S (1) is just E[f 2], which doesn't change under rearrangement, and
whenf isodd S ( 9) = S ( o); hence Borell implies that this quantity decreases under earrangement.
This proves that indeed there is a one-dimensional and incrasing optimal cut.

Thus we establish that (5) holds and that the right-hand side in that inequality is precisely S(c).

3.4 The remaining proofs

As for the remaining proofs in the paper: the construction of optimal Dictator-vs.-Gaussianic tests from
Gaussian mixture graphs mimics the proof of the Majority Is Sablest theorem using the “Invariance Principle'
from [MOOO05]; the poly(1= )-time algorithm for computing S(c) within , promised in Theorem 2.1, involves
combining the Karush-Kuhn-Tucker conditions with Borell' s theorem; and, the remaining work involves
careful discretization arguments.
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4 Gapgpp(€) S(c): Hermite analysis and Borell's rearrangement

In this section we prove Gappp ()  S(C); i.e., we show that for eachc 2 [%; 1] and > 0, there exists a
graph G exhibiting a large SDP gap: SdpG) cand Opt(G) S(c)+ . We remind the reader here of the
de nition of S(c):

S(o) = inf su valg, (r):
( ) (1; o)-distributions P r:R! [pl;l] P( )
with mean 1 2c increasing, odd

4.1 SDP gaps via Gaussian mixture graphs

As described in Sections 3.2 and 3.3, the graphs we use to ekitiSDP gaps will be high-dimensional Gaussian
mixture graphs based on (1 )-distributions. Since these are in nite graphs, we will need to extend a number
of our basic de nitions, including "Sdp(G)' and "Opt( G)'. The reader may object that these will not proper

SDP gap examples because the graphs are in nite and also hawself-loops (one might even object that the
graphs are weighted). However in Appendix B we show that thes issues can be circumvented:

Proposition 4.1  SupposeG = G,(Dd) is a Gaussian mixture graph with Sdp(G) ¢ and Opt(G) S.
Then for any > 0, there is a nite, self-loopless, unweighted graphG® (with n = (1=)° vertices)
with Sdp(G% ¢ and Opt(GY s+

The proof of this proposition essentially only uses straigkforward, already-known ideas [FS02, ABH" 05,
KOO06]. The reader should also note that arbitrarily small losses inc are also immaterial, since we can show
(essentially a priori) that Gap gpp (C) is continuous:

Proposition 4.2  The function Gapgpp is continuous on [%; 1], and strictly increasing from % to 1.

The proof of this proposition is in Appendix A.

Extending the basic Max-Cut de nitions to in nite graphs is quite straightforward; see [KO06]. Here we
will just treat the special case of Gaussian mixture graphswhich require a little extra care due to the fact
that they can have “self-loops'. To begin, we de ne cuts and alue as before: A (fractional) cut for G,(Dd) is
any measurable functionf : RY! [ 1;1], and

valgo (F) = E 3 3F0Of ()

P (x;y) -corr'd
d-dim. Gaussians
Since we allow “self-loops’ (i.e.P's with probability mass on 1), one should note that we can't necessarily

nd “proper' cuts with value at least that of fractional cuts . We de ne Opt( G,(,d)) to be the supremum of the
value over all fractional cuts.

Second, we de ne SdpG,(Dd)) essentially as in the SDP (2):

sdp@”)= sup E [5 Zg(u) g(v)I:
g:RIl By (U3V)

Some comments on this de nition: Again, because of self-Iqus, it is not necessarily true that the optimal

embedding g maps into the surface of the ballS? 1. As it happens, though, we are only concerned with
proving lower bounds on Sdp@gd)), and the embeddings we will use happen to map intoS¢ ! anyway.

Second, the most natural de nition of Sdp(G) for an “in nite graph’ G would allow embeddings intoB, and

have an additional sup overm 2 N. But again, we will end up only considering embeddingsR? | S¢ 1 for

G‘(,d), so we choose to make the above simpler de nition.

Having made these de nitions, the goal of this section is to pove the following two theorems:

Theorem 4.3 LetG = G‘(Dd)pbe ad-dimensional Gaussian mixture graph, and let = Spread(P) = E [%
% ]. Then Sdp(G) ¢ O( logd=d), via the embeddingg: RY! S¢ * mapping x to x=kxk.®

69(0) can be set arbitrarily.
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Theorem 4.4 lLetG = G‘(:d) be ad-dimensional Gaussian mixture graph for whichP is a (1; o)-distribution.
Then the optimal fractional cut for G is achieved by an increasing, odd, “one-dimensional’ cut;e., a function
s:RY1 [ 1:;1] of the form s(x) = r(x1), wherer : R! [ 1;1]is increasing and odd.

Theorem 4.3 is just a calculation; the heart of the matter is Theorem 4.4.

Before proving these theorems, let us see how together theynply Gapgpp (€)  S(c). Let P be a (L, o)-
distribution achielying the inf in the de nition of S(c) to within . Now considerG = G,(,d). By Theorem 4.3,
Sdp(G) c¢ O( logd=d. On the other hand, Theorem 4.4 implies that

Opt(G) sup valg (s):
s:RY [ 1:1)
one-dimensional, increasing, odd
But when s is one-dimensional,s(x) = r(x1), it's immediate from the de nitions that val ¢(s) = val s (r).
P
Thus we have Opt(G) S(c)+

Having determined this Gaussian mixture graph G with Sdp(G) c O(IO logd=d) and Opt(G)
S(c) + , we are essentiallb done. Using Proposition 4.1 we can comteG to a nite, self-loopless graph
GO with Sdp(G‘a ¢ O( logd=d and Opt(G) S(c)+2 ; since > 0 is arbitrary this proves that
Gapgpp (¢ O( logd=d))  S(c). Now by the continuity of Gap spp (Proposition 4.2), we conclude that
Gapgpp (€)  S(0).

4.2 Proof of Theorem 4.3

Theorem 4.3 Let G = G,(;’) be agl-dimensional Gaussian mixture graph, and letc = Spread(P) =
E pl3 31 ThenSdpG) c O( logd=d), via the embeddingg: R?! S% ! mappingx to x=kxk.

Proof: As stated, let g(x) = x=kxk, which maps R onto S¢ 1. (The value of g(0) may be set arbitrarily
since the probability that one of G‘(Dd) 's “edges' involves 0 is 0.) We need to show:

1

E E =

P (x;¥) -corr'd 2
d-dim, Gaussians

x ¥

p —
kxk kyk Ep[% 21 O( logd=0):

NI =

Clearly it su ces to prove the following:

E x ¥
(x;y) -corrd kxk kyk

d-dim, Gaussians

forall 2[ 1;1], + O(p logd=d): @)

This can be considered a standard probability result. Insic the expectation, in the numerator, we have

X
X ¥= XiYi;

i=1
and the summandsx;y; are i.i.d. real-valued random variables. The expectation 6x;y; is , and the variance
and third absolute moment are bﬁunded by absolute constants Thus the Berry—lf,s_seen theorem implies that
x y will be inthe range d O(" dlogd) except with probability at most O(1= d). In the e_nomirﬁltor_,it
is well-known (and a similar argumerbt_shows) thatkxk and kyk will each be in the ragge d O(" logd)
except with probability at most O(1= d). Hence except with probability at most O(1= d) we have that

x vy d+odlgd)
kek kyk ("d o("Togd)(" d O(" logd))

Since ¢ k§_k is bounded above by 1 always, we gain at mosﬁ)(1=p d) in the exceptional cases, and conclude
that (7) indeed holds. 2

+ O(IO logd=d):
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4.3 Proof of Theorem 4.4

Before proceeding with the proof of Theorem 4.4 we record herthe basic facts from "Hermite analysis' we
will use throughout this work.

The space of functionsL?(RY) under the Gaussian distribution has a countable orthonormal basis given
by products of nlgrmalized Hermite polynomials. These prodets are indexed by vectorsS 2 N9; we use the
notation jSj for id:l Si, which is also the degree of the product polynomiaHs. We can express any such
function f via its "Hermite expansion’,

X
f(x)= (S)Hs (x);

S2Nd
with convergence inL2-norm. We make frequent use of the following de nition:

De nition 4.5 Givenf 2 L2(RY) and 2 [ 1;1], the noise stability of f at is

sf)= __E | [f C)f (3)]:
(%;y) -corr'd
d-dim. Gaussians

(Note that we reversed the notational position of and g in Section 3.3 for clarity of exposition.) The
following basic facts about Hermite expansions are well knen; see, e.g., [KO06] and the references therein.

Proposition 4.6
1. S(f)= P e 1SI(S)2.
2. 8uf)= " gone S = EIF2L
3. If f is an odd function (i.e., f( x)= f(x)), then 1b(S) =0 unlessjSj is odd.
4. If f is an odd function thenS (f)= S (f).

We also immediately deduce the following fact:

Proposition 4.7 Assumef is an odd function. Then as a function of , S (f) is a power series with
nonnegative coe cients, odd powers of only, and radius of convergence at leasl.. In particular it is an
odd function of , strictly increasing on [ 1;1], O at O, concave on[ 1;0], and convex on[0; 1].

We now proceed with the proof:

Theorem 4.4 Let G = G,(,d) be a d-dimensional Gaussian mixture graph for whichP is a (1; o)-
distribution. Then the optimal fractional cut for G is achieved by an increasing, odd, ‘one-dimensional'
cut; i.e., a function s: R4 ! [ 1;1] of the form s(x) = r(x1), wherer : R! [ 1;1]is increasing and odd.

Proof: SupposeP has weightp on the point 1 o 0 and weight 1 p on the point 1. Let (f;) be a
sequence of measurable fractional cutd,; : RY! [ 1;1], for which valg (f;) % Opt(G). We have

= 1 15 : -1 1 T
vas(f)= €, E_ B eOfi= 4 5 EIS ()
d-dim. Gaussians

and hence

1 2vals(fi)=(@1 p)Su(fi) + pS,(fi): 8
Consider now replacingf; by f°%, the function RY ! [ 1;1] given by f°%(x) = (fi(x) fi( x))=2. Itis
well known that f‘?’dd(S) equalsib.(S) for odd jSj and is O for evenjSj. Thus when we make this replacement,
Si(fi)= 1"}(8)2 only decreases, and similarhys ;(fi) = ¢ 1b.(S)2 {)Sj only decreases (using the fact that
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o 0). Thus (8) only decreases, and hence vg(f;) can only increase. Thus we may assume eadh is odd.

Given this assumption and using Proposition 4.6.4,
1 2vals(fi) = (8 = (@ PEI] pS ,(fi): ©)

We now appeal to the Gaussian rearrangement inequality of Brell [Bor85], which implies that for any
function f; 2 L2(RY) and any nonnegative ,

S(fi) S(f)

here f; is the Gaussian rearrangement off;, an increasing, one-dimensional function. Suppose then we
replace eachf; by f; . Since it holds that E[(f; )2] = E[f?], the rst term in (9) does not change. But

o is nonnegative, so we can use Borell's result to conclude thahe second termS (f;) only increases.
Hence (9) only decreases under Gaussian rearrangement antus valg (f;) only increases. Thus we may
replace all of thef;'s by their Gaussian rearrangements. Note that an odd functon, when rearranged, is still
odd.

We now have a sequence of one-dimensional, odd, increasingn€tions r; : R! [ 1;1], with valg(r;) %
Opt(G) (we abuse notation here slightly instead of writing valg (s;) wheres; : R4 ! [ 1;1] is de ned by
si(x) = r(x1)). It is well known that using a Helly-type proof we can pass to a subsequence that converges
a.e. to an increasing, one-dimensional functiorr, which must also be odd. Dominated convergence then
implies that valg (r) = Opt( G). 2

5 Gapspp(c) S(0): Discretized RPR 2 and Minimax

In this section we show that Gapspp (€)  S(€). As described in Section 3.2, the idea will be to randomly nd
cuts in a given embedded graph by trying the RPR algorithm with all' increasing, odd rounding functions.
Of course, we actually only try "all' such functions up to sone discretization. Speci cally:

Denition 5.1  Given > 0, let | denote the partition of R nfQ0g into intervals,
I =f (1 ; B (B B+ 7 (B+ % B+27%:; (257 (%3

whereB = B( ) is the smallest integer multiple of 2 exceedingp 2In(1=). We say that a functionr : R!
[ 1;1]is -discretizedif the following hold:

r is identically 1on (1 ; B], 0atO0, and identically 1 on [B;1 ).
r's values on the nite intervals in | are from the set Z\ ( 1;1).

Note that the number of dierent -discretizedr's is 20= ).

The main theorem we prove in this section is the following:

Theorem 5.2 There is a universal constanf K < 1 such that for all ¢ 2 [%; 1],

inf max valg, (r) (20)
discrete dists P on [ 1;1] -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd
is within K of
S(c) = inf su valg, (r):
© (1; o)-distributions P rRI [pl;l] (1)
with mean 1 2c increasing, odd

7Borell only proves this for f; Lipschitz and nonnegative, but both conditions are inessen tial; the rst can be removed by
standard approximation arguments and the second simply by a dding a su ciently large constant. Alternatively, one can u se
the alternate proof of Borell's theorem due to Beckner [Bec9 2].

8|n future results in this section, dierent  K's may have di erent values; however they never depend on cor .
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Aside from discretization issues, the main idea here is usgnHermite analysis and the von Neumann Minimax
Theorem to show that “worst' -distribution is a (1; o)-distribution. Incidentally, the discretization issues
are not just necessary because we want a nitary algorithm; n fact, discretization is also necessary for the
employ of the Minimax Theorem (which also requires a nitary setting, or at least some kind of continuity
and compactness).

Let us explain how we can use Theorem 5.2 algorithmically:

Theorem 5.3 Let G be any (discrete) embedded graph with spread If we run Algorithm 3.4 on G, trying
RPR? on G with all possible increasing, odd -discretized rounding functionsr, then at least one will achieve,
in expectation, a cut of value at leastS(c) O( ). In particular, there exists a cut in G with value at least
S(c).

Proof: Given any r, the observation (4) from Section 3.2 implies that Alggpg2(G) = val ¢, (r). Thus the
suggested algorithm achieves at least (10), which by Theora 5.2 is at leastS(c) K . As for the last
statement in the theorem, we've in particular shown that there exists some cutf :V ! [ 1;1] with value
at least S(c) K . Taking ! O we can get a sequence of cutls with limsupvalg(fi) S(c). But since
each cut is just a point in the compact, nite-dimensional cube [ 1;1]V! and since vak () is continuous, we
can extract a limiting cut f with value at least S(c). 2

Corollary 5.4 For each c 2 [%; 1] it holds that Gapgpp(€)  S(c). Indeed, there is an algorithm which,

given any graphG with Sdp(G) cand any > 0, runs in time poly(jVj) 2°0¢= “) and with high probability
outputs a proper cut in G with value at leastS(c)

Proof: Given G, we can solve the semide nite program and nd an isomorphic enbedded graphG° with
spread at leastc. It is quit% easy to decrease the spread of an embedded graphtatrarily; for example,
map eachx 2 S" Yto (tx; 1 t2) 2 S" forat 2 [0;1] of one's choosing. Thus we may assume tha®®
has spread exactlyc. Now the algorithm from Theorem 5.3 (which has the dominating running time stated)
is used to obtain a cut with value at leastS(c) O( ). As > 0 can be arbitrarily small, this establishes

Gapspp (€)  S(0).

Some minor algorithmic details are discussed more carefyllin Appendix C. One we need to mention
explicitly is that our algorithm cannot solve the SDP exactly. Instead, we can use it to nd an isomorphic
graph with spread exactly c 2. Then the algorithm will nd a cut with value at least S(c  2) O().
Since we now knowS = Gap gpp, We can inspect the proof of Proposition 4.2 and conclude thaS(c ~ ?)
S(c¢) 9(_2) if cis bounded away from 1, and we can use the factthat Gaghp (1 ) =1 arccos( 1+2 )= =
1 ) (from Goemans-Williamson) to conclude that S(c  2) S(c) O()if cis close to 1.2

We discuss the issue of the running time's dependence ofin Section 7.2.

Combining Corollary 5.4 with the results of Section 4 complges the proof that

Gapgpp (€) = S(¢):
The remainder of this section is devoted to proving Theorem 2. The proof will proceed by transforming (10)
into S(c) in several steps. Each step will modify the range of either he inf or sup, while changing the overall
value by at mostK .
5.1 Discretizing distributions

The rst step involves showing we can discretize thedistributions P appearing in (10). This will facilitate
our application of the Minimax Theorem.

Denition 5.5 Let c 2 [%;1] be given and xed. We say that a discrete distributionP on [ 1;1]is -
discretized if its support is contained in Z[f 1;1g.
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Lemma 5.6 There is a universal constantK < 1 such that for eachc 2 [%; 1],

(x0) = inf max valg, (r)
discrete dists P on [ 1;1] -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd
is within K of
inf ~ max valg, (r): (11)
".discretized dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd

Proof: In fact, (11) is clearly at least (10), since the inf is over a saller set. To show the di erence is at
most O( ) it su ces to show that every discrete distribution P on[ 1;1] with mean 1 2ccan be converted
into an ’-discretized distribution P°with mean 1  2c such that

valg, (r) valg,o(r) O()

N N (L) Bo oy Fearg TOOTONT 00) (12)
Gaussians Gaussians

holds for for every -discretized, increasing, oddr.

The conversion ofP to P°proceeds as follows. For each atom; of P, choose ¢ %to be the two values
in “Z[f 1;1g which straddle ; as closely as possible. Write also; = ; 9+ (1 ) % ;2 [0;1]. We
form P?be replacing each atom ; with probability mass p; in P with the pair of atoms ?, %with masses
pi i, pi(1 i), respectively. We have that P is indeed an ”-discretized distribution with the same mean

asP, namely 1 2c.

Notethat j © j;j 9 §j 7 always. It's easy now to see that (12) will follow if we can shev

E  [r(x)r(y)] LE o Ir(r(y)]l - O() (13)
(x;y) {-corrd (x;y) i-corr'd
Gaussians Gaussians

holds for all -discretized increasing oddr, using only j °  j ”. Now the left side of (13) is equal to
jSo(r) S,(r)j, and r here is odd. Thus by the increasing/concavity/convexity properties of S (r) given
in Proposition 4.7, we immediately see that the largest posble of jSo(r) S, (r)j value would occur when
9=1and ;=1 7 (orequivalently, °= 1, ; = 1+ 7). Thus the proof of (13) and hence the

theorem follows Claim 5.7 below.2

Claim 5.7 For every xed -discretized, increasing, oddr,

LE )yl E rer(y)l  O():
(x;y) 1-corrd (x;y) @ 7)-corrd
Gaussians Gaussians
Proof: Write = 7. Since 1-correlated Gaussians are identical, we are comgag

(x;y) (1 E )-corr'd [I’ (X)r(y)]
Gaussians

with E[r(x)?]. Using the fact that r is -discretized, it su ces to show that when (x;y) is a pair of (1 ~ )-
correlated Gaussians, the probability that x and y land in di erent intervals from | (recall De nition 5.1)
is at most O( ). We will rst give up on the half-in nite intervals in | ; using the fact that x andy are both
individually distributed as Gaussians, the probability th at either of them ends up at leastB 2In(1=)
in absolute value is at mostO( ) anyway. Also, the probability that either lands on 0 is 0. It remains to
consider the intervals of the form| =[t;t + 2), where 0 t<B (the case of negative intervals will be the
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same). The probability density function for x is nearly constant over the interval | ; in particular, the ratio
between its values att andt+ 2 is exp( 2t + “=2), which is close to 1 (since <B = O( log(1=))). Even
just using that it is at most 2, we conclude that conditioned on x falling into |, the probability that x falls
into[t+2 3t+ 2 Slisatleastl OB 3=2)=1 0O().

P By losing O( ) probability, we will assume this happens. In this case,y is distributed as (1 )X +

1 (1 )2N(0;1), whereN(0;1) is a standard normal. Notethat (1 )x=x x x B x 3,
since x 'B 3. Hence we have (1 )x 2 [t+ 3;t+ 2 3]. Given this, the conditional probability
that y won't also fall into | is at most the probability that =~ 1 (1 )2N(0; 1) will exceed 2 in absolute
value. But the standard deviation of this normal is O(" 7) = O( ¥%), so the probability it will exceed 2 in
absolute value is exponentially small in , certainly smaller than O( ). Thus we've shown that except with
probability at most O( ), x and y will fall into the same interval from | , and this completes the proof of
the claim. 2

5.2 Minimax

The next step in the proof of Theorem 5.2 is to reinterpret the space of “-discretized distributions P with
mean 1 2c

Fact 5.8 Any ’-discretized distribution P with mean 1  2c can be expressed as a convex combination of
2-point ’-discretized distributions each with meanl 2c (and vice versa, clearly).

Here, by a "2-point distribution' we mean one whose supports on at most two points (i.e., either one or two
points).

Proof: This fact can be considered standard. One proof sketch is théollowing: Given any ’-discretized
P with mean 1 2c, pick any two points which straddle 1 2c and on which P has positive probability
mass (the two points may coincide in casé® has mass on 1 2c¢). Such a pair must exist becauseP has
mean 1 2c. Take the mean-(1 2c) probability distribution over this pair and “remove it fro m P’ (i.e.,
subtract and rescale) to the greatest extent possible. Thiswill preserve the mean ofP being 1 2c, and it
will also causeP to have support on (at least) one fewer point. Repeat this pra@ess until P is empty; the
pairs extracted give the required combination of 2-point dstributions. 2

The next step is to reverse the inf/min and max in (11) using the von Neumann Minimax theorem.

Lemma 5.9
(11) = min . max valg, (1) (14)
7 _discretized dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd
= max min E [valg, (r)]: (15)
probability distributions R over 2-point  ’-discretized dists P r R
-discretized, increasing with mean 1 2c
odd r:R! [ 1;1]

Proof: Note that (11), which has an inf, is not precisely the same as14), which has a min. We will show
that (11) equals (15) using the Minimax theorem. Since a corblary of the Minimax theorem is that the inf's
and sup's involved are achieved, this will imply that (11) is equal to (14) and that we can write min and
max everywhere.

Consider a zero-sum game between a "Distribution Player' ath a "Function Player'. Acting simultane-
ously, the Distribution Player chooses a 2-point “-discretized probability distribution P with mean 1  2c,
and the Function Player chooses an increasing, odd,-discretizedr : R! [ 1;1]. The payo is valg, (r) to
the Function Player from the Distribution Player.

Note that both players choose from a nite set of strategies;for the Distribution Player, this uses the
fact that for any pair of discretized points, there is at most one distribution with mean 1  2c supported on
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this pair. Therefore we may apply the von Neumann Minimax theorem. We conclude that the game has
some value, which is achieved in both of the following scen#@s: (a) the Function Player goes rst and gets
to choose a mixed strategy, and then the Distribution Playergoes second and gets to choose a pure strategy;
and, (b) the Distribution Player goes rst and gets to choose a mixed strategy, and the Function Player
goes second and gets to choose a pure strategy. The value in) (a clearly (15). As for the value in (b), we
claim it equals (14). This follows from Fact 5.8, along with the fact that if we identify a P with a convex
combination of 2-point distributions Q, then for any r,

E [valg, (r = E E E L Ley)r
Q P[ GQ( 2 Q P Q (x;y) -corrd [2 2 C)r(y)]
Gaussians
= E E i1 = I :
P (xiy) -corrd [2 ZF(X)I’(y)] val G (r)
Gaussians

Hence (14) equals (15) and the proof is complete2

5.3 More Minimax; Convexity and Concavity

In the next step, we use the special properties ofS (r) for odd r given in Proposition 4.7, along with
further Minimax-based reasoning, to deduce that the "Distibution Player' essentially may as well use a
(1; o)-distribution. This idea was discussed in Section 3.3.

De nition 5.10  We say an ’-discretized distribution P is almost-(1; o) if it is the mixture of two (1; o)-
distributions for which the two ¢ values are neighboring (or equal) discretized values.

Lemma 5.11
(14) = min ~ max valg, (r)
".discretized dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd
= min - max valg, (r): (16)
7_discretized almost- (1; o)-dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd

Proof: Let P denote an -discretized distribution with mean 1  2c achieving the min in (14); i.e.,
an optimal mixed strategy for the Distribution Player. Let R denote a distribution over -discretized,
increasing, oddr achieving the max in (15); i.e., an optimal mixed strategy fa the Function Player. The
Minimax Theorem further implies that P is an optimal strategy for the Distribution Player given tha t the
Function Player usesR . l.e., P is a minimizing choice forP in the following:

min E [valg. (r)I:
"_discretized dists P R
with mean 1 2c
Now
= i1 = 1 1 .
E [valg, (r)] = E E ) E—corr'd 2 Zr(x)r(y)l } 3 E E IS (N)]:
Gaussians

and so it follows that P is a maximizing choice forP in the following:

max E E [S ()
7.discretized dists P Pr R
with mean 1 2c

Suppose we X a particular odd r. We now have the special properties ofs (r) as a function of given
in Proposition 4.7. We also claim that the convexity and conavity of this function are essentially strict ;

i.e., S (r) is not linear on any open interval. For otherwise, by analyticity, dizzs (r) would have to be 0
everywhere on [ 1; 1], implying that r is equal (in the L? sense) to a linear function. But an -discretized
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function cannot be linear, since it is constantly 1 on (1 ; B]and constantly 1 on [B;1).

Next, note that all of the properties mentioned in Proposition 4.7 are maintained under nite convex
combinations, in particular because rst and second derivdives are linear. Hence if we de ne

a )= E [S(r);
r R
we conclude thatq( ) is also an odd function of , strictly increasing on [ 1;1], 0 at O, concave on [ 1;0],

convex on [Q1], and not linear on any open interval. An illustration of what g may look like is given in
Figure 1.

0.59

-0.54

14

Figure 1: lllustrative g( ), with least concave upper boundq( ).

Recall now that P is a maximizing choice forP in

max E [( )l:

7 _discretized dists_ P
with mean 1 2c

To complete the proof, we will show that this forcesP to be almost-(1; o). Suppose we rst disregard
the constraint of being ’-discretized. Then it is easy to see that the maximum value inthe above is equal
to g(1 2c), where g denotes the least concave upper bound of the functiom. We have that g equalsq
on some interval [ 1; o], where ¢ < 0, and is a straight line joining q( o) and q(1) on [ o;1]. Further, in

this case there would be a unique maximizing® : either the 1-point distribution concentrated on 1  2c, if

1 2c 0, or the (1; o)-distribution with mean 1  2c,if1 2c 0-

Now we reintroduce the constraint that P must be ’-discretized. Let @ denote the piecewise linear
function which interpolates g's values on the discretized points “Z. We now have that the maximum value
of E plg( )] is equal to @1 2c), where againg is the least concave upper bound ofg. The function g
is still odd, strictly increasing, concave on [ 1;0], and convex on [01]; hence again the functiong equals
g on some interval [ 1; o], where ¢ < 0, and is a straight line joining q( o) and q(1) on [ ¢;1]. The only
di erence now is that the point ¢ is not necessarily unique; there may be two consecutive pobdlities, if
the “secant' at one of the possible o's is parallel to one of the line segments touchingy( o). (Note that there
cannot be more than two possible g's, since otherwise the graph ofg would have three distinct collinear
points on [ 1;0] and would thus be linear on some open interval.) We conclud that any maximizing P
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must have all of its support among 1 and the (at most) two discretized values that straddle o;i.e., P must
be almost-(1, o). 2

Finally, we can convert almost-(1; o)-distributions to (1 ; o)-distributions:

Lemma 5.12 There is a universal constantK < 1 such that for eachc 2 [%; 1],

(16) = min ~ max valg, (r)
" -discretized almost- (1; o)-dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd

is within K of

min ~ max valg, (r): a7
_discretized (1; o)-dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd

Proof: We sketch the proof, which uses the same ideas used in the prbof Lemma 5.6. We need to show
that any almost-(1; o)-distribution P with mean 1 2c can be converted into a (1 o)-distribution P°with
mean 1 2c in a such a way that val(r) changes by at mostO( ) for every -discretized, increasing, odd
r. If P is already a (1, o)-distribution then we are done. Otherwise, it has support s two neighboring
discretized values, say § < ¢ Since the mean ofP is 1 2c we must have § < 1 2c. We now form
PO by pushing the weight that P gave to $%onto 3. This changes the meanby ( & 8) 7, but we
can compensate for this by shifting a small amount of weight &t most 2 7) onto the support point 1. One
bounds the change in val() caused by these shifts byO( )+ O( Yviaj 3 §§ 7 and Claim5.7. 2

5.4 Undiscretizing

We have now reached (17), which is very close t&(c); the only dierence is that we have discretized
distributions and functions. We now “undiscretize".

Lemma 5.13 There is a universal constantK < 1 such that for eachc 2 [%; 1],

an = min ~ max valg, (r):
"_discretized (1; o)-dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd
is within K of
inf su valg, (r = S(o): 18
(1; o)-distributions P rRI [pl;l] P( ) (© (18)
with mean 1 2c increasing, odd

Proof: It is straightforward to see that the ideas from Lemma 5.6 canbe used to replace the min in (17)
with the inf from (18), changing the value of (17) by at most O( ). Thus we concentrate on discretizing the
functions. To that end, x any (1 ; o)-distribution P (in fact, our argument will hold for any distribution
on [ 1;1]). We will show that for any increasing, oddr : R! [ 1;1], there is an -discretized, increasing,
oddr%:R! [ 1;1] with jvalg, (r) valg, (r9j O(). This will complete the proof.

So letr be given. De ne the increasing, odd, -discretized functionr®: R! [ 1;1] as follows: On each
nite interval 1 in 1 , we will take r°to be identically equal to the value ofr on the midpoint of 1 ,° rounded to
the nearest integer multiple of (or 1, if one of these is closer). As necessary, we will also tak&to be identi-
cally 1on(l1 ; B]andidentically 1 on[B;1 ). We now argue that valg, (r% is within ~ O( ) of valg, (r).

The idea is that jr 1Y except on a set of small Gaussian measure. We will give up on ¢htwo
half-in nite intervals and include them in the exceptional set. As for the nite intervals in | , sincer is
increasing and bounded in [ 1;1], for at most 1= of these intervals canr increase by more than . On the
intervals where it increases by less than, we indeed havejr Y . Hencejr r9 fails on at most 1=

9Since we are working in L2(R), technically here we mean the value of any increasing repre sentative of r's equivalence class.
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intervals of width 2, plus perhaps the two half-in nite intervals (1 ;B]. Note that the total Gaussian
measure of these intervals is at mosO( ). It is thus easy to see that

= 1 1
vag, (= E, E o T5 3r00rw)l
Gaussians

is within ~ O( ) of valg, (r9: The probability that either x or y falls into the “bad' intervals is at most
2 O(), sincex andy are each individually distributed as standard Gaussians. h this case, the di erence
in values is at most 1. Otherwise, we have thatir(x) rox)j;jr(y) r%y)j , and then the di erence in
values is at mostO( ). 2

Combining all of the Lemmas 5.6, 5.9, 5.11, 5.12, 5.13, we hayproved Theorem 5.2.

We end with the following observation:

Corollary 5.14 Each sup in the de nition of S(c), as well as theinf, is achieved. Hence

S(c) = min max valg, (r):
(1; o)-distributions P r:R [ 1;1]
with mean 1 2c increasing, odd

Proof: (Sketch.) The fact that the sup is achieved for eachP is proved in Theorem 4.4. The fact that
the inf is achieved can be deduced by taking a converging subguence of ¢'s, and using the discretization
Lemmas 5.6 and 5.13 to show that the max's for close values of, are close.2

6 Estimating S(c) e ciently

This section is devoted to the proof of Theorem 2.1:

Theorem 2.1 There is an algorithm that, on input c 2 [%;1] and > O, runs in time poly(1=) and
computesS(c) to within

As Lemma 5.13 showsS(c) is within  O( ) of

1 = min ~ max valg, (r):
"_discretized (1 ; o)-dists P -discretized r:R! [ 1;1]
with mean 1 2c increasing, odd

Since we can enumerate all poly(% ) many ’-discretized (1, o)-distributions, it is clearly su cient to show
we can e ciently estimate
max valg, (r 19
-discretized r:R! [ 1;1] Ge ( ) ( )
increasing, odd
for any (1; o)-distribution P. In fact, for technical reasons, we will show how to estimatea slightly di erent
quantity. Speci cally, instead of using the rounding function discretization described in De nition 5.1, we
will use a di erent one:

De nition 6.1  Let > 0 be such thatl= 2 is an odd integer. We deneJ to be the partition of R into
1= 2 intervals of equal Gaussian measure?.'® We say that a functionr : R! [ 1;1]is 2-equidiscretized
if r is constant on each of the intervals inJ .

10\Which partition points are included in which intervals is im  material.
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We will show how to estimate
sup valg, () (20)
2.equidiscretized r:R! [ 1;1]
increasing, odd
to within ~ O( ) in time poly(1 =), wheneverP is a (1, ¢)-distribution. Although this quantity is not directly
comparable to (19), nevertheless with only minor modi cations to the proof of Lemma 5.13 one can show
that S(c) is also within  O( ) of

min sup valg, (r):
7-d|scr§tlzed (1 ; o)dists P 2_equidiscretized r:R! [ 1;1]
with mean 1 2c increasing, odd

(To see this, rst note that the function discretization ste p hardly changes. Second, the proof of Lemma 5.6
goes through with 2-equidiscretized functions as well because the intervalsiJ are only wider than the
intervalsin | .) Thus e cient estimation of (20) for (1 ; )-distributions is su cient to establish Theorem 2.1.

The reason for our rede nition of discretization is the following: it allows us to drop the conditions
“increasing, odd' from the optimization problem (20). Speccally:

Proposition 6.2 Let P be a(1; o)-distribution and consider the following optimization problem:

sup valg, (r): (22)
2_equidiscretized r:R! [ 1;1]

There exists an optimal solutionr achieving thesup which is both increasing and odd.

Proof: The proof is essentially identical to that of Theorem 4.4; the key point is that performing Gaussian
rearrangement on an 2-equidiscretized function yields another ?-equidiscretized function. 2

We now consider (21). SupposeP has weight 1 p on the point 1 and weight p on the point o;

of course,p = 2cH1 0). Let us index the intervals in J from left to right as | n;:::;lm, where
m=(1=2 1)=2. We identify an 2-equidiscretized function r with the length-(2m + 1) vector giving its
value on each interval; we will write rj for the entry corresponding tol;, m j m. Finally, we write

W for the (2m +1) (2m + 1) matrix whose (j; k) entry equals the probability that a -correlated pair of
Gaussians k;y) will satisfy x 2 1j;y 2 . Now
0 1
X X
vale, (N =3 3@1 p Wa(jik)rjre + p W (i k)ryreA

m jk m m jk m
and hence the optimization problem (21) is equivalent to theproblem
minimize r’ (1 p)Wi+ pW )r;
subjectto 1 r; 1 forall m j m:

We now consider the Karush-Kuhn-Tucker conditions for this quadratic program and conclude that any
optimal solution r must satisfy

X
(@ pPWi(k)+ pW (k))rk =0; forall j suchthat 1<rj < 1. (22)

m k m
These necessary conditions for the optimality of a roundingfunction were already determined by Feige and
Langberg [FLO6].

The key observation that lets us make e cient use of the condtions is that we know from Proposition 6.2
that there is an optimal increasing odd r . In particular, there is some 0 mg m such that

r = 1, forallj< my;
rp =1; forallj>my; (23)
1<rj <1, forall mg j mg:
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Thus algorithmically, we can try all possible values formyg, incurring only an O(1= ?) factor slowdown. For
each choice, we assume an satisfying the conditions (23), and we solve (22) for the remaining unknown
values; i.e., we solve the square system
X
(@ pWiik)+ pW (k)re =l forall mo j mo, (24)

mokmo

P _ _ P _ .
where = (1 pWi(k)+ pW ,(j:k)) m o (L PYWi(j;k)+ pW ,(j;k)). We are guaranteed
that there exists an optimal, feasible solutionr satisfying (24) for at least one value ofmg.

6.1 Evading singularity

The above discussion suggests a poly£l) time algorithm for computing (20) exactly. There are two pr ob-
lems we need to circumvent, however. The rst problem is that algorithmically, we cannot compute the
valuesW (j;k) | or even the endpoints of the intervals in J | exactly. The more challenging problem is
that the square system (24) may be singular, in which case it my produce in nitely solutions that would
need to be tried. As we will see, once we take care of the lattgproblem, the former will follow.

Let us write the square system (24) more compactly as
(T PMim,+ PM ;;mo)s= b; (25)

whereM ., , represents the square submatrix oMW corresponding to indices mg:::mg, and s represents
the truncation of the vector r to these indices. We may assume here thaing 1, since there is nothing to
solve for if mg = 0 (note that ry must be 0 by oddness). WriteM ;:my:p = (1 P)M1im, + PM jimg.

We are concerned about the possibility that detM ,.m,,p) = 0. More generally, we are concerned if
the condition number (M ,.m,;p) is very large, since in this case our inability to calculate the M .,
matrices precisely would lead to very inaccurate solutiongo (25). Since the matrix M ;.m,;p iS symmetric,
its condition number is

M omop) =1 max (M gimo:p)iT min (M gimo:p)is
where max and min denote largest and smallest eigenvalues in absolute valueSince eachM ., , is a
submatrix of the stochastic matrix W , its maximum eigenvalue is at most 1; hence we need only worry
about the smallest eigenvalue ofM .m,,p. Since Mim, is a multiple of the identity matrix, it can be
simultaneously diagonalized withM .., ,, and hence the eigenvalues d¥l ,;m,;, are precisely

f(l p)+ p o;mo(j)g mo j mos

where the .m,(j)'s are the eigenvalues oM ,.n,. It is easy to see that for any particular ,.m,(j), the
set of p's for which (1 p)+ p ,.m,() isinthe range ( ; )is an interval of width at most 2 . Hence we
deduce the following:

Proposition 6.3  For each g, the set

[
B,:= fp: (M gmep) > 1=9

1 mog m
is a collection of at mostm (2m + 1) = O(1= *) intervals of width at most2 each.

Our trick now will be to give up on these "bad' p's; or rather, the "bad' c-values with which they are
associated. Recalling the relationshipp=2cH1 (), c=(1 0)p=2, we have that

[
C:= f(1 o)p=2:p2B ,9

7-discretized ¢

is a collection of at mostO(1= 1) intervals of width at most 2 each. And, wheneverc 62C, we are assured
that the square system (25) has a matrix with condition number at most 1= .
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We now set = 1° and use the following algorithm for estimating S(c). Given c, we try to estimate
S(c for all values c®= c+ t 4, for t an integer with jtj 1= 12, If we manage to succeed for some®, then
the resulting estimate for S(c% will also be a O( ) estimate for S(c), sincejc® ¢ 2 (and see the proof
of Corollary 5.4 regarding the continuity of S). There are at most O(1= 1) “bad' intervals comprising C,
and each has width at most 2. Since 2 14 each such interval contains at most one possible® but,
there are 2= 2+1  O(1= ') possiblec®, and hence at least one choice must fall outsid€. Hence we will
succeed for at least one®.

7 On S(c¢) and running times
7.1 On S(¢)

As we have shown,S(c) can be computed to within in time poly(1=); we believe this result justi es
our claim that S(c) is “explicit'. A reasonable way to understand the notion of “explicitness' would be with
respect to the “bit model' of Braverman and Cook [BCO6]; in that setting, our poly(1=) time algorithm would
correspond to a fairly liberal notion of “explicit', with a p olylog(1=) time algorithm corresponding to a fairly
demanding notion of “explicit'. The latter notion is the lev el of explicitness one has for, e.g. £ arccos(1 2c)'.
On the other hand, some less explicit-looking bounds have lem given for related problems; for example,
Haagerup's bound [Haa87] for the complex Grothendieck conant is 8= (ko + 1), where kg is the unique
solution of the equation 7
(k+1) ~ =2 codt

p:
8k 0 1 k2Zsin’t

in the interval [0; 1]. This value can surely be computed to within  in time poly(1=); it may well also be
computable in time polylog(1=) but this is, at least, not immediately obvious.

dt

We in fact used the algorithm behind Theorem 2.1 to approximde S(c) for the values :505, :510, :515,
..., :840 (with the values S(:5) = :5 and S(c) = arccos(l 2c)= for ¢  :844 being already known).
The values we found are given in the table in Appendix??. We were not completely formal about the
approximation process and thus the results in Appendix?? should not be considered rigorous. In particular,
the approximations of the matrices W were done numerically in Matlab; also, the problem of singudrity
discussed in Section 6.1 did not seem to arise and so we disegded it. We can also report that the best
rounding functions r arising in the algorithm were very close to beings-linear, in all cases; they became only
slightly rounded near s (convex near s, concave nears).

7.2 On the running time of the rounding algorithm

As shown in Corollary 5.4, our Max-Cut rounding algorithm is e cient (polynomial) in terms of its de-
pendence onn, the number of vertices; indeed, the running time is dominatd by the time for semide nite
programming. To get a cut that is provably within  of S(Opt( G)), however, our algorithm's dependence
on is exponential, 2= ). As we will discuss in Appendix C, all known RPR? algorithms have at least
some dependence as well. This dependence is at least pol¥]), from converting expectation results to
high probability results; in some papers, it is exponential (as in the derandomized Goemans-Williamson
algorithm from [EIO02]).

In practice, we feel this issue is not very important. As mentoned in the previous section, we observed
that using RPR? with s-linear rounding functions (as Feige and Langberg suggestl seems nearly optimal.
In particular, it seems to achieve cuts that are within about 10 4 of S(c), across all values ofc. Further,
one can precompute a table of which value ofs’ to use for “each' possible value ot (suitably discretized)
| and the algorithm knows what c is after solving the SDP. Thus in practice one can achieve wihin 10 4
of S(c) with no real running time overhead. If error smaller than 10 # is desired, it seems one can perform
a local search for a better rounding function, starting from the appropriate s-linear function and modifying
it slightly near s.
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Finally, given our poly(1=) time algorithm for approximating S(c) to within , we believe that our
rounding algorithm should also be able to have this improveddependence. Since this is not the main focus
of our paper, we will only briey describe the technicalities that would need to be overcome. Given an
embedded graphG with -distribution P, the idea would not be to try to solve the Karush-Kuhn-Tucker
conditions for G | since in general we have no promise that the optimal roundin g function for Gs is increas-
ing, we wouldn't be able to e ectively try all possibilities for where it is 1. Instead, one might simply try
to use all of the rounding functions constructed in the detemination of S(c). This seems as though it should
work: the proof of Theorem 5.2 using the Minimax Theorem seerm to imply that a convex combination of
the optimal rounding functions for (1; o)-distributions will achieve at least S(c) for G-.

Unfortunately, several technical problems crop up. First, the Minimax proof only implies that “nearly'
(1; o)-distributions are the worst case, and it is unclear if we ca e ectively enumerate these, since the
weight to distribute to the three points is not completely determined by c. Second, even if we circumvent
this problem, the Minimax theorem only implies that some convex combination of all the optimal rounding
functions for (1; o)-distribution will be good for G- ; however, our algorithm for computing S(c) only nds
the increasing ones. This problem too might be circumventable if one could pove strict increase in Borell's
rearrangement inequality assuming the function is not alr@ady monotone. Such an “equality condition' result
is probably true, but is currently unknown. Finally, even if both of these issues were xed, we still have the
problem that the Karush-Kuhn-Tucker conditions might be a singular system and thus have multiple (and
possibly very many) solutions, all of which theoretically might need to be combined by the “Function Player'.

8 Dictator-vs.-Gaussianic tests

In this section we discuss Long Code tests and give the de nibns necessary for our "Dictator-vs.-Gaussianic'
tests. The subsequent two sections are devoted to the proohait Gapy.g (€) = S(C).

We begin with an essential observation: 2-query Long Code #&s are nothing more than embedded graphs
(see De nition 3.1), with the vertex set being further restricted to lie within the discrete cube. To make the
connection clearer, we treat the discrete cube as lying on th unit sphere:

De nition 8.1  We write B" = f p%; pl—ﬁg” for the discrete cube, since it is convenient to hav@" S" 1,

De nition 1.9 de nes a 2-query, 6-based Long Code test to be a probability distribution on pairs (x;y) 2
B" B". Since we think of the Long Code test as testingf (x) 6 f (y) and since 6 is symmetric, there
is no loss in generality if we insist that the probability distribution be symmetric in x and y. But such
a symmetric distribution on B" B" is identical to a weighted undirected graph G on B", with self-loops
allowed. Note that this is an embedded graph, with the additional property that the vertex set is (a subset
of) B". Further, if f : B" I'f 1;1gis the function being tested, then% %f (x)f (y)is 1if f(x) 6 f(y)
and 0 if f (x) = f (y). Hence the probability that f passes the test is just vad (f ). Extending this de nition
to functions f : B" ! [ 1;1], we have the following:

De nition 8.2 A Dictator-vs.-Gaussianic test for n-bit functions f : B" ! [ 1;1]is an embedded graph
T whose vertex set isB". The value of the test onf is valy (f), and this is sometimes referred to as the
probability that T passes/acceptd .

Our notion of the “completeness' of a Dictator-vs.-Gaussiaic test is essentially as in De nition 1.10: the
least probability with which one of the Dictators passes:

De nition 8.3  The ith Dictator function ;:B"!f 1;1gis dened by ;(x)= pﬁ Xi.
De nition 8.4  The completenessof an n-bit Dictator-vs.-Gaussianic test T is

Completeness() = r_r;i[n]f valy ()9
12[n

The average of the probabilities with which Dictators pass atest T is precisely its spread:
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Proposition 8.5 Given an n-bit Dictator-vs.-Gaussianic test T = (B"; E), we have

Spread(T) = avg fvalt ( i)g:
i2[n]

Hence Spread(T) Completeness().

Proof:

SpreadT)= E [3 ix y]= E [ 1P x»y-]=ip-n E [ inxiy;]=avgfvalr( i)g:
(xiy) E2 2 (ay) 22 FELAETR =L oy 2 20T e

2

As discussed in Section 1.5 we use a weakened soundness nofir Dictator-vs.-Gaussianic tests; specif-
ically, these tests only need to reject functions that are swiently “Gaussianic'. This soundness condition
allows us to get large completeness/soundness gaps despiteing only 2 queries, and is also precisely what is
needed for Theorems 1.13, 1.14, and 1.15. The notion of bein@gaussianic' is, for all intents and purposes,
the same as the notion of having small “low-degree in uencétroduced in [KKMOOQO7] and used in previous
papers on Unique Games-hardness. We use the very slightly drent notion of Gaussianic functions because
we feel it is more natural. To make this de nition we need to recall the basics of Fourier analysis of boolean
functions.

Analogous to the Hermite analysis described in Section 4.3the space of functionsL?(B") under the
uniform distribution has a complete orthonormal basis given by the monomials ( s)s

Y
s= i x):
i2S

One can uniquely express any functiorf : B" ! R via its Fourier expansion,

f = X ts) s:
S [n]
We now introduce Gaussianic functions:
Denition 8.6 For 0 ; 1, we say a functionf :B" ! [ 1;1]is (; )-Gaussianicif for eachi 2 [n],
Inf™ (f)

where we de ne the(1  )-attenuated in uence of i on f to be

X o

Inf" (fy= @ )S Ms)Z:
S [n]
i2sS

Note that this de nition becomes stricter when or decreases; we think of functions as being “more
Gaussianic' when and (especially) are small. As an example, Dictator functions ; are the antithesis of
being Gaussianic; in particular, if < 1then ;is not(; )-Gaussianic even for = 1.1 On the other hand,
the Majority function is extremely Gaussianic; speci cally, (O(pl—ﬁ);O)—Gaussianic. The name “Gaussianic'

was chosen based on the “Invariance Principle' from [MOOO5jvhich essentially states thatiff : B" ! [ 1;1]
is very Gaussianic, then the distribution of

Y
f(s) X,
S [n] i2s

is nearly unchanged whether one takes th& ;'s to be independent 1 bits or independentN (0; 1) Gaussians.

Having de ned Gaussianic functions, we give the soundnessation for our tests:

1we take 0° =1 in the de nition.
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De nition 8.7  The (; )-soundnessof a Dictator-vs.-Gaussianic testT for functions f : f 1;1g" ! [ 1;1]
is
Soundness (T)=maxfvaly(f): f is (; )-Gaussianicg:

Given this de nition, the most natural Property Testing que stion to ask is how far apart completeness
and soundness can be for Dictator-vs.-Gaussianic tests:

De nition 8.8  We call the pair (c;s) a Dictator-vs.-Gaussianic test (; )-gap if for all su ciently large n,
there is a Dictator-vs.-Gaussianic testT(") for functions f : B" ! [ 1;1] with CompletenessT (") ¢ and
Soundness (T(M) s. We call the pair (c;s) simply a Dictator-vs.-Gaussianic test gapif 8 > 0,9 ; > 0
such that (c;s+ ) is a Dictator-vs.-Gaussianic test(; )-gap.

De nition 8.9  The Dictator-vs.-Gaussianic gap curveis the function Gapy.g : [%; 1! [%; 1] de ned by
Gapr.s (€) =min fs: (c;s) is a Dictator-vs.-Gaussianic test gaj:

(It is immediate from the de nitions that this min is achieve d; i.e., we needn't write inf.)

The reader is reminded that in Section 1.5 we described threepplications of establishing a €;9)
Dictator-vs.-Gaussianic test gap, Theorems 1.13, 1.14, ah1.15. In the next section we will show that
Gapr (€)  S(c); substituting this into these theorems yields our resultsfrom Section 2; the subsequent sec-
tion will be devoted to the inequality Gap ., (€)  S(c), whose proof completes the result Gap (¢) = S(c).
Although the inequality Gap 1.t (C)  Gapgpp (€) was already implicitly proved in [KVO05], we will give an
alternate direct proof which clari es the connection between SDP rounding algorithms and Dictator-vs.-
Gaussianic testing. Finally, in the last section we will comect Dictator-vs.-Gaussianic tests with the SDP-
hardness constructions in [Kar99, AS00, ASZ02] and prove Téorem 1.15, extending a result of Feige and
Schechtman [FS02].

9 Gaprsi(c) S(0): Invariance Principle

To upper-bound Gapr.; (), we need to determine Dictator-vs.-Gaussianic tests withcompleteness at least
¢ for which all Gaussianic functions pass with small probabiity. Studying just how small this soundness
can be is very similar to searching for the largest possible 3P gap, discussed in Section 3. For example,
given a particular test T on B" with Completeness(T) c and Soundness (T) s, one can symmetrize
it with respect to all 2"n! symmetries of B", forming T% Then one still has Completeness{% ¢ and
Soundness (T9 s, and furthermore T has the property that the probability of choosing a pair (x;y)

depends only on its Hamming distance; i.e., only orfx; yi. Just as we switched fromS,(,d) (which insisted on

hx;yi being precisely ) to the analytically-easier G(Pd), it is natural to switch to the version of symmetrized
tests with independence across coordinates:

De nition 9.1  We de ne the noise sensitivity mixture test TP(”) on B" by analogy with Gaussian mixture
graphs. In particular we de ne (x;y) to be -correlated n-bit strings if x is drawn uniformly from B" and
y is formed by takingy; = x; with probability 5+  andy; = x; with probability 2 1 , independently

acrossi.

We remark that a -correlated pair (x;y) has hx;yi tightly concentrated around , and that further:

Fact 9.2 Completeness{,")) = Spread(P)= E p[: % 1.

Also, givenf :B" ! R we use the notation

s#)y=__E [
(x;y) -corr'd
n-bit strings

The reader is warned that we use the notationS (f ) for both f : B" ! R andf 2 L?(R") with the Gaussian
distribution. For more on noise sensitivity tests, see [KKMOOQ7].
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Having decided that the best Dictator-vs.-Gaussianic gapswill occur essentially with noise sensitivity
mixture tests, the ideas from Section 3.3 again apply. The Hemite and Fourier formulas for noise stability
are the same and we again conclude that the optimal mixture sbuld come from a (1, o)-distribution. This
provides an explanation for why such tests were useful in [KO#].

Finally, to upper-bound the value of Gaussianic functions am noise sensitivity (1; o)-mixture tests, we use
the Invariance Principle of [MOOO05] to reduce to the analyss of the Max-Cut in Gaussian mixture graphs.
Then Theorem 4.4 can be used to get an upper bound o8(c). More precisely, we prove the following
theorem:

Theorem 9.3 Let P be any (1; o)-distribution and let T denote the Dictator-vs.-Gaussianic testTP(”).
Then for any > 0,

Soundness (1 =g = ) (T) sup valg, (r) + O(log(1=) *):
‘R! 1;1
incrreasin[g, odg

Before proving Theorem 9.3, let us see how it implies the ded result:
Corollary 9.4 Gapr (€)  S(0).

Proof: Let P bethe (1; ¢)-distribution with mean 1 2c achieving the minimum in the de nition of S(c) (or
rather, in Corollary 5.14). Writing T = TP(”), we have Completeness() = ¢ by Fact 9.2. Now by de nition,
sup valg, (r)

r:R [ 1;1]
increasing, odd

is precisely S(c). Hence Theorem 9.3 implies that the (; )-soundness ofT can be made at mostS(c) plus
an arbitrarily small amount, by taking and su ciently small. This establishes Gap . () S(€). 2

9.1 Proof of Theorem 9.3

The proof is an extension of the proof of the Majority Is Stablest theorem from [MOOO05]. LetP, T, and
be as in the statement of the theorem, and letf : B" ! [ 1;1] be a(; (1 =log(1= )))-Gaussianic function.
We need to show that

= 11 =1 1 .
vak(f)= E - E_ D 30OTOI= 3 5 EIS ()
n-bit strings
is, up to an additive O(log(1=) *%8), at most
sup valg, (r) = sup I L E[S()
R 1] rRC T 1) P
increasing, odd increasing, odd
Equivalently, we must show
. - 1=8y.
EP [S ()] r:R!IrEf - EP [S ()] O(log(1=) ): (26)

increasing, odd

Let us write p for the weight of P on . Then the left side of (26) is

(1 PEIfFZ+ pS,(f):

As in the proof of Theorem 4.4, this quantity can only decreas if we replacef by f°d in which case it
becomes

(1 PEF’ pS o(f); (27)
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analogous to (9). (Note that a similar formula will arise on the right side of (26), since ther's are odd.)
Sincef °% has the same Fourier expansion a§ except with the even-degree terms dropped, we have that

Inf* (fodd) inf® (f), and hencef = f°% is still (; )-Gaussianic.

We now set = O % and distinguish the two cases o 1+3 and o> 1+3:

Case 1. o 1+3 . Inthiscase we useS (f) Si(f)= E[f?] to deduce that (27) is at least 1 2p.
On the other hand, by taking r = sgn (which is increasing and odd), we conclude that the termon the right
side of (26) satis es

inf E S @ PEsg?] pS ,som=@1 p p ("P=1 20+ ( Py

r:R [ 1;1]
increasing, odd

where we used the estimates; (sgn) =1  ( P ). Since ( P 7)  O(log(l=) 178), the proof of (26) in
this case is complete.

Case 2. o> 1+3 . In this case we follow the arguments from [MOOO5]'s proof of he Majority Is
Stablest theorem. Write = o<1 3 ,andexpress = (1 )2 Weletg2 L?(R") be the multilinear
polynomial

X Y
gixinxn)= (1 )¥SIS)  xi:
S i2s

and we letg: R" ! [ 1;1] be the function de ned by

9(x) ifjog(i 1,

80%) = sgn(@g(x)) else.

We note that f being odd implies that both g and g are odd. Since
X X
E[f?l=  M®S)’=  b(S)’= Elg’] El¢’)
S [n] S2Nn

we have
27) (1 PE[g] pS (f):
Further, using the fact that f is (; (1 =log(1= )))-Gaussianic, the Invariance Principle-based argumens
in [MOOO05] imply that
jS(f) sSogj ¢

Hence we have
@) @ PEE] pSse) )= PEEI+PS o9 )= 1 2valyy(9) €,

where the rst equality uses the fact that g is odd and whereP °the probability distribution that puts weight
1 pon1landweightpon © But P%isa (I o)-distribution', and hence Theorem 4.4 implies that

val ) (@) sup valg, ,(r):
p O PR 1) )
increasing, odd
Thus we have
27 inf E [S(r (O
( ) r:R [ 1;1] P°[ ()]

increasing, odd

By taking the constant in the de nition of large enough we get ( ) O(log(1=) *®). Thus to
complete the proof of (26), we only need to relate the inf withP to the inf with PC using the fact that
iCc 9 o O( ). This can be done by using the discretization Lemmas 5.6 an®.13; the resulting error
term is at most O( ¥¥’)  O(log(1=) *78), as required.
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10 Gapre(€) S(€): RPR 2 algorithms imply testing lower bounds

In this section we discuss “lower bounds' for the Dictator-.-Gaussianic testing problem; i.e., proofs that
any test T with Completeness(T) = ¢ cannot have Soundness (T) which is too small. As mentioned ear-
lier, Khot and Vishnoi's Theorem 1.14 can be used to get suchower bounds: it gives a long translation
of a (c;s) Dictator-vs.-Gaussianic test gap into a (¢ ;s + ) SDP gap (with triangle inequality, even),
for arbitrarily small . This means that an SDP-rounding guarantee can be used to rel out the existence
of strong Dictator-vs.-Gaussianic tests. A similar idea aises from the earlier Theorem 1.13, which shows
that a (c;s) Dictator-vs.-Gaussianic test gap can be translated into nto a ¢ vs. s+ UGC-hardness
result for Max-Cut. Since one feels it is unlikely that the Unique Games Conjecture would be disproved via
an elaborate reduction to Max-Cut followed by a too-strong P-rounding algorithm, Theorem 1.13 also
suggests that SDP-rounding algorithms should be able to pree Dictator-vs.-Gaussianic testing lower bounds.

In this section we show explicitly and directly that RPR ? algorithms give rise to Dictator-vs.-Gaussianic
testing lower bounds. More speci cally, the following thearem implies (and indeed is slightly stronger than)
the result Gapr. (¢)  S(c):

Theorem 10.1 Let > 0 be given. Then for alln  O(1=7), if T is any Dictator-vs.-Gaussianic test for
functions f : B" ! [ 1;1] satisfying Completenessl) c, then Soundnesso(T) S(c)

Proof: Let T be a such a test. As described in Section 8 can be thought of as an embedded graph
on the vertex set B" S" 1. Write P for the -distribution of T, and recall from Proposition 8.5 that
Spread(P) Completeness{) c.

Imagine we now run our RPR2 Algorithm 3.4 on T, with the discretization parameter setto %:= =K.
By Theorem 5.3, it will at some point hit upon an %discretized, increasing, odd rounding functionr :R'!
[ 1;1] which satis es

Alggpr2(T)=Val e (r) S(SpreadP)) O(%) S(9 =2 (28)

assumingK is a su ciently large constant. (Here we also used that S is increasing.) Recall that when we
run the RPR? algorithm with r , it chooses a randomn-dimensional GaussianZ and outputs the fractional
cutf, :B"! [ 1;1] de ned by
fo(x)=r (x Z):
Thus (28) is equivalent to
Efvalr (f,)] S(o) =2
z

Our goal is now to show the intuitively plausible claim that t hat f , is very likely to be a Gaussianic boolean
function:

Claim 10.2  With probability at least 1 O(1=n) over over the choice oZ, the function f , is (O(IO In n=n)= o, 0)-
Gaussianic.

With our choice of n O(1=7), this claim implies that with probability at least 1 =2 the function f, is
(; 0)-Gaussianic. This in turn completes the proof of the theoem, since it implies

E[valr (f,) jf, is (; 0)-Gaussianic] S(c) =2 =2
z

Thus there must exist an (; 0)-Gaussianicf : B" ! [ 1;1]withvalt(f) S(c) , and we conclude that
Soundnesso(T) S(c) as needed.

Proof: (of Claim 10.2.) Given Z, let us write f = f, for notational simplicity. Let us also write =
O( Inn=n)= % We need to show that with probability at least 1  O(1=n),

" #
(F(x(=D)  f(x(i= ) 2

2

nf® () =Inf ()= E forall i (29)
X n
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Here we have used the notationx (=P for the string x with the ith coordinate set to b n, along with the

well-known alternate de nition of boolean in uences (see KKMOO07]). In fact, we will show that (29) holds
whenever both of the following hold:

N pP— .
iZij 2 Inn foralll i n; (30)
In k Zki 3n: (31)

SincejZij 2p Inn for eachi except with probability at most O(1=n?), we get that (30) holds except with
probability O(1=n). It's also well known (and the proof is sketched in the proofof Theorem 4.3) that (31)
holds except with exponentially small probability in n. Thus both (30) and (31) hold except with probability
at most O(1=n), as necessary.

Let us henceforth x Z = Z satisfying (30) and (31). We wish to prove now that (29) holds We will
show that it holds for i = n, and the fact that it holds for 1 i < n will follow by an identical argument.
So we must prove that

#
N (DI L) W
X2 Bn 2
2 ! no,3
1 X1 Zi X1 Zi
= ZXZIIS‘E" 14 r ZiXi+ p—ﬁ r ZiXi p—ﬁ 5
i=1 i=1

Using the fact that r is “discretized, we can even show the following stronger restil

X 1 Zi #
2Fér . ZiX; p—ﬁ fall into di erent intervals from | o : (32)
X n
i=
Let 2 denote P 1 Z2=n, which by (30) and (31) satis es % 2 2 Now the random variable
p i=1 &= y 3 2

i”:ll Z;ix; has distribution close to that of a mean-zero Gaussian with @riance 2; more speci cally, using
the Berry-Esseen Theorem we have that for every interval ,

" i
K 1 71 _

Pr Zix;21 Pr[N@©: 3)21] O mﬁ% - o(” iogn=n): 33)
i=1

The analysis is now very similar to the analysis in Claim 5.7.Giyen any interval J 2 1 o, let J° denote
the subinterval gotten by moving the boundary points inwards by 3 Inn=n. The analysis fr8m Claim 5.7
implies that a standard Gaussian will fall into one of the J%intervals except with probability O(" In n=n= ®),
and only the constant in the O( ) changes f we consider instead a Gaussian with variance? 2 [%; %]. Hence
the same is true of the random variable i”:ll ZiXi, using (33). But whenever this fandom variable falls

into sog1eJ°, we getthat |, " Zix; ,;._ﬁ are both in the associatedJ, sincejZ;j 2 Inn. Since we took
= O( Inn=n)=®, we have that (32) indeed holds, as needed?

(Theorem 10.1)2

11 Hardness results for RPR 2 algorithms

In this section we revisit the constructions of Karlo [Kar9 9], Alon and Sudakov [AS00], and Alon, Sudakov,
and Zwick [ASZ02]. The purpose of these constructions is to @monstrate that the analysis of the Goemans-
Williamson approximation guarantee is tight (and likewise for the Zwick [Zwi99] approximation guarantee,
in the case of [ASZ02]). For now we discuss [Kar99, AS00], retning to [ASZ02] at the end of the section.
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The works [Kar99, AS00] consider the graphT on B" in which a pair of vertices (x;y) is connected
if and only if the vertices' inner product is exactly 1  2c; here c is any rational parameter in (%; 1).2
The authors show (for in nitely many n) that the identity map is an optimal SDP embedding, and hence
Opt(T) = Sdp(T) = c. On the other hand, since every edge in the embedded graph coacts vectors with
inner product 1  2c, the expected value of the cut output by the GW algorithm (RPR ? with the rounding
function sgn) is only arccos(1 2c)= . Thus (in expectation, at least) the GW approximation curve satis es
ApXgw (€) arccos(l 2c)= .

As the reader can clearly see, this construction can be viewkas a Dictator-vs.-Gaussianic test with
completenesst. Indeed, the noise sensitivity test of [KKMOQ7] is almost identical to it; the only di erence
is that the noise sensitivity test picks edges with expectedinner product 1  2c rather than precise inner
product 1 2c. The ‘soundness' result used in [Kar99, ASOQ] is that the awage value among ‘random
halfspace functions' sgnk Z) is at most arccos(1 2c¢)= . As we saw in Section 10, these random halfspace
functions are almost surely Gaussianic.

The result from [Kar99, AS00] has some additional strengthsand weaknesses. One strength is that the
SDP embedding used has all of its unit vectors on the discreteube B"; hence these points satisfy the
triangle inequalities, and indeed satisfy all "valid' inecualities (see [Kar99]). Thus Apxgy (C) is still at most
arccos(l 2c)= even if the SDP with triangle inequalities is used. A weaknes of the original result was
that it only stated that the expectedvalue of the cut GW produces is at most arccos(l 2c)= ; it said
nothing, e.g., about what happens if the GW algorithm is run several times and the best resulting cut is
selected. For the noise sensitivity version of the test, a reult in [KKMOO7] shows that GW achieves at most
arccos(l 2c)= + o(1) with high probability. However, Feige and Schechtman [FS02] showed an even better
result:

Theorem 11.1 ([FS02]) For any rational ¢ 2 (%; 1) and any > 0, there are optimally embedded graphs
G, with arbitrarily large numbers of vertices, satisfying:

Opt(G) = Sdp(G) = ¢;
the vectors in G satisfy the triangle inequalities;
every halfspace cut has value at mosérccos(l 2c)= +

The conclusion from this result is that running the RPR? algorithm A with the rounding function sgn cannot
achieve Apx, (€) > arccos(l 2c)= , even if: (i) A uses the SDP with triangle inequalities; and, (ii) A is not
required to chooseZ at random but is allowed to use the best possibleZ of length ™ n. (When r = sgn, the
length of Z is irrelevant and may as well be xed.)

Feige and Schechtman prove Theorem 11.1 (non-constructiWg) as follows: They begin with the embed-
ded graph T on B" constructed in [Kar99, AS00]. They then essentially takeG to consist of m disjoint
copies of T, each embedded in a randorm-dimensional subspace oRY. If d  n?logm, then the triangle
inequalities hold in G with high probability; on the other hand, if d is not too large then it can be shown
that every halfspace cut of G has value at most arccos(1 2c)= +

We now prove a generalization of Theorem 11.1. We would liked emphasize that our proof follows
Feige and Schechtman's extremely closely. The following thorem implies our promised Theorem 1.15 from
Section 1.5:

Theorem 11.2 Supposg(c; s) is a Dictator-vs.-Gaussianic gap, and > 0. Fix any RPR? rounding function
r which is piecewise constant® Then there are embedded graph& in S 1, with arbitrarily large numbers
of vertices, satisfying:

Oopt(G) ¢

12The earlier work of [Kar99] was slightly more complicated as it only included vertices with Hamming weight exactly n=2.
13 As all functions implemented on a discrete computer must be.
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the vectors in G satisfy the triangle inequalities;

every fractional cut f of the formf,(u) = r(u Z) satises valg(f,) s+ , aslong askZk, = ( P d).

Proof: Select; > 0 and a family (T(™) of Dictator-vs.-Gaussianic tests, with T(") operating on B", such
that Completeness(T(™) ¢ and Soundness (T,) s+ =3, for all suciently large n. We would also
like to assume that eachT (") is regular, meaning that eachx 2 B" participates in the test with the same
probability. We can ensure this by symmetrizing eachT(") with respect to the 2"n! symmetries of B", as
discussed in Section 9. (Alternatively, the Dictator-vs.-Gaussianic tests we will actually use, constructed in
Section 9, are already regular.)

As in [FS02], we take G to be m equally weighted disjoint copies of T("), embedded on the unit d-
dimensional sphereS? ! with independent random orientations. Since Completenedd (M) ¢, certainly
Opt(G) = Opt( T(M) c. Also, as shown in [FS02], ifd  n?logm then the vectors in G satisfy the triangle
inequalities with high probability; this uses the fact that the vectors in T(" satisfy the triangle inelgualities.
It remains to analyze valg (f ) for all possjble fractional cuts f . (u) := r(u Z) where kZk, = ( d). For

concreteness, assume that this means€t) d k Zk, ¢ d for somec > 0.
Let us consider the piecewise constant functiorr. Choose a small enough > 0 so that the set
B:= f[t ;t+ ]:tisa pointof discontinuity for rg

has totaldneasure at most =0 (p C). Folloesving [FSO02], we now take a -net N for the set fZl:c)p d
kZk, ¢ dg; this can have cardinality O(c d= ). We show that, with high probability over the orienta-
tions of G, both of the following hold for all v2 N :

1. vals(fy) s+2=3;
2. the fraction of vertices 1 of G for which 4 v 2 B is at most =6.

Having shown this, it follows that valg(f,) s+ for all (1=c)IO d k Zk cp d. To see this for a given

Z, take v to be the closest net point. Then for everyd 2 G we haveju Z d % k uk kZ vk

It follows that f,(4) = fy(t) except possibly whent v 2 B. But this occurs only for at most an =6
fraction of vertices in G, and hence at most an =6 fraction of edge weight, by regularity. It follows that
jvalg(f,) vals(fy)j 2=6, and hence vas(f,) s+ , asrequired.

It remains to prove that items (1) and (2) above indeed hold with high probability. Fix any ¥2 N and

we imagine instead that the orientation of T; is xed and « is chosen randomly from the surface of the sphere
of radius kvk,. In this framework, let Y denote the projection of the randomv onto the n-dimensional
subspace containingT;. Now the projection of a random vector from the surface of a shere onto a lower-
dimensional subspace yields a distribution which is closea Gaussian. In particular, since we are already
assumingd n?logm  O(n?), the results in [DF87] imply that the variation diﬁtance between Y and
the n-dimensional Gaussian distribution with coordinate variances equal tokvk,= d 2 [1=c;d is at most
O(n=d) = O(1=n). If Y were truly drawn from that Gaussian distribution, then we wo uld have the following
(cf. the proof of Claim 10.2):

the expected fraction of verticest of T; for which 4 Y 2 B is at most O(p ¢iBj);
i Yij O(pclnn) foralll i n;
2n k Yk n.

Similar to the proof of Claim 10&, the last two of these imply that f, is a (; 0)-Gaussianic cut for T;, as
long asO( clnn=n) and O(" ¢Bj) . The latter holds by design; the former holds so long as we tak
n poly(c=). But when fy is a (; 0)-Gaussianic cut for T;, we have vak, (fy) s+ =3. Note also that
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o’ GBj) =24 by design.

Overall, we conclude that for eachi independently we have vat, (fy) s+ =3, except with probability
at most O(1=n) over the choice of orientations. If we ensure thain  O(1= ), we conclude that the expected
value of val, (f,) is at most s+ =2. Similarly, we can conclude that the expected fraction of ertices ¢ of
T; for which 4 v 2 B is at most =12. Since vag(fy) = avgi,m; valr, (fv), @ Cherno bound implies that
item (1) above holds except with probability at most exp( O( 2m)). Similarly, item (2) above holds except
with probﬁ\t_mility at most exp( O( ?m)). If we take m  dlogd then this probability will be much smaller
than O(c d=) ¢ (treating ¢, , and as constants), and so we get that both items (1) and (2) hold wih
high probability for all net points simultaneously, by a uni on bound.

As in [FS02], the overall constraints we have orm and d are that nlogm d  m=logm, and this
can clearly be realized.2

We end this section by discussing the issue of self-loops arttie construction of Alon, Sudakov, and
Zwick [ASZz02]. If we use Theorem 1.15 with the noise sensitity (1; o)-mixture tests constructed in Sec-
tion 9, we get a hard instance for RPR, but one that might be considered slightly unsatisfactory: this is
because the embedded grapls constructed has self-loops. However one can't simply disres embedded
graphs with self-loops, because optimally embedded graphsan have self-loops. In fact, Alon, Sudakov,
and Zwick's construction is the following: for each (1 )-mixture distribution, they construct a self-loopless
graph for which the optimal SDP embedding is essentially thenoise sensitivity (1; o)-mixture test. More
precisely, it is the version in which vertices are connectedf their inner product is exactly o or 1. The
technique of [ASZ02] involves taking the (3 o)-mixture test and replacing the self-loops by cliques, sirlar
to the self-loop removal technique discussed in Appendix B.Indeed, using Alon, Sudakov, and Zwick's
construction, we can even ensure that the hard embedded grds for RPR? that we get from Theorem 1.15
are optimally embedded, as in Theorem 11.1.

Appendices

A Gapspp(€) is continuous

In this appendix we prove Proposition 4.2. The fact that Gapgpp (C) is increasing on %; 1] is immediate
from the de nition (since if c®> c, the inf for c® is over a subset of the inf forc). We mainly focus on the
proof that Gap gpp (C) is continuous on (%; 1); this requires only a simple trick | the use of the isolated edge
The proof of continuity at 1 requires appealing to Goemans-Wiliamson, and the continuity at % is trivial.

Finally, the proof that Gap gpp (C) is strictly increasing requires anisolated cliquetrick, plus an appeal to a

result of Zwick [Zwi99].

De nition A.1 Given a graph G and a parameter0 1, we de ne the graphGt edge to be the graph
in which G's edge-weights are scaled by a factor df , and then two new vertices are added, with an edge
between them of weight.

The following is easy to verify:
Proposition A.2  Sdp(Gt edge)=(1 )Sdp(G) + and Opt(Gt edge)=(1 )Opt(G) + :
We now prove:

Proposition A.3  Gapgpp (€) is continuous on (%; 1).
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Proof: We rst prove right-continuity on ( %; 1). Supposec 2 (%; 1), and let s = Gapgpp (€). Given any
suciently small > 0, assumec < c®<c+(1 ¢)=2< 1. By the de nition of Gap gpp(C) = s We
can nd some graph G with Sdp(G) cand Opt(G) s+ =2. Let € = Gt edge.,. Then we have
Sdp(®) (1 =2)c+ =2=c+(1 o) =2>c° and further, Opt(€) (1 =2)(s+ =2)+ =2 s+
This proves Gapspp (€9 s+ . Since Gappp is increasing, we have proven right-continuity at c.

The proof of left-continuity on (%;1) is similar. Supposec 2 (%;1), and let s = Gapgpp (€). Given
any su ciently small > 0, assume% <¢c 2@ o <c%<c. Forany graph G with Sdp(G) ¢,
let @ = Gt edgg . We have Sdp6) (1 2)c®+2 =c+2 (@1 & P+2 (1 ¢ candalso
Opt(6) = (1 2)Opt(G) +2 . By the de nition of Gap gpp(C) = s, it holds that Opt( €) s. Hence
a1 2)Opt(G)+2 s which implies Opt(G) s (1 Opt(G))2 s . This proves Gapspp(c) s
Since Gappp is increasing, we have proven left-continuity atc. 2

We next check continuity at the endpoints, ¢ = %;1. It's easy to see that if SdpG) = 1 then G
must be bipartite and so Opt(G) = 1. Hence Gapgpp (1) = 1. Next, by taking the sequence of complete
graphs K, (each with total edge-weight 1), which satisfy Opt(K,) 5+ ! Zasm!1 , we see that
Gapspp (3) = 3. Thus to check continuity at the endpoints we need to show thd lim ¢ (1)« Gapspp (€) = 3
and limg 1 Gapgpp (€) = 1.

The rst of these follows simply because Gagpp (€) is sandwiched between% and c for all ¢c. For the sec-
ond of these, supposé& is any graph with Sdp(G) 1 . The 3n_alysis of Goemans and WiIIiamson_[GWQS]
implies that one can nd a cut in G with value atleast1 O(" ). Thus Gapgpp(1 ) 1 O( ), and

so limg 1 Gapgpp (€) = 1 as claimed.

Finally, we check that Gapgpp (C) is strictly increasing. For this we introduce isolated cliques:

De nition A.4 Given a graph G and two parametersm 2 N and 0 1, we de ne the graphGt K
to be the graph in whichG's edge-weights are scaled by a factor df , and then an isolatedm-clique is
added, whose total edge-weight is

Using the fact that Opt( K m:1) % + =, one can check:

%

Proposition A5  Sdp(Gt Km; ) (1 )Sdp(G)+ =2and Opt(Gt Km, ) (1 )Opt(G)+(3+ %):
We now have:

Proposition A.6  Gapgpp (C) is strictly increasing on [%; 1].

Proof: It's enough to check this on (%;1). So suppose} < ¢ < ¢c®< 1, and write s° = Gap gpp (9.
Zwick [Zwi99] was the rst to show that c® > % implies s&> %; Charikar and Wirth [CWO04] speci cally
proved that Sdp(G) 1+ implies Opt(G) %+ ( = log(1l= )). Thus we haves’> 1. Write =(c® c)=C.
Selectm large enough thats® 1 L is still strictly positive. Finally, take > Osothat < (s 1 1).

By de nition of Gap gpp (¢ = s° we can nd a graph G®with Sdp(G% c®and Opt(GY s°+ . Let
G=G% Kp . ThenSdp(G) (1 )c® =2 (1 )c®=c. Further,Opt(G) (1 )(s™+ )+(3+ 1)
2+ (2+ 1 s + <s® + =% We conclude that Gapspp (€) <s°= Gapgpp (¢). Thus Gapgpp (€)
is indeed strictly increasing. 2

B SDP gaps based on in nite, self-looped graphs

In this appendix we prove Proposition 4.1.

Proof: Write Gp = G. We will transform Gg into G1, an in nite graph on vertex set Bq; then G; into G, a
nite graph (with self-loops); then G into Gs, a self-loopless graph; therGs into G4, an unweighted graph.
The desired graph will then be G°= G4. The rst transformation uses the idea of embedded graphs, ad
the remaining transformations are all previously known.
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Let g: RY! By achieving the sup in the de nition of Sdp(Gy) to within . Let G; be the in nite graph
on By given by pushing forwardGg via g, i.e., G1(A;B) = Go(g (A);g 1(B)) (here we're identifying a graph
with the probability measure de ning its "edge weights'). We immediately getE y .y) Gl[% %x y] ¢
We can think of this as saying:

Sdp@G1) ¢ (34)

with the identity mapping as the embedding. Further,
Opt(G1) s; (35)

because for any fractional cuth : Bq! [ 1;1] for Gi,thecuth g:RY! [ 1;1] for Go achieves the same
value, Eqeyy 6,03 3hOONWI = Epeyy colz 30 gOO)(h  g(y))].

We next discretize G; in the manner of, say, Feige and Schechtman [FS02]. Choose amet N within
By of size at mostO(1=)Y. Further, partition By into Voronoi cells based onN , with a disjoint cell C, for
eachv 2 N . Now de ne the (nite) graph G, on N by taking G,(u;v) = G1(Cy;Cy) (again, we identify a
graph with its edge distribution). We claim

Sdp(G2) c¢ 3: (36)

To see this, recall that the identity embedding for G, achievesE .y Gl[% %x y] ¢ . Nowifx isin
the cell C, andy isinthe cellCy, thenx y =(u+ 1) (v+ »)for some vectors 1; » of length at most
; thisimplies jx 'y u vj 3. Since we can draw fromG, by drawing (x;y) Gi and then taking (u; V)
such that x 2 Cy andy 2 C,, we conclude thatE ) ¢,[5 su vl ¢ 3 . We conclude that (36)
holds with the identity map as the embedding. The fact that

Opt(G;) s (37)
follows for the same reason as (35) | any cut for G, can be extended to an equally good cut foiG;.

We now eliminate self-loops fromG;, forming Gs, using the construction in the appendix of Khot and
O'Donnell [KOO06], which itself is based on a trick of Arora, Berger, Hazan, Kindler, and Safra [ABH" 05].
It is shown therein that for any > 0, we can takeGs to have O(1=)? times as many vertices asG,, and
satisfy

Sdp(Gs) Sdp(Gz) ¢ 3; (38)

and
Opt(Gz) Opt(Gz) s+ : (39)

Finally, we form G°= G, from Gs, converting weighted edges to unweighted edges. There is angple
randomized way to do this (see, e.g., [BGS98, CSTO01]), takip a weighted graph onm vertices into an
unweighted one on polyf=) vertices, such that

Sdp(G4)  Sdp(Gs) c 4, (40)

and
Opt(Gs) Opt(G3) + s+2: (412)

Since G3 has O(1=)%*? vertices, our G, hasn = (1=)°@ vertices, as claimed. The proof follows after
replacing by =4.2

C RPR ? | implementation issues
In this section we mention a few implementation issues that aise in the use of the RPR framework

and discuss how they a ect our algorithmic guarantees. All d these issues have been considered before;
see [GW95, MR99, FL06, FS02, EIO02].
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Exact solving of the SDP. The SDP-solving guarantee one actually has is that a solutio within

of optimum can be found in time poly(n) log(1=). We have already treated this issue in the proof of
Corollary 5.4. Another related issue is that the vectors retirned by the SDP-solver may not lie precisely on
the unit sphere, something we assumed in our analysis. Thisam be taken care of by shrinking all vectors
slightly so that they lie within the unit ball, and then addin g a ctitious extra coordinate with tiny values
to make the vectors have length exactly 1.

Choosing Gaussian random variables. Again, this can not be done precisely, but the approximation
methods of Mahajan and Ramesh [MR99] shows that one can occurloss at the expense only of polyg; 1=)
time.

Expectation vs. high probability vs. deterministic. Our results have been concerned with showing
the expected value of the fractional cut produced by the (ramlomized) RPR? algorithm is at least S(c).
One can turn this into a high-probability result, losing only an additive in cut value, by using poly(n; 1=
independent repetitions. Alternatively, one can derandonize the RPR? framework, again losing only an
additive in the cut value, via the method of conditional expectations this can be done in polyf; 1=)
time [MR99] or O(n) 2P°Y( =) time [EIO02]. Having done either of these, one has a fractioal cut with
value at leastS(c) . This can be converted into a proper cut with at least the samevalue by the method
of conditional expectations.

Multiple rounding functions. As discussed in Section 1.4, we also want to try &ollection R of rounding
functions. For a high-probability results, we can simply repeat the algorithm O(jRj logjRj) times for each
rounding function and this will achieve what the best of them does. Alternatively, we can just use the
derandomized algorithms once for eachi 2 R .

Proper cuts when G has self-loops. Given a graph G with self-loops, we cannot actually nd proper
cuts with value at least S(Sdp(G)). For example, if G consists of a single self-loop then Sd&) = % (via
the embedding mapping the vertex to 0), but there is no propercut of value % The way to interpret our
guarantee for graphsG with self-loops is as follows: First, remove the self-loopsrom G, forming G° |
note that this does not change the value of the optimal propercut. Then our algorithm achieves at least
S(Sdp(GY) S(0O(G)) , where O(G) denotes the value of the optimal proper cut inG.

D Improved asymptotics of ~ S(3+ )

As described in Section 2.3, Charikar and Wirth [CWO04] estaltished Gapspp (% + ) %+ ( =In(1=)) and
Khot and O'Donnell [KOO06] established GapSDP(% + ) % + O(=In(1=)). In this appendix we carefully
examine these proofs and conclude the following:

Theorem D.1  Gapgpp(3+ )= S(3+ )= 3+(3 o) =Ind=).

Proof: We upper-bound S(c) essentially by repeating the argument in [KOO06], paying mae attention to

the constants. TakeP to be the (1; o)-distribution with weight p= 2+ 2 on o= 1 and weight} 3%
onl. Nowifr:R! [ 1;1]is any odd one-dimensional rounding function, we have
X

N[

valg, (N=3 3 (3 5)SUN+(5+5)S 1=2(r) S+ 5 3)° b’

ol

X odd s
3+ b(1)? (5 3)6(s)?=3+ bL)? (5 F)ENr L)’ (42
odd s 3

Blw

where L denotes the “projection to degree 1' operator; i.e.Lr (x) = b(x)x. As in [KOO06] we consider the
value of 2 := b(1)? = E[(Lr)?], the variance of the GaussianLr (x). Using jrj 1, we lower-bound

E(r Lr)’1 E[ljuj 1 (sON() L)

40



which asymptotically is @  exp( 1=2 2?). If 1:p 2In(1=) then the nal term in (42) will ex-

ceed , making the overall quantity less than % Thus in upper-bounding (42) we can assume a+

o(1))= 2In(1=), and thus we get an upper bound of% +( % + 0(1)) =In(1=), as claimed.

To lower-bound Gapgpp (% + ) we refer to [CWO04, equation (11)], which shows that

1 2
Gapspp (3 + ) §+ T2 4e T2

foreveryT 1. Bytaking T=(1 o(1)) P 2In(1=), we get a lower bound of3 +(3 o(1)) =In(1=). 2

E Approximate values of  S(c)

c S(c¢) c S(c¢) c S(c¢) c S(c¢)
0.505| 0.5008 || 0.590| 0.5414 | 0.675| 0.6012| 0.760| 0.6694
0.510| 0.5021 || 0.595| 0.5446 || 0.680| 0.6050| 0.765| 0.6736
0.515| 0.5036 || 0.600| 0.5478 | 0.685| 0.6089| 0.770| 0.6778
0.520| 0.5053|| 0.605| 0.5510( 0.690| 0.6127| 0.775| 0.6820
0.525| 0.5072|| 0.610| 0.5544 || 0.695| 0.6167 | 0.780| 0.6862
0.530| 0.5092 || 0.615| 0.5577 || 0.700 | 0.6206 | 0.785| 0.6905
0.535| 0.5113|| 0.620| 0.5611 || 0.705| 0.6245| 0.790| 0.6947
0.540| 0.5136|| 0.625| 0.5646 || 0.710| 0.6285| 0.795| 0.6990
0.545| 0.5160(| 0.630| 0.5681 || 0.715| 0.6325| 0.800| 0.7033
0.550| 0.5185|| 0.635| 0.5716|| 0.720 | 0.6365| 0.805| 0.7076
0.555| 0.5211| 0.640| 0.5752|| 0.725| 0.6406 | 0.810| 0.7119
0.560| 0.5238| 0.645| 0.5788| 0.730| 0.6446| 0.815| 0.7162
0.565| 0.5265|| 0.650| 0.5825| 0.735| 0.6487 | 0.820| 0.7206
0.570| 0.5294 || 0.655| 0.5861 || 0.740| 0.6528| 0.825| 0.7249
0.575| 0.5323|| 0.660| 0.5898 || 0.745| 0.6569 | 0.830| 0.7293
0.580| 0.5352|| 0.665| 0.5936 || 0.750| 0.6611| 0.835| 0.7336
0.585| 0.5383|| 0.670| 0.5974 | 0.755| 0.6652 | 0.840| 0.7380
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